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Abstract—In this paper, cooperative localization is proposed
for visible light systems. The effects of cooperation on the
localization accuracy of visible light positioning systems are
illustrated based on a Cramér-Rao lower bound expression.
The obtained expression is generic for any three-dimensional
configuration and covers all possible cooperation scenarios via
definitions of connectivity sets. Numerical results are presented
to investigate significance of cooperation in various scenarios.
Index Terms– Positioning, visible light, cooperative localization,
estimation, received signal strength.

I. I NTRODUCTION
Accurate wireless positioning is crucial for indoor environments in order to facilitate applications such as patient
monitoring, inventory tracking, and robotic control [1]–[3].
Although radio frequency (RF) based solutions are commonly
employed for wireless indoor positioning [1], [2], [4], [5], light
emitting diode (LED) based visible light positioning (VLP)
systems have recently emerged as an appealing alternative [6].
Besides localization, visible light systems can also provide
illumination and data communication simultaneously. In addition, they do not incur additional installation costs due to the
trend of using LEDs for efficient illumination.
In this paper, cooperative positioning is proposed for VLP
systems for improving localization accuracy. In the literature,
cooperation techniques are intensely studied for RF based
positioning systems (see [7] and references therein). The main
idea behind cooperation is to utilize measurements among
target nodes (which are to be located) in addition to those
between target nodes and reference nodes (which have known
locations). In this way, localization accuracy can be enhanced
based on the relative location information obtained from
measurements among target nodes [7]. There exist numerous
algorithms in the literature for various cooperation scenarios
and some recent works focus on fundamental limits for
cooperative positioning systems [8]–[16]. For example, in
[9], network experiments are conducted using ultra-wideband
(UWB) signals, and comparisons between cooperative and
noncooperative positioning systems are performed to reveal
the benefits of cooperative positioning under a common setting. The study in [15] presents an overview of cooperative
positioning algorithms from the viewpoint of estimation theory and factor graphs. It proposes a distributed cooperative
positioning algorithm and compares its performance against
other conventional noncooperative and cooperative positioning
techniques.
Although cooperation techniques have been considered for
RF based positioning systems, there exist no studies in the
literature that perform visible light positioning in the presence
of cooperation. In this manuscript, we propose a cooperative
VLP system and provide a theoretical analysis by deriving
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a generic Cramér-Rao lower bound (CRLB) expression. The
provided expression is valid for any three-dimensional configuration and covers all possible cooperation scenarios via
definitions of connectivity sets. Although CRLB expressions
are obtained for VLP systems in [17]–[23], all of them are
for noncooperative systems and consider the presence of a
single VLP receiver. In particular, [17]–[21] focus on distance
estimation between an LED transmitter and a VLP receiver
while [22] and [23] derive CRLBs for received signal strength
(RSS) based position estimation for a single VLP receiver.
In this manuscript, cooperative positioning is proposed for
visible light systems, in which there exist multiple LED
transmitters with known locations and multiple visible light
communication (VLC) units to be located. Each VLC unit
is modeled to contain multiple LEDs and multiple photodetectors (PDs) so that it can communicate with both the LED
transmitters at known locations and the other VLC units. By
defining a connectivity set for each PD in the VLC units,
all possible cooperation scenarios are taken into account. A
CRLB expression is derived for estimating the locations of
the VLC receivers, and based on the proposed expression,
the effects of cooperation are quantified. The provided CRLB
expression is generic for any configuration and covers the
noncooperative scenario as a special case. Numerical results
are presented to investigate the significance of cooperation in
various conditions. The main contributions in this paper can be
summarized as the proposal of a cooperative VLP system for
the first time in the literature, and the derivation of a generic
CRLB expression for cooperative VLP systems.
The rest of the manuscript is organized as follows: The
system model is described and the CRLB expression is derived
in Section II. Numerical results are provided in Section III, and
concluding remarks are made in Section IV.
II. S YSTEM M ODEL AND T HEORETICAL A NALYSIS
The proposed cooperative VLP system consists of NL LED
transmitters and NV VLC units, as illustrated in Fig. 1. The
location of the jth LED transmitter is denoted by yj and
e T,j for j ∈ {1, . . . , NL }.
its orientation vector is given by n
The locations and the orientations of the LED transmitters
are assumed to be known, which is a reasonable assumption
for practical systems [22], [24]. In the proposed system, each
VLC unit not only gathers signals from the LED transmitters
but also communicates with other VLC units in the system for
cooperation purposes. To that aim, VLC units are equipped
with both LEDs and PDs; namely, there exist Li LEDs and
Ki PDs at the ith VLC unit for i ∈ {1, . . . , NV }. The
unknown location of the ith VLC unit is denoted by xi ,
where i ∈ {1, . . . , NV }. For the jth PD at the ith VLC unit,
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Fig. 1. Cooperative VLP system.

the location is given by xi + ai,j and the orientation vector
(i)
is denoted by nR,j , where j ∈ {1, . . . , Ki }. Similarly, for
the jth LED at the ith VLC unit, the location is given by
(i)
xi + bi,j and the orientation vector is represented by nT,j ,
where j ∈ {1, . . . , Li }. The displacement vectors, ai,j ’s and
bi,j ’s, are known design parameters for the VLC units. Also,
the orientation vectors for the LEDs and PDs at the VLC units
are assumed to be known since they can be determined by the
VLC unit design and by auxiliary sensors (e.g., gyroscope).
To distinguish the LED transmitters at known locations from
the LEDs at the VLC units, the former are called as the LEDs
on the ceiling (as in Fig. 1) in the remainder of the text.
At a given time, each PD can communicate with a subset
of all the LEDs in the system. Therefore, the following connectivity sets are defined to specify the connections between
the LEDs and the PDs:

(j)
Sek = l ∈ {1, . . . , NL } | lth LED on ceiling is
connected to kth PD of jth VLC unit
(1)

(i,j)
Sk = l ∈ {1, . . . , Li } | lth LED of ith VLC unit is
connected to kth PD of jth VLC unit .
(2)
(j)

Namely, Sek represents the set of LEDs on the ceiling that are
(i,j)
connected to the kth PD at the jth VLC unit. Similarly, Sk
is the set of LEDs at the ith VLC unit that are connected to
the kth PD at the jth VLC unit.
The aim is to estimate the unknown locations, x1 , . . . , xNV ,
of the VLC units based on power measurements at the PDs.
(j)
Let Pel,k represent the power measurement at the kth PD of the
jth VLC unit due to the transmission from the lth LED on the
(i,j)
ceiling. Similarly, let Pl,k denote the power measurements
at the kth PD of the jth VLC unit due to the lth LED at the
ith VLC unit. Based on the Lambertian formula [17], [25],
(j)
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Pel,k and Pl,k can be expressed as follows:
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e l (ml ) is the Lambertian order for the lth
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kth PD at the jth VLC unit, PeT,l (PT,l ) is the transmit power
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of the lth LED on the ceiling (at the ith VLC unit), φel,k (φl,k )
is the irradiation angle at the lth LED on the ceiling (at the ith
VLC unit) with respect to the kth PD at the jth VLC unit, and
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θel,k (θl,k ) is the incidence angle for the kth PD at the jth
VLC unit related to the lth LED on the ceiling (at the ith VLC
(j)
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unit). In addition, the noise components, ηel,k and ηl,k , are
modeled by zero-mean Gaussian random variables each with a
2
variance of σj,k
. Considering the use of a certain multiplexing
scheme (e.g., time division multiplexing among the LEDs at
the same VLC unit and on the ceiling, and frequency division
multiplexing among the LEDs at different VLC units or on
(j)
(i,j)
the ceiling), ηel,k and ηl,k are assumed to be independent for
all different (j, k) pairs and for all l and i.
From (5) and (6), the power measurements in (3) and (4)
can also be expressed as
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Let x , xT1 . . . xTNV
denote the vector of unknown
parameters (which has a size of 3NV × 1) and let P
represent a vector consisting of all the measurements in (7)
and (8). The elements of P
n
o can be expressed as follows:
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where Ntot represents the total number of LEDs that can
communicate with the kth PD at the jth VLC unit; that is,
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From (13), the maximum likelihood estimator (MLE) is
obtained as
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and the Fisher information matrix (FIM) [26] is given by
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In addition, from (5), (6), (9), and (10), the partial derivatives
in (19) are obtained as follows:
m
e
(j)
(j) e (j) T
e T,l l
∂α
el,k (xj )
(m
e l + 1)PeT,l Ak (d
l,k ) n
=−
m
e l +3
∂xt
e (j)
2π d
l,k

−1
e (j) )T n(j) (d
e (j) )T n
e T,l
× m
e ln
eT,l (t − 3j + 3)(d
l,k
R,k
l,k
(j)

+ nR,k (t − 3j + 3)

(j)
e (j) )T n(j) d
e (j)
− (m
e l + 3)del,k (t − 3j + 3)(d
l,k
R,k
l,k

−2

(j)

(20)


for t ∈ {3j − 2, 3j − 1, 3j} and ∂ α
el,k (xj )/∂xt = 0 otherwise,
(j)
(j)
where n
eT,l (t − 3j + 3), nR,k (t − 3j + 3), and del,k (t − 3j + 3)
(j)
e (j) ,
e T,l , nR,k , and d
represent the (t − 3j + 3)th elements of n
l,k
respectively. Similarly,
(i)
(i,j)
(i)
(i) (j)
(i,j)
(i) m
(ml + 1)PT,l Ak (dl,k )T nT,l l
∂αl,k (xi , xj )
=−
(i)
ml +3
∂xt
(i,j)
2π dl,k

(i) (i)
(i,j)
(j)
(i,j)
(i) −1
× ml nT,l (t − 3j + 3)(dl,k )T nR,k (dl,k )T nT,l
+ nR,k (t − 3j + 3)
(i)

(i,j)

(i,j)

(j)

(i,j)

− (ml + 3)dl,k (t − 3j + 3)(dl,k )T nR,k dl,k
(i,j)

e
l∈S
k

+

NV
X

e
l∈S
k

(j)

(i,j)
|Sk |

and hj,k (x) is defined as
X
2
(j)
(j)
hj,k (x) ,
Pel,k − α
el,k (xj )
NV
X

k=1

+

(j)
(i,j)
where f (Pel,k |x) and f (Pl,k |x) are the marginal conditional
(j)
(i,j)
(j)
PDFs of Pel,k and Pl,k , respectively. Since Pel,k |x and
(i,j)
(j)
Pl,k |x are Gaussian distributed with means of α
el,k (xj ) and
(i,j)
2
αl,k (xi , xj ), respectively, and a variance of σj,k
each (see
(7) and (8)), (11) can be specified as
2
P
(j)
1
e(j) −e
P
αl,k (xj )
Kj ! − 2σ2
l,k
N
e(j)
V
l∈
S
Y Y e j,k
k
f (P | x) =
√
e(j)
( 2πσj,k )|Sk |
j=1 k=1
2
P
(i,j)
(i,j)
#
− 12
(i,j) Pl,k −αl,k (xi ,xj )
2σ
l∈S
Y
j,k
k
e
×
√
(i,j)
( 2πσj,k )|Sk |
i∈{1,...,NV }\{j}
(12)

(j,k)
Ntot

where x̂ represents an unbiased estimator of x. From (13) and
(15), the elements of the FIM in (17) can be calculated after
some manipulation as
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for t ∈ {3j −2, 3j −1, 3j}, ∂αl,k (xi , xj )/∂xt is equal to the
negative of (21) with (t − 3j + 3)’s being replaced by (t − 3i +
(i,j)
3)’s for t ∈ {3i − 2, 3i − 1, 3i}, and ∂αl,k (xi , xj )/∂xt = 0
(i)
(i,j)
otherwise. In (21), nT,l (t−3j +3) and dl,k (t−3j +3) denote
(i)
(i,j)
the (t − 3j + 3)th elements of nT,l and dl,k , respectively.
Based on (18)–(21), the CRLB for location estimation can
be obtained for cooperative VLP systems. The obtained CRLB
expression is generic for any three-dimensional configuration
and covers all possible cooperation scenarios via the definitions of the connectivity sets (see (1) and (2)). To the best
of authors’ knowledge, no such CRLB expressions have been
available in the literature for cooperative VLP systems.
Remark 1: From (19), it is noted that the first summation
term in the parentheses is related to the information from
the LED transmitters on the ceiling whereas the remaining
terms are due to the cooperation among the VLC units. In the
noncooperative case, the elements of the FIM are given by the
expression in the first line of (19).
Via (18)–(21), the effects of cooperation on the accuracy of
VLP systems can be quantified, as investigated next.
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Fig. 2. VLP network configuration in the simulations. Each VLC unit contains
two PDs and one LED. PD 1 of the VLC units is used to obtain measurements
from the LEDs on the ceiling while PD 2 of the VLC units communicates
with the LED of the other VLC unit for cooperative localization. The squares
and the triangles show the projections of the LEDs and the VLC units on the
floor, respectively.

III. N UMERICAL R ESULTS
In this section, theoretical bounds on cooperative localization are investigated to illustrate the effects of cooperation on
localization accuracy. VLP system parameters are determined
in a similar way to the studies in [17] and [19]. The area of
each PD is set to 1 cm2 and the Lambertian order of all the
LEDs is selected as m = 1. In addition, the noise variances are
calculated using [27, Eq. 6] and [28, Eq. 20]. The parameters
for noise variance calculation are set to be the same as those
used in [27] (see Table I in [27]).
The VLP system considered in the simulations is illustrated in Fig. 2. A room of size 5m×5m×4m is considered,
where there exist NL = 4 LED transmitters on the ceiling
which are located at y1 = [1 1 4]T m., y2 = [1 4 4]T m.,
y3 = [4 1 4]T m., and y4 = [4 4 4]T m. The orientations of
the LEDs on the ceiling are adjusted so that each LED is
directed towards the center of the room with an offset angle
of 10◦ with respect to the normal vector of the ceiling. In
addition to the LEDs on the ceiling, there exist NV = 2 VLC
units whose locations are given by x1 = [2.5 2.5 1]T m. and
T
x2 = [1.5 2.5 0.5] m. Each VLC unit consists of two PDs and
one LED, with offsets with respect to the center of the VLC
T
T
unit being set to aj,1 = [0 − 0.1 0] m., aj,2 = [0 0.1 0] m.,
T
and bj,1 = [0.1 0 0] m. for j = 1, 2. The orientation
vectors of the PDs and the LEDs on the VLC units are
obtained as the normalized versions (the orientation vectors
(1)
T
are unit-norm) of the following vectors: nR,1 = [0.1 0 1] ,
(2)
(1)
(2)
T
T
nR,1 = [0.6 − 0.3 1] , nR,2 = [−0.9 0.2 − 0.3] , nR,2 =
(1)
(2)
T
T
[0.2 − 0.1 0.1] , nT,1 = [−0.2 0.3 0.1] , and nT,1 =
T
[0.6 0.1 0.1] . Furthermore, the connectivity sets are defined
(i,j)
(i,j)
as S1
= ∅, S2
= {1} for i, j ∈ {1, 2}, i 6= j in
(j)
(j)
the cooperative case and Se1 = {1, 2, 3, 4}, Se2 = ∅ for
j ∈ {1, 2} in the noncooperative case.
In order to analyze the localization performance of the VLC
units with respect to the transmit powers of the LEDs on the

ceiling (equivalently, anchors), individual CRLBs for localization of the VLC units in noncooperative and cooperative
scenarios are plotted against the transmit powers of LEDs on
ceiling in Fig. 3, where the transmit power of the VLC units
is fixed to 1 W. As observed from Fig. 3, the CRLBs in the
cooperative scenario converge to those in the noncooperative
scenario as the transmit powers of the LEDs increase. Since
the first (second) summand in the FIM expression in (19)
corresponds to the noncooperative (cooperative) localization,
higher transmit powers of the LEDs on the ceiling cause the
first summand to be much greater than the second summand,
which makes the contribution of cooperation to the FIM
negligible. Hence, the effect of cooperation on localization
performance becomes less significant as the transmit power
increases, which is in compliance with the results obtained for
RF based cooperative localization networks [7]. In addition, it
is observed from Fig. 3 that the improvement in localization
accuracy gained by employing cooperation among the VLC
units is higher for VLC 2 as compared to that for VLC 1. This
is an intuitive result since the localization of VLC 2 depends
mostly on LED 2 (the other LEDs are not sufficiently close
to facilitate the localization process), and incorporating cooperative measurements for VLC 2 provides an improvement
in localization performance that is much greater than that for
VLC 1, which can obtain informative measurements from the
LEDs on the ceiling even in the absence of cooperation.
Finally, the localization performance of the VLC units is
investigated with respect to the transmit powers of the VLC
units when the transmit powers of the LEDs on the ceiling
are fixed. Fig. 4 illustrates the CRLBs for localization of the
VLC units versus the transmit powers of the VLC units in
the noncooperative and cooperative cases. As observed from
Fig. 4, cooperation leads to a higher improvement in the
performance of VLC 2, similar to Fig. 3. In addition, via the
FIM expression in (19), it can be noted that the contribution
of cooperation to localization performance gets higher as the
transmit powers of the VLC units increase, which is also
observed from Fig. 4. However, the CRLB reaches a saturation
level above a certain power threshold, as opposed to Fig. 3,
where the CRLB continues to decrease as the power increases.
The main reason for this distinction between the effects of the
transmit powers of the LEDs on the ceiling and those of the
VLC units can be explained as follows: For a fixed transmit
power of the VLC units, the localization error in a threedimensional scenario by using four anchors (i.e., four LEDs
on the ceiling) converges to zero as the transmit powers of the
anchors increase regardless of the existence of cooperation.
On the other hand, for a fixed transmit power of the LEDs
on the ceiling, increasing the transmit power of the VLC unit
(i.e., one of the anchors) cannot reduce the localization error
below a certain level. Therefore, the saturation level represents
the localization accuracy that can be attained by five anchors
with four anchors leading to noisy RSS measurements and one
anchor generating noise-free RSS measurements.
IV. C ONCLUDING R EMARKS
A cooperative VLP system has been proposed based on a
generic system model consisting of LED transmitters at known
locations and VLC units with multiple LEDs and PDs. The
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Fig. 3. Individual CRLBs for localization of VLC units in both noncooperative
and cooperative cases with respect to the transmit power of LEDs on ceiling,
where the transmit power of VLC units is taken as 1W.
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Fig. 4. Individual CRLBs for localization of VLC units in both noncooperative
and cooperative cases with respect to the transmit power of VLC units, where
the transmit power of LEDs on ceiling is taken as 1W.

effects of cooperation on the localization accuracy of a VLP
systems have been quantified based on a CRLB expression,
which is generic for any three-dimensional configuration and
covers all possible cooperation scenarios via definitions of
connectivity sets. Numerical results have been presented and
significance of cooperation in various scenarios has been
investigated.
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