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a b s t r a c t
Standard macroeconomic models have diﬃculties accounting for the surge in international
reserves of Asian countries in the aftermath of the Asian Financial Crisis of 1997. We propose precautionary demand for saving generated by model uncertainty as an important
driver of this phenomenon. Using Korean data, we estimate a simple permanent income
model augmented with model uncertainty, ﬁnd a structural break at the point of the Asian
Financial Crisis, and identify a rise in concern for model misspeciﬁcation which is distinct
from an increase in income volatility. The post-crisis concern for model misspeciﬁcation
implies a reasonable detection error probability. We also show that learning serves as an
additional powerful ampliﬁcation mechanism in our framework.
© 2018 Elsevier B.V. All rights reserved.

1. Introduction
The accumulation of international reserves in many emerging market countries took a dramatic turn in the aftermath of
the Asian Financial Crisis of 1997. Fig. 1 plots the simple averages of international reserves to GDP ratios for several groups
of countries from 1980 to 2013. From a number slightly above 10% in the mid 90s, international reserves to GDP ratio of
the emerging market countries started trending upward following the crisis and nearly doubled by 2009. This pattern is
particularly pronounced among Asian countries that were either directly affected by the crisis or close to its epicenter (“AFC
+ Russia” in the ﬁgure1 ). The literature has found the quantitative aspect of this surge puzzling as the reserve accumulation
in these countries now far exceeds popular measures of reserve adequacy such as 3 to 6 months of imports or full coverage
of short-term external debts known as Guidotti–Greenspan rule (Jeanne, 2007). Moreover, standard macroeconomic models
have diﬃculties accounting for this magnitude without resorting to very high levels of risk aversion (Jeanne, 2007; Jeanne
and Rancière, 2011).
In this paper, we show that model uncertainty helps us understand the international reserve accumulation by Asian
countries in the aftermath of the Asian Financial Crisis. Under model uncertainty, economic agents are no longer endowed
∗
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1
Russia is included in the group due to the close connection between its crisis (which occurred in August of 1998) and the Asian Financial Crisis. The
ﬁgure is insensitive to the exclusion of China from the group.
https://doi.org/10.1016/j.jedc.2018.03.010
0165-1889/© 2018 Elsevier B.V. All rights reserved.
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Fig. 1. International reserves to GDP ratio from 1994 to 2013 (in %). Data source: World Bank World Development Indicators. Total international reserves
consist of foreign exchange under the control of monetary authorities, monetary gold, special drawing rights, and IMF positions. The ﬁgure plots simple
averages of countries under the same classiﬁcation. Emerging Market and Industrialized countries classiﬁcations are based on Jeanne (2007). Emerging
Markets: Argentina, Brazil, Bulgaria, Chile, China, Colombia, Cote d’Ivore, Dominican Republic, Ecuador, Egypt, El Salvador, Hungary, India, Indonesia, Korea, Malaysia, Mexico, Morocco, Nigeria, Pakistan, Panama, Peru, Philippines, Poland, Russia, Singapore, South Africa, Thailand, Tunisia, Turkey, Ukraine,
Uruguay, and Venezuela. Industrialized: Australia, Austria, Belgium, Canada, Denmark, Finland, France, Germany, Greece, Iceland, Ireland, Italy, Japan, Luxembourg, Netherlands, New Zealand, Norway, Portugal, Spain, Sweden, Switzerland, United Kingdom, and United States. AFC + Russia: China, Indonesia,
Korea, Malaysia, Philippines, Russia (included from 1993 onward), Singapore, and Thailand. Latin America: Argentina, Brazil, Chile, Colombia, Dominican
Republic, Ecuador, El Salvador, Mexico, Panama, Uruguay, and Venezuela.

with a unique model of the economy. Instead, they entertain a set of possible models and make decisions which reﬂect this
multiplicity. We employ robust control techniques (Hansen et al., 2010; Hansen and Sargent, 2008a; 2010; Hansen et al.,
1999) to model economic agents who cope with model uncertainty by making decisions that serve them best under the
worst case scenario.
We follow Jeanne and Rancière (2011) and model international reserves as an instrument of government’s social planning
problem. The social planner maximizes the representative household’s utility by choosing consumption and saving, which is
in the form of international reserves, subject to a stochastic income-generating process. Because we focus on the relationship
between model uncertainty and the social planner’s optimal reserve policy, private sector decisions related to the reserve
accumulation are not explicitly modeled in the paper. However, their connection to the model features will be discussed.
The interaction between model uncertainty and income volatility will be examined as well.
Our baseline model is a version of Hansen et al. (1999) permanent income model. The use of this model has three justiﬁcations. First, the model is well-understood so we can focus on the empirical analysis. Second, the model shares common
features with other small open economy models and models of international reserves so our results are highly comparable
to theirs. For instance, Luo et al. (2012) use a linear-quadratic permanent income model with robustness to study current
account dynamics in a small open economy. Stylized models with exogenous income processes are used extensively in the
international reserve accumulation literature (Bianchi et al., 2016; Jeanne, 2013; Jeanne and Rancière, 2011), and these models have yielded important insights. We follow this tradition. Third, although our model abstracts from institutional features
(which vary across different crisis-affected economies), we will argue that our key mechanism is likely to survive in a more
elaborate model.
We focus on the Korean crisis episode and the associated reserve accumulation given (a) the prominence of its crisis
episode in the literature and (b) the availability and reliability of its macroeconomic and ﬁnancial data.2 We estimate the
model using quarterly GDP and international reserves data. Our estimation is performed in three steps. First, we estimate
2
We do not attempt to account for reserve accumulation in China, for two reasons. First, China maintained capital controls and a ﬁxed exchange rate
during the Asian Financial Crisis, and a major ﬁnancial crisis did not occur in China. Second, Jeanne (2013) argues that China is a “semi-open” economy:
its oﬃcial sector has access to the international ﬁnancial markets whereas the private sector does not. The oﬃcial sector uses reserve accumulation as an
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the model parameters using maximum likelihood estimation. Based on an observational equivalence result (Hansen et al.,
1999; Appendix B of our paper), there is a continuum of pairs of discount factor (β ) and concern for model misspeciﬁcation
parameter (θ ) which yield the same likelihood. Second, we perform a structural break test and conﬁrm that there is a break
at the Asian Financial Crisis period. The break can be decomposed into the change in model uncertainty alone, which is
governed by (β , θ ), and other changes pertaining to the ﬁrst two moments of income. We do not make restrictions on the
income process in our estimation, and, in this way, we let the data speak to what extent reserve accumulation is driven
by model uncertainty or income volatility. Third, asset market data before the break are used to pin down θ before the
break. This also identiﬁes the discount factor β . Then, we make use of the identifying assumption that β , which is a deep
parameter, does not change before and after the crisis to pin down θ after the crisis.
We ﬁnd that (i) the value of θ decreases after the crisis which corresponds to an increase in the perceived amount of
model uncertainty and (ii) the values of θ ’s before and after the crisis are in line with commonly accepted detection error
probabilities (Anderson et al., 2003) which are metrics for model uncertainty. This ﬁnding supports our argument that an
upward jump in the perceived amount of model uncertainty was an important determinant of the rapid reserve accumulation following the crisis. Our structural approach thus enables a novel interpretation for the structural break following
the Asian Financial Crisis which has been studied extensively in the literature (see Aizenman et al., 2007; Gerlach et al.,
2006; Lee and Song, 2011. To check whether the results above extend to other crisis-affected countries, we also conduct an
empirical analysis using Thai data and obtain similar results (reported in Appendix D).
In addition, we recognize the fact that many driving factors of macroeconomic dynamics are inherently unobservable
and incorporate Bayesian learning into our framework (Cogley et al., 2007; Hansen et al., 2002). Hur and Kondo (2016) consider the effect of unobservable fundamentals and Bayseian learning on international reserve accumulation in a related
setup. However, we also allow our economic agents to doubt speciﬁcations of their learning processes (Cogley et al., 2008;
Ellison and Sargent, 2012; Hansen and Sargent, 2008b). We show that learning can work as a powerful additional ampliﬁcation mechanism in our framework. This is because cautious economic agents distort the prior distribution in a way that
makes them more pessimistic in their consumption-saving decision. In particular, we demonstrate that learning introduces
an expectations-driven ampliﬁcation channel which can have a strong and persistent effect on the international reserve
accumulation.
We emphasize that a unique feature of this paper is our quantitative, model-driven estimation approach. As discussed
above, we combine robust control theory and ﬁnancial data in our estimation. This approach is different from empirical
contributions which borrow insights from theoretical models and study reduced-form regression models.
International reserve accumulation has been studied extensively by researchers in the ﬁeld of international macroeconomics, both empirically and theoretically. They have considered its role as a self-insurance or precautionary savings due to
roll-over risk (Bianchi et al., 2016; Hur and Kondo, 2016; Jeanne, 2007; Jeanne and Rancière, 2011), investigated its connection to an export-led growth strategy (Dooley et al., 2003) and (Bernanke, 2005; Dooley et al., 2005), looked into tensions
between mercantilistic and insurance motives (Aizenman and Lee, 2007) and (Aizenman and Lee, 2008; Beck and Weber,
2011; Calvo et al., 2012; Choi and Taylor, 2017; Ghosh et al., 2017), examined connections to ﬁnancial instability (Obstfeld
et al., 2010), explored it as a crisis-easing mechanism (Bussière et al., 2015; Dominguez et al., 2012), and probed its relationship to ﬁnancial development and openness (Bacchetta et al., 2013; Benigno and Fornaro, 2012; He and Luk, 2017; Jeanne,
2013; Wen, 2011). To our knowledge, we are the ﬁrst to formally apply the idea of model uncertainty to understand the
surge in international reserves after the Asian Financial Crisis.
The paper is structured as follows: Section 2 introduces our model. Section 3 estimates the model and provides evidence
for a structural break during the Asian Financial Crisis. We provide a model uncertainty interpretation to this structural
break. Section 4 incorporates learning into our framework and demonstrates its importance. Section 5 concludes and lays
out future research directions.
2. Model
We consider a situation in which the social planner, who allocates her income between consumption and saving in the
form of international reserves, recognizes the possibility that her model may be misspeciﬁed. To cope with this, she formulates a policy by applying robust control theory (Hansen and Sargent, 2008a) to address her concern for model misspeciﬁcation. Following Hansen et al. (1999) we interpret the multiplicity of possible models as Knightian Uncertainty (Knight,
1921) which corresponds to a situation in which a decision-maker does not know for sure which probability distribution
characterizes a model she ought to solve. This is distinct from “risk” which assigns a unique probability distribution as a
model to be solved.3
instrument to force the private sector to save. Such a policy has the effect of reducing demand for non-tradable goods in China and thus stabilizing the
real exchange rate. Our model does not have these institutional features.
3
Rietz (1988) and Barro (2006) use probability distributions with fat tails for large economic disasters to tackle a related issue that implausibly high
values of the coeﬃcient of relative risk aversion are required to rationalize the excess return of equity over bonds (i.e., equity premium puzzle). The
difference between their approach and robust control theory is that whereas the former is concerned with risk, the latter is concerned with uncertainty.
Moreover, the worst case model or probability distribution under robust control is determined by solving a relevant optimal control problem (see Section
2.2). Even though the two approaches are philosophically different, they both resolve the equity premium puzzle and other related issues by making the
stochastic discount factor more volatile (see Cochrane, 2016).
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In the following, we use Hansen et al. (1999) permanent income model. We do this for three reasons. First, their model
is well-known. Using a simple and known model allow us to focus on our empirical contribution. Second, in the literature,
stylized models are commonly used to capture key features in small open economies and reserve accumulation. For instance,
it is standard to use the standard linear-quadratic permanent income model by Hall (1978) to study the current account
in a small open economy. For instance, Luo et al. (2012) incorporate robustness and rational attention in a small open
economy permanent income model. Jeanne and Rancière (2011) study optimal reserve accumulation in a stylized model
with an exogenous income process and an exogenous sudden stop risk. Our work is in the spirit of these models. Third, the
downside of using this simple model is that we will not be able to explicitly model the speciﬁc economic institutions in the
crisis-affected countries. But, we believe that our empirical ﬁnding is likely to hold in a more elaborate model setting. We
will discuss this later.
2.1. Baseline model
First, we introduce a baseline or approximating model of the social planner to which a set of possible misspeciﬁcations
will be introduced and from which a robust optimal policy will be derived. In the approximating model, the social planner
solves4

max E0
ct

∞


β t [−(ct − μb )2 ]

(1)

t=0

subject to the resource constraint

st+1 = Rst + dt − ct ,

(2)

where ct is a consumption, st is international reserves, and dt is an income which follows a stationary stochastic process. E0
is the mathematical expectation conditional on time 0 information set, β is the usual time discount factor, μb is the bliss
point of the consumption, and R is a ﬁxed gross interest rate on the international reserves.
The income d follows

dt+1 = dˇt+1 + φs st+1 ,

(3)

where dˇ is an exogenous stochastic process and φ s captures the direct effect of the international reserves st+1 on the income.
φs st+1 in Eq. (3) is motivated by recent empirical studies which report various statistical relationships between international
reserve accumulation and economic growth (Fukuda and Kon, 2010) and a positive relationship between international reserve accumulation relative to short-term debt or GDP before the crisis of 2008 and economic and ﬁnancial performance
during and after the crisis (Bussière et al., 2015; Dominguez et al., 2012).
Following Hansen et al. (1999), we model dˇ as a two-factor process
∗
dˇt+1 = μd + dt+1
+ dˆt+1 ,

(4)

where the factors
and dˆ follow stationary autoregressive processes with zero means and μd gives the unconditional mean
of dˇ. This allows us to study the effect of both persistent and transitory income shocks on the reserve accumulation. In
Section 3, it will be shown that the estimated model is consistent with this motivation as one income factor is signiﬁcantly
more persistent than the other and the resulting impulse response functions are markedly different. Combining Eqs. (3) and
(4) gives the income generating process
d∗

∗
dt+1 = μd + dt+1
+ dˆt+1 + φs st+1 .

(5)

It will be shown in Section 3.1 that the likelihood values computed using the actual data suggest a second order autoregressive process for the income factors d∗ and dˆ in Eq. (4). Formally, they are written as
∗

∗
d
(1 − φ1 L )(1 − φ2 L )dt+1
= σd∗ εt+1
;
ˆ

d
(1 − α1 L )(1 − α2 L )dˆt+1 = σdˆεt+1
,

(6)
(7)

where ε ’s are independent Gaussian white noises with a zero mean and a unit variance and L is the lag operator. The
parameters σd∗ and σdˆ, which are non-negative, govern the amount of noise in the approximating model.
Private sector activities related to international reserve accumulation are not explicitly modeled here because we focus on
the government’s optimal international reserve policy instead. But, it is worth noting that the parameter φ and the income
factors d∗ and dˆ in Eq. (5) reﬂect unmodeled private sector ﬁnancial and production decisions, and they interact with the
reserve policy through Eq. (2). We leave it to a future exploration the microfoundation of φ and explicit characterizations of
interactions between government’s reserve policy and private agents’ ﬁnancial decisions in the context of our paper.
4
Here, we use a quadratic utility function to keep the model tractable which is also common practice in the robust control literature (see Hansen and
Sargent, 2008a. This also reduces computational costs substantially which facilitates the estimation of our model. There are now techniques available to
approximate preferences other than quadratic ones accurately. For instance, see Anderson et al. (2012) and Ellison and Sargent (2015).
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2.2. Robustness
As mentioned at the beginning of the section, the social planner solves her optimal consumption/saving problem under
model uncertainty. Given a set of models centered around her approximating model (1), (2), and (5), she formulates and
implements a policy that is robustly optimal within this set. In this section, we show what this means and how it is carried
out via robust control.
We rewrite the approximating model in the form of a general linear-quadratic control problem. First, we recast the


instantaneous utility function as −yt Myt − ut Qut and the transition law as

yt+1 = Ayt + But + C εt+1 ,

(8)
d∗

∗ , dˆ , dˆ

dˆ

where yt = [1, st , dt∗ , dt−1
t
t−1 ] is a state vector, ut = μb − ct is a control variable, and εt+1 = [εt+1 , εt+1 ] is an independent white noise vector whose mean and variance are a zero vector and an identity matrix respectively. Q, M, A, B, and C
are deﬁned in Appendix A.
However, the social planner does not have full conﬁdence that Eq. (8) represents the true transition law. Following
Hansen and Sargent (2008a), we assume that she considers a set of models

yt+1 = Ayt + But + C (εt+1 + wt+1 ),

(9)

ε .5

where each alternative or distorted model is indexed by w: it is the distortion to the conditional mean of
Hansen and
Sargent (2008a) use the discounted conditional relative entropy to measure the size of this set. When ε is Gaussian, the set
takes the form

E0

∞




β t+1 wt+1 wt+1 ≤ η0 ,

(10)

t=0

where the left-hand-side is the entropy measure and η0 > 0 gives the upper bound for departures from the approximating
model. A higher value of η0 corresponds to a larger set of distorted models up for consideration. Augmenting (10) into the
objective function, the social planner’s robust control problem is given by

max min E0
{ut } {wt+1 }

∞








β t (−yt Myt − ut Qut + θ β wt+1 wt+1 )

(11)

t=0

subject to the transition law (9). Hansen and Sargent (2008a) show that the parameter θ in (11), which is the Lagrange multiplier for the constraint in (10), is inversely related to η0 in (10). A lower value of θ corresponds to a larger set of distorted
models or misspeciﬁcations against which the social planner seeks robustness. The max-min preference in (11) captures
the idea that the social planner copes with her model misspeciﬁcation problem by choosing a policy that maximizes her
worst-case scenario.6 This is the deﬁnition of a robust optimal policy in our setting.
As shown by Hansen and Sargent (2008a), the solution to this problem is given by

ut = −F yt and wt = Kyt ,

(12)

where




F = β (Q + β B D(P )B )−1 B D(P )A,


(13)



K = θ −1 (I − θ −1C PC )−1C P (A − BF ),

(14)

and P and D(P) are obtained from solving the Riccati equations




D(P ) = P + θ −1 PC (I − θ −1C PC )−1C P,




(15)




P = M + β A D(P )A − β 2 A D(P )B(Q + β B D(P )B )−1 B D(P )A.

(16)

The matrix D(P) in (15) is the value matrix of the inner minimization problem in (11). As θ → ∞, which corresponds to the
case without concern for misspeciﬁcation of the transition law in (9), Eq. (15) converges to P. This reduces Eq. (16) to the
usual Riccati equation for an ordinary linear-quadratic dynamic programming problem.7
5
We do not consider the distortion of the variance of ε here because it does not inﬂuence the optimal policy: it only affects the welfare evaluation by
introducing an additive constant term to the value function. Hansen and Sargent (2008a) refer to this result as the modiﬁed certainty equivalence. The
implication is that the solution to the stochastic robust control problem in Eq. (11) can be obtained from solving the deterministic counterpart.
6
Gilboa and Schmeidler (1989) provide the axiomatization of the max-min preference in a similar context. Klibanoff et al. (20 05, 20 09) show that the
max-min preference is a limiting case of the smooth ambiguity preference.
7
As shown in Hansen and Sargent (2008a), the value of θ cannot be too low because below the “breakdown” point, the objective function diverges to
−∞: no attempt at maximizing the objective function is fruitful below this point because the worst case scenario that the social planner is confronted
with is overwhelming.
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Fig. 2. Ratio of quarterly international reserves to quarterly GDP in Korea (in %).

It is also worth emphasizing that a precautionary saving motive emerges in our model as a result of robust controlling
against model uncertainty. Otherwise, the volatility matrix C does not enter Eqs. (13), (15), and (16) due to the linearquadratic structure of the model. In this case, the solution is characterized by the certainty-equivalence principle whose
implication is the absence of precautionary savings. Therefore, it is the model uncertainty (and the associated concern for
model misspeciﬁcation), not risk, that drives the precautionary saving motive in our model.

3. Estimation and inference
In this section, we will use the optimal policy in (12) to analyze international reserve accumulation in Korea before and
after the Asian Financial Crisis. Fig. 2 plots the ratio of quarterly real international reserves to quarterly real GDP in Korea.
It suggests a sharp break in the reserve-to-GDP ratio following the crisis in 1997. This is in line with the observation in
Fig. 1 which is based on annual data. In what follows, this potential break point will be formally investigated based on the
estimated model. Our estimation is divided into the following three steps.
In the ﬁrst step, we estimate our model using maximum likelihood. However, as shown by Hansen et al. (1999), our
model is characterized by an observational equivalence result: the optimal policy under β = β̄ and θ = ∞ is identical to the
optimal policy under β = βˆ (θ ) and θ < ∞ where βˆ (θ ) < β̄ and increasing in θ , holding other parameters constant. Recall
that a decrease in the uncertainty parameter θ translates to a larger set of model misspeciﬁcations against which the social
planner seeks robustness. This creates a precautionary saving motive whose effect is mechanically similar to an increase in
the discount factor β , as far as the optimal policy is concerned. This is why the effect of a decrease in θ can be offset by
an appropriate decrease in β . It follows that the quantity implications of the model are invariant under the observationally
equivalent pairs of the parameters. Hence, we estimate the case with (β , θ ) = (β̄ , ∞ ) for the purpose of calibrating the
model parameters. Appendix B provides the proof of the observational equivalence theorem applicable to our setting.
In the second step, we explicitly test whether there is a structural break at the time of the Asian Financial Crisis. Among
other things, our estimation results show that β̄ increases after the crisis. This is related to a rise in the social planner’s
perceived amount of model uncertainty which is investigated in the third step. We also discuss the implication of the
structural break on income volatility.
In the third step, we use Korean asset market data before the crisis to calibrate (β , θ ) such that these values are consistent with the estimate of β̄ before the crisis. Our identiﬁcation of θ after the crisis exploits the assumption that the discount
factor β is a deep parameter and is unchanged after the crisis. This step is in the same vein as Hansen et al. (2008) even
though we focus on uncertainty as opposed to risk. We show that the decrease in θ after the crisis and the corresponding increase in model uncertainty are reasonable in terms of detection error probability and lead to large and persistent
accumulation of international reserves.
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Fig. 3. Quarterly detrended real GDP and real international reserves for Korea (Q1:1965 to Q1:2015).

3.1. Estimation based on the whole sample
We exploit the observational equivalence result and estimate the model by maximum likelihood. The gross interest rate
on the international reserves R is ﬁxed at 1.0103 which is the average (imputed) quarterly US real interest rate in this
period.8 The bliss point for the consumption service stream μb is ﬁxed at 0.5.9 The estimated parameters are β̄ (the time
discount factor), μd (the constant in the income process), φ 1 , φ 2 , α 1 , and α 2 (the autoregressive roots of the factors of the
income process), σd∗ and σdˆ (the standard deviations of the shocks to the factors of the income process) and φ s (the direct
effect of the international reserves on the income). The Kalman ﬁlter, which is used to evaluate the likelihood, is initialized
at the steady state.
We use South Korean detrended real GDP and real international reserves data from Q1:1965 to Q1:2015 for estimation.
These series are plotted in Fig. 3.10 The average growth rate of the real GDP in the sample was used for detrending the data
in a manner similar to Hansen et al. (1999).11 By inspection, the rapid surge in the international reserves from the fourth
quarter of 1997 onward suggests a structural break could have occurred in the neighborhood of the Asian Financial Crisis.
This, together with the determination of the break point, will be investigated formally in Section 3.2.
Because we have two shocks (see Eqs. (6) and (7)) for two observables, we can avoid stochastic singularity without
adding measurement errors to the observation equations of the Kalman ﬁlter Ruge-Murcia, 2007). The likelihood is numerically maximized using the optimization software of Chris Sims.12
Table 1 provides the estimates based on the whole sample. Whereas the income factor d∗ contains a highly persistent autoregressive root (φ1 = 0.9824), the income factor dˆ contains autoregressive roots that are not very persistent

8
The US real interest rate data are taken from the World Bank database (http://data.worldbank.org/indicator/FR.INR.RINR). The data are at annual frequency.
9
As Hansen et al. (1999) show, the value of μb is not fundamental to the analysis here. However, given that μb appears in Eq. (18), we set it to a number
that (a) is large enough so that it fulﬁlls our understanding of the bliss point as a long-run consumption state, (b) allows the estimated steady state ratio
of real international reserves to real GDP to be close enough to the average ratio in the pre-break data, and (c) tracks the level of real GDP reasonably well.
In our view, μb = 0.5 is the choice that delivers a reasonable compromise among the three objectives.
10
The data are obtained from the International Monetary Fund International Financial Statistics. For reserves, we use the stock of total international
reserves series. During the sample period, gold constitutes less than 1% of total reserves and this does not affect our analysis.
11
The average growth rate of the real GDP in the sample is 1.31%. The data are detrended by multiplication of 1.0131−t where t = 0, 1, 2, . . . This detrending scheme allows us to capture the downward shift in real GDP following the Asian Financial Crisis (as is evident from Fig. 3) as a stylized fact. It
also produces a conservative estimate of the increased perception of model uncertainty after the crisis: if we detrend real GDP in such a way that it is
stationary throughout the sample, the model uncertainty parameter is forced to do more work and the resulting increase in the perceived level of model
uncertainty is more pronounced. Note that the detrending method here does not change the ratio of international reserves to GDP in the original series in
Fig. 2.
12
It is available on the personal website of Chris Sims (http://sims.princeton.edu/yftp/optimize/).
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Table 1
Estimates (based on the whole sample from Q1:1965 to Q1:2015).
Parameter

Value

Explanation

β̄
μd
φ1
φ2
α1
α2
σd ∗
σdˆ
φs

0.9834
0.4999
0.9824
−0.0931
0.0510
0.1350
0.0269
0.0110
0.0262

Time discount factor
Constant in the income process
Autoregressive root of factor 1
Autoregressive root of factor 1
Autoregressive root of factor 2
Autoregressive root of factor 2
Standard deviation of the shocks to factor 1
Standard deviation of the shocks to factor 2
Effect of international reserves on income

Table 2
Likelihood values.
Order

Likelihood values

1
2
3

1266.12
1270.54
1270.54

Order refers to the order of
autoregression used for modeling the factors of the income
process.

(α1 = 0.0510, α2 = 0.1350).13 d∗ also has a larger standard deviation for its shock than dˆ (σd∗ = 0.0269, σdˆ = 0.0110). So, the
income process is characterized by one of its factors being both more persistent and noisier than the other. As mentioned
in Section 2.1 above, we model the income factors as autoregressive processes and select their lag orders by comparing
likelihood values under different speciﬁcations. Table 2 gives the values of the maximized likelihood for autoregressions of
order 1,2, and 3. It shows that there is a clear gain from moving to order 2 from order 1, but (practically) no gain from
moving to order 3 from order 2. We use this evidence as the justiﬁcation for choosing order 2.
In the next section, we will use these full-sample estimates and the corresponding maximized likelihood to test for
structural breaks in the neighborhood of the Asian Financial Crisis.
3.2. Structural breaks and dynamic implications
As Fig. 3 above indicates, the international reserve accumulation in Korea changed dramatically in the aftermath of the
Asian Financial Crisis. In this section, we investigate this observation formally using the Andrews test (Andrews, 1993; 2003).
We choose this test over other tests of structural breaks14 because it does not require the deﬁnite knowledge of break points:
Given a set of possible break points, a set of corresponding test statistics is computed and the supremum of this set is used
for statistical analysis. This supremum test statistic has a distribution which departs from the conventional χ 2 -distribution.
In what follows, we consider the window of time from Q3:1995 to Q1:20 0 0 and allow all estimated parameters (listed in
Table 3) to change in order not to force the result to be driven by changes in only subsets of the parameters.15
Fig. 4 plots the likelihood ratio statistics at the aforementioned possible break points. The likelihood ratio statistic is two
times the difference between (a) the sum of the likelihoods based on the pre-break sample and the post-break sample and
(b) the likelihood based on the whole sample. The supremum of these statistics, which is also the test statistic here, occurs
in Q4:1997 which includes the date on which Korea availed of the IMF rescue package (December 3, 1997). As the ﬁgure
shows, the null hypothesis of no break is rejected at a signiﬁcance level below 1%. This result is robust to using different
windows of time. In what follows, we take Q4:1997 as the break point in our sample. Table 3 provides parameter estimates
based on the pre-break sample, the post-break sample, and the whole sample.
Given these estimated parameters, we can ask how the structural change impinges on the dynamics of our model. We
answer this question by ﬁrst studying the long-run implication of the structural change. The steady-state level of the international reserves is given by

s̄ =

μd − μb
.
1 − ( R + φs )

(17)

13
While estimates of the autoregressive root φ 1 here and subsequently are close to unity, we follow Hansen et al. (1999) and do not to restrict them
to be unit roots. The possible existence of a unit root inthe system does not affect its numerical stability because the stability condition requires that an

eigenvalue of the optimal transition law is less than |1/ β̄| > 1.
14
See Lütkepohl (2009) for a survey of tests of structural breaks in the context of vector autoregressive models.
15
It is possible that there is another structural break in Q4:2008. But since the power of the Andrews test is low towards the end of the sample period,
we do not perform a structural break test around the crisis in 2008. We leave this for future research when more data will be available.
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Table 3
Whole sample and sub-sample estimates for Korea.
Parameter

Before the break

After the break

Whole sample

β̄
μd
φ1
φ2
α1
α2
σd ∗
σdˆ
φs

0.9814
0.4975
0.9765
−0.1500
0.3995
−0.2539
0.0296
0.0108
0.0339

0.9912
0.4822
0.9985
0.0304
−0.0949
0.4703
0.0159
0.0109
0

0.9834
0.4999
0.9824
−0.0931
0.0510
0.1350
0.0269
0.0110
0.0262

The whole sample ranges from Q1:1965 to Q1:2015. Q4:1997 is selected
as the break point based on the Andrews test. Table 1 provides explanations about the parameters.

Fig. 4. 2 × Likelihood ratios and Andrews supremum test. The horizontal axis denotes break points. 0, 0.25, 0.5, and 0.75 that follow years (from 1995 to
20 0 0) correspond to Q1, Q2, Q3, and Q4 of those years respectively (e.g., 1995.5 is Q3:1995). The solid line plots twice the value of the likelihood ratio
statistic which is the difference between (a) the sum of the likelihoods based on the pre-break sample and the post-break sample and (b) the likelihood
based on the whole sample. The critical values of the Andrews supremum test are obtained from (Andrews, 1993; 2003). The ﬁne dashed line gives the 1%
critical value and the coarse dashed line the 5% critical value.

It increases from 0.0565 billion USD to 1.7229 billion USD after the structural break due to the decline in μd (row 2 of
Table 3) and φ s (last row of Table 3). The latter facilitates the precautionary savings interpretation of the reserve accumulation (i.e., the social planner accumulates international reserves even though they no longer have any direct income effect).
The steady-state international reserves to quarterly GDP ratio is given by

s̄
=
d¯

μd − μb
,
μ d ( 1 − R ) − φs μ b

(18)

and this ratio increases from 11% to 357% (or 89% as a fraction of annual GDP). Thus, the rapid surge in the international reserves in Fig. 3 can be understood in part as a response to this long-run change. Eqs. (17) and (18) are derived in Appendix C.
As we explain below, we focus on the change in the discount factor β̄ alone in the paper. Because this does induce an
accompanying change in the steady state as Eqs. (17) and (18) show, our results are not sensitive to whether the post-break
steady state is reasonable or not. Moreover, when we calibrate μb to match the pre-break ratio of international reserves to
GDP, the estimates of β̄ before and after the break change only slightly.
To see how the structural change alters dynamic response of the international reserves to the income factor shocks,
we compare the impulse response functions of the model evaluated at the pre-break estimates to those at the post-break
estimates. As explained at the beginning of Section 3, the observational equivalence result implies that an increase in the
discount factor β works like a decrease in the uncertainty parameter θ which leads the social planner to entertain a larger
set of model misspeciﬁcations. This makes us especially interested in the effect of a change in β̄ alone. Hence, we analyze
this case in addition to the two cases above. Technically speaking, we decompose the effect of the structural break into (a)
the part due to the change in β̄ alone and (b) the part due to the change in other parameters, including those related to
income volatility.
∗
Fig. 5 gives the impulse response functions of all the cases subject to a one standard deviation negative shock to ε d
ˆ
d
(shock to the persistent income factor) and ε (shock to the transitory income factor) respectively. We start all of them from
the steady state associated with the pre-break estimates in order to facilitate comparison. The ﬁgure shows that international
reserve accumulation under the model evaluated at the post-break estimates (labeled “All parameters change”) responds
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Fig. 5. Impulse response functions of international reserves. The impulse response functions are subject to a one standard deviation negative shock to
the persistent income factor (left) and the transitory income factor (right). “Before the change” refers to the pre-break estimates, “Only β changes” to the
change in the discount factor only from the pre-break estimates, and “All parameters change” to the post-break estimates. All impulse response functions
start from the steady state associated with the pre-break estimates.

more strongly relative to the one at the pre-break estimates (labeled “Before the change”) subject to the negative income
shocks. The former corresponds to scenarios in which the unexpected structural break is followed by the negative income
shocks. The observed difference is partly due to the change in the steady state and partly due to the change in the policy
function in the aftermath of the structural break. As shown in Eq. (17), only the income process parameters μd and φ s
in Eq. (5) affect the steady state level of international reserves (μb and R are ﬁxed parameters). The change in the policy
function additionally depends on the changes in the discount factor β̄ and the roots of the income factors φ 1 , φ 2 , α 1 , and
α 2 as Eqs. (12)–(16) point out. However, it does not depend on the standard deviations of the income factor shocks σd∗
and σdˆ due to the certainty equivalence principle.16 Nonetheless, the changes in the autoregressive roots and the standard
deviations elevate the unconditional income volatility17 and alter the stochastic properties of the model.18 The impulse
response function at the post-break estimates (“All parameters change”) displays the sum of all these effects.
Moreover, Fig. 5 also shows that the increase in β̄ alone (labeled “Only β changes”) accounts for a large portion of the
observed difference in response to the shock to the persistent income factor (left panel).
This is due to the fact that the rise in β̄ , which increases the relative importance of the future utilities, makes the
social planner more concerned about the persistent negative income shock. We ﬁnd that the change in β̄ dominates other
parametric changes, including those related to the rise in income volatility. We emphasize again that our MLE estimation
does not restrict the parameters governing the income process before and after the crisis, but it turns out that the rise in β̄
is important in driving the increase in the reserves. This ﬁnding motivates us to focus on β̄ in the next section. Recall that
the parameter β̄ has tight connection to model uncertainty due to the observational equivalence result (Hansen et al., 1999,
Appendix B). In light of this, the dynamics under “Only β changes” will be reinterpreted as the social planner’s optimal
response to the increased level of model uncertainty.
It is worth noting that a version of the baseline model with one stochastic income factor and one stochastic bliss point
(see Hansen et al., 1997, which is one way to operationalize preference shocks similar to those considered by Albuquerque
et al. (2016), is identical (up to sign) to the baseline model with two stochastic income factors above as far as model

16
Recall that we exploit the observational equivalence result (Hansen et al., 1999, Appendix B) and impose θ = ∞ for estimation. As discussed in
Section 2.2, this implies that the certainty equivalence principle holds. Therefore, the optimal policy function does not depend on the volatility matrix
C which contains the standard deviations of the income factor shocks (see Appendix A.
17
The calculations based on the Yule-Walker equations show that whereas the unconditional variance of the persistent income factor increases from
0.0144 before the break to 0.0897 after the break, the unconditional variance of the transitory income factor is practically identical before and after the
break (approximately 0.0 0 01). As Table 3 reveals, the increase in the former is driven by the changes in the autoregressive roots.
18
The equilibrium transition law of the economy is obtained by substituting the optimal policy function u in Eq. (12) into the transition law in Eq. (8).
Hence, the volatility matrix C matters for the stochastic properties of the model.
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dynamics are concerned.19 This is due to the isomorphism of the transition laws in the two models. It follows that the
inference procedure for θ is not altered by considering this type of preference shocks.
3.3. The Asian Financial Crisis and the increase in uncertainty
We focus on the identiﬁcation of β̄ in this section. We ask the following question: suppose only β̄ changes after the
structural break (and other estimated parameters are held at the pre-break values). By how much θ should change in order
to have the same effect as the change in β̄ ? Under this approach, it is assumed that the discount factor β is a deep parameter which is invariant over time as commonly accepted in the macroeconomics literature. So, the increase in β̄ in Table 3 is
interpreted as a decrease in θ instead.20 Therefore, the answer to this question allows us to think about the effect of the
Asian Financial Crisis (a) on the perceived amount of model uncertainty the social planner faces and (b) the effect on the
international reserve accumulation in turn.
As shown in Table 3, the estimate of β̄ increases from 0.9814 to 0.9912 after the structural break. Using the observational
equivalence result mentioned at the beginning of Section 3, we can back out the change in θ that leads to the same policy
function as the one with β at the post-break value. Through this exercise, we can gauge by how much the social planner’s
perceived amount of model uncertainty increased after the Asian Financial Crisis.
We make use of the equity premium in the Korean ﬁnancial data to identify θ before the crisis.21 Using the Korean
stock market index (KOSPI) data and the bank discount rate data from Q1:1980 to Q3:1997, we compute the excess return
of equity over safe asset before the crisis. This series gives the Sharpe ratio22 of 0.0712 which is consistent with the values
from other empirical studies, for instance 0.08 from Park and Kim (2009). Then, we look for a tuple of β and θ which is
observationally equivalent to the pre-break estimates but also attains the Hansen–Jagannathan lower bound on the Sharpe
ratio (Hansen and Jagannathan, 1991). We take the Hansen–Jagannathan bound as the minimum restriction that needs to
be satisﬁed by an asset-pricing model. Using the observational equivalence formula (see Appendix B), we obtain β = 0.9566
and θ = 0.4129. To check whether they are reasonable, we compute the detection error probability (Anderson et al., 2003))
based on these values. This is the probability with which the social planner misleadingly chooses the approximating model
as the data-generating mechanism when the distorted model is the true data-generating mechanism and vice versa.23 We
obtain detection error probability of 0.2473, which is in close proximity to the range used in the literature.24
Next, in order to match β̄ = 0.9912 after the crisis with β = 0.9566, the discount factor before the crisis which we take
to be invariant, we look for the value of θ that is observationally equivalent to the former. This yields θ = 0.3409, and the
corresponding detection error probability of 0.1942.25 With this change, the detection error probability drops by about 5
percentage points, which means that the social planner is about 5% less likely to select the wrong model. This is because a
substantial decrease in θ increases the set of model misspeciﬁcations against which the social planner seeks robustness, and
the worst-case model is now discernibly worse than before. In light of this exercise, the surge in the international reserves
in Korea in the aftermath of the Asian Financial Crisis can be understood as the optimal response by the social planner to
guard against the downside of the more uncertain world. This is illustrated with “Only β changes” in Fig. 5.
To summarize, the ﬁndings above indicate that the increase in model uncertainty was an important determinant of the
surge in international reserves in the aftermath of the Asian Financial Crisis. Moreover, the new θ after the crisis corresponds
to a reasonable detection error probability: it is well within the range used in the robust control literature. In contrast, a risk
explanation would require agents to bear large coeﬃcients of relative risk aversion as discussed in the introduction.26 Our
ﬁnding thus supports the result of Barillas et al. (2009) that model uncertainty provides an empirically plausible alternative
to risk. As shown by “All parameters change” in Fig. 5, the effect of model uncertainty on the reserve accumulation is
reinforced by other parametric changes related to income volatility.
At the beginning of Section 2, we argued that our result is likely to extend to a more elaborate model. As demonstrated
above, as long as an increase in β̄ translates into a heightened concern about future utilities, the optimal response to a
persistent negative income shock would produce a persistent increase in the reserve accumulation, even in the absence of
other structural changes. Therefore, the result above will survive in a more complex model whose institutional features are
related to the other parameters in our model. The increase in the perceived amount of model uncertainty in our setting is
also qualitatively similar in effect to the increase in the estimated probability of a ﬁnancial crisis in Hur and Kondo (2016).
19

Dynamic models with preference shocks are popular in the ﬁnancial crisis/macro-ﬁnance literature. For instance, see Christiano et al., 2011.
If we had considered probabilistic transitions across different values of β instead (e.g., low and high as in regime-switching models), the observational
equivalence would continue to hold regime by regime: if we recover θ for a given value of β in each regime, there will be a continuum of tuples of θ and
β that implement the same policy function. So, even in this case, some numbers have to be assigned to β low and β high as baseline values.
21
This is possible because the observational equivalence applies only to quantities, not prices. See Hansen et al., 1999.
22
The Sharpe ratio is deﬁned as the ratio of the mean excess return to its standard deviation.
23
This is similar in spirit to controlling for Type 1 error at a particular conﬁdence level for the purpose of decision-making. The detection error probability
is used as a metric for model uncertainty in the robust control literature (see Hansen and Sargent, 2008a.
24
Barillas et al. (2009) recommend 20% or less. Giordani and Soderlind (2004), Hansen et al. (2010), and Hansen and Sargent (2010) suggest between 10
and 20%.
25
The corresponding stochastic discount factor is well within the Hansen–Jagannathan bound.
26
As shown by Park and Kim (2009), analyzing the Korean ﬁnancial data based on the Epstein–Zin preference (Epstein and Zin, 1991) still requires
unreasonably high levels of risk aversion in order to attain the Hansen–Jagannathan bound.
20
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Fig. 6. Business outlook of Korean manufacturing ﬁrms. Data source: Business Survey Index (BSI) for Korean manufacturing ﬁrms from 1991 to 2017,
Bank of Korea (various years). BSI asks one month ahead business outlook to surveyed ﬁrms, with 100 being the reference point. The value below 100
is interpreted as negative business outlook, and the value above 100 as positive outlook, with higher values corresponding to more favorable outlook. It
is available from Q3:1991 onward, at quarterly frequency from 1991 to 2003 and at monthly frequency thereafter. Business Outlook Means are arithmetic
means before and after Q4:1997 respectively.

However, the model uncertainty parameter θ in our model is formally estimated, and the associated worst case probability
distribution is endogenously determined by solving the social planner’s robust optimal policy problem.
Is there any other evidence consistent with our statistical analysis that there was a discrete upward jump in the social
planner’s perception of uncertainty in Korea following the Asian Financial Crisis? Fig. 6 displays Business Survey Index (BSI)
(collected by the Bank of Korea) from 1991 to 2017. BSI surveys one month ahead business outlook of Korean ﬁrms, with
100 being the reference point. The value below 100 is interpreted as negative business outlook, and the value above 100 as
positive outlook, with a higher value corresponding to more favorable outlook. Here, we focus on manufacturing ﬁrms (both
conglomerate and non-conglomerate) because this is the most important sector of the Korean economy. Note that business
outlook (solid line in blue) drops sharply following the Asian Financial Crisis: the average business outlook (dashed line in
red) drops from 103.6 to 86.1 after Q4:1997. However, the standard deviations before and after the crisis are almost identical: they are both around 15.9. The ﬁndings are consistent with the effect of increased concern for model misspeciﬁcation
(i.e., a decrease in θ ) on expectations formation: the conditional mean shifts downward.27 The result is robust to seasonal
adjustments.
Fig. 7 plots Korean manufacturing ﬁrms’ (both conglomerate and non-conglomerate) asset to equity ratio from 1985 to
2015. The ﬁgure shows that (a) Korean ﬁrms engaged in deep restructuring of their corporate ﬁnancial structures in the
aftermath of the Asian Financial Crisis of 1997 and (b) the graduation from the IMF bail-out program in 2001 did not deter
them from continued practice of more conservative ﬁnancial management which can be seen from persistent increases in
equity-ﬁnancing of their assets well beyond 2001. Lim (2012) further shows that corporate asset to equity ratio and liquidity
ratios improved for both conglomerate and non-conglomerate ﬁrms, and these changes allowed Korean ﬁrms to weather
the global economic crisis of 2008 better. The persistent deleveraging by Korean manufacturing ﬁrms following the Asian
Financial Crisis is consistent with the evidence from Fig. 6: more pessimistic business outlook, which ensued after the crisis,
has induced more conservative ﬁnancial management.28

27
As Bhandari et al. (2017) show, survey data on expectations enable direct estimation of the model uncertainty parameter θ . Unfortunately, Korea does
not have survey data on household and/or ﬁrm forecasts of concrete macroeconomic variables (e.g., unemployment and inﬂation) going back suﬃciently to
be useful for studying the Asian Financial Crisis. Whereas BSI does not survey expectations on concrete macroeconomic variables, it goes back suﬃciently
to be suitable for analyzing the Asian Financial Crisis (available from Q3:1991 onward), and it is also suﬃciently informative to facilitate the qualitative
inference concerning θ as discussed above. We would like to thank an anonymous referee for the suggestion to consider using survey data.
28
The Economist featured an article which relates this phenomenon (it refers to this as “cash hoarding”) to Korean ﬁrms’ negative experiences with banks during the Asian Financial Crisis (http://www.economist.com/news/leaders/21620203- japanese- and- south- korean- ﬁrms- are- worldsbiggest- cash- hoarders- hurts- their). The article also connects a similar experience in Japan to the collapse of the ﬁnancial bubbles in the early 90s.
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Fig. 7. Asset-to-equity ratio of Korean manufacturing ﬁrms data source: Debt-to-equity ratio data for Korean manufacturing ﬁrms from 1985–2015, Bank
of Korea Financial Statement Analysis (various years). The data include corporations legally obligated to be audited by an independent external auditor.
Asset-to-equity ratio = 1 + debt/equity.

We leave it to a future investigation the structured analysis of the interactions among economic and ﬁnancial uncertainty,
government’s international reserves and debt policy, sovereign spreads, and private sector ﬁnancial and real activities.29
Bianchi et al. (2016) is a pioneering quantitative work on the relationships among international reserves, government debts,
and sovereign spreads.
Appendix D applies the empirical analysis in this section to Thai data to ensure that our proposed mechanism also works
for other economies affected by the Asian Financial Crisis.30
3.4. Quantitative contribution of β̄ under alternative calibrations
How robust is the quantitative signiﬁcance of the change in the discount factor β̄ in accounting for the international
reserve accumulation in Korea following the Asian Financial Crisis? In this section, we assess the robustness of our ﬁndings
in Sections 3.2 and 3.3 by considering international reserve dynamics under alternative calibrations that match the steady
state of the model to the time average in the data.31
In contrast to Section 3.2, here the bliss point μb is estimated to match the steady state reserve-to-GDP ratio (given
in Eqs. (18)) to the average reserve-to-GDP ratio in the pre- and post-break sub-sample respectively. Table 4 provides the
parameter estimates. The implied steady state reserve-to-GDP ratios are 19.26% for the pre-break period and 86.99% for
the post-break period, which are off by less than one percentage point from the corresponding average ratios in the subsamples. The estimates also match the steady state levels of international reserves to the average levels in the sub-samples
almost exactly.
To evaluate the quantitative importance of β̄ under these alternative calibrations, we ﬁrst subject our model to the
structural break documented in Table 4, and then a shock sequence (to the income factors) that increases the reserve-toGDP ratio from the pre-break steady state value to the post-break steady state value in 20 quarters. Then, we deactivate the
quantitative contribution of the change in β̄ by changing only β̄ back to the pre-break value and subjecting the resulting

29
In the context of the current analysis, the fall in sovereign spreads after the Asian Financial Crisis should not be used as evidence against the model
uncertainty channel because the narrowing of the sovereign spreads can be an endogenous response to the increased reserve accumulation, which in turn
is driven by the heightened concerns for model misspeciﬁcation.
30
To be speciﬁc, we carry out the ﬁrst two steps of the empirical exercise discussed at the beginning of Section 3. These correspond to Sections 3.1 and
3.2 above. The last step, which is what Section 3.3 is about, is skipped because (a) we are constrained by the relatively shorter sample size of Thai ﬁnancial
data and (b) we believe that the pre-crisis dynamics in the Thai ﬁnancial data require a separate analysis which is beyond the scope of the paper. In
general, we are constrained by data limitations (e.g., sample size, data reliability) to apply the empirical analysis in this section in its entirety to other
countries that were also severely affected by the Asian Financial Crisis. For instance, see the IMF Staff Country Report for Indonesia (No. 05/255).
31
We would like to thank an anonymous referee for suggesting this quantitative exercise.
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Table 4
Estimates matching the reserve-to-GDP ratios.
Parameter

Before the break

After the break

β̄
μb
μd
φ2
α1
α2
σd ∗
σdˆ
φs

0.9850
0.3500
0.3453
−0.1595
0.3903
−0.2510
0.0286
0.0115
0.0599

0.9999
0.2010
0.1987
0.0375
−0.0938
0.45697
0.0153
0.0113
0.0027

model to the same shock sequence as above. It follows that the difference in the reserve levels across the two scenarios is
attributed to the change in β̄ alone.
Fig. 8 displays the result of the exercise. The solid line in the top panel (“All parameters change”) corresponds to the
case where all parameters change to the post-break values and the dashed line (“β does not change”) in the top panel to
the case where only β̄ remains at the pre-break value. The (green) shaded area between the two lines therefore captures
the contribution of the change in β̄ in the post-break reserve dynamics. The bottom panel illustrates the same shaded area
in terms of reserve gaps. At the end of 20 quarters, the change in β̄ accounts for approximately 24% of the total postbreak increase in international reserves, which is a quantitatively signiﬁcant proportion. This is the case even though the
parametrization and the shock sequence above stack the model against this ﬁnding by design. This serves as additional
evidence in favor of our ﬁnding that the change in β̄ (and the associated rise in concern for model misspeciﬁcation) played
an important quantitative role in Korea’s international reserve accumulation following the Asian Financial crisis.
4. Robust control under robust learning
In the previous section, it was assumed that the two income factors d∗ and dˆ of the income process (5) are observable.
This allowed the social planner to formulate the optimal robust policy in terms of these variables. In reality, however, no
economic agent can directly observe them. In this section, we relax this assumption by taking the income factors to be

Fig. 8. Quantitative contribution of β̄ under alternative calibrations. “All parameters change” in the top panel refers to the post-break estimates in
Table 4 and “β does not change” in the top panel to the scenario where only β̄ remains at the pre-break estimate in Table 4. The post-break model
is subject to a shock sequence that increases the reserve-to-GDP ratio from the pre-break steady state value to the post-break steady state value in 20
quarters. The (green) shaded area between the two lines therefore captures the contribution of the change in β̄ in the post-break reserve dynamics. The
bottom panel illustrates the same shaded area in terms of reserve gaps. (For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article.)
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unobservable. It will be shown that learning about these variables introduces a powerful additional ampliﬁcation mechanism
through which shocks to the economy impinge on the dynamics of the international reserve accumulation. We will compare
the results in this section to the ones under other well-known setups in the literature (including the ones in Section 3.2).
How does the social planner cope with the information gap? Here, we assume that she does so by engaging in a signal
extraction exercise using a set of observables available to her (via Bayesian learning). In this regard, our approach is similar
to Hur and Kondo (2016). However, we also allow the social planner to fear misspeciﬁcation of her prior distribution over
the unobservables. To guard against this, she applies robust control techniques to the prior distribution. In particular, she
adjusts for risk about the hidden state in a way different from the usual Bayesian averaging approach. Speciﬁcally, she
applies the T2 operator to her optimal control problem, following Hansen and Sargent (2008b), Hansen et al. (2010), and
Hansen and Sargent (2010). In addition to this, the social planner solves the usual robust control problem associated with
the shock process of the transition law in (9) (which was discussed in Section 2.2) conditional on the hidden state. Following
the convention, this procedure of making cautious evaluation due to the possibility of model misspeciﬁcation is referred to
as T1 operator.
We ﬁrst discuss how the robust control operators above enter a generic optimal control problem. Let z denote a vector
of unobservables, x a vector of observables, u a vector of control variables, and π the probability density for z. A dynamic
programming problem under distorted learning can be represented by the Bellman equation

W (x, q ) = max T 2 [U (u, x, z ) + T 1 [β W ∗ (x∗ , π ∗ )|θ1 ](u, x, z, π )|θ2 ](u, x, π ),

(19)

u

where U is an instantaneous utility function, W is a value function of the problem, and the superscript ∗ denotes tomorrow’s
variable. The parameter θ 1 is the uncertainty parameter of T1 operator (same as the θ parameter used in the previous
sections) and θ 2 is the uncertainty parameter of T2 operator. As before, these parameters are negatively related to sizes
of misspeciﬁcation sets.32 Whereas T1 operator is concerned with the impact of forward-looking distortions (as they are
associated with a vector of tomorrow’s shocks), T2 operator explores the backward-looking distortions related to predicting
the current hidden state given current and past information (Hansen et al., 2010; Hansen and Sargent, 2010). As discussed
in Hansen et al. (2010) and Hansen and Sargent (2010), they also have well-deﬁned risk-sensitivity operator interpretations.
In what follows, we formulate and solve the robust control problem in (19) in the context of the model in Section 2.
We compare the resulting dynamics in this case to the ones under (a) robust control without learning (which was studied
in Section 2) and (b) robust control with learning in which the social planner fully trusts the speciﬁcation of her learning
process (θ2 = ∞ in (19)).
4.1. Setup
We start by rewriting the income-generating process (5) as

dt+1 = d˜t+1 + φs st+1 ,
∗
d˜t+1 = μd + dt+1
+ dˆt+1 ,

(20)

and assume that d, d˜, and s are observable. Eq. (20) implies that d˜ is a suﬃcient signal for the unobservables d∗ and dˆ

∗ , dˆ
˜ 
which continue to follow (6) and (7).33 Let zt = [dt∗ , dˆt , dt−1
t−1 ] denote a vector of unobservables, xt = [1, st , dt ] a vector
  
of observables, lt = d˜t a signal for the unobservables, and yt = [x , z ] . As before, ut = μ − ct is a control variable and εt =
∗

ˆ 

t

t

b

[εtd , εtd ] is a vector of shocks which is distributed according to N(0, I). Using the notations of Hansen et al. (2010) and
Hansen and Sargent (2010), the transition law for the unobservables is written as

zt+1 = A21 xt + A22 zt + B2 ut + C2 εt+1,

(21)

and the transition law for the sigal and the observables are

lt+1 = D1 xt + D2 zt + Hut + Gεt+1 ,

(22)

xt+1 = A11 xt + A12 zt + B1 ut + C1 εt+1 ,

(23)

where the capital letters are conformable coeﬃcient matrices. Appendix E provides their deﬁnitions.
Following Hansen et al. (2010) and Hansen and Sargent (2010), the application of the standard Kalman ﬁlter formula to
Eqs. (21) and (23) yields

lˇt+1 = D1 xt + D2 žt + Hut ,

(24)

32
Hansen et al. (2010) and Hansen and Sargent (2010) refer to this formulation of the dynamic programming problem as Game II in which both the
maximizing and the minimizing player cannot observe z.
33
Hansen et al. (2002) consider a closely related setup in which d˜ serves as a signal of the underlying hidden components.
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žt+1 = A21 xt + A22 žt + B2 ut + K2 (t )(lt+1 − lˇt+1 ),






(25)
 

t+1 = A22 t A22 + C2C2 − K2 (t )(A22 t D2 + C2 G ) ,
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(26)



K2 (t ) = (A22 t D2 + C2 G )(D2 t D2 + GG )−1 .

(27)


Here, žt+1 = E[zt+1 |l t+1 ] and lˇt+1 = E[lt+1 |l t ] where lt denotes history of the signal l up to time t, and t = E[zt − žt ][zt − žt ] .
It is assumed that zt ∼ N (žt , t ) so that the recursion which consists of equations from (24) to (27) is suﬃcient for updating
the probability distribution of the unobservables z.34 Substituting (27) and (24) into (25) and stacking it together with
(23) gives the transition law under learning:







xt+1
A11
=
A21
žt+1

A12
A22

 

 









xt
B
A12
C1
+ 1 ut +
(zt − žt ) +
B2
K2 (t )D2
K2 (t )G
žt

εt+1 ,

(28)

where K2 (t ) evolves according to (26) and (27). Eq. (28) indicates that now there are two sources of shocks to the economy:
ε and z − ž. The former is a fundamental shock to the economy (as it is part of the income process) and the latter is an
expectation error from ﬁltering the unobservables.
4.2. Robust learning
We now set up the robust control problem in which the social planner is concerned about possible misspeciﬁcations
of her learning process. Because the certainty equivalence principle applies in a modiﬁed sense to the current setting (see
Hansen and Sargent, 2008a, we solve the deterministic version of the problem to derive the optimal policy function.
Let wt be the mean of zt − žt and vt the mean of εt+1 , both conditional on (xt , žt ). Due to the presence of misspeciﬁcation
doubts, they are different from zero here. Then, the deterministic version of the transition law (28) becomes







xt+1
A11
=
A21
žt+1


A12
A22

 



 



 









xt
B
A12
C1
+ 1 ut +
w +
B2
K2 (t )D2 t
K2 (t )G
žt

vt .

(29)

 

Let y˜t = [xt , žt ] , a˜t = [ut , wt , vt ] . Then, the transition law under robust learning (29) can be written as

y˜t+1 = A˜ y˜t + B˜(t )a˜t ,

(30)

where A˜ and B˜(t ) are conformable coeﬃcient matrices. In line with (30), we write the periodic objective function in
(11) augmented by the two robust control operators, which are indexed by θ 1 and θ 2 respectively, as a function of a˜t and
y˜t . This objective function is

 



∞

1 t 
a˜
max min −
β a˜t , y˜t
(t ) t ,
y˜t
{ut } {wt ,vt } 2

(31)

t=0

where (t ) is an augmented matrix. Appendix F deﬁnes the matrices A˜ , B˜(t ), and (t ).
The robust policy function under distorted learning is obtained by solving (31) subject to (30). To make this problem
more tractable, we work with the steady-state Kalman gain in what follows.35 This allows the problem in (31) to be solved
as a standard linear-quadratic dynamic programming problem36 whose solution is characterized by the Riccati equation

=

22

+ β A˜



A˜ − [

12

+ β B˜




A˜ ] [

11

+ β B˜



B˜]−1 [



12

+ β B˜

A˜ ],

(32)

and the robust optimal policy is given by

a˜ = −F˜ y˜,

(33)

where

F˜ = [

11

+ β B˜



B˜]−1 [



12

+ β B˜

A˜ ].

In what follows, the impulse response functions under this solution will be compared to the ones under other widely used
setups to show how learning can reinforce the accumulation of the international reserves.

34
Technically speaking, this assumption implies that equations from (24) to (27) are equivalent to the Bayes rule and the Chapman–Kolmogorov equation
which are used to update and forecast a distribution of hidden states. See Fernández-Villaverde, 2010.
35
This is obtained by iterating to convergence on (26) and (27). We add a measurement error to (22) to facilitate convergence. The result in this section
is robust to a wide array of values for the variance of the measurement error.
36
This also allows us to separate dynamics due to the unobservables per se from dynamics due to the evolution of the Kalman gain.
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Fig. 9. Impulse response functions for fundamental shocks (θ2 = 0.1). The ﬁgure displays the impulse response functions subject to a one standard deviation negative shock to the persistent income factor (left) and the transitory income factor (right) for various cases under consideration. “Robust control”
refers to robust control without learning, “Robust control with learning” to robust control in which the speciﬁcation of learning process is fully trusted,
and “Robust control with robust learning” to robust control in which learning process is distorted by misspeciﬁcation concerns.

4.3. Dynamic responses to fundamental shocks and expectation errors
In this section, we analyze dynamics of the international reserves in various decision environments. Our setup, which
features learning, has been used in the context of macroeconomics (Cogley et al., 20 08; 20 07; Ellison and Sargent, 2012;
Hansen et al., 2002) and ﬁnance (Hansen and Sargent, 2008b). We show that this setup is also useful for thinking about
why Korea’s international reserves surged following the Asian Financial Crisis of 1997. In particular, we will pay attention
to the effect of expectation errors related to the current (hidden) state of the economy on the international reserves as this
channel does not exist in the absence of learning.
The additional setups we consider are (a) robust control without learning which we studied in Section 2 and (b) robust
control with standard Bayesian learning. We use β = 0.9566 and θ1 = 0.3409 from Section 3.3 which is obtained based
on the Korea ﬁnancial data and ﬁx other parameters at the pre-break values in Table 3. This makes the result here directly
comparable to the ones on Fig. 5 under “Only β changes”. θ 2 is set to 0.1 which gives detection error probability of 0.1654.37
As discussed in Section 3.3, this is well within the range commonly used in the literature. The decline in the detection error
probability from 0.1942 in Section 3.3 to 0.1654 here indicates that the activation of robust learning on top of robust control
increases the set of model misspeciﬁcations against which the social planner seeks robustness. Hence, the social planner
now operates in a more uncertain environment. The result in this section is qualitatively robust for other values of θ 2 .
Appendix G provides detection error probabilities under different values of θ 2 (See Table 6).
Fig. 9 displays the impulse response functions of the fundamental shocks for various cases under consideration. The left
panel shows the impulse response functions subject to a one standard deviation negative shock to the persistent income
factor and the right panel those subject to a one standard deviation negative shock to the transitory income factor. The
labeling conventions are as follows: “Robust control” refers to robust control without learning (studied in Section 2), “Robust
control with learning” to robust control in which the social planner copes with the unobservables by learning from the
observables, fully trusting the speciﬁcation of her learning process, and “Robust control with robust learning” to robust
control in which the social planner is concerned about misspeciﬁcations of her learning process. The initial point of the
simulation exercise is ﬁxed at the steady state of “Robust control” for all the cases. This implies that the results under
“Robust control” in Fig. 9 are identical to the results under “Only β changes” in Fig. 5.
What do we learn from Fig. 9? First, introducing the unobservables and Bayesian learning (“Robust control with learning”)
can dampen (left panel) or amplify (right panel) the effect of the forward-looking distortions (“Robust control”). Why does

37
We follow the suggestion in Hansen et al. (2010) and Hansen and Sargent (2010) and use the transition law for the signal to compute the detection
error probability under robust learning.
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Fig. 10. Impulse response functions for expectation shocks (θ2 = 0.1). The ﬁgure displays the impulse response functions subject to a one standard deviation shock to the expectation error about the current state of the economy. “Shock to dstar” plots the response to the shock which increases the distance
between the current value of the persistent income factor and its expected value and “Shock to dhat” the response to the shock which increases the
distance between the current value of the transitory income factor and its expected value.

this happen? In case of the full observability (“Robust control”), the ﬁgure shows that the social planner reacts more strongly
to a one standard deviation negative shock to the income factor d∗ than dˆ. This is natural given that d∗ is both more
persistent and noisier. However, when the income factors are assumed to be unobservable, the social planner only observes
their sum (d˜ in Eq. (20)). In this case, each time a shock hits the economy, she cannot dismiss this as a shock to one income
factor over the other completely. Hence, the effect of a shock to d∗ becomes dampened (being pulled down towards the
effect of dˆ) and the effect of a shock to dˆ gets strengthened (being pushed up towards the effect of d∗ ) relative to the
case with the full observability. Second, distorting the learning process with the misspeciﬁcation doubts (“Robust control
with robust learning”) overturns the results without these backward-looking distortions (“Robust control with learning”)
and leads the social planner to accumulate substantially more international reserves. This effect becomes stronger as the
value of θ 2 decreases because it increases the size of the misspeciﬁcation set.
The effect of a one standard deviation negative shock to the expectation error related to the current unobservable state
on the international reserve accumulation is illustrated in Fig. 10. Here, we present the results for the case with the distorted
learning only as they are of utmost interest to us (in light of the discussion in the previous paragraph). “Shock to dstar”
plots the response of the international reserves to the shock that increases the distance between the current value of the
persistent income factor (d∗ ) and its expected value and “Shock to dhat” the response to the shock which increases the
distance between the current value of the transitory income factor (dˆ) and its expected value. The ﬁgure shows that their
effects are strong and persistent over time. As expected, the effect under “Shock to dstar” is substantially stronger which
reﬂects the fact that d∗ is both more persistent and noisier than dˆ.
Recall that we are building on the case from Section 3.3 in which only the discount factor β changes (“Only β changes”
in Fig. 5) which was obtained from our empirical analysis of the structural break around the Asian Financial Crisis of 1997. As
discussed above, “Robust control” in Fig. 9 in this section corresponds to this case. The simulation exercises above indicate
that incorporating robust learning to this baseline robust control model can work as a powerful ampliﬁcation mechanism of
the economic shocks. Moreover, it introduces an additional “expectation channel” which was demonstrated to be important
in the context of our model. These require only a modest decrease in the detection error probability (equivalently a modest
increase in model uncertainty) relative to the case without learning.
5. Conclusion
In this paper, we aimed to uncover a new mechanism to understand the surge in international reserves of Asian countries
following the Asian Financial Crisis of 1997. We added robust control to a simple permanent income model, estimated it
with the Korean data, and found a structural break which can be interpreted as a rise in the perceived amount of model
uncertainty. We demonstrated that this can lead to a persistent increase in international reserves which works through
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the heightened precautionary saving motive. Moreover, we incorporated Bayesian learning into our framework and showed
that both fundamental and expectation shocks could result in sizable increases in international reserves. This indicates that
learning can serve as a powerful additional ampliﬁcation mechanism in our framework.
It is also interesting to note that Latin American countries, which have gone through a lot more economic crises than
Asian countries have, have maintained substantially lower international reserves positions over time as Fig. 1 shows. There
are a number of ways to rationalize this phenomenon. For instance, one could argue that this emerges due to lower
risk/uncertainty aversion of policy makers in Latin American countries. This may be a reﬂection of political instability and
corruption which are important determinants of international reserve accumulation (see Aizenman and Marion, 2003. Or,
one could argue that having gone through many economic crises historically, Latin American countries have sharper estimates of possible downsides of crises which are not available to Asian countries due to the scarcity of such experiences.
The max-min preference in our robust control problems can be understood as a way to cope with this relative inexperience
about the downsides. We leave the exploration of these ideas to the future.
We argued in Section 3.3 that the mechanism behind the international reserve accumulation in the paper should be
applicable to more elaborate settings. An extension of our robust control analysis to a DSGE model with private sector real
and ﬁnancial decisions and stochastic volatility (as in Bidder and Smith, 2012 is one possible avenue for future research.
This would allow us to ask whether the Asian Financial Crisis should be understood as an one-off permanent change or an
extreme but non-permanent event along a continuum of possible events. The recent work of Bhandari et al. (2017), which
quantiﬁes time-varying uncertainty using household forecasts of unemployment and inﬂation, is particularly relevant to this
pursuit.
Finally, we plan to work on estimating learning models in Section 4 directly rather than relying on the estimates from
robust control model without learning to study the effect of learning. Some progress has been made in terms of estimation
methodology, for instance Calvet and Czellar (2012).
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Appendix A. Matrices in Section 2.2
In Section 2.2, the Eqs. (1), (2), (5), (6), and (7) are recast in matrix notation so that they are compatible with a general
linear-quadratic control problem. The utility function is given by




−yt Myt − ut Qut ,
where Q = 1 and M = 06×6 . The transition law (Eq. (8) above) takes the form

yt+1 = Ayt + But + C εt+1 ,
where

⎡

1
⎢ μd − μb
⎢ 0
A=⎢
⎢ 0
⎣
0
0

0
R + φs
0
0
0
0

⎡ ⎤

⎡

0
0
⎢1⎥
⎢0
⎢ 0⎥
⎢σd∗
⎥
⎢
B=⎢
⎢0⎥, and C = ⎢ 0
⎣ ⎦
⎣0
0
0
0

0
1
φ1 + φ2
1
0
0

0
0

−φ1 φ2
0
0
0

0
1
0
0
α1 + α2
1

0
0
0
0

−α1 α2
0

⎤
⎥
⎥
⎥,
⎥
⎦

⎤

0
0⎥
0⎥
⎥.
0⎥

σdˆ⎦
0

Appendix B. Observational equivalence theorem
Here, we provide the observational equivalence theorem that is applicable to our setting. Hansen et al. (1999) and Hansen
and Sargent (2008a) provide the observational equivalence theorems which assume β R = 1. We extend the theorem to cases
where β R = 1. The logic of the proof follows Hansen et al. (1999). The theorem is also applicable to settings with preference
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shocks or/and consumption habit formation. Intuitively, this is because the form of the Euler equation for consumption, on
which our proof is built, is not altered by the inclusion of these features.
Now, the statement of the observational equivalence theorem:
The optimal policy under β = β̄ and θ = ∞ is identical to the optimal policy under β = βˆ (θ ) and θ < ∞ where
βˆ (θ ) < β̄ and increasing in θ , holding other parameters constant.
Proof: The effective real interest is R̄ = R + φs . The Euler equation for consumption implies a stochastic process

μct = (β̄ R̄ )−1 μct−1 + α ε̄t
where μ
st = ct − μb is the marginal utility of consumption, ε̄t is a scalar i.i.d. process with zero mean and unit variance,




ˆ 

∗



and α = ν ν where α ε̄t = ν εt , εt = [εtd , εtd ] and ν = −F C (see Eq. (13) for F and Appendix A for C).
We activate a robustness concern associated with model uncertainty by setting σ < 0 where σ = −θ −1 and θ > 0 is a
penalty parameter which governs the robustness concern. σ is a risk-sensitivity parameter of the risk-sensitive preference
that is observationally equivalent to the multiplier preference of Hansen and Sargent. The worst case model for μct takes
the form

μct = (β̄ R̄ )−1 μct−1 + α (ε̄t + wt )
= ((β̄ R̄ )−1 + α K (σ , β̄ , βˆ ))μct−1 + α ε̄t
= ζ (σ , β̄ , βˆ )μct−1 + α ε̄t
where wt = K (σ , β̄ , βˆ )μct−1 is the worst case distortion to the conditional mean of ε̄t , ζ (σ , β̄ , βˆ ) = (β̄ R̄ )−1 + α K (σ , β̄ , βˆ ),
and (βˆ , σ ) is observationally equivalent to (β̄ , 0 ). It follows that the optimal policy under (β̄ , 0 ) is equivalent to that under
(βˆ , σ ) if and only if

(βˆ R̄ )((β̄ R̄ )−1 + α K (σ , β̄ , βˆ )) = 1.
The minimizing agent’s pure forecasting problem under the distorted law of motion μct = (β̄ R̄ )−1 μct−1 + α wt gives the
Bellman equation

 1

w2 − P ((β̄ R̄ )−1 μc + α w )2
σ

−P μ2c = −μ2c + βˆ min −
w

where P is the value matrix and βˆ is the observationally equivalent discount factor. The FOC for w is

w = −α P μc (β̄ R̄ )−1

1
σ

+ α2P

−1

.

Substituting this into the right-hand-side of the Bellman equation above gives,

−

1

σ

=−
=−

w2 − P ((β̄ R̄ )−1 μc + α w )2
1

σ
1

σ

α 2 P2 μ2c (β̄ R̄ )−2
P μ2c (β̄ R̄ )−2

1
σ

1
σ

+ α2P

+ α2P

−1

−2

− P ((β̄ R̄ )−1 μc − α 2 P μc (β̄ R̄ )−1

1
σ

+ α2P

−1

)2

.

Then, the minimizing agent’s Bellman equation becomes



1
1
P μ2c = μ2c + βˆ P μ2c (β̄ R̄ )−2
+ α2P

σ

−1

σ

which reduces to the quadratic equation

σ α 2 P2 + (1 − βˆ (β̄ R̄ )−2 − σ α 2 )P − 1 = 0
whose positive root (as P is required to be non-negative) is



(1 − βˆ (β̄ R̄ )−2 − σ α 2 )2 + 4σ α 2
> 0.
2σ α 2
Using the expression in Eq. (14) and A = (β̄ R̄ )−1 , C = α , A − BF = (β̄ R̄ )−1 , and θ = −σ −1 ,
P (σ , β̄ , βˆ ) =

βˆ (β̄ R̄ )−2 + σ α 2 − 1 +

ασ P (σ , β̄ , βˆ )(β̄ R )−1
K (σ , β̄ , βˆ ) = −
1 + σ α 2 P (σ , β̄ , βˆ )
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and

ζ (σ , β̄ , βˆ ) = (β̄ R̄ )−1 + α K (σ , β̄ , βˆ ) =

(β̄ R̄ )−1
.
1 + σ α 2 P (σ , β̄ , βˆ )

Now, we put together

(βˆ R̄ )ζ (σ , β̄ , βˆ ) = 1,
(β̄ R̄ )−1
, and
1 + σ α 2 P (σ , β̄ , βˆ )

βˆ (β̄ R̄ )−2 + σ α 2 − 1 + (1 − βˆ (β̄ R̄ )−2 − σ α 2 )2 + 4σ α 2
ˆ
P (σ , β̄ , β ) =
2σ α 2

ζ (σ , β̄ , βˆ ) =

to derive the pair (βˆ , σ ) that is observationally equivalent to (β̄ , 0 ). The derivation is as follows:

(βˆ R̄ )

(β̄ R̄ )−1
=1
1 + σ α 2 P (σ , β̄ , βˆ )

(βˆ R̄ )(β̄ R̄ )−1 = 1 + σ α 2 P (σ , β̄ , βˆ )


−2
ˆ
βˆ
+ σ α 2 − 1 + (1 − βˆ (β̄ R̄ )−2 − σ α 2 )2 + 4σ α 2
2 β (β̄ R̄ )
= 1 + σα [
]
2σ α 2
β̄

2


βˆ
βˆ
4
−1 +4
− 1 (1 − βˆ (β̄ R̄ )−2 − σ α 2 ) + (1 − βˆ (β̄ R̄ )−2 − σ α 2 )2
β̄
β̄
= (1 − βˆ (β̄ R̄ )−2 − σ α 2 )2 + 4σ α 2




βˆ
−1
β̄

2


+


βˆ
− 1 (1 − βˆ (β̄ R̄ )−2 − σ α 2 ) = σ α 2
β̄


βˆ
1
− 1 (βˆ [ − (β̄ R̄ )−2 ] − σ α 2 ) = σ α 2
β̄
β̄

βˆ 1
1
σ α2
[ − (β̄ R̄ )−2 ] =
− (β̄ R̄ )−2 +
β̄ β̄
β̄
β̄
σ α2

βˆ
β̄
=1+
β̄
[ 1 − (β̄ R̄ )−2 ]
β̄
βˆ (β̄ , σ ) = β̄ +

σ α2
.
[ − (β̄ R̄ )−2 ]
β̄
1

When σ = 0, βˆ (β̄ , 0 ) = β̄ . Because 0 < β̄ < 1 and β̄ R̄ ≥ 1, the denominator of the second term of our observational
equivalence formula above is positive. Then, βˆ (β̄ , σ ) < β̄ for σ < 0 or equivalently θ < ∞. It also follows that βˆ (β̄ , σ ) is an
increasing function of θ because it is an increasing function of σ . 
For the special case of β̄ R̄ = 1, which corresponds to Hansen et al. (1999) and Hansen and Sargent (2008a), the formula
above reduces to the well-known observational equivalence formula

βˆ (β̄ , σ ) =

1
R̄

+

σ α2
R̄ − 1

.

The formula above can be inverted to obtain θ = −σ −1 for given values of β̄ and βˆ . In Section 3.3, we use this inverse
formula to back out a decrease in θ that is observationally equivalent to an increase in β̄ following the Asian Financial
Crisis.
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Appendix C. Derivation of Eqs. (17) and (18)
In the steady state, Eq. (5) becomes

d¯ = μd + φs s̄

and Eq. (2)

(1 − R )s̄ = d¯ − c̄.
Because c̄ = μb in the steady state, substituting Eq. (2) into (5) gives

(1 − R )s̄ = (μd + φs s̄ ) − μb

s̄(1 − (R + φs )) = μd − μb
s̄ =

μd − μb
1 − ( R + φs )

which is Eq. (17). It follows that the steady state income level

d¯ = μd + φs

 μ − μ  μ (1 − R ) − φ μ
s b
d
b
= d
.
1 − ( R + φs )
1 − ( R + φs )

Taking the ratio of s̄ to d¯,

s̄
=
d¯

μd − μb
μ d ( 1 − R ) − φs μ b

which gives Eq. (18).
Appendix D. Empirical analysis with Thai data
Here, we rerun the empirical exercise in Section 3 using Thai data. We perform this exercise for Thailand to demonstrate that our proposed mechanism for the accumulation of international reserves works not just for Korea, but for other
economies affected by the Asian Financial Crisis as well. To avoid being repetitive, we omit many details here.
Fig. 11 shows the detrended real GDP (dashed line in red) and real international reserves (solid line in blue) for Thailand
(in million USD) from Q1:1993 to Q4:2015. Due to the data availability constraint, the time series are much shorter than

Fig. 11. Quarterly detrended real GDP and real international reserves for Thailand (Q1:1993 to Q4:2015). (For interpretation of the references to colour in
this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 12. 2 × Likelihood ratios and Andrews supremum test for Thai data. Refer to Fig. 4 for the ﬁgure conventions.

Table 5
Whole sample and sub-sample estimates for Thailand.
Parameter

Before the break

After the break

Whole sample

β̄
μd
φ1
φ2
α1
α2
σd ∗
σdˆ
φs

0.9508
0.4999
0.9999
0.5031
0.2951
0.2959
0.0021
0.0022
0.0415

0.9606
0.50 0 0
0.9996
0.7819
0.4890
0.4891
0.0015
0.0030
0.0310

0.9555
0.50 0 0
0.9986
0.5976
0.3033
0.4538
0.0028
0.0035
0.0376

The whole sample ranges from Q1:1993 to Q4:2015. Q2:1997 is selected as the break
point based on the Andrews test. Table 1 provides explanations about the parameters.

what we have for South Korea. However, the ﬁgure reveals a clear upward trend in the reserve accumulation following the
Asian Financial Crisis. As in Section 3.2, we test this hypothesis formally.
Fig. 12 plots the Andrews test statistics. Despite the shorter sample period, a structural break is found in Q2:1997. This
matches well with the speculative attacks against Thai Baht in May 1997 which is usually taken to be the starting point of
the Asian Financial Crisis.
Table 5 provides the estimates for the whole sample as well as the sub-samples. In line with what we found using the
Korea data, β̄ increases signiﬁcantly after the break. Again, this can be interpreted as an increase in the perceived amount
of model uncertainty due to the observational equivalence result. We take the result in this section as a robustness test for
the result in Section 3.
Appendix E. Matrices in Section 4.1
Here, we provide details about the Eqs. (21)–(23) in Section 4.1.
The transition law for the unobservables has a compact representation (Eq. (21) above)

zt+1 = A21 xt + A22 zt + B2 ut + C2 εt+1,
where

⎡
φ1 + φ2
⎢ 0
A21 = 04×3 , A22 = ⎣
1
0

0
α1 + α2
0
1

−φ1 φ2
0
0
0

0

⎤

⎡

σd ∗

−α1 α2 ⎥
⎢0
, B = 04×1 , and C2 = ⎣
0 ⎦ 2
0
0
0

This is simply the restatement of Eqs. (6) and (7) in a Vector Autoregression (VAR) form.

0

⎤

σdˆ⎥
.
0⎦
0
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The transition law for the signal (Eq. (22) above) is

lt+1 = D1 xt + D2 zt + Hut + Gεt+1 ,
where



D1 = [μd , 0, 0], D2 =

φ1 + φ2

α1 + α2



−φ1 φ2

−α1 α2 , H = 0, and G =

Substituting this into the transition law for the observables

xt+1 =
where

l lt+1

+

x xt

 
l

=

+

u ut ,



0
0 ,
1

x

1
−μb
0

=



0
R + φs
0

 

0
1 , and
0

u

=

0
1
0

gives the reduced-form transition law for the observables (Eq. (23) above)

xt+1 = A11 xt + A12 zt + B1 ut + C1 εt+1 ,
where A11 =

l D1

+

x,

A12 =

l D2 ,

B1 =

lH

+

u,

and C1 =

l G.

Appendix F. Matrices in Section 4.2
The matrices for the Eqs. (30) and (31) in Section 4.2 are presented here.
The transition law under robust learning (Eq. (30) above) is

y˜t+1 = A˜ y˜t + B˜(t )a˜t ,
where



A11
A˜ =
A21

A12
A22





B1
and B˜(t ) =
B2



A12
K2 (t )D2

C1
.
K2 (t )G

The objective function (Eq. (31) above) is

max min

∞


{ut } {wt ,vt }

β t r (a˜t , y˜t ), where r (a˜t , y˜t ) = −

t=0


( ) =

12

21

22


12

=



21




11

=

P1
M21
02×3

with
P2
M22
02×4



11

=

Q

P2
02×1




1 
a˜ , y˜t
2 t

 



(t )

P2
M22 − θ2 −1
02×4

a˜t
,
y˜t



01×2
,
04×2
−θ1 I2×2


as M’s are symmetric,

22

=

R11
R21



R12
,
R22

Q = 1, P1 = 01×3 , P2 = 01×4 , M11 = 03×3 , M12 = 03×4 , M21 = 04×3 , and M22 = 04×4 .
Appendix G. Robust learning parameter θ2 and detection error probability p

Table 6
Robust learning parameter θ2 and detection error probability p.

θ2

p

0.08
0.1
0.12

0.1419
0.1654
0.1784

We use β = 0.9566 and θ1 = 0.3409
from Section 3.3 which are obtained
based on Korea ﬁnancial data and ﬁx
other parameters at the pre-break values in Table 3.



σd ∗


σdˆ .
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