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In this manuscript, we employ interface enhanced computational homogenization to explore and detail 

on a number of unfamiliar characteristics that composites can exhibit at different length scales. Here, 

the interface between the constituents is general in the sense that both displacement and traction jumps 

across the interface are admissible. We carry out numerous computational investigations using the fi- 

nite element method for a broad range of various material parameters. Our numerical results reveal that 

the effective response of a microstructure embedding general interfaces is intuitively unpredictable and 

highly complex. In particular, for certain ranges of material parameters the overall response shows in- 

sensitivity with respect to either microstructure size or stiffness-ratio between inclusion and matrix. This 

unique behavior is observed likewise for two- and three-dimensional unit-cells. Our findings provide a 

valuable guideline to design tunable composites utilizing interfaces. 

© 2019 Elsevier Ltd. All rights reserved. 
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. Introduction 

During the last decades, composites have drawn research atten-

ion due to their superior physical properties and great flexibility.

hese multifunctional materials have proven as promising alterna-

ives to conventional materials in a variety of applications ranging

rom medical to engineering industry. In order to understand the

ehavior of composites at different length scales, two key aspects

hall be considered. On the one hand, the response of a hetero-

eneous material such as a composite stems from its underlying

icrostructure and therefore predicting the response of compos-

tes is tightly linked to understanding the behavior of their mi-

rostructures. On the other hand, most of the materials exhibit

nfamiliar behavior at small scales mainly due to considerably

arger surface/interface-to-volume ratio. Thus, modeling the behav-

or of composites requires understanding the behavior of their mi-

rostructures at a broad length scale spectrum and particularly at

mall scales. 

In order to take the influence of the underlying microstructure

nto account, several multi-scale models have been developed in

he past. Among these methods, the homogenization technique

ioneered by Hill (1972) has gained lots of interest. The main ob-

ective of homogenization is to estimate the effective macroscopic
∗ Corresponding author. 
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roperties of a heterogeneous material from the response of its

icrostructure, thereby allowing to substitute the heterogeneous

aterial with an equivalent homogeneous one. One of the key

ngredients of homogenization is the scale separation, which

ssumes that the microstructure of the composite material is far

maller than the characteristic length of the macrostructure. This

ssumption allows for separating the problem into two coupled

icro- and macro-scales. The sample at the micro-scale is com-

only referred to as the RVE, see Drugan and Willis (1996) ; Kanit

t al. (2003) ; Ostoja-Starzewski (2006) ; Pindera et al. (2009) ; Jafari

t al. (2011) ; Bargmann et al. (2018) for further details. Another key

ngredient of homogenization is the the virtual power equivalence

etween the scales known as the Hill–Mandel condition ( Hill,

963 ). This condition is fulfilled by imposing appropriate boundary

onditions onto the micro-problem. Homogenization methods are

enerally subdivided into analytical and computational methods.

nalytical models have progressively been developed during the

ast years and are now capable of predicting the behavior of cer-

ain composites, see Ponte Castañeda (1992) ; Mura et al. (1996) ;

emat-Nasser and Hori (1999) ; Charalambakis (2010) ; Klusemann

t al. (2012) ; Tsalis et al. (2012) among others. However, they

enerally fail to provide accurate results for complex structures. In

rder to resolve this shortcoming, computational homogenization

as developed. For instance, in the commonly used FE 2 technique,

he finite element method is employed to solve the micro- and
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Fig. 1. Graphical summary of computational homogenization accounting for inter- 

faces at the micro-level. The material configuration B corresponds to a RVE which 

includes the geometrical information of a macroscopic point. The local macroscopic 

response is obtained through solving the associated boundary value problem at the 

micro-scale and averaging theorems. 
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macro-problems concurrently ( Feyel, 1999; Miehe, 2002; Drago

and Pindera, 2007; Temizer and Wriggers, 2011; Schröder and

Keip, 2012; Javili et al., 2013; Eidel and Fischer, 2018 ), see also

Moës et al. (2003) ; Cavalcante et al. (2011) ; Savvas et al. (2014) ;

Kochmann et al. (2017) for details on other computational meth-

ods. Detailed reviews of computational homogenization can be

found in Saeb et al. (2016) ; Matouš et al. (2017) . 

Although computational homogenization is a powerful tool to

model the behavior of composite materials, it lacks a physical

length scale and as a result fails to account for size-dependent re-

sponse of materials referred to as size-effect . Such a size-dependent

behavior is caused by larger interface-to-volume ratio at smaller

scales. Motivated by this justification, several authors showed

that the size-dependent response can be captured by approxi-

mating the finite thickness interphase between the phases with

a zero-thickness mathematical model, termed “interface” ( Quang

and He, 2007; Yvonnet et al., 2008a; Fritzen and Leuschner, 2015;

Maleki Moghadam et al., 2016; Ansari and Gholami, 2016; Wilmers

et al., 2017; Chen et al., 2018 ), see also Cordero et al. (2016) . It is

usually assumed that interfaces possess their own energetic struc-

ture different from the bulk. Interfaces may be assigned to dif-

ferent groups depending on the jump condition of certain fields

across the interface. For mechanical problems, depending on the

jump conditions for the displacement and the traction field, in-

terfaces can be categorized as perfect, elastic, cohesive and gen-

eral interface. The perfect interface model is the simplest type of

interfaces and assumes a continuous displacement and traction

field across the interface. The elastic interface model, which can

be viewed as an extension of surface elasticity theory ( Gurtin and

Murdoch, 1975; Park et al., 2006; He and Lilley, 2008; Altenbach

and Eremeyev, 2017; Chen et al., 2018 ), allows for a traction jump

across the interface while it is valid only for coherent interfaces.

On the other hand, the cohesive interface model ( Xu and Needle-

man, 1994; Ortiz and Pandolfi, 1999; Park and Paulino, 2013 ) does

not allow for a traction jump across the interface, but permits

opening of the interface, thus making it suitable for modeling of

material failure. The general interface model can be viewed as

a comprehensive interface description allowing for both, traction

and displacement jumps across the interface. Various aspects of

the general interface model for mechanical and thermal problems

have been discussed in Hashin (2002) ; Duan and Karihaloo (2007) ;

Pavanello et al. (2012) ; Javili et al. (2014) ; Javili (2017) among oth-

ers. Incorporation of elastic and cohesive interfaces into a com-

putational homogenization framework has been investigated thor-

oughly in the literature ( Yvonnet et al., 2008b; Brassart et al.,

2009; Tran et al., 2016 ). Recently, computational homogenization

accounting for general interfaces is studied in Javili et al. (2017) .

Javili et al. (2017) have shown that including general interfaces re-

sults in a complex and highly non-linear size-effect, which may

be understood as the intricate combination of smaller-stronger and

smaller-weaker responses associated with the elastic and cohesive

contributions, respectively. Their numerical results are compared

against the analytical solution in Chatzigeorgiou et al. (2017) and

a perfect agreement is reported. 

Although the theoretical and computational aspects of com-

putational homogenization accounting for general interfaces have

been well established, the associated physical characteristics of the

general interface remained less understood, mainly due to the lim-

ited scope of the numerical investigations. The main objective of

this manuscript is to reveal and detail on some unprecedented fea-

tures of the general interface model in view of computational ho-

mogenization. To do so, we briefly review the necessary computa-

tional aspects of the framework developed in Javili et al. (2017) ;

Chatzigeorgiou et al. (2017) . Afterwards, the response of materials

in the presence of general interfaces is investigated through nu-

merous examples. 
The key features presented in this manuscript are as follows.

irstly, we show that the size-effect due to the general inter-

ace model can switch from commonly accepted smaller-stronger

o smaller-weaker depending on the size and inclusion to matrix

tiffness-ratio. Yet the overall response obtained from the general

nterface model remains bounded by those associated with cohe-

ive and elastic interface models. Secondly, we demonstrate that

here exists a critical size where the effective response no longer

epends on the stiffness-ratio . Analogously, for a critical stiffness-

atio , the effective response does not depend on the size . More-

ver, for a critical set of interface parameters , the effective response

hows no sensitivity to volume fraction. Thirdly, analytical esti-

ates for the critical length-ratio and critical stiffness-ratio are

erived that are in excellent agreement with the computational

imulations using the finite element method. Finally, the general-

ty of the results is demonstrated by carrying out simulations on

 three-dimensional unit-cell and a microstructure with randomly

istributed inclusions. We believe that the aforementioned features

long with the following discussions shed light on the enormous

otential of general interfaces to design tunable composites and

ultifunctional materials. 

. Theory 

The primary goal of this section is to review the theoretical as-

ects of modeling the behavior of a RVE accounting for general in-

erfaces in a computational homogenization framework. First, the

inematic relations and governing equations of the problem are

iscussed. This is then followed by presenting principal aspects of

omputational homogenization. In particular, proper volume aver-

ging techniques to relate macroscopic and microscopic quantities

re given. Moreover, the extended form of the Hill–Mandel condi-

ion accounting for the general interface model is presented. This

ork is based on the first-order strain-driven computational ho-

ogenization, meaning that the macroscopic strain 

M ε is the input

or the micro-problem and the macroscopic stress M σ is sought. 

Consider a continuum body at the macro-scale representing

 heterogeneous material that occupies the configuration 

M B, as

hown in Fig. 1 . The inhomogeneities within the material are sep-

rated from the matrix via a finite-thickness interphase. These in-

erphases are modeled with the zero-thickness general interface

odel at the micro-scale. Therefore, the interphase/interface ef-

ects enter the macro-problem only implicitly but are explicitly in-

luded at the micro-scale. The configuration B at the micro-scale

ith coordinates x represents the RVE of the heterogeneous mate-

ial. The external boundary of the RVE is denoted S . The outward

nit normals to S is denoted n . The configuration B consists of two
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isjoint subdomains, B 

+ and B 

− bonded together at the interface

. The boundary of the interface I is denoted L whose outward

nit normal is denoted 

˜ n . The interface unit normal is presented

y n and points from the minus to the plus side of the interface.

he displacement within the bulk is u = u ( x ) . Analogously, the dis-

lacements on two sides of the interfaces are denoted u 

+ and u 

−.

 crucial assumption made here is that the displacement of the

nterface is not arbitrary and evaluated as u = {{ u }} := 

1 

2 
[ u 

+ + u 

−] .

he strains in the bulk and within the interface are defined by 

 = 

1 

2 

[ 
[ grad u ] + [ grad u ] t 

] 
in B, 

 = 

1 

2 

[ 
i · [ grad u ] · i + i · [ grad u ] t · i 

] 
on I, (1) 

espectively, in which i = i − n � n is the interface projection ten-

or and “grad{ • }” denotes the gradient operator with { • } t being the

ranspose operator. The governing equations of the problem at the

icro-scale are the balance of linear momentum in the bulk and

n the interface as Javili et al. (2017) ; Chatzigeorgiou et al. (2017) 

iv σ = 0 in B subject to σ · n = t on S , (2) 

grad σ : i + � σ� · n = 0 on I 
ubject to {{ σ}} · n = {{ t }} across I and σ ·˜ n = ̃

 t on L , (3) 

here σ and σ denote the stresses in the bulk and within the in-

erface, respectively. Moreover, � σ� · n represents the traction jump

s � σ� · n = [ σ+ − σ−] · n where σ+ and σ− represent the stresses

n B 

+ and B 

−, respectively. 

In order to proceed, we specify the material behavior of the

ulk and the interface. The material behavior of the bulk takes the

tandard elastic and isotropic response as σ = 2 με + λ [ ε : i ] : i
n which μ and λ are the Lamé parameters and related to the bulk

odulus via κ = 2 μ/ 3 + λ. Moreover, the operator “:” denotes the

tandard double contraction. We additively decompose the behav-

or of the interface into to a tangential part associated to the elastic

nterface model and an orthogonal part representing the cohesive

nterface model. The response of the material along the interface

akes the form σ = 2 με + λ [ ε : i ] : i where μ and λ denote the

lastic interface material parameters. In a two-dimensional setting

nd within the scope of this contribution, the interface is a one-

imensional manifold resisting against stretch. Therefore, it is suffi-

ient to introduce only one material parameter to define the elastic

ehavior along the interface and therefore we set λ = 0 for two-

imensional examples. In a three-dimensional setting, the interface

s a two-dimensional manifold resisting against shear as well as

xpansion deformations giving rise to non-zero values for both

and λ. It is also possible to account for flexural resistance of

he elastic interface as discussed in Steigmann and Ogden (1999) ,

ee also Han et al. (2018) . The behavior of the material across the

nterface is assumed to be governed by the traction-separation law

{ t }} = k � u � in which k denotes the cohesive parameter. 

Next, macroscopic quantities are related to their microscopic

ounterparts through employing a proper micro-to-macro transi-

ion technique. As discussed in Chatzigeorgiou et al. (2017) , when

eneral interfaces are taken into account, the macroscopic strain

nd stress are defined through 

 ε = 

1 

V 

∫ 
B 
ε d V + 

1 

V 

∫ 
I 

1 

2 

[ � u � � n + n � � u � ] d A 

= 

1 

V 

∫ 
1 

2 

[ u � n + n � u ] d A, (4) 

S 
 σ = 

1 

V 

∫ 
B 
σ d V + 

1 

V 

∫ 
I 
σ d A = 

1 

V 

∫ 
S 

t � x d A + 

1 

V 

∫ 
L ̃

 t � x d L , 

(5) 

espectively, in which V is the total volume of the microstructure.

he dyadic product � of two vectors a and b is a second-order

ensor C with components C i j = a i b j . Finally, the equivalence of the

irtual power across the scales shall be guaranteed through the

ill–Mandel condition. This reads 

1 

V 

∫ 
B 
σ : δε d V 

 ︷︷ ︸ 
bulk 

+ 

1 

V 

∫ 
I 
σ : δε d A ︸ ︷︷ ︸ 

along the interface 

+ 

1 

V 

∫ 
I 
{{ t }} · � δu � d A ︸ ︷︷ ︸ 

across the interface 
 ︷︷ ︸ 

micro-scale 

− M σ : δM ε ︸ ︷︷ ︸ 
macro-scale 

. = 0 .

(6) 

n this manuscript, we assume that L = ∅ meaning that the inter-

ace does not penetrate the boundary of the microstructure. It can

e shown ( Javili et al., 2017 ) that under such assumption condition

6) can be expressed in terms of boundary integrals as follows 

1 

V 

∫ 
S 

[ δu − δM ε · x ] · t 
. = 0 . (7) 

his format is particularly convenient as admissible boundary con-

itions to be imposed on the RVE can be readily derived. The

anonical constraints that sufficiently satisfy the Hill–Mandel con-

ition are displacement, periodic and traction boundary conditions.

n this manuscript, we only employ periodic boundary conditions

o solve the boundary value problem at the micro-scale bearing in

ind that displacement and traction boundary conditions provide

verestimated and underestimated responses, respectively. Upon

hoosing the boundary condition, the governing equations (2) and

3) can be solved through a proper computational technique. Pre-

enting the details regarding the computational aspects of the so-

ution procedure is out of the scope of this manuscript but can be

ound in Javili et al. (2017) . 

. Numerical observations: Towards designing tunable 

omposites 

This section details on a number of distinctive features that the

eneral interface model exhibits in the context of computational

omogenization. In particular, we study the change in the effective

esponse with respect to the length-ratio � (size), the inclusion

o matrix stiffness-ratio R and the interface material parameters

, k . Fig. 2 illustrates the link between the size of the samples

nd the length-ratio � . Changing the size is realized by scaling

he dimensions of the reference unit-cell according to � . In this

anuscript, we investigate only the case that the microstructure

ndergoes volumetric expansion and therefore focus on the ef-

ective bulk modulus M κ as the effective response. The material

arameters of the matrix are fixed as μ = 8 and κ = 20 for all nu-

erical examples. The inclusion material parameters vary though

nd are scaled through R . For instance, when R is set to 0.1, the

nclusion is 10 times more compliant than the matrix with μ = 0 . 8

nd κ = 2 and when it is set to 10, the inclusion is 10 times stiffer

han the matrix with μ = 80 and κ = 200 . Obviously, interface

aterial parameters govern the behavior of the material along and

cross the interface. For example, when k → ∞ , the interface re-

ains coherent and cannot open. On the other hand, when k → 0 ,

he interface shows no resistance against opening. Similarly, large

nd small values of μ identify high- and low-resistant response

n the tangential direction, respectively. The majority of the nu-

erical studies are conducted on a two-dimensional unit-cell with

olume fraction of f = 25% . However, in order to demonstrate the
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Fig. 2. The size of the unit-cells change based on a reference unit-cell and according to the length-ratio � . The inclusion volume fraction remains the same f = 0 . 25% for all 

the unit-cells. 

Fig. 3. Effective bulk modulus with varying the length-ratio and the inclusion to matrix stiffness-ratio. The two plots depict the same results from different viewpoints. 

Different surfaces represent the results of various interface models. The results from the general interface model remain bounded by the elastic interface from the top and 

by the cohesive interface from the bottom. 
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extendibility of our findings, we carry out two sets of numerical

studies on a three-dimensional unit-cell and a two-dimensional

microstructure with random distribution of particles. All the

simulations are performed using our in-house finite element code. 

First, we compare the change in the effective response of three

different microstructures for various values of � ∈ [0.0 02, 50 0] and

R ∈ [0 . 0 02 , 50 0] . The microstructures differ in the interface type

embedded between the inclusion and the matrix which are, re-

spectively, elastic, cohesive and general interfaces. Interface mate-

rial parameters are set to μ = 10 and k = 10 . Clearly, k → ∞ and

μ → 0 for elastic and cohesive interfaces, respectively. This study is

performed on the two-dimensional unit-cell. The numerical results

depicted in Fig. 3 indicate that elastic and cohesive interfaces yield,

in general, either a smaller-stronger or a smaller-weaker response,

respectively. Exceptions can be found in two extreme values of R ,

though. That is, when R is very small, the inclusion is essentially

replaced by a void. Therefore, the interface may not resist against

opening and the cohesive interface model is deactivated making

the effective response insensitive to the size. On the other hand,

when R is very large, the inclusion is replaced by a rigid parti-

cle. Under such condition, the length of the interface may not vary

leading to eliminating the elastic interface effect and thus the ef-

fective response becomes size independent. Additionally, it is ob-

served that the elastic and the cohesive interfaces yield, in gen-

eral, a stiffer response as R increases. Once again, exceptions can

be found for extreme values of � . That is, when � is very large, in-

terface effects are negligible and consequently, elastic and cohesive

interfaces recover the results from the perfect interface model. On

the other hand, when � is very small, interface effects are signif-

icant and elastic and cohesive interfaces, regardless of R , recover
he response of a microstructure with a rigid inclusion and a mi-

rostructure with a void at its center, respectively. Taken together,

t can be concluded that the change in the effective response ob-

ained from the elastic and the cohesive interface model with re-

pect to either � or R is monotonic and intuitively predictable. This

s not the case for the general interface though. The numerical re-

ults confirm that the change in the effective response from the

eneral interface is highly non-linear, relatively complex and not

t all intuitively predictable. In particular, the size-effect captured

y the general interface model switches from a smaller-stronger to

 smaller-weaker response and vice versa depending on the values

f � and R . Moreover, in contrast to the other two interface types,

he response obtained from the general interface model becomes

nsensitive to the change in R for a relatively moderate value of

 . We emphasize that this behavior is specific to the general inter-

ace model and is distinct from what is observed for elastic and

ohesive interface models. Clearly, such a complicated characteris-

ic opens up the potential to consider general interfaces as proper

ools to tailor-make materials or to design composites exhibiting

nique behavior. 

In order to better understand the complex behavior resulting

rom general interfaces, we perform a similar study only for the

eneral interface model and for different combinations of interface

aterial parameters. The numerical results depicted in Fig. 4 show

hat for all sets of interface material parameters, when R is small

nd within range B 1 , the general interface model yields a smaller-

tronger behavior for sizes in the range A 1 and switches to a

maller-weaker response for smaller sizes within the range A 2 . An

pposite behavior is observed for the case that R is larger and

ithin the range B . Obviously, the ranges vary depending on the
2 
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Fig. 4. Effective bulk modulus obtained from the general interface model with varying the length-ratio and the inclusion to matrix stiffness-ratio for several combinations 

of interface material parameters μ and k . The intersection point of ranges A 1 and A 2 identifies � c and the intersection point of ranges B 1 and B 2 identifies R c . The contour 

lines indicate that when � = � c , changing R does not influence the effective response. Likewise, when R = R c , changing � does not influence the effective response. 
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nterface material parameters. Having a closer look at these ranges

eveals two interesting points and sheds light on unique charac-

eristics of the general interface model. Firstly, the intersection of

he ranges A 1 and A 2 identifies the critical length-ratio � c for which

hanging R does not influence the effective response. Secondly, the

ntersection of the ranges B 1 and B 2 identifies the critical stiffness-

atio R c for which the effective bulk modulus becomes insensitive

o � . From another point of view, one could take advantage of these

wo points to detect the ranges of � and R where the size-effect

aptured by the general interface model remains either smaller-

tronger or smaller-weaker. 

In order to identify the critical points more accurately and to

etter interpret the results, two side views of the plots are pre-

ented in Fig. 5 . The numerical results indicate that � c , when μ =
0 and k = 10 , is equal to � c , when μ = 100 and k = 100 . Moreover,

hen μ = 10 and k = 100 , � c is 10 times smaller than the case that

= 100 and k = 10 . These facts suggest that � c is a function of

he ratio between the interface material parameters. On the other

and, it is observed that R c , when μ = 10 and k = 100 , is equal to

 c , when μ = 100 and k = 10 . In addition, when μ = 10 and k =
0 , R c is 10 times smaller than the case that μ = 100 and k = 100 .

hese facts also suggest that R c is a function of the multiplication

f the interface material parameters. Clearly, finding explicit rela-

ions for these two critical points in terms of parameters which are

ot a priori known requires running a significant number of nu-

erical simulations. In order to circumvent this issue, we employ

he analytical solution given in Chatzigeorgiou et al. (2017) for the
ffective bulk modulus of a circular microstructure that reads 

 κ = κm 

+ 

f 

χ
with χ = 

1 

κm 

R ψ − κm 

+ ω [1 + ψ] 
+ 

1 − f 

κm 

+ μm 

, 

(8) 

n which 

 = 

μ

2 r 
, φ = k r , ψ = 

φ − ω 

2 κm 

R + φ + ω 

, 

he subscripts i and m represent quantities related to the inclu-

ion and the matrix, f denotes the inclusion volume fraction and r

epresents the radius of the inclusion. In order to find the critical

oints � c and R c , we take the derivatives of Eq. (8) with respect to

 and � , respectively, and set them equal to zero. With the aid of

ome mathematical reformulations and assuming a constant vol-

me fraction, the critical points are obtained as 

∂ M κ

∂R 

. = 0 ⇒ r c = 

√ 

μ

2 k 
⇒ � c = 

√ 

μ

2 r 2 
0 
k 

, 

∂ M κ

∂� 

. = 0 ⇒ R c = 

√ 

k μ

2 κm 

2 
, (9) 

n which r 0 is the radious of the reference unit-cell according

o Fig. 2 . The analytical solutions fully explain the results given

n Fig. 5 . In line with our numerical observations, � c and R c 

re functions of the interface material parameters. Note that the
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Fig. 5. Side views of Fig. 4 . The figures next to the plot depict the distribution of xx -component of the Cauchy stress within the unit-cell for different values of R when 

� = � c (top) and different values of � when R = R c (bottom). As can be seen, for � = � c , the distributions remain the same regardless of R . However, for R = R c , the local 

response within the unit-cell varies depending on � , but, the effective response remains unchanged. 
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critical length-ratio � c , in addition to the interface material param-

eters, depends solely on the radius of the inclusion in the refer-

ence unit-cell and surprisingly, not on the bulk material parame-

ters. On the other hand, the critical stiffness-ratio R c , in addition

to the interface material parameters, depends only on the matrix

material parameters. It is worth emphasizing that the unique fea-

tures of the general interface are not restricted to these two crit-

ical points and one could potentially further explore and discover

similar points. As an additional example, we show in Fig. 6 that,

for fixed values of R , k and � , one might find a particular value

of μ that results in the same effective response for unit-cells with

inclusion volume fractions of f = 15% and f = 35% . In particular,

when R = 0 . 1 , k = 100 , � = 1 and R = 10 , k = 10 , � = 1 , the critical

interface material parameters are μc = 10 and μc = 34 , respectively.

Thus, tuning the general interface material parameters also allows

for reduction of the inclusion proportion in the composite without
osing the overall mechanical performance. Such numerical studies

rovide further relevant information for material scientists to take

dvantage of general interfaces to design materials based on their

eeds. 

In order to demonstrate the generality of our findings, a sim-

lar computational study is carried out for a three-dimensional

nit-cell and a two-dimensional microstructure with random

istribution of inclusions as depicted in Fig. 7 . Once again, the

esults show that the size-effect captured by the general inter-

ace model is quite complex and depending on R and � , either

maller-stronger or smaller-weaker response may be observed.

verall, the trend of the results remain quite close to what is

bserved for the two-dimensional unit-cell. In particular, for

oth samples, there seems to exist a size in which the effective

esponse remains constant regardless of the inclusion to matrix

tiffness-ratio R . Analogously, for a particular inclusion to matrix
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Fig. 6. Effective bulk modulus obtained for unit-cells with inclusion volume fractions f = 15% and f = 35% with respect to μ. The results confirm that for a particular 

value of μ, the effective response of the two unit-cells coincide. The figures next to the plots depict the distribution of the xx -component of the Cauchy stress within the 

microstructures for μ = μc and two volume fractions. 

Fig. 7. Complex behavior of effective bulk modulus with varying the length-ratio and the inclusion to matrix stiffness-ratio obtained for a three-dimensional unit-cell 

and a two-dimensional microstructure with random distribution of inclusions possessing general interfaces. The figures next to the plot represent the distribution of the 

xx -component of the Cauchy stress within the microstructures for � = 100 , R = 100 (top) and � = 0 . 01 , R = 0 . 01 (bottom). 
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tiffness-ratio, the effective response becomes insensitive to the

ength-ratio � . 

. Conclusion 

In this manuscript, we analyzed the influence of size, inclusion

o matrix stiffness-ratio and interface material parameters on

he effective response of different microstructures equipped with
eneral interfaces. The numerical results confirm that the behavior

f the microstructure in the presence of a general interface, in

ontrast to other interface models, is nonintuitive and highly

omplex. Firstly, we demonstrated that depending on the size and

he stiffness-ratio, the general interface model could lead to either

 smaller-stronger or a smaller-weaker response. Next, it has been

erified that for certain ranges of parameters, the general interface

odel results in a somewhat unexpected effective response. In
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particular, for a certain size, the effective response becomes insen-

sitive to the changes in the inclusion to matrix stiff ratio. Also, for

a certain inclusion to matrix stiffness-ratio, the size effects vanish

entirely. More surprisingly, we have found out that for particu-

lar values of interface parameters, the overall response remains

unchanged even if the inclusion volume fraction is reduced. This

behavior was observed for both a three-dimensional unit-cell as

well as a two-dimensional microstructure. 

In summary, we have reported on a number of unique, unprece-

dented and nonintuitive features of the effective behavior of ma-

terials in the presence of interfaces at their microstructures. We

believe that the numerical observations in this manuscript reveal

some of the previously unnoticed advantages of the general inter-

face model and manifest its enormous potential to be considered

as a powerful tool to design smart and multifunctional composites.
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