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Abstract We review recent results based on the application of spherical wave representation
to description of quantum properties of multi pole radiation generated by atomic
transitions. In particular, the angular momentum Angular momentum of photons
including the angular momentum entanglement, the quantum phase of photons,
and the spatial properties of polarization are discussed.
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Introduction

It is well known since the end of XIX century that the time-varying classical
electromagnetic (EM) field can be expanded in vector spherical waves and that
this representation is convenient for electromagnetic boundary-value problems
possessing spherical symmetry and for the discussion of multipole radiation
from a local sources (e.g., see [1, 2]). Since both plane and spherical waves
form complete sets of orthonormal functions, they are equivalent, so that the
use of either representation of classical electromagnetic radiation is caused by
the usability reasons.
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The underlying motive for consideration of quantum EM radiation in terms
of spherical waves of photons is the fact that the atomic and molecular tran
sitions create the multipole photons, in other words, the photons with given
angular momentum and parity rather than plane photons specified by the linear
momentum and polarization polarization [3,4].

It should be stressed that, unlike the classical domain, the plane and spherical
wave representations of photons are not completely equivalent. The point is that
the vector potential of classical EM field is defined in the three-dimensional Eu
clidian space n3 , while the operator vector potential of quantum EM radiation
is defined in the space

(1)

where 1tp h denotes the Hilbert space of photons. According to Wigner's ap
proach [5], the general properties ofa quantum mechanical system are speci
fied by the dynamic symmetry of the corresponding Hilbert space. The Hilbert
spaces of plane and spherical photons have different symmetry properties. Viz,
the former manifests the 80(2) symmetry caused by invariance with respect to
rotations in xy-plane whose positive normal coincides with direction of prop
agation k/k. In turn, the latter has the 8U(2) symmetry agreed upon the
invariance with respect to rotations in three dimensions about a local source
(say, atom or molecule).
In particular, the symmetry reasons imply the different sets of quantum num

bers, specifying the photons in the two representations [3,4,6]. Any photon
in the plane wave representation (PWR) is specified by given energy, linear
momentum, and polarization. In turn, a photon in the spherical wave represen
tation (SWR) has given energy, angular momentum Angular momentum, and
parity that corresponds to the type of radiation, either electric or magnetic.
SWR was introduced by Heitler [7] and then discussed in his famous mono

graph [6]. Unfortunately, the most of books on quantum optics leave this
representation aside, so that it is discussed in very few monographs (e.g., see
[3, 4]). Meanwhile, a number of modern experiments with trapped atoms in
teracting with photons corresponds to the interatomic distances that are much
shorter than the wave length [8, 9]. It should be stressed that the difference
between the properties of photons in PWR and SWR is particularly strong just
in the near and intermediate zones.
Another reason to use SWR is connected with the problem of use of the

angular momentum (AM) of photons in quantum information processing that
has attracted recently a great deal of interest [10, 11, 12, 13, 14]. In the usual
treatment, AM of photons is discussed in terms of PWR [10, 15]. Unfortu
nately, this representation leads to the wrong commutation relations for spin
spin components as well as for orbital angular momentum (OAM) components
[10, 16].
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The great importance of true commutation relations in quantum mechan
ics is obvious to everyone. In fact, just existence of nontrivial commutation
relations for observables is the distinguishing feature of quantum mechanics
in comparison with classical physics. In particular, the commutation relations
are responsible for the quantum noise that influences the precision of measure
ments in quantum domain. Unlike PWR, the use of SWR leads to the true
commutation relations for spin and OAM operators [17].
Besides that, SWR can be used to define the inherent quantum phase phase

of photons [18, 19,20,21], to describe the quantum properties of polarization
[22, 23], and to discuss emission of photons with high AM [24].
The main aim of present course is to give a brief review of SWR, its appli

cation, and recent results related to the problem of quantum communications
and information processing.
The course is arranged as follows. In Sec. I we introduce SWR and discuss

its general properties. In Sec. II we consider representation of AM in SWR. In
particular, we examine AM entanglement entanglement of two photons emitted
by a cascade decay of an electric quadrupole transition. In Sec. III inherent
quantum phase of multipole photons is discussed. In Sec. IV we consider
the polarization of quantum multipole radiation. Finally in Sec. V we briefly
summarize the results and discuss their applications.

1. Quantization of Multipole Radiation

Following [6], let us construct a representation of photons with given AM
and parity. This means that we have to represent the vector potential in terms
of a superposition of states with given AM and parity.
As for any other particle, AM of a photon consists of the spin and OAM

contributions

(2)

where § and i denote the spin spin and OAM, respectively. Since rest mass of
photons is equal to zero, the spin is defined to be the minimum possible value
of AM. From the atomic spectroscopy we know that minimum j = 1 (in the
units of fi). Hence, spin of a photon is s = 1. Nevertheless, the requirement of
Poincare invariance on the light cone allows only two spin degrees of freedom.
The eigenfunctions of the operators Jz and J"""'2 are the vector spherical har

monics [2, 3, 25]

PY}em = j(j + l)Y}em, JzY}em = mY}em. (3)

The eigenstates of spin 1 are the columns
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that can be associated with the base vectors in n3 as follows

(4)

In fact, the vectors (4) form the so-called helicity basis [2,26]. In particular, the
vectors E± can be associated with unit vectors ofpolarization with either positive
or negative helicity. Let us stress that quantum electrodynamics interprets the
polarization as a given spin state of photons [3].
In tum, the eigenstates of quantum mechanical OAM operator -i(i x ~)

are the spherical harmonics rem (k/k). Thus, the vector spherical harmonics
(3) can be constructed as the linear combinations of spin states and spherical
harmonics

~Rm = L (lett, m - ttljm)~re,m-/-i'
/-i

(5)

where (... I... ) denotes the Clebsch-Gordon coefficients of vector addition
of spin spin and OAM. Taking into account the properties of Clebsch-Gordon
coefficients [27], it is easy to conclude that the quantum numbers j and £
connected in the following way

j = £ + 1, £,1£ - 11- (6)

Thus, for each value of AM j, there are three different states specified by the
vector spherical harmonics (5) under the condition (6).
Since under inversion vector ~ changes sign and function re,m-/-i is mul

tiplied by (-I)R, the vector spherical harmonics have given parity (-I)H1.
Thus, the functions ~jm have the parity (-1)H1, while the parity of functions
y '±1 is (-I)j.J,J ,m
The vector spherical harmonics (5) form a complete orthonormal set of func-

tions:

(7)

It is seen that (k/ k) . ~jm (k/ k) = O. This function ~jm is usually cold the
transversal vector spherical harmonics of magnetic type. Another transversal
function can be constructed as a combination of the functions with £ = j ± 1

~E 1 VJ~ JJ+l~y = y. lY·Jm - J2JTI( J J,J+1,m + J + J,J-1,m), (8)

which is called the transversal spherical harmonics ofelectric type. It is seen
that ~jm and Yjlfn are mutually orthogonal for the same k/k.
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The functions with £ = J ± 1 can also be used to construct the longitudinal
vector spherical function

which is orthogonal to both ¥Jjm and ~lfn. Nevertheless, this longitudinal
function should be discarded because the Poincare invariance on the light cone.
Thus, the states of the field with given AM and parity can be obtained by

expansion of vector potential over the transversal vector spherical harmonics.
Taking into account the expansion [2]

ei(k.r-wkt ) = 47f 2:)i)eJe(kr)Y£"m(kjk)Yem(kjk)e-iWkC,
e,m

where Je(kr) denotes the spherical Bessel functions, we can conclude that the
positive-frequency part of the vector potential has the form

NMJe¥JjmaMkjm, (9)

NE[J)Jj+1(kr)¥J,j+1,m - JJ+lJj_1(kr)¥J,j-1,m]aE~W)

in the case of parity (-1 )j+1 and (-I)j, respectively. Here NAdenotes the
normalization factor. In order to have vector potential with discrete values of k,
the right-hand sizes in (9) and (10) should be defined inside an ideal spherical
cavity of big radius R. Then, the spectrum is defined by the roots of equation

Je(kR) = O.

In this case, it is convenient to renormalize the spherical Bessel functions by
the condition

l
R 47fR3

Je(kr)Je(k'r)r2dr = --Okk' ·o 3

In Eqs. (9) and (10), the complex amplitudes aAkjm specify the amount of
the corresponding multipole field. The harmonic time dependence is usually
included into these amplitudes. In classical electrodynamics, the amplitudes
aAkjm are determined by the properties of the source of radiation (harmonically
varying current or intrinsic magnetization) [2]. Within the quantum picture, the
amplitudes aAkjm are supposed to be the annihilation operators of multipole
photons [6, 25] that obey the commutation relations

(11)

Hence, they form a representation of the Weyl-Heisenberg algebra of multipole
photons. In this case, (9) and (2) should be considered as the positive frequency
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parts ofthe operator vector potential ofthe magnetic-type radiation (with A =
M and parity (-I)HI) and of the electric-type radiation (with A = E and
parity (-1)j), respectively.
Hereafter, we consider expressions (9) and (10) as the quantum operators.
Let us now note that the operators (9) and (10) can be represented in n3 as

follows

A.\kjm = 2)-1Y"CftA.\kjmfta.\kjm,
ft

where A..\kjmft denotes the mode function of the multipole field. By construc
tion, this function obey the homogeneous Helmholtz wave equation

\72A.\kjmft +WZA.\kjmft = O.

In fact, the vectorA.\kjm can be considered as a function from n3 to the Hilbert
space 'H of complex linear functions on n3 in (1). The operators (9) and (10)
obey the same wave equations but assumes values in the Hilbert space 'H x 'H,
where the second factor 'H comes from the spin states.

In view of the wave equation, the mode functions A.\kjm can be interpreted
as the wave functions ofmultipole photons [3].

It should be emphasized that under rotations the vector spherical functions
are transformed along an irreducible representations ofthe 0+(3) group. Thus,
they are the irreducible tensors of rank j rather than vectors.

It is useful to show that the operators (9) and (10) are invariant with respect
to the SU(2) group. Consider first the electric-type multipole radiation and
introduce an auxiliary operator

Ae(i/r) = LYIftYRm0t ® aem
ft,m

(12)

For simplicity, we drop here all other indexes. Because rotations do not influ
ence the radial dependence in (10) provided by the spherical Bessel functions,
the auxiliary function (12) depends only on the direction r/r in n3 .

Let <p be an arbitrary transformation belonging to the SU(2) group. Then
[28]

A e(<pr/r) LYIft (<pr/r )YRm(<pr/r)
ft,m

L L YIft,(i/r) <pftft' YRm' (i/r)0t ® <pmm,aem
ft,ft'm,m'

L L YIft,(i/ r) YRm' (i/ r) [<pftft'0t] ® [<paem]
ft,ft'm,m'

L YIft'(i/r)YRm,(i/r)[<p0t'] ® [<paem] = <pAe(i/r).
mu',m'
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Thus, the auxiliary operator (12) is invariant with respect to the SU(2) group.
Since the spherical harmonics form a basis of an irreducible representation

Me of the SU(2) group, the product Y1j.LYRm in (12) form a basis of

(13)

The operator (10) is defined just in (13).
Let (Y1j.LYRm)s (8 = £, £ ± 1) be the component (projection) of Y1j.LYRm in

Ms. Then the vector operator

Aes = 2::(Ylj.LYRm)s~ @ aem
j.L,m

is also invariant with respect to the SU(2) group. This implies the invariance
of (10), because rotations do not influence the radial dependence. The SU(2)
invariance of (9) can be proven in the same way.

2. Angular Momentum of Multipole Photons

A classical distribution of electromagnetic field in vacuum carries AM of the
form

where

- 1 J - - 3J = - r x (E x B)d r,
41fC

(14)

- loA
E=--

C ot'
are the electric and magnetic fields. For the fields produced a finite time in the
past and so localized to a finite region, this expression can be rewritten in the
form

(15)

The first term is usually identified with the spin contribution, while the second
term represents OAM because of the presence ofthe quantum mechanical angu
lar momentum Angular momentum operator -i(f x ~) [15]. Let us stress that
Eq. (15) is obtained within the classical picture, so that the use of the notions
spin and OAM has here a conditional meaning.
Within the quantum domain, both terms in the right-hand side of (15) are

represented by the bilinear forms in the photon operators (11).
Consider first PWR, when the operator vector potential has the form

A(f) = N 2:: 2:: Ekj.L(eikorakj.L + H.c.)
j.L=± k
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because the third direction EkO is forbidden in this case [15]. Averaging the first
term in the right-hand side of (15) over time to eliminate the rapidly oscillation
terms with a2 and (a+)2 and changing summation over k by integration, we
get for the spin spin operator

- _ N
2 Jd

3
k 3 - + +

8 - 21fC 21f k(ak+ak+ - ak_ak-). (16)

Thus, the components of "spin" (16) obey the commutation relations [10, 16]:

ex, (3 = x, y, z. (17)

Employing the same procedure to the second (OAM) term in (15) then gives
the following commutation relations

so that neither spin nor OAM obey the true commutation relations. In fact,
the definition (2) assumes the structure 8U(2) x 8U(2) of the total AM. At
the same time, the above commutation relations correspond to the structure
A x 8U(2), where A denotes the Abelian group of translations caused by the
80(2) symmetry of the Hilbert space.
The use of SWA leads to a different result. According to the results of Sec.

II, the total AM (2) has the structure 8U(2) x 8U(2) by construction.
Consider first a single-mode photon emitted by an electric dipole (El) transi

tion in a two-level atom two-level atom located at the center of an ideal spherical
cavity. Let us stress that El photons represent the most frequently encountered
type of EM radiation in visible and IR regions. If AM of the excited atomic
state is j = 1, then this state is triple degenerated with respect to the quantum
number m = 0, ±1. The Jaynes-Cummings Hamiltonian Hamiltonian of such
a system has the form [18]

H H o + Hint, (18)

H o 2)wa~am + woRmm ),
m

Hint = r 2: (Rmgam + a~Rgm).
m

Here w is the cavity mode frequency, Wo is the atomic transition frequency, r is
the coupling constant, am, a~ are the El photon operators (11), and R denotes
the atomic operators:

Rmm l = Ij = 1,m)(j = 1,ml, R mg = Ij = 1,m)(j' = 0,01·

Since the angular momentum is conserved in the atom-photon interaction [4],
the total angular momentum

j = J1a ) + ]\ph) (19)
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should be an integral of motion with the Hamiltonian (18). It is clear that the
photon, created by the atom, takes away AM of the excited atomic state. The
latter is specified by the operators

(a) __1 ( )Jx - y2 Ro+ + Ro- + H.c. ,

that obey the commutation relations

J~a) = ~(Ro+ - R-o - H.c.), (20)

J~a) = R++ - R __ , (21)

[J (a) J(a)] = iE {3 J(a) {3a , {3 a K, K,' 0:, ,K, = x, y, z. (22)

It is now a straightforward matter to arrive at conclusion that the photon operator,
complementing (20) with respect to the integral ofmotion with the Hamiltonian
(18), has the components

J (ph) - _1 { +( ) H }x - y2 ao a+ + a_ + .c.,

J (ph) - _z{ +( _ ) _ H }y - y2 ao a+ a_ .c. ,

J~ph) = ata+ - a~a_. (23)

It follows from (11) that the operators (22) obey the same commutation relations
as (21), that are the true commutation relations for the components of AM
operator. By construction, the operators (22) define AM carried away by the
photon from the atom. Thus, the use of SWR leads to the true commutation
relations for AM of photons.
Let us stress the principle difference in the operator structure ofEqs. (15) and

(22). In the former, the symbols ± denote the circular polarization polarization,
while in the latter, the subscripts m = 0, ±1 correspond to the projection of
angular momentum Angular momentum j = 1 on the quantization axis.
Assume that the atom emits El photon with given m. Then, for the mean

values of AM operators (21) we get

In turn, the variances are

and



(24)
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Thus, the Fock number state ofE1photon manifests strong quantum fluctuations
of AM, and the quantum fluctuations of AM in the state with m = 0 are stronger
than those in the states with m = ±1.
Eqs. (21) can be used to specify mean values and variances of AM of many

El photons as well. Assume for example that the local source emits El photons
in coherent state coherent state 100m) with given m. Then

(O:mIJ~~;) 100m) = 0, (O:mIJ~ph) 100m) = mlO:ml 2

and

(0: 1(fj.J(ph))210: ) = { ~10:±12, m = ±1
m x,y m 10:012, m = 0

(O:ml(fj.J~ph))210:m) = Im11O:m12.

In PWR, the physical quantities related to the operators J~~;) do not manifest
quantum fluctuations at all.
Let us now establish a contact with the definitions of AM given by Eqs. (13)

and (14). Consider first the spin density operator

~ 1 ~ ~

S(r') = -E(r') x A(f)
41TC

(25)

(26)

in the case of El monochromatic radiation. Using (10), one can see that the
components of (23) contain all possible bilinear combinations of photon oper
ators (11). Taking into account the property of spherical Bessel functions that
jo (kr) ----7 1 and j2 (kr) ----7 0 at r ----7 0, we can conclude that the components of
the spin operator (23) have the same structure in the photon operators as (21).
Moreover, it is seen that the integrand of the second term in (14) vanish in the
same limit. Thus, in a certain vicinity of the origin (atom), AM of photons
consists of spin, while OAM contribution arises with distance from the source.
Taking into account that the photon localization appears in the form of a

wavefront [29], we should integrate (23) over a spherical shall of radius r
together with averaging over time to calculate the amount of spin carried by
El photon at any distance r from the source. Performing straightforward but
tedious calculations, we can conclude that

S(r) ==14Jr

d¢1Jr

S(f)sinBdB = f(kr)pph),

1 2 1 2
f(kr) rv 3[2jo (kr) - "2 j2 (kr)].

In turn, OAM of El photons at distance r from the source can be calculated in
the same fashion as S(r ):

l(r) == r4Jr

d¢ r i(f) sin BdB rv ~ji(kr);,Jo Jo 2
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as all one can expect.
The fact that OAM has the same operator structure as the spin and total AM

reflects the known property of electric-type photons [3, 25]. Viz, in the states
described by the vector spherical harmonics of electric type (8), OAM does not
have a given value but is a superposition of states with £ = j ± 1. Thus, in these
states, the total AM cannot be divided into spin and DAM contributions.
A more detailed examination shows that, unlike the energy of electromag

netic field, AM is not contained in the pure wave zone, and the main contribution
to AM comes from the near and intermediate zones. At far distances where

je(x) rv [sin(x - £Jr/2)]1x, x» £,

we get S(kr) = i(kr), so that the spin and OAM contribute equally into the
total AM at far distances.
Consider now the radiation by atom in free space, when the continuum mode

distribution, corresponding to the natural line breadth, should be taken into
account [17]. In this case, we should extend the model Hamiltonian Hamilto
nian (17) on the multi-mode case by adding integration over k and apply the
Markov approximation Markov approximation, which is similar to the Wigner
Weisskopf approach [30,31]. Then, the time-dependent wave function of the
atom-photon system can be written in the form

11P(t)) = C(t) 11P(a)) +JB(k, t) 11P(k) )dk

with the initial conditions

(27)

C(O) = 1, Vk B(k,O) = 0.

(28)

Here 11P(a)) corresponds to the excited atomic state and vacuum for photons,
while 11P(k)) gives the ground atomic state and single El photon with given k
and m. Employing the standard analysis [30, 31] than gives

k
3

/
2

( )C(t) = e-iwot-I't, B(k, t) = - . 1 _ ei(Wk-WO)-I't ,
Wk - WQ + zf

where f is the radiative decay width.
Carrying out the averaging of z components of spin and OAM contributions

in (14) over the state (24), we get [17]

(SAt)) = (LAt)) = ~(1 - e-2I't).
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Since the Markov approximation Markov approximation corresponds to the
"rough" scale t » f- 1 [31], Eq. (25) shows that spin and OAM contribute
equally into the total AM of El photons at the distances r 2: c/f » c/wo,
again corresponding to the wave zone.
The obtained results can also be applied to the problem of entanglement

of photon twins created by an electric quadrupole (E2) transition between the
states Ij = 2, m = 0) and 1/ = 0, m' = 0) (Fig. 2) [17]. The cascade decay of
this state gives rise to the two El photons propagating in the opposite directions.
Because of the AM conservation, the state of the radiation field has the form

(29)

where the subscripts correspond to the quantum numbers m and 11m , 1m ,) is
the product of number states of "left" and "right" photons. Let us stress that
photons with m = 0 may have the most probable direction of propagation
different from that for the photons with m = ±1 because of the structure of the
radiation pattern.
We now prove that (26) represents the maximum entangled qutrit state. It

was shown in Refs. [32,33] that the maximum entangled states entangled states
of a composite system obey the following criterion. Local measurement The
local measurements at all subsystems have maximum uncertainty in comparison
with the other states allowed for a system under consideration. The complete
set of local measurements is defined by the dynamic symmetry group of the
Hilbert state of the composite system [33]. In the case of qutrit system, this
is the SU(3) group. Then, the local ("left" and "right") measurements in the
system under consideration are described by the nine Hermitian generators of
the SU(3) subalgebra in the Weil-Heisenberg algebra of El photons (11):

{

ata+ - atao,
M = i(atao + a{a+) ,

2i(a+ao - ao a+),

It is easily seen that

(30)

for all n = 1, ... ,9 in (27). Thus, the uncertainties of the measurements (27)

achieve the maximum value ((t1Mn?) = ((Mn )2) in the case of averaging
over the state (26).
Let us stress that similar qutrit states have been considered in the context of

quantum information processing and quantum cryptography [34, 35].
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It is easily seen that AM operators (22) can be constructed as the linear

combinations of the generators (27). Thus, Ul!h)) = °in the state (26). At
the same time, this state provide the maximum quantum fluctuations of the
components of AM

((!:lJl!h))2) =~, a = x, y, z,

as well as the maximum correlation of measurements at the opposite sides of
the "quantum information channel" provided by the state (26):

([Jl!h)]left, [Jl!h)]right) = ~.

Here (A, B) == (AB) - (A) (B). This results illustrates the idea that the
entangled states entangled states carry information in the form of correlations
between the local measurements Local measurement [36].

3. Quantum Phase of El Photons

The problem of quantum phase was discussed in quantum optics for a long
time (for review, see Refs. [37,38,39]). Among the results in the field, the two
should be mentioned, first of all. One is the so-called Pegg-Barnett approach
[40,41] (for further references, see [38]). Their method is based on a contraction
of the infinite-dimensional Hilbert space of photons 'H. Viz, the quantum phase
phase is first defined in an arbitrary s-dimensional subspace in 'H. The formal
limit s --+ 00 is taken only after the averaging of the operators, describing
the physical quantities. A weak spot of the approach is that any restriction of
dimension of the Hilbert-Fock space Fock space of photons leads to an effective
violation of the algebraic properties of the photon operators. This, in turn, can
lead to an inadequate picture of quantum fluctuations.
Another approach has been proposed by Noh, Fougeres, and Mandel [42,43].

It is based on the operational definition of the quantum phase (in terms of what
can be measured). The main result of the approach is that there is no unique
quantum phase variable, describing universally the measured phase proper
ties of the light. This very strong statement has obtained a totally convincing
confirmation in a number of experiments.
The use of SWR permits us to define the quantum phase phase of photons,

corresponding to the azimuthal phase ofAM [18,21], in the whole Hilbert space
without any contraction. The approach proposed in Ref. [18] complements, in
a sense, the Noh-Fougeres-Mandel approach. In fact, it defines the quantum
phase in terms of what can be emitted by a source.
Let us use again the Jaynes-Cummings Hamiltonian (18) and the atomic AM

(20). The latter can be specified by the operators

J~a) = V2(R+o + Ro-), J~a) = (J~a))+, J~a) = R++ - R __ , (31)
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forming a representation of the SU(2) algebra in the three-dimensional Hilbert
space of excited atomic states:

(32)

Since the enveloping algebra of (28)-(29) contains the uniquely defined Casimir
operator

1

(j\a))2 = 2 2: Rmm = 2 x 1,
m=-l

where 1 denotes the unit operator in the three-dimensional Hilbert space, a dual
phase-dependent representation of (28) can be constructed through the use of
method proposed by Vourdas [44]. Viz, the rising and lowering operators in
(28) can be represented in the "polar" form

J(a) = J(a) E J(a) = E+ J(a)+ r' - r ,

where J$a) is the Hermitian "radial" operator and E is the unitary (EE+ = 1)
"exponential of the phase" operator. It is easily seen that

_ i'lj;E - R+o + Ro- + e R_+, (33)

where 1/J denotes an arbitrary real reference phase. Using (30), one can define
the cosine and sine of the atomic AM azimuthal phase operators

such that

s(a) = ~(E - E+)
2i '

(34)

[da), s(a)j = 0 and (da))2 + (s(a))2 = 1.

The phase states of the atomic AM are then defined to be the eigenstates of the
operator (30)

which leads

1 1
l<Pm) = V3 2: e-im'<pm Ij = 1,m),

m'=-l

J. _ 1/J + 2m7r
'Pm - 3 ' (35)

where m acquires the values 0 and ±1 as above. Through the use of the phase
states (32), it is easy to define the following dual representation of the SU(2)
algebra (28)-(29):

Jla) = 2: '1'2 - m(m ± 1)I<Pm±1)(<Pml, J;a) = 2: ml<Pm)(<Pml· (36)
m m



Multipole Radiation in Quantum Domain 159

It should be stressed that the SU(2) phase states can be constructed for an
arbitrary number of two-level atoms. In particular, it can be shown that the
SU(2) phase states form the set of maximum entangled 2N-qubit states [32].
The representation ofthe SU(2) subalgebra in the Weyl-Heisenberg algebra

of E1 photons (11) has the form

J(Ph) = (J(ph))+- +, J~ph) = L ma~am' (37)
m

This expressions can be obtained directly from (22). The operators (34) com
plement the atomic operators (28) with respect to an integral of motion with
the Hamiltonian (18). Unfortunately, there is no isotype representation of the
SU(2) subalgebrain the Weyl-Heisenberg algebra [45]. In other words, there is
no uniquely defined Casimir operator in the enveloping algebra of (34). There
fore, Vourdas' [44] approach cannot be directly used here to describe the phase
properties of AM of El photons.
At the same time, we again can use the conservation of AM in the process

of radiation, which is independent of whether we use the standard form of AM
operators or their dual representation. In particular, it is seen that [18]

[(E + c), H] = 0,

where

(38)

is the photon counterpart of the exponential of the phase operator (30). In
contrast to (30), Eq. (35) does not determine a unitary operator. At the same
time, (35) represents the normal operator

commuting with the total number of photons

The quantum phase phase properties of El photons can now be described
in terms of the dual representation of photon operators that has been intro
duced in Ref. [21]. Let us use the following Bogolubov-type [46] canonical
transformation

1 1

_ 1 ""'" -im'<Pm _ 1 ""'" im' <Pm [ + ] _ 5:am - v'3 ~ e am', am - v'3 ~ e am', am, am' -umm'·(39)
m'=-l m'=-l
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(40)

Here <Pm represents the same phase angle as above. It is seen that the operator
(35) takes the diagonal form in the representation (36):

1

c<f; = 2:: ei<f;ma~am.
m=-l

Let us note that the atomic operator (30) is also diagonal in the representation
of phase states (32)

m

and that

[(E<f; + c<f;), H] = O.
Thus, all one can conclude is that the operators am and a~ (36) provide a
representation of El photon operators of annihilation and creation with given
quantum phase that, by construction, is the azimuthal phase of AM of photons.
In particular, the annihilation operators in the phase representation (36) obey

the stability condition

'11m amlO) = 0,

where 10) is the vacuum state. Thus, the conjugated creation operator can be
used to construct the Fock number states in the phase representation in usual
way:

such that

(42)
m=-l U m

Thus, the photon phase states Ivm ) form a complete orthonormal denumerable
set ofstates ofE1photons, spanning the"phase" Hilbert-Fock space Fock space.
This space is dual to the conventional space of states of El photons. It is seen
that

(43)S (ph) K""' + . rI-.<f; = ~amamSlnlf/m,

Therefore, (37) can be interpreted as the non-normalized exponential of the
phase operator. In tum, the cosine and sine of the photon phase phase operators
can be defined as follows

C (ph) - K""' + rI-.<f; - ~amamCOSlf/m,

m m
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where the normalization coefficient K is determined by the condition
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(44)

for the averaging over an arbitrary state of the radiation field. Similar coefficient
was used in the Noh-Fougeres-Mandel operational approach as well [43].
The phase representation (36) can be used to describe the azimuthal phase

of AM of El photons [18, 19,20,21,39]. In particular, it is possible to show
that the eigenvalues of the azimuthal quantum phase of AM of photons have
a discrete spectrum, depending on the number of photons. All eigenvalues lie
in the interval [0,2Jr]. In the classical limit, provided by the high-intensity
coherent state coherent state of radiation, the phase eigenvalues are distributed
uniformly over the interval [0,2Jr] as all one can expect in classical domain
[21,39].
The comparison with the Pegg-Barnett approach shows the qualitative coin

cidence of results for mean value of the cosine and sine operators. At the same
time, there is a striking difference in the behavior of variance of quantum phase
phase in the case of very few photons, corresponding to the quantum domain
[19,39].

4. Polarization of Multipole Photons

The polarization is usually defined to be the measure oftransversal anisotropy
of electromagnetic field with respect to the direction of propagation provided
by the Poynting vector P [26]. Quantum electrodynamics interprets the polar
ization as given spin state of photons [3]. In spite of the fact that spin spin is
equal to 1 and hence has three states, the photons have only two polarizations
because of the absence of the rest mass.
In PWR, direction ofP always coincides with k/k, and the polarization is

uniquely defined everywhere. However, this is no longer a case for SWR, where
(r x P) is not necessary equal to zero, at least in a certain vicinity of the source.
As a matter of fact, El radiation obey the condition (f' . B) = 0, while the

electric field E is not orthogonal to the radial direction [2]. Therefore, if we
consider the radiation in the "laboratory frame" spanned by the basis (4) with
the origin at the atom location, the three polarizations should be taken into
account [22,23].
This fact can be illustrated in the following way. Within the relativistic

picture, the field is described by the field-strength tensor

(45)
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Since the anisotropy of the field is specified by the magnitudes of the compo
nents and by the phase angles between the components, consider the following
(4 x 4) matrix

n = F+ F = ( (E~. E) P).
p+ P

Here F (F+) denotes the positive- (negative)-frequency part of (42), P, apart
from an unimportant factor, coincides with the positive-frequency part of the
Poynting vector, and P is the Hermitian (3 x 3) matrix additive with respect to
contributions coming from electric and magnetic fields

where

and

PEa(3 = g;t; E(3, a, f3 = x, y, z

(46)

(47)

P _ { §+. § - B;t; Ba at a = f3 (48)
Ba(3 - -B;t; B(3 otherwise

Thus, the matrix (43)-(45) specifies the magnitudes of the components and the
phase angles between the components of the complex field strengths in the
"laboratory frame" with the origin at the source location. We chose to interpret
(43) as the general polarization polarization matrix.
To justify this choice, consider first the case of plane waves propagating in

the z-direction. Then, because of the relations Bx = - Ey and By = Ex, both
terms in (43) are reduced to the same (2 x 2) matrix of the form

(
KIEx KIEy )
EtEx EtEy ,

that is, to the conventional polarization matrix [26]. In the case of multipole
radiation, the matrices (44) and (45) can also be reduced to the (2 x 2) con
ventional polarization matrices by a local unitary transformation, rotating the
z-axis in the direction of Poynting vector P(r') at any point r.
The diagonal terms in (44) give the radiation intensities of the components.

The off-diagonal terms give the "phase information" described by the phase
differences

L:1a(3 = arg Ea - arg E(3, L:1xy + L:1yz + L:1zx = O.

The polarization matrices (44) and (45) can also be expressed in the helicity
basis (4) through the use of the unitary transformation

1
o
-1
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and similar transformation for B. Then, UPEU+ coincides, to within the
transposition of columns, with the polarization matrix with elements

fJ, fJ' = 0, ±1, (49)

have been introduces in [22] for El radiation.
Since E(r') .B(f) at any point f and f· B = °for the electric-type radiation,

the complete information about the phase differences is provided by the matrix
(44) or by the equivalent matrix (46) in this case. In the case of magnetic-type
radiation with f· E = 0, the matrix (45) should be used instead of (44) [47].
Consider now the quantum El radiation. In this case, the field amplitudes

should be changed by corresponding operators. Let us note that, in addition
to (46), defined in terms of normal product of photon operators, we can also
construct the anti-normal ordered polarization matrix

Then, the difference

(50)

defines the elements of the vacuum polarization matrix, in other words, the
zero-point oscillations (ZPO) of polarization [48]. It is easily seen that ZPO
of polarization depend on the distance from the source r and have a uniform
angular distribution. Consider first the z-direction when e=°and

for all ¢. Then, taking into account the definition of vector spherical harmonics
(5), operator vector potential (10), and commutation relations (11), for the
right-hand side of (47) we get

p~~/(r, 0, ¢) ={N~ [h(kr) (12fJOI1fJ)~ - jo(kr)~r, at fJ = .fJ' (51)

0, otherWIse

Because of the SU(2) invariance of the operator vector potential, proven in
Sec. II, there is a local unitary transformation V(r'), transforming (47) into
(48) at any point. For explicit form of V see Ref. [39]. Since (1210111) =
(12, -1, Oil, -1) = l/v'IO and (1200110) = -)(2/5), the transversal (with

respect to f) elements Pial in (48) have equal magnitude. In view of definition
of spherical Bessel functions, it is seen that ZPO of polarization are strong
enough in the near and intermediate zones, while vanish at r ----7 00.
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Let us now apply the above unitary transformation to the components of the
operator vector potential of E1 field V(r')AE1ktlr') and calculate the commu
tator

It is seen that these relations coincide with (11) to within the distance-dependent
factors, describing ZPO of polarization. In tum, the normalized operators

(52)

obey the commutation relations (11) at any point r and hence form a local
representation of the Weyl-Heisenberg algebra of E1 photons. Instead of the
global index m, specifying AM, they depend on the coordinates J.L. In other
words, they specify the field oscillations in the "laboratory frame" spanned by
the helicity basis (4) and hence can be interpreted as the local operators of £1
photons with given polarization [48]. This means that the eigenstates of the
number operators bt (r')bfL(r') give the number states of E1 photons with given
polarization J.L at any point r.
In fact, Eq. (49) represents a local Bogolubov-type canonical transformation

from the photon operators with given m to the photon operators with given J.L

_1
0

L 2:) -1)fLI VfLfLl (r')AkmfLl (r')am ==L BmfL (r')am,(53)

p~J(r) m fL' m

where A denotes the mode function (see Sec. II). Since det[B] i- 0, there is an
inverse transformation, representing operators am in terms of bw

It is a straightforward matter to show that, in the representation of local
operators (49)-(50), the polarization matrix (46), apart from an unimportant
constant factor, takes the form

(54)

(55)

Assume now that the two-level E1 transition have been discussed in Sec. III
emits a single photon in the state 11m ). Then, the averaging of (51) over this
state gives the polarization at any point rdescribed by the matrix with elements

- B:nfL (r') BmfL, (f')
(PfLfLl(r')) == -(0)( )

PfLfL r

Taking again into account that the properties of a multipole photon correspond
to a spherical shall of radius r, we should integrate (52) over sin BdBd¢ to get
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the polarization matrix of the photon at any distance r from the atom like we
did in Sec. III for the spin carried by photon. In particular, it can be seen that
the photons with any m have only two circular polarizations fJ = ±1 in the
wave zone [23] even in the "laboratory frame".

It should be emphasized that the polarization can also be described in terms
of Stokes parameters stokes parameters that become the Stokes operators in
quantum domain [49]. Since in the "laboratory frame" we have three degrees
of freedom, the set of Hermitian Stokes operators is provided by the generators
of the SU(3) subalgebra in the local Weyl-Heisenberg algebra of operators
(49). In other words, the Stokes operators in "laboratory frame" coincide with
(27) with the substitution of b/-L (T) instead of am [39].

In this way, the quantum properties of polarization of El photons can be
described, including the quantum fluctuations of polarization [23, 39].

5. Summary

We have reviewed some recent results concerning the quantum radiation by
multipole transitions in atoms and molecules. It is shown that because of the
difference in the dynamic symmetry group of the Hilbert space, the use of SWR
leads to an adequate picture of AM in quantum domain, based on the structure
of the type SU(2) x SU(2). In particular, SWR permits us to evaluate the
quantum fluctuations of AM of photons. It is also shown that spin and OAM
contribute equally into the total AM of photons in the wave zone, while spin
prevail over OAM in the near and intermediate zones.

It is also shown that the cascade decay of E2 transition can lead to creation
of El photon twins in the qutrit state. This state obey the criterion of maximum
entanglement of Refs. [32, 33] and manifests maximum correlation of local
measurements of AM.
The use of SWR permits us to define the inherent quantum phase of multi

pole photons that is the azimuthal phase of AM. This definition develops the
operational approach by Noh, Fougeres and Mandel [42,43]. The approach
based on the polar decomposition of AM does not violate the algebraic prop
erties of photon operators and leads to a qualitatively different picture of quan
tum fluctuations of phase from that obtained within the Pegg-Bamett approach
[38,40,41].

It should be stressed that the approach based on the consideration of the
SU(2) phase states has shown its efficiency in the problem of definition of
maximum entangled N-qubit states in atomic systems [32] ofthe type proposed
in Ref. [50,51], and in quantum cryptography [52]. In particular, it can be used
to specify the qubit multipartite states in three-level atoms [53]. It can also be
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applied to classification of maximum entangled states entangled states that can
be obtained through the use of strong-driving-assisted processes in cavity QED
[54].
Finally, the use of SWR permits us to describe the quantum properties of

polarization at any distance from the source. Since the polarization is a local
property of multipole radiation, the representation of the Weyl-Heisenberg al
gebra of photons with given polarization at any distance from the source can
be constructed through the use of SWR. It should be stressed that usually the
problem of photon localization is discussed in terms of wave functions (see
[55] and references therein). At first sight, there is no principle contradiction
between the approaches based on the use of operators and wave functions. A
connection between the approaches deserves a more detailed investigation.
In fact, the most of results reviewed in this paper were obtained by mapping of

the operators from the finite-dimensional atomic Hilbert space to the infinite
dimensional Hilbert space of photons through the use of AM conservation.
This procedure reflects an old idea that the properties of quantum radiation are
specified by the source [56].
The SWR can be successfully used to describe the quantum properties of

multipole radiation, generated by real atomic transitions. In many cases, the
use of SWR permits us to avoid the difficulties peculiar to PWR. The approach
based on the SWR has also manifested its efficiency in the number of problems
connected with investigation of photon band-gap materials [57, 58].
Although the results discussed in this paper are mostly connected with El

radiation, they can also be generalized on the case of an arbitrary quantum
multipole radiation.
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