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Abstract Motivated by the recent efforts to produce low-dimensional condensates, we study
the ground-state density profiles of two-dimensional Bose-Einstein condensed
atoms at zero temperature within a mean-field theory. The interplay between the
tight harmonic confinement in the axial direction and collisional properties of the
condensate atoms help identify three distinct regimes of experimental interest.
Each regime is described by a different atom-atom coupling which depends on the
density of the condensate as the system starts to be influenced by two-dimensional
collisions. We trace the regions of experimentally accessible system parameters
for which the crossover between different dimensionality behaviors in the scat
tering properties may become observable.
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1. Introduction

The observation of Bose-Einstein condensation Bose-Einstein condensation
(BEC) in externally confined atomic vapors[l, 2, 3] has stimulated a big inter
est in the theoretical and experimental work on interacting systems of bosons.
boson The thermodynamic, ground-state static and dynamic properties of con
densates are extensively investigated and the main results are compiled in a
number of reviews.[4, 5, 6, 7] Most of the excitement stems from the possi
bility of understanding properties of a macroscopic quantum state. Other than
the fundamental physics considerations, the Bose-Einstein condensed systems
offer interesting applications of atom laser laser and atom optics.
The BEC phenomenon in low dimensional and particularly in two-dimensional
(2D) systems has attracted considerable amount of interest from the point of
view of understanding effects of dimensionality. As the homogeneous 2D
system of bosons boson would not undergo BEC at a finite temperature, the
prospects of observing BEC in systems with an external potential[8, 9] provide
a strong motivation for such investigations. It was argued by Mullin[lO] that
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BEC is not possible for strictly 2D systems even in a trapping trapping potential
in the thermodynamic limit. However, by varying the trapping field so that it
is very narrow in one direction, it should be possible to separate the single
particle states ofthe oscillator potential into well-defined bands, and occupying
the lowest band should produce an effectively two-dimensional system. Grow
ing number of experiments[ll, 12, 13, 14, 15, 16] exploring the possibility
of realizing quasi-one-dimensional (QID) and quasi-two-dimensional (Q2D)
trapped atomic gases culminated in the recent experiments of Garlitz et al.[17]
in achieving low-dimensional condensates. and measurements on the BEC
transition temperature and other properties are expected to follow.
The studies on the BEC in 2D systems can be broadly divided into two

categories. In the first group the interaction effects are treated parametrically
without reference to the actual interaction potential or the scattering length
which describes it as in the 3D formulation of the interacting boson boson con
densates.[18, 19,20, 21] Included in the same spirit of calculations there has
been path integral Monte Carlo simulations[22] at finite temperature to give in
dications of a BEC transition in 2D systems. In the second group, some effort is
made to relate the 2D interaction strength to the 3D scattering length[23, 24, 25]
or to solve the scattering problem in strictly 2D to obtain the relevant depen
dence of the interaction coupling on the scattering length. Kim et al. [26] using
the scattering theory in 2D, found that the interaction strength depends loga
rithmically on the scattering length. Shevchenko[27, 28] in a series of papers
studied interacting 2D Bose gas in a nonuniform field arriving at the conclusion
even though a Bose-Einstein condensation Bose-Einstein condensation does not
take place, the system exhibits superfluidity. Recently, Kolomeisky et al.[29] in
their treatment of low-dimensional Bose liquids suggested a modified form for
the mean-field description of 2D condensates. Lieb, Seiringer, and Yngvason
[30] have rigorously analyzed this and related approximations as applied to the
practical cases of interest. Petrov and coworkers[31, 32] using scattering theory
arguments obtained a slightly more detailed form of the effective interaction
coupling for Q2D systems that distinguishes different density regimes. Simi
lar results are also obtained by Lee et al.[33] within a many-body T -matrix
approach.
In this paper we introduce various interaction coupling models to describe the

pancake shaped 2D condensates formed in highly anisotropic traps. Our central
aim is to calculate the equilibrium density (or wavefunction) profiles ofthe con
densate with different choices of system parameters such as anisotropy in the
trap frequencies and scattering length. Our calculations show that with increas
ing anistropy the condensate first becomes 2D with regard to the confinement
and then also in its collisional properties. We find that these different regimes
may be identified by measuring the size of the cloud in the radial plane and we
characterize the crossover regime in terms of the relevant physical parameters.
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2. Theory
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The ground-state properties of a condensed system of bosons boson at zero
temperature are described by the Gross-Pitaevskii equation which is a nonlinear
Schrodinger equation. In the presence of external trap potentials, therefore an
inhomogeneous Bose system, it is useful to adopt the local-density approxi
mation which regards the system locally homogeneous. We consider a dilute
Bose-condensed gas in anisotropic harmonic confinement characterized by the
frequencies W1- and Wz = AW1- with A >> 1 to yield a pancake shaped con
densate. The mean-field energy functional in the local-density approximation
can very generally be written as[34, 35, 36]

where E(p) = gp/2 is the ground-state energy (per particle) of the homogeneous
system, and p = 1'l/J1 2 is the density. The coupling parameter 9 can depend on
the condensate density, 9 = g( 'I/J). Variation of the energy functional with
respect to 'I/J*, subject to the normalization condition Jdr 1'l/J1 2 = N, yields the
nonlinear Schrodinger equation

(2)

(3)

where J.L is the chemical potential. The local-density approximation was used
by Fabrocini and Polls[35] and Nunes[34] to study the high density effects in
3D condensates, by making use of the 3D homogeneous hard-sphere Bose gas
results from perturbation theory. These studies showed that the modifications to
GP equation become important as the number ofparticles N and the hard-sphere
radius a are increased making the system less dilute.
To explore different regimes of 2D condensates we consider various models.

[37] In the first approach, we consider a condensate whose third dimension
is of the order of the harmonic confinement length az = (17)mwz )1/2. If the
condition a << a z holds, the system undergoes collisions in three dimensions
and the coupling constant we use in the 2D GP equation is gQ3D = g3DI¢(z =
0)1 2 where ¢(z = 0) = (27ra;)-1/4 is the axial ground state ground state
wavefunction evaluated at z = O. It takes the form

fi2 a
gQ3D = 2y!2;--

maz

reflecting the geometrical effects of the reduced dimensionality. A number of
authors[23, 24, 25] have used this coupling constant to describe 2D condensates.
When the anisotropy further increases and the scattering length a becomes

of the order of a z , the collisions among the atoms start to be influenced by
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the presence of the trap in the tight z-direction. Petrov et al.[31, 32] and
Lee et ai.[33] studied the scattering problem in quasi-two-dimension (Q2D) of
a system harmonically confined in the z-direction and homogeneous in the
perpendicular direction, to obtain the following expression for the coupling
strength

(4)

In the Q2D regime the coupling strength depends on the condensate den
sity p. Furthermore, gQ2D is given by an implicit relation which has to be
determined numerically during the solution of the 2D GP equation. If we
make a zero-order approximation for gQ2D appearing in the logarithm, i.e.
gQ2D ~ 2V27r(n2/m)(a/a z ), then the expresion for Q2D coupling strength
simplifies to

gQ2D = (ala ) I .
1 + ~ I In (2(21f)3 2paaz ) I

(5)

(6)

In our numerical calculations we have found that the above implicit and explicit
forms of gQ2D slightly change the wavefunction profiles only for very large
values of asymmetry parameter A.
The strictly 2D regime is attained when the collisional properties are such

that a » az . harmonic isotropic trapping potential Vext(r) = mwir2/2.
Perturbation theory calculations for a homogeneous system of 2D hard-disk
bosons boson yield[38]

n2 41fp
E(p) = 2m Ilnpa21'

for the ground-state energy (per particle). The corresponding mean-field equa
tion for the condensate wave function thus reads

from which the 2D intertaction coupling can be identified

41fn2 1
g2D =--

m lIn (pa2) I
(8)

The energy functional corresponding to this equation has also been suggested
by Shevchenko[28] and more recently by Kolomeisky et ai. [29]
We note that the ensuing GP equation in 2D is quite different than its 3D

counterpart, in that the dimensionless interaction term gQ2D or g2D not only
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depends on the hard-disk radius a logarithmically, but it also depends on 11P12,
making the GP equation highly nonlinear. In 3D the density dependent inter
actions arise as corrections or modifications to the GP equation, whereas in 2D
the mean-field interaction is density dependent.
In the previous applications[34, 35, 39] of the local-density approximation in

3D condensates, effects beyond the mean-field theory (GP equation) has been
explored by including higher order terms in the homogeneous energy density
E(p). In 2D, the correct mean-field description is given by Eq. (2). To go
beyond the mean-field theory one would have to use the higher order terms
in the perturbation series for E(p). Another possible correction to the mean
field description has been suggested by Andersen and Haugerud.[40] In their
treatment the kinetic energy functional is modified to include a gradient term

(9)

In our numerical calculations to be presented and discussed in the next section,
we have tested the significance of corrections brought by the gradient term.
We have found that it has negligible effect on the condensate profile 1P(r) and
other physical quantities for the range of N and scattering length values we
examined.

3. Results and Discussion

We solve the Gross-Pitaevskii equation given in Eq. (2) for three models of
g(1P) numerically using the steepest descent method[35, 41] which is known
to produce accurate results. A further check of our numerical calculations is
provided by the virial relation. Under the scaling transformation r -----7 Ar, so
that 1P(r) -----7 1P(r) / A, and using the variational nature of the energy we obtain

1 J dg(1P) 5Ekin - Eext + E int - 2" dr~ 11P(r)1 = O. (10)

In this form of the virial relation, we have omitted the gradient correction to
the kinetic energy, since numerically it is found to be negligibly small. Our
solution of the GP equation satisfies the virial relation to a high degree.
In the following we illustrate the ground-state density 11P(r)12 predicted by

the three models. We first consider the parameters as appropriate for 23Na
atoms in the experiment of Gorlitz et al.[17] taking N = 5 X 105 , A = 26.33,
and a = 2.8 nm. For these parameters the condensate appears as 2D due to its
confinement characteristics (It ::: 2.08 nwz ) but the collisions have a 3D nature
(a/az ::: 3.8 x 10-3). Density profiles in this Q3D regime are displayed in
Fig. 1 for all three models. It is observed that Q3D and Q2D interaction models
yield almost identical predictions (solid and dotted lines). The fully 2D model,
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Figure 1. The condensate density I"IjJ(rW (in units ofN/a'i) as a function of the radial distance
for a system ofN = 105 atoms, a/az = 3.8 x 10-3 and A = 26.33 from the numerical solution
of GP equation for the three models: Q3D (dotted line), Q2D (solid line), and 2D (dashed line).
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Figure 2. The same as in Fig. 1, for a/az = 0.33 and A = 2 X 105
.
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Figure 3. The same as in Fig. 1, for a/az = 2.68 and A = 2 X 105
.

on the other hand, produces a quantitatively very different density profile with
a much larger chemical potential (J-t ::: 17.8nwz ). It is evident that 20 model is
not applicaple to the current experimental situation.[17]

In the second case we increase the anisotropy parameter to a much larger
value A = 2 X 105 and make the choice a/az = 0.33 for the scattering length.
These parameters correspond to the regime of crossover in the scattering prop
erties from 30 to 20 in a condensate where the motion in the third dimension
is completely frozen by the confinement effects (J-t ::: 0.002nwz ). As shown in
Fig. 2 in the crossover regime the three models predict comparable shapes of
the condensate cloud indicating the approach to 20 collisions.
Finally, we further increase the value ofthe scattering length to a/az = 2.68,

keeping the same values of A and N as the previous case. For this choice of
parameters the collisions are truly 20 and the strictky 20 model should be
relevant in predicting an accurate profile of the condensate cloud. The other
models would overestimate the width of 1/J(r). Our results confirming this
scenario are shown in Fig. 3.
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4. Summary and Concluding Remarks
In summary we have considered Bose-Einstein condensates Bose-Einstein

condensation confined in pancake shaped traps at zero temperature within a
mean-field description. Three different physical regimes are identified for the
scattering properties of the condensate in terms of the anisotropy of the trap;
(i) a Q3D regime where the axial dimension of the condensate is much larger
than the scattering length and the collisions are as in a 3D condensate,
(ii) a Q2D regime where the tight harmonic confinement in the z-direction
begins to influence the scattering events,
(iii) a strictly 2D regime where collisions are restricted to the x-y plane.
The interaction coupling is different in the three cases and a logarithmic

dependence on the density arises as the 2D effects start to affect the scattering
properties. We have adopted a local-density approximation to introduce the
appropriate coupling strength into the energy functional of the condensate and
to obtain a GP equation for its in-plane wavefunction.
Our results should be relevant to the experimental efforts aiming to produce

low-dimensional condensates. The results of our calculations show that the
different collisional regimes are reflected in the width of the cloud. Observable
properties are expected for flat condensates not only due to the geometric con
finement effects (i.e. when Jt < nwz ) but also when the condition a > az holds.
The strictly 2D limit can be reached by making the tight confinement very large
and by increasing the scattering length. Recent experiments of Cornish et ai.
[42] have demonstrated the feasibility of tuning the scattering length through
Feshbach resonances. This opens the possibility of studying the effects of in
teractions and regimes those described beyond the Gross-Pitaevskii equation
more systematically. To assess the importance of interactions and high density
effects Monte Carlo simulations would be useful as a test of range of validity of
the mean-field and local-density approximations. Our calculations should be
the starting point for finite temperature studies in which the role of interactions
with the non-condensed thermal particles and phase correlations at increased
temperatures may be addressed.
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