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4.1 Introduction

Cellular communication systems provide wireless coverage to mobile users across
potentially large geographical areas, where base stations (BSs) provide service
to users as interfaces to the public telephone network. Cellular communication
is based on the principle of dividing a large geographical area into cells which
are serviced by separate BSs. Rather than covering a large area by using a
single, high-powered BS, cellular systems employ many lower-powered BSs each
of which covers a small area. This allows for the reuse of the frequency bands in
cells which are not too close to each other, increasing mobile user capacity with
a limited spectrum allocation.

Traditional narrowband cellular systems require the cochannel interference
level to be low. Careful design of frequency reuse among cells is then crucial to
maintain cochannel interference at the required low level. The price of low inter-
ference, however, is a low frequency reuse factor: only a small portion of the sys-
tem frequency band can be used in each cell. More recent wideband approaches
allow full frequency reuse in each cell, but the cost of that is increased intercell
interference. In both approaches, the capacity of a cell in a cellular network,
with six surrounding cells, is much less than that of a single cell operating in an
intercell interference-free environment. In this chapter, we survey an approach
that allows the cell with neighbors to achieve essentially the same capacity as
the interference-free cell.

In a conventional cellular system, each mobile user is serviced by a single
BS, except for the soft-handoff case – a temporary mode of operation where the
mobile is moving between cells and is serviced by two base stations. A contrasting
idea is to require each mobile station to be serviced by all BSs that are within
its reception range. In this approach all the BSs in the cellular network are
components of a single transceiver with distributed antennas, an approach known
as “network multiple-input multiple-output (MIMO).”
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78 Turbo base stations

Network MIMO requires cooperation between BSs. On the uplink, the BSs
must cooperate to jointly decode the users, whilst on the downlink, the BSs
must cooperate to jointly broadcast signals to all the users in the network. This
approach may appear unrealistically complex, but information-theoretic studies
have highlighted the potentially huge capacity gains from such an approach [23,
49, 59]. In a nutshell, these works (and others) have shown that such cooperation
effectively eliminates intercell interference. In other words, the per-cell capacity
of a network of interfering cells is roughly the same as a non-interfering system
where the cells are isolated and do not interfere at all (in fact, there is a diversity
advantage for the interfering system, which means its capacity is higher than the
capacity of the isolated cell model). In the network of interfering cells there is
no wasted interference: all received signals contain useful information. Crucially,
to obtain this advantage, it is necessary for there to be intercell interference:
it was shown in [23, 59] that full frequency reuse in each cell is required in
order to achieve the full information-theoretic capacity. This is in contrast to
the conventional cellular model with single cell processing which usually requires
fractional frequency reuse.

The question then arises: how can such cooperation be realized in practice?
It is natural to conceive first a centralized system in which a central processor
is connected to all the base stations, so that the network is operated as a single
cell MIMO system, but with distributed antennas. Such an architecture is, how-
ever, expensive to build, has a single point of failure, and does not satisfactorily
address issues of complexity and delay. A more feasible and desirable solution is
to distribute the processing among the base stations. In this chapter we present
distributed BS cooperation methods for joint reception and transmission, which
allow the desired network MIMO behavior to emerge in a distributed manner.

For distributed processing, communication among the BSs is mandatory. The
desired properties of a feasible distributed method are: (1) communication should
only be required between neighboring BSs, as opposed to message passing among
all BSs, and (2) the processing per BS and message passing delay should remain
constant with increasing network size. In this chapter, we survey an approach to
BS cooperation (and provide new results for this approach) based on a graphical
model of the network-MIMO communication processes. In essence, we show that
both uplink and downlink modes of communication reduce to belief propagation
on graphs derived from the way BSs are interconnected in the backhaul, and
from the signal propagation between BSs and mobiles, and vice versa, across the
air interface.

To give a simple picture of what we mean by message passing between BSs,
consider a cellular network where the BSs and the cells are placed on a line.
In this model, every cell has two neighboring cells. Although this simple model
is far from being realistic, it provides a framework where the main concepts of
distributed processing with message passing can be developed and explained,
and it can then be generalized to less restrictive models. The one-dimensional
cellular array is illustrated in Figure 4.1.
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Figure 4.1. Linear cellular array. The cells are positioned on a line. Each cell has
one active mobile station (MS). Dashed lines show boundaries between cells. At
cell i, xi and yi represent the transmitted symbol and the received signal.

Let xi denote the data symbol transmitted by mobile station (MS) i and yi

denote the channel output observed at BS i. In the linear cellular array model,
the relationship between the transmitted symbols and the received signals is

yi = hi(−1)xi−1 + hi(0)xi + hi(1)xi+1 + zi, (4.1)

where hi(j) is the channel coefficient from MS i + j to BS i, and zi is the additive
Gaussian noise with variance σ2 . We assume that the channel coefficients hi(j)
and the noise variance are known at BS i. For convenience, for the cells at the
edges of the network, add dummy symbols x0 and xn+1, and set the correspond-
ing hi(j)s to zero. The signal model for the one-dimensional cellular array model
is depicted in Figure 4.2.
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Figure 4.2. Linear cellular array signal model. The symbol transmitted in one
cell is received at that cell, and also in the two neighboring cells (one neighboring
cell if it is one of the two edge cells).

In the traditional single-cell processing (SCP) approach, BS i tries to detect
symbol xi based on yi alone. Using a frequency-reuse factor of 1/2 avoids the
intercell interference, but this halves the capacity of the system. With full fre-
quency reuse, MS i receives interference from MSs i− 1 and i + 1, as is clear in
(4.1). One could treat this interference as Gaussian noise, and use a mis-matched
decoder to decode the desired signal, but information theory tells us that inter-
cell interference can be completely eliminated via multicell processing (MCP)
[23, 49, 59].
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80 Turbo base stations

MCP requires cooperation between the BSs, but how much cooperation is
required in the simple model we are considering here? At first sight, it might
seem sufficient for BS i to use (yi−1 , yi , yi+1) in the detection of symbol xi ,
as these are the only outputs to which xi actively contributes. This is not the
case, but it is certainly true that BS i can do a much better job of detecting xi

in this scenario. The BS’s task is first to compute the conditional distribution
p(xi |yi−1 , yi , yi+1) and then to pick the maximum a posteriori estimate for xi .
One approach to realize this detection strategy would be for each BS to pass the
observed channel output to its immediate neighbors: thus, BS i sends yi to BSs
i− 1 and i + 1 respectively. This strategy involves one single message passing
between adjacent BSs.

Considering this further, however, we see that intercell interference has not
been eliminated after a single message passing step. For example, yi−1 receives
a contribution from data symbol xi−2 and the uncertainty in xi−2 must be
accounted for in the above probabilistic model. Again, it could be treated as
Gaussian noise, or it could be modeled more accurately than that, depending on
what is measured or known by the BSs, and what information is passed from
one to the other. For example, BS i may know the constellations from which
the interfering symbols xi−2 and xi+2 have been chosen. The BS may also have
phase information (the coherent case) or the phase may be unknown (incoher-
ent). The exact model used by BS i depends on which particular assumptions
best describe the real-world scenario, but in all these possible models, intercell
interference remains after one message passing step in the effect of the unknown
symbols xi−2 and xi+2, which cannot be reliably detected.

The above interference model may remind the reader of standard intersymbol
interference (ISI) channels that arise in frequency-selective digital communica-
tion scenarios. Such models are linear, and if we assume in addition that the a
priori distributions on the input symbols are Gaussian, then the optimal equal-
izer is to apply the matched filter (in this case, the linear minimum mean squared
error (LMMSE) filter) to the observed symbols y1 , y2 , ..., yn . This makes it clear
that it is not optimal for BS i to have access only to (yi−1 , yi , yi+1): to be opti-
mal, BS i requires all the channel outputs y1 , y2 , ..., yn , as well as all the channel
gains, and information about the a priori distributions on the symbols. With
that information, it can apply the optimal filter, and obtain an optimal estimate
of xi . In other words, there is a system-wide coupling of the interference between
cells. This approach might be called centralized MCP .

The problem with centralized MCP is that it requires a huge amount of mes-
sage passing. All BSs require global channel knowledge in order to each apply
the globally optimal filter. Note, however, that distributed methods can be used
in ISI equalization. In the Gaussian case, the LMMSE estimates can be obtained
by the recursive Kalman smoother . In the case of discrete input constellations,
the maximum a posteriori (MAP) detector can be obtained by the forward–
backward or BCJR algorithm [8] . Such methods are special cases of Bayesian
estimation for graphical models. This suggests the idea of representing the
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4.2 Review of message passing and belief propagation 81

cellular network by a graphical model, and obtaining distributed versions of
MCP that do not require each BS to obtain the complete global channel state
information (CSI). Further, these methods will allow us to investigate how well
performance improves with the number of message passing steps. For example,
in some scenarios, we will see that a single message passing step is sufficient to
get most of the gains of MCP, whereas in other scenarios, many more message
passing steps are required.

The challenge in the area of turbo BSs is to distribute the computations of
the conditional distributions of the xis, so that they can be obtained by message
passing between neighboring BSs only. We do this for the uplink in Sections 4.3,
and 4.4. In Section 4.5, we apply similar ideas to the downlink broadcast channel
problem in which the BSs are sending data symbols to the MSs. To initiate this
study, our first step will be to review message passing and belief propagation
methods in a more generic framework, and then to apply the results from this
theory to the cellular models of interest in this chapter.

4.2 Review of message passing and belief propagation

The distributed algorithms presented in this chapter are built on the key concepts
of factor graphs and the sum-product algorithm. We begin with a brief review
of these concepts.

The use of iterative, or turbo, receiver methods defined on graphs has become
an important focus of research in communications since the success of turbo codes
and the rediscovery of low-density parity-check codes. Both the turbo decoder
[38] and the low-density parity-check code decoder [20] are instances of belief
propagation on associated graphs.

A factor graph is a graphical representation on which message passing algo-
rithms are defined. There are at least two other popular graphical representations
employed in the communications literature. Firstly, there are graphs on which
codes are defined. These graphs represent sets of constraints which describe a
code and include Tanner graphs [51], Tanner–Wiberg–Loeliger (TWL) graphs
[58], and Forney graphs [17]. These graphs also provide iterative decoding of the
associated codes via message passing algorithms. Secondly, there are probabilis-
tic structure graphs including Markov random fields [29] and Bayesian networks
[44]. These graphs represent statistical dependencies among a set of random
variables. Markov random fields are based on local Markov properties, whereas
Bayesian networks are based on causal relationships among the variables and
factoring the joint distribution into conditional and marginal probability distri-
bution functions. The message passing algorithms defined on these structures
provide methods of probabilistic inference: compute, estimate, and make deci-
sions based on conditional probabilities given an observed subset of random
variables.
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82 Turbo base stations

Factor graphs are not specifically based on describing code constraints or prob-
abilistic structures. They indicate how a joint function of many variables factors
into a product of functions of smaller sets of variables. They can be used, how-
ever, for describing codes and decoding codes, and in describing probabilistic
models and statistical inference. In fact, factor graphs are more general than
Tanner, TWL, and Forney graphs for describing codes [34], and they are more
general than Markov random fields and Bayesian networks in terms of expressing
factorization of a global distribution [19].

4.2.1 Factor graph review

In this subsection, we provide just enough review for the uninitiated reader to be
able to grasp the BS cooperation material presented in this chapter. For further
information, the reader may refer to [30] and the excellent tutorials [32, 33]. The
reader experienced in factor graphs may skip this section.

Let g(x1 , x2 , . . . , xn ) be a function of variables x1 , . . . , xn , where for each i, xi

takes on values in a set Ai .

Definition of marginal function and summary notation
We are interested in a numerically efficient computation of the marginal function

gi(xi) =
∑
∼{xi }

g(x1 , x2 , . . . , xn ) (4.2)

for some i. The right hand side of (4.2) denotes the summation for xi of function
g as defined in [30]: for each a ∈ Ai the value of gi(a) is obtained by summing the
value of g(x1 , x2 , . . . , xn ) over all (x1 , . . . , xn ) ∈ A1 × · · · ×An such that xi = a.
For example, for n = 3, the summation for x2 of g is

g2(x2) =
∑
∼{x2 }

g(x1 , x2 , x3) =
∑

x1 ∈A 1

∑
x3 ∈A 3

g(x1 , x2 , x3).

Relationship to the APP
For probabilistic models, the computation of the marginal in (4.2) is related to
the computation of the a posteriori probability (APP), a quantity of particular
interest to us in this chapter. Let (x1 , . . . , xn ) denote the realization of some
random variables in a probabilistic model, let (y1 , . . . , ym ) denote some observed
variables in the model, and let p(x1 , . . . , xn , y1 , . . . , ym ) denote the joint distri-
bution. Taking a given (y1 , . . . , ym ) as fixed, (i.e., observed) define the global
function g:

g(x1 , . . . , xn ) = p(x1 , . . . , xn , y1 , . . . , ym ). (4.3)

Typically, g is factorized into two as

g(x1 , . . . , xn ) = p(y1 , . . . , ym |x1 , . . . , xn )p(x1 , . . . , xn ),
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where the first term is the likelihood function and the second term is the a
priori distribution of (x1 , . . . , xn ). Depending on the probabilistic model, these
two factors themselves are further factorized. The APP of xi for any desired
i ∈ {1, . . . , n} is proportional to the marginal of g for xi :

p(xi |y1 , . . . , ym ) ∝ gi(xi), (4.4)

where gi(xi) is the marginal of the joint distribution in (4.3), and the notation
“∝” means “proportional to”, i.e., the right hand side of “∝” is scaled by a
constant to obtain the left side. If the left hand side is a probability function,
this scaling constant can be found using the fact that this function adds up to
unity over all possible values of its argument.

Definition of factor graph
Suppose that g(x1 , . . . , xn ) is in the form of a product of local functions fj :

g(x1 , . . . , xn ) =
J∏

j=1

fj (Xj ), (4.5)

where Xj is a subset of {x1 , . . . , xn}, and the function fj (Xj ) has the elements
of Xj as arguments.

A factor graph represents the factorization of g(x1 , . . . , xn ) as in (4.5). The
corresponding factor graph has two types of nodes: variable nodes and factor
nodes. For each variable xi there is a variable node shown by a circled xi , and
for each local function fj there is a factor node shown by a solid square in the
graph. Thus there are n variable nodes and J factor nodes in the graph. There
is an undirected edge connecting variable node xi to factor node fj if and only if
xi is an argument of fj . Thus connections are only between variable and factor
nodes; two factor nodes are never connected, and two variable nodes are never
connected. We define the neighbors of a variable node to be those factor nodes
to which it is directly connected in the graph. We correspondingly define the
neighbors of a factor node to be those variable nodes in the graph to which it is
directly connected.

Definition of sum–product algorithm
The goal of the sum–product algorithm is to obtain the marginal function in
(4.2) for some i ∈ {1, . . . , n}. This is done in a numerically efficient manner,
based on the factorization in (4.5) using the distributive law to simplify the
summation. The algorithm is defined in terms of messages between connected
factor and variable nodes. A message from node a to node b is computed based
on previously received messages at node a from all its neighbors except for node
b. A message from variable node xi to factor node fj is a function with argument
xi that can take on values in Ai . A message from factor node fj to variable node
xi is also a function of xi . After the messages from all nodes propagate through
the factor graph in a sequential manner, at termination, the incoming messages
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84 Turbo base stations

at desired variable nodes are combined in order to obtain the associated marginal
function. The rules for message updates are given below.

Message from variable node x to factor node f :

µx−f (x) =
∏

h∈n(x)\{f }
µh−x(x). (4.6)

Message from factor node f to variable node x:

µf−x(x) =
∑
∼{x}

⎛⎝f(n(f))
∏

y∈n(f )\{x}
µy−f (y)

⎞⎠ , (4.7)

where
n(x) : set of all factor node neighbors of variable node x in the

factor graph,
n(x)\{f} : set of all neighbors of x except for f ,

n(f) : set of all variable node neighbors of factor node f in the
factor graph.

We make the following observations on the messages in the sum–product algo-
rithm. The computations done by variable nodes in (4.6) are a simple multiplica-
tion of incoming messages, whereas the computations done by the factor nodes
in (4.7) are more complex. A variable node of degree 2 (i.e., a node with two
neighbors) simply replicates the message received on one edge onto the other
edge. A factor node of degree 1 simply outputs the function of the variable that
it is connected to as the message.

The computation typically starts at the leaf nodes of the factor graph. Each
leaf variable node sends a trivial identity function. If the leaf node is a factor
node, it sends a description of f . If the computation is started from nonleaf nodes,
it is assumed that it has received trivial identity messages during initiation. Each
node remains idle until it receives all required messages based on which it can
compute outgoing messages.

To terminate the computations, the messages are combined at the desired
variable nodes. The rule for combining messages at a variable node is to take the
product of all incoming messages:

µx(x) =
∏

h∈n(x)

µh−x(x). (4.8)

Equivalently, µx(x) can be computed as the product of the two messages that
were passed in opposite directions over any single edge incident on x:

µx(x) = µf−x(x)µx−f (x) for any f ∈ n(x). (4.9)

If the factor graph is a tree, then µx(x) will be the marginal function g(x)
defined in (4.2). If the factor graph has loops, then the message passings can be
repeated, and at termination µx(x) will be an approximation of the marginal
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function g(x). In many cases, scaled versions of the messages are computed,
which results in a µx(x) scaled by a constant. Thus the final µx(x) is obtained
after a proper normalization.

Definition of [P ] notation
If P is a Boolean proposition involving some set of variables, then [P ] is the
{0, 1}-valued truth function

[P ] =

{
1, if P is true,

0, if P is false.
(4.10)

4.2.2 Factor graph examples

Example 1 Hidden Markov model
Consider a probabilistic model where we have the states vector s =
(s1 , s2 , . . . , sn ) and output variables vector u = (u1 , u2 , . . . , un ). The states
s1 , . . . , sn form a Markov chain, and the transition from si−1 to si produces
an output variable ui .

The local function Ti computes the conditional probability of transitioning
from si−1 to si , and the output ui :

Ti(si−1 , ui , si) = p(si |si−1)p(ui |si, si−1) for i = 1, . . . , n. (4.11)

In several examples, ui is a function of only si , so in those examples,

Ti(si−1 , ui , si) = p(si |si−1)[ui = d(si)],

where d is the function that determines ui .
Corresponding to each output variable ui is the “noisy” observation yi , where

the relationship between the output variable and its observation is characterized
by the conditional distribution p(yi |ui). The global function of (s, u) is

g(s, u) = p(y|s, u)p(s, u)

=

(
n∏

i=1

p(yi |ui)

)(
n∏

i=1

Ti(si−1 , ui , si)

)
. (4.12)

Note that y is fixed for any realization of observation, so we consider g(s, u) to
be a function of (s, u) only, and regard y as a vector of parameters.

The factor graph corresponding to the factorization in (4.12) is given in
Figure 4.3 for n = 3. The dummy nodes added in this graph do not alter the
function g nor the resulting algorithm, but they allow a convenient description
of the algorithm. For T1 , the state transition from s0 to s1 is independent of s0 .

During initialization, each pendant factor node sends the messages, which are
their function descriptions to their corresponding variable nodes. Then, since the
corresponding variable nodes are all of order 2, they replicate the messages at the
other edge. Afterwards, forward (si−1 to si for i = 1, . . . , n) and backward (si to
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Figure 4.3. Factor graph for hidden Markov model for n = 3. Dummy nodes
f(s0), s0 , and f(s3) are added to handle the initialization of the algorithm at
the edges of the Markov chain. Since the variable nodes in this graph have degree
2, they simply replicate the message received on one edge on the other edge.

si−1 for i = n, . . . , i + 1) message passing occurs along the chain. The resulting
algorithm is known as the forward–backward or BCJR algorithm [8]. In the
literature, the message µui−Ti

(ui) is denoted by γ(ui), the message µTi−si
(si) is

denoted by α(si), and the message µTi−si−1 (si−1) is denoted by β(si−1). Using
that notation, at initialization, we have

γ(ui) = p(yi |ui) = f(yi |ui) for i = 1, . . . , n,

α(s0) = 1,

β(sn ) = 1.

Then the forward recursion is computed as the message from Ti to si , using
(4.7):

α(si) =
∑
∼{si }

Ti(si−1 , ui , si)α(si−1)γ(ui) for i = 1, . . . , n (4.13)

and the backward recursion is computed as the message from Ti to si−1

β(si−1) =
∑
∼{si−1 }

Ti(si−1 , ui , si)β(si)γ(ui) for i = n, . . . , 2. (4.14)

This is the general form of the forward–backward algorithm. For different
specific cases, the local functions are different but the general structure of the
algorithm is the same, outlined by the forward and backward recursions in (4.13)
and (4.14).

After the forward and backward recursions are complete, at termination, for
each state variable node si , the incoming messages are combined as

µsi
(si) = α(si)β(si) for i = 1, . . . , n. (4.15)

Since the factor graph is a tree, µsi
(si) is, in fact, the true marginal gi(si)

and a scaled version of the APP p(si |y). This model is directly applicable to
the uplink of the simple one-dimensional cellular network that we examine in
Section 4.3. It is the simplest model of turbo BS cooperation that we encounter
in this chapter.
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x1 x2 x3 x4 x5

p(x1) p(x2) p(x3) p(x4) p(x5)

p(y1|·) p(y2|·) p(y3|·) p(y4|·)

µx1−y1(x1) µy1−x1(x1)

Figure 4.4. Factor graph for the interference channel model for n = 5, m =
4, ny1 = {x1 , x2}, ny2 = {x1 , x3}, ny3 = {x2 , x3 , x4 , x5}, and ny4 = {x3 , x4 , x5}.
The notation p(yi |·) refers to the conditional distribution of yi given the neighbor
variable nodes: p(yi |·) = p(yi |nyi

). In the following sections, the prior distribution
factor nodes, p(xi), will not be shown in the graphs.

Example 2 Interference channel
Consider a channel with n input variables x = {x1 , . . . , xn} and m output vari-
ables y = {y1 , . . . , ym}. Each output variable is a noisy observation of a linear
combination of the elements in a subset of the inputs, indexed by ni ⊂ {1, . . . , n},

yi =
∑
j∈ni

hi,j xj + zi, (4.16)

where hi,j is the complex channel coefficient of input xj at the channel output
yi , and zi is the additive white circularly symmetric complex Gaussian noise.
Suppose that the channel coefficients and the variance of zi (σ2) are known. Let
nyi

denote the set of the input variables indexed by ni : {xj : j ∈ ni}. Then the
distribution of yi conditioned on nyi

is

p(yi |nyi
) =

1
πσ2 exp

⎧⎨⎩− 1
σ2

∣∣∣∣∣∣yi −
∑
j∈ni

hi,j xj

∣∣∣∣∣∣
2⎫⎬⎭ . (4.17)

Suppose that the inputs are independent, then the joint distribution of
{x1 , . . . , xn} is

g(x1 , . . . , xn ) = p(x1 , . . . , xn , y1 , . . . , ym )

=
m∏

i=1

p(yi |nyi
)

n∏
j=1

p(xj ). (4.18)

We can use the (loopy) factor graph corresponding to the factorization in (4.18)
and the sum–product algorithm on that graph to compute (an approximation
of) the APP p(xi |y1 , . . . , ym ) ∝ gi(xi). The factor graph corresponding to (4.18)
is given in Figure 4.4.

There are two types of messages in Figure 4.4: x-to-y messages, and y-to-x
messages. Let nxj

denote the set of yi nodes such that yi is a neighboring factor
node of the variable node xj in the graph. If yi ∈ nxj

, the message from variable
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node xj to factor node yi is, from (4.6),

µxj −yi
(xj ) = p(xj )

∏
yk ∈nx j

\{yi }
µyk −xj

(xj ). (4.19)

If xj ∈ nyi
, the message from factor node yi to variable node xj is, from (4.7),

µyi−xj
(xj ) =

∑
∼{xj }

⎛⎝f(yi |nyi
)

∏
xl ∈ny i

\{xj }
µxl−yi

(xl)

⎞⎠ . (4.20)

During initialization, the pendant factor nodes p(xj ) send their description to
variable nodes xj . In addition, the factor nodes p(yj |·) send trivial messages to
their neighboring variable nodes: µyi−xj

(xj ) = 1 for i = 1, . . . ,m, and xj ∈ nyi
.

Afterwards, we have an iterative algorithm, where at each iteration we compute

(1) x-to-y messages for each j ∈ {1, . . . , n} and yi ∈ nxj
in (4.19);

(2) y-to-x messages for each i ∈ {1, . . . ,m} and xj ∈ nyi
in (4.20).

Notice that the graph in Figure 4.4 is loopy, and this means that the algorithm
will not terminate in a finite number of steps, nor will it be guaranteed to find the
correct marginalizations. If the algorithm does converge, however, then it can be
terminated after a sufficiently large number of steps, and then an approximation
to the marginal distribution on the variable nodes can be obtained as follows.
The messages at variable node xj for j ∈ {1, . . . , n} are combined as

µxj
(xj ) = p(xj )

∏
yk ∈nx j

µyk −xj
(xj ). (4.21)

Models that lead to factor graphs with loops like this simple interference chan-
nel example will arise when we turn our attention to two-dimensional cellular
network models in Section 4.4. First, however, we will look at one-dimensional
cellular networks where the corresponding factor graphs are loop-free.

4.3 Distributed decoding in the uplink: one-dimensional
cellular model

Consider again the cellular network where the BSs and the cells are placed on a
line, as depicted in Figure 4.1. In this model, every cell has two neighboring cells.
Although this simple model is far from being realistic, it provides a framework in
which the main concepts of distributed processing with message passing can be
developed and explained, and it can then be generalized to less restrictive models.

Let xi denote the symbol transmitted by MS i and yi denote the channel
output observed at BS i, as depicted in Figure 4.2. In the linear cellular array
model, the relationship between the transmitted symbols and the received signals
is described by (4.1). As discussed in Section 4.1, the goal is to obtain optimal
detection of any particular xi given all observations y1 , . . . , yn , in a distributed
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manner with cooperating BSs, as an alternative to the traditional approach of
SCP. In SCP, BS i has access to the channel output yi only. In contrast, we are
interested here in distributed, message-passing algorithms to accomplish MCP,
based on probabilistic graphical models.

4.3.1 Hidden Markov model and the factor graph

The linear cellular array model is highly reminiscent of a standard linear ISI
model in digital communications, and hence we expect to be able to apply
the BCJR algorithm [8]. In [8], a state-based hidden Markov model is used,
as described in Example 1 in Section 4.2.2. In a state-based model, several input
variables are combined to form a state such that each channel output is only a
function of that state, and the state sequence forms a Markov chain.

The key idea in [21] is to treat the one-dimensional cellular model as an
ISI channel. In fact, this idea goes back to [59]. The state for cell i is si =
(xi−1 , xi , xi+1) and we assume the symbols from different mobiles are indepen-
dent, taking values in some finite alphabet (which can be different for the different
users). Thus, there are several possible values for the state si , so we will write
(xi−1(si), xi(si), xi+1(si)) for the values of the data symbols corresponding to a
particular state value si . It is clear that the state sequence is a Markov chain,
with the following transition probabilities:

p(s1) = p(x0(s1))p(x1(s1))p(x2(s1)),

p(si+1 |si) = [xi(si) = xi(si+1)][xi+1(si) = xi+1(si+1)]p(xi+2(si+1)),

where the [P ] notation was defined in (4.10). Note that [xi(si) =
xi(si+1)][xi+1(si) = xi+1(si+1)] indicates whether state si+1 conforms with state
si , i.e., whether a transition from si to si+1 is possible.

Note that each cell has one channel output, yi , which is dependent only on the
state si , as in the hidden Markov model of Section 4.2.2. To complete the match
with the model in that section, we define the output variable corresponding to
the transition from si−1 to si to be ui , where

ui = d(si) := hi(−1)xi−1(si) + hi(0)xi(si) + hi(+1)xi+1(si),

and we note that the conditional distribution of the observation, yi , given ui ,
is f(yi |ui) = N(yi ;σ2 , ui), where N(x;σ2 ,M) denotes the Gaussian distribution
with mean M and variance σ2 . The corresponding factor graph is shown in
Figure 4.5, where the function node Ti computes the function:

Ti(si−1 , ui , si) = p(si |si−1)[ui = d(si)]. (4.22)

It follows that the forward–backward algorithm can be applied to obtain the APP
p(si |y1 , . . . , yn ), which can be further marginalized to obtain p(xi |y1 , . . . , yn ), the
APP of the mobile data symbols.

The implementation of the forward–backward recursions is distributed among
the BSs, where BS i performs the computations done by node Ti in the algorithm.
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s1

u1

s2

u2

s3

u3

sn

un

s0

T1 T2 T3 Tn

f(y1|u1) f(y2|u2) f(y3|u3) f(yn|un)

f(s0) f(sn)

Figure 4.5. Factor graph for the hidden Markov model for the linear cellular
array. Dashed lines show boundaries between cells. The computations of the
nodes within a cell are done by the BS of that cell. Any message passing through
a cell boundary corresponds to actual message passing between corresponding
BSs.

For example, upon receiving the message α(si−1) from cell i− 1, BS i computes
α(si) and forwards it to cell i + 1. Thus, α messages ripple across the BSs from
left to right, and β messages ripple in the reverse direction. After the forward
and backward recursion is complete, the APP p(si |y1 , . . . , yn ) is obtained as a
scaled version of (4.15). In this formulation, the middle BS is the first to be able
to decode its mobile.

This serial formulation of the forward–backward algorithm is the natural one
to use in solving an ISI equalization problem. It is not natural, however, in
cellular radio networks to designate a leftmost or rightmost BS. In fact, we
cannot do that at all for an infinite linear array model. Fortunately, the sum–
product algorithm has flexibility in terms of node activation schedules [30]. Initial
conditions can be arbitrary, and each node can operate in parallel. This allows
all BSs to immediately begin computing their messages starting with the a priori
distributions on the input symbols. At each iteration, a BS passes an α message
to the right, and a β message to the left. In a finite linear array, this parallel
version of the forward–backward algorithm converges to the same solution as
obtained from the serial implementation, but an important point is that it can
be terminated early giving a suboptimal estimate of the mobile’s data symbol
at an earlier time. In the infinite linear array, the algorithm must be terminated
at some point in time. This approach allows an investigation of estimation error
versus delay, as can be found in [39].

The actual values that the variables can take have not been specified. In this
section, we have in mind that each xi takes a value from a discrete constella-
tion, and, as such, the BSs are engaged in the demodulation of the users’ data
symbols. If the symbol xi is replaced by the transmitted codeword of mobile i

and yi is replaced by the channel outputs corresponding to a codeword, i.e., if
we include the time dimension, then we can use the described method for decod-
ing as opposed to the detection of individual symbols, as considered in [21].
In the present section, the forward–backward algorithm is accomplishing joint
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multiuser detection (MUD) of the users’ data symbols, prior to single-user decod-
ing. After the detection of the symbols, each BS can decode its own user using
a single-user decoder.

Note that the complexity of MUD is typically exponential in the number of
users [54], but it is known that in some special cases the complexity can be
much reduced [47, 52], for example when the signature sequences have constant
cross-correlation [48]. In the present section, we have a distributed MUD that is
linear in the number of users, and this is due to the highly localized interference
model: the cross-correlations of most signature sequences are zero. Indeed, the
BCJR algorithm implements the optimal MAP detection of the users’ symbols,
and this is known to have a complexity that is linear in time [8], i.e., in the
number of symbols.

To approach Shannon capacity at high SNR, it is required to send many bits
per symbol, which requires a large alphabet size (large signal constellations),
and the BCJR algorithm is exponential in the alphabet size. So even if the
complexity is linear in the number of users, the overall complexity can be very
high. This observation also applies to the decoding of codewords in the model
considered in [21]. A standard approach to limit the complexity of MUD is to
restrict attention to suboptimal linear techniques, which we consider further in
Section 4.3.2. Unfortunately, this does not avoid the complexity of the overall
decoding problem, but at least one can then focus attention on well-established
techniques for decoding single-user codes.

4.3.2 Gaussian symbols

A standard approach in MUD is first to estimate the individual symbols from
different users using linear MUD techniques. Once the BS has estimated symbol
xi from mobile i it then passes this soft estimate to a single-user decoder for
mobile i. The decoder waits until it receives the estimates of all symbols in the
codeword, and then it attempts to decode the codeword. This approach limits
the complexity of the MUD component of the receiver.

It is well known that optimal MUD is in fact linear if the underlying sym-
bols being estimated are jointly Gaussian. In this section, we assume that the
input symbols are drawn from joint Gaussian distributions (independent across
mobiles) and then we apply the corresponding optimal linear filters, and the
task of the present section is to show how these filters can be implemented via
message passing between the BSs in the cellular network. Another motivation
for this section is that the developed methods will prove useful in designing iter-
ative message-passing algorithms to accomplish beamforming on the downlink
of a cellular system, as we will see in Section 4.5.

When the input symbols are modeled as Gaussian random variables, we can
still employ factor graph methods. The global function is now a continuous func-
tion and the marginalization is done by integrating (as opposed to summing)
with respect to unwanted variables. Since the messages are now continuous
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functions, each message in general corresponds to a continuum of values. How-
ever, if the message functions can be parameterized, they can be represented by
a finite number of parameter values. For example, if a message function is the
probability density function of a Gaussian vector, then it is characterized by a
mean vector and covariance matrix pair, which is the case for the Gaussian input
model.

We will now describe the Kalman-smoothing-based distributed algorithm in
[39] for the linear cellular array. The model is the same as in (4.1) except that
now the xis are independent zero-mean Gaussian distributed with variance p.
We are going to use matrix-vector notation, so define the state for cell i to be
the column vector si = [xi−1 , xi , xi+1]T . The states again form a Markov chain,
but we now express the transition from state si to si+1 as

si+1 = Af si + bf xi+2 ,

where

Af =

⎡⎣0 1 0
0 0 1
0 0 0

⎤⎦ , bf =

⎡⎣0
0
1

⎤⎦ .

Then the state transition is characterized by the conditional distribution

f(si+1 |si) = N(si+1; pbf bf T
,Af si), (4.23)

where we use the notation

N(s;M,m) ∝ exp
{
−1

2
(s−m)T M−1(s−m)

}
to denote a Gaussian distribution, scaled by an arbitrary constant that is not a
function of the argument of the function. Here, s is the argument of the function
and M and m are parameters.

Define the column vector

hi =
[
hi(−1) hi(0) hi(1)

]T
,

then the observation in cell i can be expressed in vector form as

yi = hT
i si + zi.

The factorization of the joint distribution again has the form in (4.12). The
corresponding factor graph is shown in Figure 4.6.

Since the sis and yis are jointly Gaussian, all of the messages turn out to be
Gaussian distributions. Thus the actual messages will be the mean vector and
covariance matrix pairs.

Before deriving the messages, let us present some useful results for the Gaus-
sian distribution. Remember that in our notation the distribution is scaled by
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s1 s2 s3 s4

f(s1) f(s2|s1) f(s3|s2) f(s4|s3)

f(y1|s1) f(y2|s2) f(y3|s3) f(y4|s4)

p1|1 (s1) p2|2 (s2) p3|3 (s3)p1|0(s1) p2|1(s2) p3|2(s3) p4|3(s4)

Figure 4.6. Factor graph for a hidden Markov model for n = 4 used for the linear
cellular array with Gaussian inputs. Dashed lines show boundaries between cells.
The computations of the nodes within a cell are done by the base station of that
cell. Any message passing through a cell boundary corresponds to an actual
message passing between corresponding base stations.

an arbitrary constant.

N(s;M,m) = N(m;M, s), (4.24)

N(As + b;M,m) = N(s;A−1MA−1T
,A−1(m− s)), (4.25)

N(s;M1 ,m1)N(s;M2 ,m2) = N(s;M3 ,m3),

where

M3 = (M−1
1 + M−1

2 )−1 , m3 = M3(M−1
1 m1 + M−1

2 m2); (4.26)

N(s;M1 ,m1)N(s;M2 ,m2)−1 = N(s;M4 ,m4),

where

M4 = (M1
−1 −M2

−1)−1 , m4 = M4(M1
−1m1 −M2

−1m2); (4.27)∫
N(s;M1 ,m1)N(As;M2 , t) ds = N(t;AM1AT + M2 ,Am1). (4.28)

We know that the messages are going to be Gaussian. Denote them by

pi|i−1(si) = N(si ;Mi|i−1 , ŝi|i−1), (4.29)

pi|i(si) = N(si ;Mi|i , ŝi|i). (4.30)

From the observation node, we have the message

f(yi |si) = N(yi ;σ2 ,hi
T si).

From (4.6), the message from variable node si to factor node f(si+1 |si) is

pi|i(si) = pi|i−1(si)f(yi |si)

∝ exp
{
−

2
1 [

(si − ŝi|i−1)T Mi
−
|i
1
−1(si − ŝi|i−1)

]}
exp
{
−

2
1
[
σ

1
2 (yi − hi

T si)2
]}

∝ exp
{
−

2
1 [

(si − ŝi|i)T Mi
−
|i
1(si − ŝi|i)

]}
,
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where

Mi|i =
(
M−1

i|i−1 +
1
σ2 hihT

i

)−1

, (4.31)

ŝi|i = Mi|i

(
M−1

i|i−1 ŝi|i−1 +
1
σ2 hiyi

)
. (4.32)

Thus the pair (4.31)–(4.32) is the message from si to f(si+1 |si). This pair of
equations is another form of the more familiar Kalman filter correction update
[27]:

Mi|i =
(
I−KihT

i

)
Mi|i−1 , (4.33)

ŝi|i = ŝi|i−1 + Ki

(
yi − hT

i ŝi|i−1
)
, (4.34)

where

Ki =
Mi|i−1hi

σ2 + hT
i Mi|i−1hi

.

The equivalence of (4.31)–(4.32) and (4.33)–(4.34) can be shown using inver-
sion of matrix sum identities.

Next, let us obtain the message function pi|i−1(si) using (4.7):

pi|i−1(si) =
∫

f(si |si−1)pi−1|i−1(si−1) dsi−1 . (4.35)

Note that the summation in (4.7) becomes integration in (4.35) since we are
dealing with continuous variables. From (4.23) and (4.30):

pi|i−1(si) =
∫

N(si ; pbf bf T
,Af si−1)N(si−1 ,Mi−1|i−1 , ŝi−1|i−1) dsi−1

∝ N(si ; pbf bf T
+ Af Mi−1|i−1Af T

,Af ŝi−1|i−1), (4.36)

where (4.36) is due to (4.24) and (4.28). As a result, the message function
pi|i−1(si) is represented by the mean-covariance pair:

ŝi|i−1 = Af ŝi−1|i−1 , (4.37)

Mi|i−1 = pbf bf T
+ Af Mi−1|i−1Af T

. (4.38)

Equations (4.37)–(4.38) are Kalman filter prediction updates [27].
Note that the message pi|i(si) is the posterior distribution of si given
{y1 , . . . , yi}, and pi|i−1(si) = f(si |y1 , . . . , yi−1). We desire the posterior distri-
bution of si given all observations: f(si |y1 , . . . , yn ). For that purpose, form a
graph similar to Figure 4.6 but in the backward direction: states are ordered
from sN to s1 and connected by the transition nodes f(si−1 |si), where [39]

f(si−1 |si) = N(si−1 ; pbbbbT
,Absi),

Ab =

⎡⎣0 0 0
1 0 0
0 1 0

⎤⎦ , bb =

⎡⎣1
0
0

⎤⎦ .
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For the backward graph, denote the message from factor node f(si |si+1) to
variable node si by

pi|i+1(si) = N(si ;Mi|i+1 , ŝi|i+1),

which will be the posterior distribution of si given {yi + 1, . . . , yn}. Combination
of the backward message pi|i+1(si) with the forward message pi|i(si) to obtain
f(si |y1 , . . . , yn ) can be done as follows:

f(si |y1 , . . . , yn ) ∝ f(si , y1 , . . . , yn )

= f(y1 , . . . , yi |si , yi+1 , . . . , yn )f(si , yi+1 , . . . , yn )

∝ f(y1 , . . . , yi |si)f(si |yi+1 , . . . , yn ) (4.39)

∝ f(si |y1 , . . . , yi)f(si |yi+1 , . . . , yn )f(si)−1

= pi|i(si)pi|i+1(si)f(si)−1

= N(si ;Mi|i , ŝi|i)N(si ;Mi|i+1 , ŝi|i+1)N(si ; pI,0)−1 (4.40)

= N(si ;M3 ,m3)N(si ; pI,0)−1 (4.41)

= N(si ;Mi , ŝi). (4.42)

Equation (4.39) is due to the fact that given si , {y1 , . . . , yi} and {yi+1 , . . . , yn}
become independent. In (4.40) the fact that the prior distribution of si is zero-
mean Gaussian with covariance pI is used. Equation (4.41) is from (4.26), where

M3 = (M−1
i|i + M−1

i|i+1)
−1 , (4.43)

m3 = M3(M−1
i|i ŝi|i + M−1

i|i+1 ŝi|i+1). (4.44)

Equation (4.42) is from (4.27), where

Mi = (M−1
3 − p−1I)−1 , (4.45)

ŝi = Mi(M−1
3 m3). (4.46)

Combining (4.43)–(4.46), we obtain the result

Mi =
(
M−1

i|i + M−1
i|i+1 −

1
p
I
)−1

,

ŝi = Mi(M−1
i|i ŝi|i + M−1

i|i+1 ŝi|i+1).

For the one-dimensional cellular network we have seen how message passing
algorithms can be applied on the uplink to detect discrete data symbols and esti-
mate Gaussian data symbols. The one-dimensional nature of these models leads
to underlying factor graphs without loops and thus to guaranteed convergence
of the sumproduct algorithm on these factor graphs. In the sequel, we will see
that the situation is quite different when we move to two-dimensional cellular
networks.
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BS11 BS12 BS13 BS14

BS21 BS22 BS23 BS24

BS31 BS32 BS33 BS34

BS41 BS42 BS43 BS44

MS11 MS12 MS13 MS14

MS21 MS22 MS23 MS24

MS31 MS32 MS33 MS34

MS41 MS42 MS43 MS44

Figure 4.7. Rectangular cellular array model. The cells are positioned on a rect-
angular grid. Each cell has one active MS. The signal transmitted in one cell
is received at that cell, and also four neighboring cells (except for edge cells).
Dashed lines show boundaries between cells.

4.4 Distributed decoding in the uplink: two-dimensional
cellular array model

4.4.1 The rectangular model

A model that is more general than the linear array model is the model where BSs
are positioned on a two-dimensional grid. For example, consider the rectangular
model where the BSs are on a rectangular grid. Again, assume flat fading and
orthogonal multiple access channels within a cell. The received signal at the BS
of any cell, in any channel, is the superposition of the signal from its own MS,
and the signals of the four adjacent cell cochannel users. The positioning of the
BSs and MSs is shown in Figure 4.7.

For cell (i, j) in the rectangular grid, let xi,j denote the symbol transmitted
by the MS, yi,j the signal received at the BS, hi,j (xm,n ) the channel from mobile
(m,n) to BS (i, j), and zi,j additive Gaussian noise. The relationship between
the observations yi,j and the transmitted symbols xi,j is expressed as

yi,j =
∑

xm , n ∈ny i , j

hi,j (xm,n )xm,n + zi,j , (4.47)
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Figure 4.8. Iterative implementation of BCJR algorithm along the columns and
rows of the rectangular array ( c© 2008 IEEE).

where

nyi , j
= {xi,j , xi−1,j , xi+1,j , xi,j−1 , xi,j+1} (4.48)

is the set of transmitted symbols that can be heard at BS (i, j). For the cells at
the edges of the rectangular network, dummy symbols x0,j , xn+1,j , xi,0 , xi,n+1

are added and the corresponding hi,j (xm,n ) are set to zero.
The goal is again to obtain the global APP p(xi,j |y), where y =

{y1,1 , . . . , y1,n , . . . , yn,1 , . . . , yn,n} is the set of all observations. It is still pos-
sible to obtain exact inference by forming a Markov chain via clustering (e.g.,
states obtained by clustering along the rows of the two-dimensional array) and
then apply the BCJR algorithm, but the complexity grows exponentially with
n (the number of columns or rows in the rectangular array) and is intractable
as the network size grows. It is possible that the inherent complexity is only
polynomial in the network size (we have not investigated this issue) but in any
case, we are looking for distributed approaches using message passing between
neighboring base stations.

Encouraged by the elegance of the implementation of the BCJR algorithm
for the one-dimensional array, one can be tempted to use this approach along
the columns and rows of a rectangular array in an iterative manner. The APP
outputs of the BCJR along one direction will be used as a priori probabilities
for the BCJR along the other direction. Thus the global decoder is built as an
iterative decoder where the two modules of the iterative decoder are the BCJR
in each direction (Figure 4.8 from [5]).

The details of this approach, and a discussion of its implementation are in [4].
The idea of running BCJR along the rows and columns of a rectangular cellular
array was also proposed for two-dimensional ISI channels by Marrow and Wolf
in [35].

Although applying the BCJR algorithm along the rows and columns of the
rectangular array seems to work [5, 35], we see that it does not directly exploit the
two-dimensional structure of the problem but instead imposes a one-dimensional
structure on parts of it. As this is an ad-hoc iterative method, it will result in
only an approximation to the desired APPs. However, if we are looking for an
approximation of the APP, there is no need to impose the use of the BCJR
algorithm which gives the optimum result only if the problem is one-dimensional.
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Thus we can accept an approximate APP and form loopy graphs that reflect the
true two-dimensional nature of the problem.

4.4.2 Earlier methods not based on graphs

Research has considered distributed global demodulation in two-dimensional cel-
lular channels [53, 57]. In [53], the authors considered BSs computing soft esti-
mates of the symbols, and then sharing and combining them to obtain a final
soft estimate. This strategy was compared with BSs sharing channel outputs and
performing maximum-ratio combining of the channel outputs. In [57], a reduced
complexity maximum-likelihood (ML) decoder was developed, which was moti-
vated as an extension of the Viterbi algorithm which exploits the limited inter-
ference structure. Although the general large two-dimensional cellular structure
was not treated, it seems that the algorithm, if applied to that structure, would
result in increasing complexity per symbol with growing network size.

Alternatively, graph-based iterative message passing methods for distributed
detection for two-dimensional cellular networks were proposed in [3–5, 50].

4.4.3 State-based graph approach

One way to model the two-dimensional case is to adapt the state-based graphical
idea from the one-dimensional case. Remember that in a state-based graph, each
channel output depends only on one state variable, and everything else in the
system is modeled by the transitions among the states. For the one-dimensional
case, the states form a Markov chain, but in the two-dimensional case they do
not.

For cell (i, j), define the state to be

si,j = nyi , j
, (4.49)

where nyi , j
is the set of symbols defined in (4.48), upon which yi,j depends, as

in

yi,j = mi,j (si,j ) + zi,j ,

where the conditional mean mi,j (si,j ) is a deterministic function of si,j ,

mi,j (si,j ) =
∑

xm , n ∈ny i , j

hi,j (xm,n )xm,n . (4.50)

It can be observed that the states form a Markov random field, a fact that we
will exploit in (4.51).

As in the one-dimensional model, the variables in the sum–product algorithm
are not the channel input symbols xi,j , but the states si,j . The goal of BS (i, j)
is to obtain the APP p(si,j |y), from the marginalization of which it can obtain
the APP p(xi,j |y). Let s = {si,j} denote the set of all states. The global function
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Figure 4.9. Factor graph for the state-based probabilistic model for the rectangu-
lar cellular array. Dashed lines show boundaries between cells. The computations
of the nodes within a cell are done by the BS of that cell. Any message passing
through a cell boundary corresponds to actual message passing between corre-
sponding BSs.

to be marginalized to compute the p(si,j |y) ∝ gi(si) is

g(s) = p(y, s)

=
n∏

i=1

n∏
j=1

p(yi,j |si,j )p(si,j |si−1,j , si,j−1), (4.51)

where s0,j and si,0 are dummy states: p(s1,j |s0,j , s1,j−1) = p(s1,j |s1,j−1) and
p(si,1 |si−1,1 , si,0) = p(si,1 |si−1,1).

The factor graph for the factorization in (4.51) is depicted in Figure 4.9. Note
that this is a loopy graph and hence the sum–product algorithm is not guaranteed
to give the exact APP. Nevertheless, we now describe the algorithm which will
be observed to provide good performance in practical settings. Uniform prior
distributions p(xi,j ) are assumed on the input symbol constellations. Define the

https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511667008.005
https://www.cambridge.org/core


100 Turbo base stations

set of states

pi,j = {p1
i,j , p

2
i,j},

where

p1
i,j = si−1,j ,

p2
i,j = si,j−1 .

The system is modeled by transitions from pi,j to si,j . Note that not every
transition pi,j → si,j is possible. Similarly to the one-dimensional case, we say
that si,j is conformable with pi,j if there is transition from pi,j to si,j , i.e.,
p(si,j |pi,j ) > 0 for some prior distribution on the xi,j s. The set of all configura-
tions of pi,j that are conformable with si,j will be denoted by pi,j : si,j , and the
set of all configurations of si,j that are conformable with pi,j will be denoted by
si,j : pi,j .

The message computations described next for cell (i, j) can be implemented
at BS (i, j), simultaneously in parallel by all BSs. The message from p(yi,j |·) to
si,j is

µyi , j −si , j
(si,j ) = p(yi,j |si,j )

= CN(yi,j ;m(si,j ), σ2),

where CN(y;m,σ2) is the distribution function of the complex Gaussian with
mean m and variance σ2 . This message is computed only once given an observa-
tion yi,j at BS (i, j).

Next, for convenience, define the following factor nodes corresponding to the
conditional distribution functions in the factorization in (4.51):

c1
i,j : factor node p(si,j+1 |si−1,j+1 , si,j );

c2
i,j : factor node p(si+1,j |si,j , si+1,j−1);

di,j : factor node p(si,j |si−1,j , si,j−1).
The messages between nodes si,j and di,j are internal calculations in BS (i, j).

The message from factor node di,j to variable node si,j , from (4.7), is

µdi , j −si , j
(si,j ) =

∑
∼si , j

p(si,j |si−1,j , si,j−1)
2∏

k=1

µpk
i , j −di , j

(pk
i,j )

=
∑
pi , j

p(si,j |pi,j )
2∏

k=1

µpk
i , j −di , j

(pk
i,j )

∝
∑

pi , j :si , j

2∏
k=1

µpk
i , j −di , j

(pk
i,j ) (4.52)
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�
∑

p1
i , j :si , j

p2
i , j :si , j

2∏
k=1

µpk
i , j −di , j

(pk
i,j ) (4.53)

=
2∏

k=1

µ̄pk
i , j −di , j

(sk
i,j ), (4.54)

where (4.52) is because p(si,j |pi,j ) is a constant if pi,j is conformable with si,j ,
as prior distribution of xi,j s is uniform, and in (4.54)

µ̄pk
i , j −di , j

(sk
i,j ) =

∑
pk

i , j :si , j

µpk
i , j −di , j

(pk
i,j )

can be considered as a preprocessed message from pk
i,j to di,j . Note that (4.52)

and (4.53) are not, in general, equal because in (4.52) the summation is over p1
i,j

and p2
i,j , which conform with each other as well as with si,j , whereas in (4.53)

we also include p1
i,j and p2

i,j , which do not conform with each other. Specifically,
xi−1,j−1s in p1

i,j and p2
i,j should be the same for the summation in (4.52), but

they may be different in (4.53). The additional terms in (4.53) lead to the sim-
plification in (4.54), which results in a considerable saving in complexity. The
message from variable node si,j to factor node di,j , from (4.6), is

µsi , j −di , j
(si,j ) = µyi , j −si , j

2∏
k=1

µck
i , j −si , j

(si,j ). (4.55)

The message from variable node si,j to factor node ck
i,j for k = 1, 2 is

µsi , j −cm
i , j

(si,j ) = µdi , j −si , j
µyi , j −si , j

µcl
i , j −si , j

(si,j ), (4.56)

where l = {1, 2}\k. The message in (4.56) is an actual message from BS (i, j) to
the corresponding BS. Finally, we need the message from di,j to pk

i,j for k = 1, 2,
which also should be implemented as an actual message from BS (i, j) to adjacent
cells. Using (4.7),

µdi , j −pk
i , j

(pk
i,j ) =

∑
∼pk

i , j

p(si,j |pk
i,j , s

l
i,j )µsi , j −di , j

(si,j )µpl
i , j −di , j

(pl
i,j )

=
∑
si , j

µsi , j −di , j
(si,j )

∑
pl

i , j

p(si,j |pk
i,j , p

l
i,j )µpl

i , j −di , j
(pl

i,j ) (4.57)

∝
∑

si , j :pk
i , j

µsi , j −di , j
(si,j )

∑
pl

i , j :si , j

pl
i , j :pk

i , j

µpl
i , j −di , j

(pl
i,j ) (4.58)

� α
∑

si , j :pk
i , j

µsi , j −di , j
(si,j )µ̄pl

i , j −di , j
(si,j ), (4.59)

where l = {1, 2}\k, (4.58) is due to the fact that p(si,j |pk
i,j , p

l
i,j ) is a constant

for all si,j : pk
i,j and pl

i,j : si,j . The approximation in (4.59) is similar to (4.53)
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in that we have extra terms in the summation with nonconforming pk
i,j and pl

i,j .
Combining everything, the approximation (due to loops) of the marginal function
gi(si) is, from (4.8),

µsi
(si) = µyi , j −si , j

(si,j )µdi , j −si , j
(si,j )µc1

i , j −si , j
(si,j )µc2

i , j −si , j
(si,j ). (4.60)

For some related work on state-based method for rectangular grids the reader
is referred to [50].

4.4.4 Decomposed graph approach

As an alternative to the state-based graph approach, let us remember the signal
model in (4.47). It is seen that this model is the same as (4.16) in Example 2 of
Section 4.2.2. Therefore, for each observation yi,j , the conditional distribution
given the contributing symbols has the same form as (4.17). As the input symbols
are independent, the joint distribution of all symbols and observations has the
same form as (4.18). Thus, a factor graph, in the form of Figure 4.4 can be
obtained for the purpose of obtaining APPs of the symbols. For the rectangular
array model, corresponding to cell (i, j), there will be variable node xi,j and
factor node yi,j in this graph, and each factor node yi,j will be connected to the
variable nodes in the neighborhood: nyi , j

defined as in (4.48). Such a graph for
the rectangular model in Figure 4.7 is depicted in Figure 4.10.

Having the factor graph in Figure 4.10, we can perform message passing as
described in Example 2 in Section 4.2.2 in order to obtain estimates of the
transmitted symbols (the graph clearly has loops). Equations (4.19) and (4.20)
are the x-to-y and y-to-x messages, respectively, except that now we have two
indices for each variable, denoting the two-dimensional location of the cell. Any
time a message is passed along an edge that crosses a dashed line in Figure 4.10,
an actual message passing among corresponding BS is required. At termination,
the posterior probability of the transmitted symbol xi,j at cell (i, j) is computed
by combining all incoming messages, using (4.21).

In addition to its conceptual simplicity, the decomposed graph approach has
the advantage that it does not require the regular positioning of the cells. The
method can be applied to any irregular network shape, where each cell has an
arbitrary number of neighbors in arbitrary directions.

4.4.5 Convergence issues: a Gaussian modeling approach

Unlike in the one-dimensional cellular models, where the graphs are trees, we
cannot provide definitive convergence results for our two-dimensional cellular
models, in general. It is well known that the sum–product algorithm is not guar-
anteed to converge when there are loops in the graph. This is the Achilles’ heel
of our approach to BS cooperation, and it is an area that requires much further
study. However, some insights into the convergence properties can be obtained
from the Gaussian model, which we consider next.
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Figure 4.10. Factor graph for the decomposed probabilistic model for the rect-
angular cellular array model. Dashed lines show boundaries between cells. The
computations of the nodes within a cell are done by the BS of that cell. Any
message passing through a cell boundary corresponds to actual message passing
between corresponding base stations.

In Example 2 in Section 4.2.2, modeling the source symbols xj as circularly
symmetric complex Gaussian in (4.16) also leads to a tractable solution. In that
case, all yis and xj s are jointly Gaussian, and also every local function in the
factorization in (4.18) is a Gaussian distribution. As a result, the messages on
the graph in Figure 4.10 will also be Gaussian.

Let the pair (µxj −yi
, σxj −yi

) denote the mean-variance pair of the message
from xj to yi , and (µyi−xj

, σyi−xj
) denote the mean-variance pair of the message

from yi to xj . Note that they are both means and variances of the variable xj .
Using the properties of complex Gaussian distributions, the mean and variance
of the message from yi to xj can be shown to be

µyi−xj
=

yi −
∑

xl ∈ny i
\{xj }

hi(xl)µxl−yi

hi(xj )
, (4.61)

σyi−xj
=

σ2 +
∑

xl ∈ny i
\{xj }
|hi(xl)|2σxl−yi

|hi(xj )|2
. (4.62)
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The mean and variance of the message from xj to yi can be shown to be

µxj −yi
=

µπ
xj

σπ
xj

+
∑

k∈nx j
\{i}

µyk −xj

σyk −xj

1
σxj

+
∑

k∈nx j
\{i}

1
σyk −xj

, (4.63)

σxj −yi
=

⎛⎝ 1
σπ

xj

+
∑

k∈nx j
\{i}

1
σyk −xj

⎞⎠−1

, (4.64)

where (µπ
xj

, σπ
xj

) denotes the prior mean and variance of the symbol xj . At ter-
mination, estimates of the mean and variance of the posterior distribution are

µxj
=

µπ
xj

σπ
xj

+
∑

i

µyi−xj

σyi−xj

1
σxj

+
∑

i

1
σyi−xj

, (4.65)

σxj
=

(
1

σxj

+
∑

i

1
σyi−xj

)−1

. (4.66)

The goal here is to analyze how the means and variances evolve, as the y-to-x
message updates in (4.61)–(4.62) and x-to-y message updates in (4.63)–(4.64)
are computed iteratively.

Next, we provide results from [40] which say that the convergence of the vari-
ances is always guaranteed, whereas the convergence of the means is closely
related to the spectral radius of an iteration matrix Ω. First, consider the con-
vergence of the variances. Equations (4.62) and (4.64) show that the evolution
of the variances is independent of the means or the observations themselves.

To simplify notation define:

σi,j = σyi−xj
.

Let the graph be for a system with n input variables {x1 , . . . , xn} and also n

output variables {y1 , . . . , yn}. For iteration t define the vector of variances of
messages from y to x nodes

v(t) =
[
σ1,1 . . . σ1,n σ2,1 . . . σ2,n . . . σn,1 . . . σn,n

]T
.

The following result is proven in [40], and is described in detail (but without
proof) in [41]. This result, and the next one, make the simplifying assumption
that the variances of all the observation variables (the yis) are unity.

Theorem 4.1 The sequence of vectors v(t) always converges to a unique fixed
point for any v(0), i.e.,

lim
t→∞

v(t) = v∗.
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Moreover, the sequence is monotonically decreasing under the initialization
σ

(0)
xj −yi

= 1.

Next, consider the convergence of the means in the updates in (4.61) and (4.63)
assuming that the variance messages are fixed to the converged values:

v(t) = v∗.

Define

µi,j = µyi−xj
(4.67)

and for iteration t

m(t) =
[
µ1,1 . . . µ1,n . . . µn,1 . . . µn,n

]T
the channel matrix

H̃ = diag{h̃1,1 , . . . , h̃1,n , . . . , h̃n,1 . . . , h̃n,n},

where h̃i,j is the channel coefficient from source xj to observation yi . Let Ω be

Ω = H̃−1(Σx − I)H̃(I +D(Σf V∗
−1Σf )−V∗−1)−1(Σf − I)V∗−1 , (4.68)

where

Σx = diag{1n×n , . . . ,1n×n},
V∗ = diag{v∗},

Σf =

⎡⎢⎣In In . . . In

...
...

...
In In . . . In .

⎤⎥⎦ ,

1n×n is an n× n block of ones, In is the n× n identity matrix, and D(·) is the
operator defined as D(A) = diag{A11 , A22 , . . . , Ann} for a n× n matrix A.

The following theorem provides a necessary and sufficient condition for the
convergence of the means. It was proven in [40] where it was shown to follow
from Theorem 5.3 in [7].

Theorem 4.2 The sequence of vectors m(t) converges to the fixed point

m∗ = (I + Ω)−1H̃−1y

for any m(0) if and only if the spectral radius ρ(Ω) < 1.

This theorem confirms that in some scenarios, where the spectral radius con-
dition is not met, the sum–product algorithm will not converge. When the condi-
tion is violated it is necessary to switch to another form of preprocessing, perhaps
at a lower data rate using SCP – or one can declare an outage. Note that the

https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511667008.005
https://www.cambridge.org/core


106 Turbo base stations

same issue arises for power control algorithms, where instability can also occur
if the system loading is too high. Preliminary investigation of practical methods
to deal with this issue have been examined in [40], but much further work, both
practical and theoretical, is required to characterize properly the conditions of
convergence in more general settings, and to determine what to do about lack of
convergence when it arises.

We have undertaken extensive numerical experiments using different channel
parameter values. For a deterministic channel model, where the channel coeffi-
cient for a mobile user is 1 to its own BS and α (cross-coupling factor) to an
adjacent cell’s BS (symmetric deterministic channel model), we have observed
the following for the case of Gaussian symbols: at realistic SNRs less than 30 dB,
and cross-coupling factors less than 1/2 (the typical cross-coupling between two
adjacent cells is quite low, usually less than 1/2), we have never observed lack of
convergence of the sum–product algorithm. However, convergence is not guaran-
teed at higher levels of the cross-coupling factor, when the SNR is high. Similar
convergence problems were also observed for the discrete symbol model, when
the deterministic channel described above was utilized.

On the other hand, the convergence problems are greatly mitigated when we
replace the deterministic channel gains with independent, Rayleigh fading gains
with the same means as above. Thus, even if the network is symmetric with
respect to average gains, convergence problems almost completely disappear if
the instantaneous gains are random (e.g., Rayleigh distributed).

From our numerical experiments, we found that when the sum–product algo-
rithm failed to converge, it was typically due to a symmetric network realization
of channel coefficients. However, symmetry can be perturbed by noise. If the
SNR is sufficiently low, the realizations of noise amplitudes are large enough to
perturb the symmetry of the network. On the other hand, when the channel coef-
ficients are modeled as independent random variables (e.g., complex Gaussian),
the system lacks symmetry with high probability. In other words, the probability
of a realization of h that is symmetric enough to cause failure of convergence is
extremely small.

In a practical system, the channels of different mobile users are indeed inde-
pendent, due to the fact that they are located in different cells. The simulations
in Figures 4.11–4.13 are for such a scenario: in each simulation realization, inde-
pendent samples of channel coefficients hi,j (m,n) are generated. In those figures,
no error floors are observed, even for very low uncoded bit error rates. There may
still be an error floor, but it is too low to be detected. Note that if there were a
set of channel realizations that always cause convergence failure, irrespective of
SNR, then the probability of such a set must be very small, as it would provide
an error floor at this probability. We emphasize that here convergence means the
convergence to the true posterior probabilities of the symbols, not to the true
values of the symbols. The true APP can still result in an incorrect estimate of
the symbol, however if the true APP can be attained, the lowest possible error
rate is obtained.
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Figure 4.11. Probability of error of the algorithms and the single-user lower
bound as a function of the number of serial real number transmissions between
BSs for node (2, 2) of a 4× 4 network ( c© 2008 IEEE).

In the next section, we present some numerical results that indicate the relative
performance of the different schemes we have proposed so far.

4.4.6 Numerical results

We now present some numerical results [5] comparing the aforementioned
approaches for rectangular cellular arrays given in Figures 4.11, 4.12, and 4.13.
In these simulations, a fading channel model is considered where each hi,j (m,n)
is complex Gaussian distributed with zero mean and variance 1 if (m,n) = (0, 0)
and variance α2 otherwise. Thus α2 represents the average power of the intercell
interference (ICI) from each neighbor. The additive noise zi,j is complex Gaus-
sian with zero mean and variance σ2 . The signal to noise ratio (SNR) is defined
as 1/σ2 . The transmitted symbols are binary and from the set {−1, 1}. For com-
parison, the performance of individually optimum multiuser detection and the
single-user lower bound is also given. The single-user lower bound is the perfor-
mance of a system with a single user (with no interference) and multiple receiving
base stations. Each message passing requires an amount of serial real number
transmissions among base stations, and in Figure 4.11 the performance is shown
as a function of those transmissions. Figure 4.11 illustrates that performance
very close to the interference-free case can be achieved after 3–4 message passing
steps, with the decomposed model outperforming the clustered approach.

In Figure 4.12, the performance of the optimum receiver for a base station that
cannot communicate with other base stations is also shown. For the cooperative
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Figure 4.12. Probability of error of the algorithms and the single-user lower
bound as a function of the SNR for cell (2, 2) of a 4× 4 network ( c© 2008 IEEE).
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Figure 4.13. Probability of error of the algorithms and the single-user lower
bound as a function of the SNR and as a function of number of real number
transmissions in series for cell (10, 10) of a 20× 20 network ( c© 2008 IEEE).

cases, the values plotted are the error probabilities after enough iterations have
occurred to satisfy the convergence criterion. As the ICI power increases, it
is observed that the distributed decoding algorithms not only can handle the
ICI, but they can also exploit the extra energy and diversity provided by it.
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The error rate performance of the sum–product algorithms on the clustered and
decomposed graphs is very close to the single-user lower bound at low error
probabilities. Thus, we observe a very large gain is possible from local message
passing to reduce the ICI. The BCJR algorithm, implemented iteratively on
the columns and rows of the rectangular array, does not perform as well as the
sum–product algorithms; a 0.5 dB gap is observed.

In Figure 4.13 performance is shown for a larger network. We observe that
the performance on this 20× 20 network is essentially the same as in the smaller
network of size 4× 4. The observation that the speed of convergence remains
roughly the same is explained by the fact the ICI is a local effect even though
the overall network size is growing.

Simplification of messages sent by factor nodes
In the decomposed graph approach, there are two types of computations: com-
putation of variable-to-factor node messages in (4.19), and the computation of
factor-to-variable node messages in (4.20). Upon examining these two types
of messages, one sees that the main cause of computation complexity of this
approach is the computation of the latter: factor-to-variable node messages.

In [9], a simplification of the messages sent by the factor nodes was proposed.
The key idea here is to recognize that the message µyi−xj

(xj ) is the individually
optimal soft MUD of xj given the observation yi and the prior distributions of
nyi
\{xj}. If this is computationally unacceptable, suboptimal MUD methods

can be substituted for this purpose. An arbitrary choice of MUD may, however,
not be suitable. The MUD should be able to incorporate the prior distributions
of nyi

\{xj} to produce a posterior distribution of xj . If the MUD uses prior
distributions of all nyi

, then the prior information xj should be canceled in the
message to xj . This is because the information received from a node is not fed
back to that node in factor graph methods. In [9], an iterative groupwise MUD
was considered.

4.4.7 Ad-hoc methods utilizing turbo principle

One approach to BS cooperation is to have the BSs share their soft (or hard)
bit estimates and reconstruct the interference components at the output. After
subtracting the interference components from the observation, the BSs repeat
the decoding. This approach was suggested in [37] for a two-cell model. In this
model, the received signal at a BS comprises a desired signal component and
an interference component from other-cell mobiles. For a convolutionally coded
system, the BSs perform single-user decoding, ignoring the interference compo-
nent completely. Then the soft bit estimates are shared between the BSs, which
use this information to reconstruct and subtract the interference components
from their received signals. Repeating this procedure, an iterative “turbo” BS
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cooperation method is obtained. The performance of this method was investi-
gated for various quantization strategies and constellation sizes in [37]. Note,
however, that this iterative approach is ad hoc, and is not based on graph algo-
rithms. The turbo principle and sharing soft information with the adjacent BSs
was also considered in [28]. Again, coding is included in the interference recon-
struction and cancellation in [28]. The turbo principle is utilized for a general
cellular network. The BS cooperation methods in [28, 37] are not explicitly based
on algorithms on graphs. They are ad-hoc implementations of the turbo principle
among BSs which exchange soft decisions in order to improve their decisions.

4.4.8 Hexagonal model

All of the methods described for the rectangular cellular array model can be
extended to the more realistic hexagonal array model. The positioning of the
cells is shown in Figure 4.14: for example, the decomposed factor graph for this
model is as in Figure 4.15.

4.5 Distributed transmission in the downlink

So far our focus has been on BS cooperation for the uplink of a wireless com-
munication network. In this section, we will shift our attention to the downlink
of a wireless network. The scenario where a BS simultaneously transmits inde-
pendent information to multiple uncoordinated users over the wireless channel
can be classified as a broadcast channel (BC) . We will first summarize the main
information-theoretic results for a MIMO (vector) BC and present some practical
transmission techniques proposed in the literature. Since wireless communication
networks for commercial applications are multicellular, we will then briefly dis-
cuss the impact of ICI and some possible solutions. Finally, we will present turbo
BS cooperation in the downlink as a practical approach for providing high spec-
tral efficiency in the presence of ICI.

4.5.1 Main results for the downlink of a single-cell network

Consider the downlink of a single-cell MIMO network where a BS with n antennas
is transmitting information to m users each with a single antenna. Assuming the
channel is flat fading with no mobility, the vector of received signals at the users
is modeled as

y = Hx + z, (4.69)

where y =
[
y1 y2 · · · ym

]T
denotes the vector of received signals at the

users, x =
[
x1 x2 · · · xn

]T
denotes the transmitted signal vector, and H
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BS11 BS12 BS13

BS21 BS22 BS23 BS24

BS31 BS32 BS33 BS34 BS35

BS41 BS42 BS43 BS44

BS51 BS52 BS53

MS11S11 MS12 MS13

MS21 MS22 MS23 MS24

MS31 MS32 MS33 MS34 MS35

MS41 MS42 MS43 MS44

MS51 MS52 MS53

Figure 4.14. Hexagonal cellular array model. The cells are positioned on a hexag-
onal grid. Each cell has one active MS. The signal transmitted in one cell is
received at that cell, and also six neighboring cells (except for edge cells). Dashed
lines show boundaries between cells.

from the jth antenna of the BS to the ith user. Let hi denote the 1× n channel
vector for user i. Then the (i, j) entry of H can be written hi(j). The elements
of the noise vector, z, are assumed to be independent zero-mean Gaussian dis-
tributed random variables. Unless stated otherwise, we assume that both the
base stations and the users have perfect CSI.

This system model is classified as a BC in network information theory [14].
Even though the capacity region of a general BC is still an open problem, for the
special case of a degraded BC superposition coding [10] is shown to achieve the
capacity region. However, when the transmitter has more than one antenna, i.e.,
n > 1, the system can in general no longer be modeled as a degraded BC. Rather,
the capacity region of this vector Gaussian BC is shown to be equal to the dirty
paper coding (DPC) [12] rate region [56]. DPC is a nonlinear coding technique
based on the observation that if the Gaussian interference is known noncausally
at the transmitter but not the receiver, under a transmit power constraint, the
effect of the interference can be precanceled. In the case of a vector Gaussian BC
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x11 x12 x13

x21 x22 x23 x24

x31 x32 x33 x34 x35

x41 x42 x43 x44

x51 x52 x53

p(y1,1|·) p(y1,2|·) p(y1,3|·)

p(y2,1|·) p(y2,2|·) p(y2,3|·) p(y2,4|·)

p(y3,1|·) p(y3,2|·) p(y3,3|·) p(y3,4|·) p(y3,5|·)

p(y4,1|·) p(y4,2|·) p(y4,3|·) p(y4,4|·)

p(y5,1|·) p(y5,2|·) p(y5,3|·)

Figure 4.15. Factor graph for the decomposed probabilistic model for the hexag-
onal cellular array model. Dashed lines show boundaries between cells. The com-
putations of the nodes within a cell are done by the BS of that cell. Any message
passing through a cell boundary corresponds to actual message passing between
corresponding BSs.

under perfect CSI the BS can precalculate noncausally the interference created
by one user to the other. In this case for an arbitrary ordering of the users, using
the DPC technique it is possible to encode the information of a user such that
it is not affected by the interference caused by previously encoded users.

The capacity region of a vector Gaussian BC described in (4.69) under transmit
covariance constraint Q = E[xxH ] � S for positive semidefinite S (where A � B
implies that B−A is a positive semidefinite matrix) is given as [56]

C = qhull

{⋃
π∈Π

R(π,S, σ2 ,H)

}
, (4.70)

where qhull denotes the convex closure of the sets, π is an arbitrary permutation
of user indices, Π corresponds to the set of all possible user permutations, σ2
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denotes the variance of the elements of the noise vector z, and

R(π,S, σ2 ,H) =

{
(R1 , . . . , Rm )

∣∣∣∣∣Ri = log

(
hi(
∑i

l=1 Bπ (l))hH
i + σ2

hi(
∑i−1

l=1 Bπ (l))hH
i + σ2

)

for some {B1 , . . . ,Bm} such that Bi � 0 ∀i and S �
m∑

i=1

Bi

}
,

(4.71)

where hi is the 1× n channel vector for user i and π(l) denotes the index of the
user encoded in the lth position.

Correspondingly, the sum capacity of the vector Gaussian BC under total
transmit power constraint P is computed as

Csum = max
Q :Q�0,tr(Q)≤P

log(|σ2Im + HQHH |), (4.72)

where Im denotes an identity matrix of size m, | · | denotes a matrix determi-
nant and tr(·) denotes the trace operator. In [24] it was shown that CSI at the
transmitter is essential in achieving the capacity gains of a vector Gaussian BC
and at high SNR, with perfect CSI at the BS, the sum capacity scales linearly
with n provided that m > n.

The capacity achieving transmission strategy is a combination of nonlinear
DPC and linear precoding (beamforming). The difficulties in implementing a
practical DPC encoder have led to most attention being focused on suboptimal
linear precoding schemes. In linear precoding the user data symbols are mapped
to the transmitted signal vector via

x = Td, (4.73)

where d is the m× 1 vector of data symbols with dj , the data symbol intended
for user j, taken from a finite constellation with E[|dj |2 ] = 1 and where the ith
column of the n×m beamforming matrix, ti , is the beamforming vector for
user i. It should be noted that the power allocated to the ith user is given by
Pi = tH

i ti .
One approach for dealing with multiuser interference is to use zero-forcing

(ZF) beamforming, where T satisfies HT = D with D being a diagonal matrix.
One solution is

T = HH (HHH )−1D, (4.74)

where D is determined according to the power constraint. The drawback of
ZF beamforming is that transmit power might not be used as efficiently when
attempting to cancel multiuser interference completely.

An alternative linear precoding scheme is regularized channel inversion (RCI)
where the beamforming matrix is of the form

T = HH (HHH + βI)−1D, (4.75)
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where D is determined according to the power constraint and β is a regularization
parameter. For small β the RCI beamformer approaches the ZF beamformer
while for large β the RCI beamformer tends towards the maximal ratio combining
beamformer, the beamformer that maximizes the received signal strength while
ignoring the resultant interference.

The power allocation to users is done based on an optimization criterion under
a power constraint. Optimization problems considered in the literature typically
include maximization of the sum rate under a total power constraint and min-
imization of the total transmit power under individual minimum rate require-
ments for each user. However, a total transmit power constraint might result in
an unbalanced power output over the transmit antennas, which is undesirable in
practical systems since each antenna is limited by the linear region of the power
amplifiers in its own RF chain. Power allocation based on more practical per
antenna power constraints has been considered [60].

Optimization problems involving RCI and related beamformers are challenging
since the beamformer vectors of the users are coupled. An alternative design cri-
terion is to maximize the signal-to-leakage-and-noise ratio (SLNR), where leak-
age refers to the interference caused by the user considered to other users [46].
Leakage-based precoding is attractive since the optimization problem becomes
decoupled.

There are several works proposing practical nonlinear precoding techniques
based on the DPC idea [16, 25, 31]. These works mainly use vector quantization
or trellis/lattice precoding approaches to achieve a performance close to DPC.

4.5.2 Main results for downlink of a multicellular network

In a multicellular network where several BSs simultaneously serve the users in
their respective cells, cochannel interference is the major performance limiting
factor. This is especially true for users near cell boundaries. This communication
scenario is referred to as the interference channel [2]. The capacity region of a
general interference channel is still an open problem. There are some results for
the extreme cases of strong interference [13] and weak interference [6]. There are
also several inner and outer bounds, the best-known inner bound for discrete
memoryless interference channels being the Han–Kobayashi bound [22].

As discussed in Section 4.1, the traditional method for mitigating cochannel
interference in multicellular networks has been to use frequency planning such
that neighboring cells use different frequency bands for transmission. If a suffi-
ciently low frequency-reuse factor is used, one can ignore the effect of cochannel
interference and the communication scenario is reduced to a number of inde-
pendent single-cell downlink problems. However, as the data rate requirements
for next generation wireless networks increase, it has become evident that new
paradigms to mitigate cochannel interference are required.

In order to increase the spectral efficiency of the system a frequency-reuse
factor of 1 can be used, i.e., the whole frequency band is utilized simultaneously
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in every cell. However, this results in a reduction in the achievable data rates due
to interference, especially for users near cell edges. At this point BS cooperation
in the downlink is an attractive solution which actually takes advantage of the
interference to increase the spectral efficiency of the system.

Assuming that the BSs are connected to each other with high capacity links
over the backhaul, the cooperative system can be viewed as a virtual MIMO BC
with macrodiversity, i.e., transmit antennas are distributed geographically. In
that case the problem is reduced to downlink transmission in a single-cell network
as discussed in Section 4.5.1, the only difference being that the transmission
schemes have to be implemented in a distributed manner.

Several works have considered simple and suboptimal linear precoding schemes
for the cooperative downlink. In [18], performance gains of cooperative zero-
forcing beamforming were analyzed. In [26] several linear precoding techniques
for downlink BS cooperation were compared in terms of sum rate per cell in the
asymptotic regime. Most of the literature on downlink BS cooperation assumes
that the backhaul is very high capacity. In [36], however, a finite capacity back-
haul was considered and the performances of several transmission schemes involv-
ing DPC compared. Another assumption made in most of the literature is that
the BSs can perfectly synchronize their transmissions. In practice, network-wide
synchronization is very difficult to achieve. In [62] it was demonstrated that even
though BSs can perform timing advancement perfectly such that the transmis-
sions from different BSs arrive at the user at the same time, the interference
is inevitably asynchronous. This asynchronicity causes significant performance
degradation for linear precoding techniques. The techniques considered are then
modified to better handle asynchronous interference.

4.5.3 BS cooperation schemes with message passing

As we have highlighted previously, cooperative schemes that can be implemented
in a distributed manner offer several advantages over schemes requiring a central
processing unit. Firstly, distributed schemes are more robust since they do not
have a central processing unit as a single point of failure. Secondly, they are more
scalable since schemes requiring a central processing unit require new BSs to be
connected to the central processing unit as the network expands. Therefore it
is of great interest to develop cooperative transmission and resource allocation
schemes that only require local information exchange between BSs.

In this section, we discuss several iterative BS cooperation algorithms that
require information exchange between BSs. We first focus on distributed beam-
forming and power allocation schemes in the literature. We then present a graph-
based approach that requires only local information exchange between BSs.

Distributed beamforming and power allocation schemes
In [15] an iterative algorithm for computing the optimal beamforming vectors
and power allocation was presented for a cooperative multicellular system. The
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algorithm iteratively finds the solution of the following optimization problem:

minimize
b∑

j=1

αj tr(TH
j Tj ), (4.76)

subject to: Γi ≥ γj , i = 1, 2, . . . , m, (4.77)

where Tj is the n×mj beamforming matrix used at the BS in the jth cell with
mj users, b is the number of BSs (cells) in the network each with n transmit
antennas, αj is the weighting factor of the transmit power of the jth BS, γj

denotes the target SINR constraint for user i, and Γi is the SINR of user i

expressed as

Γi =
|hi,j (i)tH

j (i),i |2
m∑

k=1
k 	=i

|hi,j (k)tH
j (k),k |2 + σ2

. (4.78)

In (4.78) hi,j denotes the 1× n channel vector between user i and BS j, j(i)
denotes the index of the cell at which user i is located, tH

j (i),i is the beamforming
vector used for user i by the BS in its cell, and σ2 is the variance of the Gaussian
noise at the user i.

Note that in this scheme BSs do not jointly transmit data to all the users in
the network, rather each BS transmits data to the users in its cell. However, the
beamforming vectors used by BSs are jointly chosen to achieve the target SINRs
of the users, taking the ICI into account while minimizing the weighted transmit
power. The iterative algorithm utilizes uplink–downlink duality by solving the
Lagrangian dual of the optimization problem.

Alternatively, in [11] an iterative joint transmission and power allocation
scheme was proposed. In the joint transmission scheme considered, a multicell
precoding approach is employed where the data of each user are available at
all BSs and all BSs simultaneously serve each user using a beamforming vector.
In this case the transmitted signal vector at BS j is expressed as xj = Tjd,
where d is the data vector of all the users in the network and the ith column of
beamforming matrix Tj is the beamforming vector used by BS j for user i.

The optimization problem of maximizing the sum rate of the users under
individual transmit power constraints at each BS is difficult to implement in
a distributed manner and requires channel knowledge to be shared by all BSs.
As a result, the authors proposed a heuristic beamforming and power allocation
scheme that is fully distributed and requires only statistical channel knowledge.
The scheme utilizes the leakage-based beamforming approach described in Sec-
tion 4.5.1 to simplify the optimization of the beamforming vectors. Furthermore,
the beamforming vectors were selected to maximize the average SLNR averaged
over channel realizations. The power allocation proposed is also heuristic, allo-
cating more of the transmit power to the user with the best channel gain.
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In [61], an iterative beamforming scheme for multicellular networks is pro-
posed. The system model assumed is similar to the one in [15], where BSs do
not employ multicell precoding, each BS serves a single user in its cell using a
beamforming vector and the beamforming vectors are chosen such that observed
ICI is taken into account. The proposed scheme can be implemented in a dis-
tributed manner as it only requires local channel knowledge. The idea is to select
the beamforming vector for each BS as a linear combination of the zero-forcing
beamformer and maximum ratio combining beamformer (which maximizes the
received signal power ignoring the interference generated at other users). The
combining weights are iteratively updated based on feedback from the users,
until a Pareto optimum point is reached.

Cooperative beamforming based on factor graphs
We now present a cooperative downlink beamforming approach that can be
implemented in a truly distributed manner based on message passing on graphs.
We will first demonstrate how the downlink beamforming problem can be for-
mulated as a virtual LMMSE estimation problem [42]. Once this is done we will
be able to make use of the message passing algorithms developed for the uplink
in the earlier parts of this chapter.

We focus on a cooperative downlink beamforming scenario where a cellular
network with n cells employs an orthogonal multiple access scheme within each
cell so that users do not experience intracell interference. However, since a fre-
quency reuse factor of 1 is used, users will experience interference from neigh-
boring cells. For simplicity, it is assumed that each BS and user has only one
antenna. The vector of received signals at the users is as given in (4.69) where
the data vector of the users is mapped to the transmitted signal vector using
joint linear precoding as in (4.73).

We wish to implement regularized channel inversion beamforming as discussed
in Section 4.5.1. Define

T̂ = HH (HHH + βI)−1 , (4.79)

where β is a regularization parameter [45], and the beamforming matrix is written
as

T = T̂D. (4.80)

The diagonal matrix D denotes the power allocation matrix whose diagonals
correspond to power allocated to the corresponding user under a given power
(total or per BS) constraint.

The key observation is that defining d̂ = Dd, the transmitted signal x = T̂d̂
can be seen as the LMMSE estimate of some vector u under the signal model

d̂ = Hu + w, (4.81)

where u and w are n× 1 vectors of i.i.d. random variables with zero mean and
variance 1 and β, respectively. Note that u and w have no physical relationship
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with the original beamforming problem and also that the problem in (4.81) is
quite different to the uplink–downlink duality concept used to simplify the down-
link problem [55]. With the observation that the downlink beamforming problem
can be seen as a virtual LMMSE estimation problem, one can employ distributed
LMMSE estimation techniques such as the distributed Kalman smoothing algo-
rithm described in Section 4.3.2 for one-dimensional cellular networks and tech-
niques based on the sum–product algorithms for two-dimensional cellular net-
works presented in Section 4.4.5.

We first consider the one-dimensional linear cellular array depicted in Fig-
ure 4.1 which models the communication scenario with BSs placed evenly on
the side of a highway or subway tunnel or access points along a corridor. The
channel matrix entries hi,j are of the form

hi,j =

{
hi(k), j = i + k,

0, |i− j| > 1,
(4.82)

where i, j ∈ {1, 2, . . . , n} and k ∈ {−1, 0,+1}. One can take advantage of the
local connectivity of the network to implement a distributed beamforming algo-
rithm. Assuming that appropriate power allocation is already performed, the
data symbol vector d̂ is treated as the observation vector from which the trans-
mitted signal vector x is obtained as the LMMSE estimate of u.

Due to the Markov structure of the problem, one can apply the message passing
algorithm described in Section 4.3.2 for the uplink problem with Gaussian input
symbols. Defining the state vector for cell i as si =

[
ui−1 ui ui+1

]T
, the state-

space model is

si+1 = Af si + bf ui+2 , (4.83)

si−1 = Absi + bbui−2 , (4.84)

d̂i = ĥisi + wi, (4.85)

where Af , Ab , bf , and bb are defined in Section 4.3.2, ĥi =[
hi(−1) hi(0) hi(1)

]
with u0 = un+1 = h1(−1) = hn (+1) = 0. Running

a forward and backward Kalman estimator based on this state-space model
and combining the two estimates, we obtain a forward–backward beamforming
algorithm for the cooperative downlink.

Assuming the virtual data vector u is Gaussian distributed (an assumption
we are free to make since u does not have a physical meaning), the LMMSE
estimate is û = E[u|d̂], i.e., the conditional mean vector of the jointly Gaussian
conditional density f(u|d̂). As a result, BS i can find the signal that it should
transmit by computing the mean of the marginal distribution, f(ui |d̂), using the
sum–product algorithm described in Section 4.3.2 running on the factor graph
depicted in Figure 4.6. The steps of the algorithm are summarized below [43].
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Forward-backward cooperative downlink beamforming algorithm
� Initialization: The BSs at the two edges of the cellular array compute the mean

vector and the covariance matrix of the distribution information, (ŝi|i ,Mi|i)
for i = 1 and n, as

ŝi|i = ĥH
i (ĥiĥH

i + β)−1 d̂i (4.86)

Mi|i = Îi − ĥH
i (ĥiĥH

i + β)−1 ĥi , (4.87)

where

Î1 =

⎡⎣0 0 0
0 1 0
0 0 1

⎤⎦ , În =

⎡⎣1 0 0
0 1 0
0 0 0

⎤⎦ . (4.88)

� Pass the estimates: BS i, i ∈ {1, . . . , n} computes the forward and the back-
ward estimates as the required information becomes available as

ŝf
i+1|i = Af ŝf

i|i , (4.89)

Mf
i+1|i = Af Mf

i|iA
f T

+ [i 	= n]bf bf T
, (4.90)

ŝb
i−1|i = Ab ŝb

i|i , (4.91)

Mb
i−1|i = AbMb

i|iA
bT

+ [i 	= 1]bbbbT
, (4.92)

where ŝf
1|1 = ŝ1|1 and ŝb

n |n = ŝn |n are described in (4.86). Then message

(ŝf
i+1|i ,M

f
i+1|i) is passed to the neighboring BS on the right and (ŝb

i−1|i ,M
b
i−1|i)

is passed to the neighboring BS on the left.
� Correct the estimates: BS i, i ∈ {1, . . . , n} corrects the received forward and

backward estimates using the observation d̂i as

ŝf
i|i = ŝf

i+1|i + kf
i (d̂i − ĥi ŝ

f
i+1|i), (4.93)

Mf
i|i = (I3 − kf

i ĥ)Mf
i+1|i (4.94)

with

kf
i =

Mf
i+1|iĥ

H

β + ĥMf
i+1|iĥ

H
(4.95)

and

ŝb
i|i = ŝb

i−1|i + kb
i (d̂i − ĥi ŝb

i−1|i), (4.96)

Mb
i|i = (I3 − kb

i ĥ)Mb
i−1|i (4.97)

with

kb
i =

Mb
i−1|iĥ

H

β + ĥMb
i−1|iĥ

H
. (4.98)
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� Combine the estimates: Having computed both ŝf
i|i and ŝb

i−1|i , they are com-
bined using

ŝi = Mi

(
(Mf

i|i)
−1 ŝf

i|i + (Mb
i−1|i)

−1 ŝb
i−1|i

)
, (4.99)

Mi =
(
(Mf

i|i)
−1 + (Mb

i−1|i)
−1 − Îi

)−1
, (4.100)

where Îi = I3 for n = 2, . . . , n− 1 and Î1 and În are defined in (4.88). The
transmitted signal from the ith BS, xi , is set to be the middle element of the
vector ŝi .

It should be pointed out that the algorithm described above has a fully dis-
tributed nature requiring only local information exchange between the BSs. Prior
to running the algorithm, however, the power allocation to users is assumed to
have been done (D is known), and this might well require network-wide know-
ledge of quantities such as the channel gains. Fortunately, since the channel gains
typically change much more slowly than the data symbols, global sharing of the
network knowledge might still be feasible at this slower time scale.

Another point we would like to emphasize is that, as stated in Section 4.3.2,
since the factor graph depicted in Figure 4.1 is free of loops, the message passing
algorithm described above is guaranteed to converge to the optimal solution.

It should further be noted that the delay experienced by the BSs at the edges
of the cellular array grows linearly with the size of the array. In fact, the pre-
coding delay experienced by BSs is location-dependent with the minimum delay
experienced by the BS in the middle of the array. In [43] a suboptimal limited
extent distributed beamforming algorithm was proposed based on the observa-
tion that due to the local connectivity structure of the channel, the information
sent by BS i is expected to be less important for BS j if |i− j| is sufficiently large.
Therefore, one can achieve a fixed delay, if the extent of the information exchange
between BSs is limited. In the proposed limited extent beamforming algorithm,
each BS starts by computing a ‘self-estimate’ based on d̂i using (4.86) and (4.87).
Then this information is shared with both neighbors and received estimates are
corrected using forward and backward correction equations (4.93)–(4.98). After
τ phases of information exchange between the BSs, forward, backward and self-
estimates are combined and the middle element of the state vector ŝi is then an
approximation to xi . With this algorithm, the precoding delay experienced by
all BSs is τ . Numerical results in [43] demonstrate the clear tradeoff between the
performance and the precoding delay.

Finally, we will discuss the extension of the proposed distributed beamforming
algorithm to two-dimensional networks. As an example, we will consider a hexag-
onal network with n = 7 cells, a special case of the hexagonal network depicted in
Figure 4.14. As in the one-dimensional linear array case, the downlink beamform-
ing problem can be posed as the virtual LMMSE problem of estimating a virtual
data vector u from the observation vector d̂. Assuming the virtual data vector
is Gaussian distributed, the LMMSE estimate corresponds to the mean vector
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of the MAP estimate, i.e., u maximizing the conditional distribution f(u|d̂). As
a result, one can use the sum–product algorithm on the factor graph in Fig-
ure 4.15. For the downlink, the same factor graph, in which variable nodes now
represent ui and the factor nodes represent the local function fd̂i

= f(d̂i |u). In
addition, assume that for each variable node there is a pendant factor node that
is connected only to that variable node, fui

= p(ui) = N(ui ;σfu i
−ui

, µfu i
−ui

),
denoting the prior distribution of the virtual data symbols.

Since all the distributions are Gaussian, the messages passed between vari-
able and factor nodes are actually the mean vector and covariance matrix of the
underlying distribution. Assuming a flooding schedule [30] where at each iter-
ation the messages on the graph are updated simultaneously, the sum–product
update equations for kth iteration are summarized as follows [43]:

µ
(k)
fd̂ i
−uj

=

d̂i −
∑

ul ∈nf
d̂ i
\{uj }

hi,l µ
(k−1)
uk −fd̂ i

hi,j
, (4.101)

σ
(k)
fd̂ i
−uj

=

β +
∑

ul ∈nf
d̂ i
\{uj }

(hi,l)2σ
(k−1)
fd̂ i
−uj

(hi,j )2 , (4.102)

µ
(k)
uj −fd̂ i

= σ
(k)
uj −fd̂ i

⎛⎝ ∑
f∈nu j

\{fd̂ i
}

µ
(k)
f−uj

σ
(k)
f−uj

⎞⎠ , (4.103)

σ
(k)
uj −fd̂ i

=

⎛⎝ ∑
f∈nu j

\{fd̂ i
}

1

σ
(k)
f−uj

⎞⎠−1

(4.104)

with initialization as

µ
(0)
uj −fd̂ i

= 0, σ
(0)
uj −fd̂ i

= 1 (4.105)

for all i, j for which uj is connected to fd̂i
, nk denoting the set of nodes connected

to node k on the factor graph and hi,j denoting the channel gain between the
jth BS and the user in cell i. After the termination conditions are met at step
m, the transmitted signal from BS j is obtained as

x
(m )
j = σ

(m )
uj −fd̂

⎛⎝ ∑
f∈nu j

µ
(m )
f−uj

σ
(m )
f−uj

⎞⎠ (4.106)

with

σ
(m )
uj −fd̂

=

⎛⎝ ∑
f∈nu j

1

σ
(m )
f−uj

⎞⎠−1

. (4.107)
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Since the factor graph in Figure 4.15 contains loops, the convergence of the
sum–product algorithm is not guaranteed. However, since the underlying distri-
butions are all Gaussian, following the discussion in Section 4.4.5 it can be shown
that the variance updates always converge [40, 41]. The necessary and sufficient
condition for the convergence of the mean updates is that the spectral radius of
the iteration matrix in (4.68) is strictly less than 1. As observed for the uplink
problem, the convergence conditions are violated when the SNR is high and the
interference created by the channel is strong. In [40], two approaches to improve
the convergence of the algorithm for the downlink were proposed. In the first
approach, a tunable parameter ε is introduced that multiplies the regularization
parameter β. The value of ε is chosen so that the sum–product algorithm con-
verges or converges at the desired rate. The disadvantage of this approach is that
the sum–product algorithm no longer computes the desired LMMSE estimates
resulting in some loss in performance. In the second approach, a switched beam
system is used where a cell is divided into angular sectors and each sector is
covered by a narrow beam generated by a directional antenna. Comparing the
signal strength from all sectors, the BS selects the best beam to transmit data
to a user. In this way interference is reduced, and the loops in the factor graph
can be reduced or eliminated.

4.6 Current trends and practical considerations

Much work has demonstrated the huge performance gains that are possible when
BSs cooperate to receive signals from mobile users on the uplink, and to send
data to mobile users on the downlink. In this chapter we have examined methods
for implementing BS cooperation in a distributed manner via message passing.
These message passing techniques require communication between neighboring
BSs only and have processing and communication requirements that remain con-
stant with increasing network size. They are, in some sense, the natural algo-
rithms to use in large cellular networks.

However, in terms of both theoretical analysis and practical implementation of
these turbo-style approaches, we have only scratched the surface. We list below
some exciting areas where much work is still to be done.

(1) Convergence issues. Many questions are still unanswered regarding the con-
vergence of the sum–product algorithm on graphs with loops, as mentioned in
Section 4.4.5. A more thorough treatment of convergence is required in order
to understand the limitations of the distributed BS processing techniques
presented in the chapter and to find methods to improve the convergence
properties.

(2) Limited backhaul traffic. Backhaul traffic is the traffic between BSs required
to implement cooperative schemes. For a practical system, the backhaul traf-
fic is not unlimited. Given a certain limit on the backhaul traffic, can we still
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get the performance gains we see in this chapter? How should the message
passing techniques be modified to reduce the backhaul traffic load?

(3) Synchronization. Perfect synchronization of BSs in the downlink has been
assumed in this chapter. We have also assumed it for the uplink, although
the assumption may be less critical there. What is the impact of synchroniza-
tion errors on the performance? It may be possible that a synchronization
imperfection that is tolerable in conventional single-cell processing may have
more degrading effects in the case of BS cooperation.

(4) Imperfect channel information. We have assumed that perfect CSI is available
at the BS transceiver. What will be the impact of imperfections in channel
estimates on the attainable gains due to base station cooperation? What will
be the impact on the convergence of the proposed methods?

(5) Coded systems. We have not considered error control coding in this chapter.
In practice, common decoders are often based on graphical methods and it
would be possible to combine the factor graphs we use for joint detection
of mobile users and the graphs which model the code constraints, to form
one large graphical model on which message passing algorithms could be
applied. What will happen to the convergence properties of the sum–product
algorithm on this space-time factor graph? What are the other issues to
consider for distributed decoding in a cellular system?

(6) Distributed resource allocation. If we are allocating channels to mobile users
in order to maximize the throughput, how can this be done in a BS-
cooperating network in a distributed manner?

Some excellent work has already begun to answer some of these questions:
channel estimation and coding [63], limited backhaul traffic and coding [28, 37],
and resource allocation [1]. However, many questions remain unanswered and
numerous challenges must be overcome if we are to realize the full potential of
turbo-based methods for BS cooperation.
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