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Abstract: The Viterbi algorithm is used to track a
target in the presence of random interference, such
as jamming. A nonlinear target motion and an
observation which is modelled in a spherical co-
ordinate system are considered. The observation
model is a nonlinear function of interference.
The components of the state vector are the
range, bearing angle, and elevation angle of the
target location. The state vector is estimated,
component-by-component, by a parallel use of the
Viterbi algorithm in blocks. Simulation results,
some of which are presented, have shown that the
proposed estimation scheme performs well,
whereas classical estimation schemes, such as the
extended Kalman filter, cannot, in general, handle
target tracking in the presence of random inter-
ference.

1 Introduction

Manoeuvring-target tracking with the (extended) Kaiman
filter has been extensively considered in the literature.
The use of the (extended) Kalman filter requires an obser-
vation model containing only an additive white noise. If
the noise is not additive, then the (extended) Kalman
filter cannot be used for target tracking unless the obser-
vation model is approximated by a model containing an
additive white noise [4].

In target tracking in the presence of random inter-
ference, an observation contains an observation noise
and also a random interference, such as jamming, which
can arbitrarily affect the observation. Hence, the observa-
tion in the presence of interference may be modelled by a
nonlinear function of the interference. In this case, clas-
sical estimation techniques, such as the (extended)
Kalman filter, may not be used to estimate the states of
the target motion due to nonlinear interference contained
in the observation [4]. If the classical estimation schemes
were used by assuming zero interference, the state esti-
mates would diverge from the actual state values [1].

State estimation with an observation model containing
an additive white observation noise and a Markov chain,
which may represent the interference, has been con-
sidered in the literature [10, 11]. Moreover, Demirbag
[1] has considered state estimation with an observation
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model containing an arbitrary random interference and
an observation noise, where the state vector is estimated
as a vector.

Recently, Demirbag [2] has used multiple hypothesis
testing to track a manoeuvring target, using an observa-
tion model which does not contain any random inter-
ference, i.e. contains only an observation noise. The state
vector (whose components represent the range, bearing
angle, and elevation angle) is estimated component-by-
component. The tracking scheme used avoids the errors
in the state estimate which result from the model linear-
isation [6] required by the use of the extended Kalman
filter to track a target, since the scheme presented in Ref-
erence 2 does not require any model linearisation.

In this paper, the scheme for manoeuvring-target
tracking, as proposed by Demirbag 2], is extended to the
case where an observation contains an arbitrary nonlin-
ear random interference as well as an observation noise.

2 Statement of the problem

In this paper, the motion of a manoeuvring target is
assumed to be described by the nonlinear models for
range, bearing angle, and elevation angle which are
derived in Reference 2 and stated in Section 7.1.

Let x(k)T = [x,(k), x,(k), x5(k)] be the transpose of the
state vector whose components x,(k), x,(k) and x,(k) rep-
resent the range, bearing angle and elevation angle of the
target location at time k, respectively. Throughout this
paper, the superscript T indicates the transpose, and
boldface letters denote vectors. The model of each state
component, say the ith state component, is given by

xik + 1) & fi{u(k), x k), x k), x{k), %(k), w(k)] Y

where i #j # 1l and i, j, | € [1, 2, 3], and the subscript i
denotes the component label; w(k)T = [w,(k), w,(k),
wy(k)] is a zero-mean disturbance noise vector with
known statistics; #(k)™ = [u,(k), u(k), us(k)] is a known
deterministic pilot command vector whose components
u,(k), u(k) and u,(k) affect the target motion at time k in
the range, bearing angle, and elevation angle directions,
respectively; (k) is the derivative of the state vector x(k)
with respect to time; f;[...] is a nonlinear function whose
explicit expression is given in Section 6.1. This function
defines the ith state component at time k + 1 in terms of
the pilot command vector, disturbance noise vector, state
vector, and derivative of the state vector at time k. The
function f;[...] is sometimes referred to as the ith state
component defining-function or the ith state component
model of the target motion in the spherical co-ordinate
system.

In target tracking in the presence of random inter-
ference, observations (which are made by a radar in a
spherical co-ordinate system) contain an observation
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noise and also an arbitrary random interference. This
interference can represent jamming or any other random
phenomena (except for the observation noise) affecting
the observation. If there were no interference, the obser-
vation model for each state component would be a linear
function of this state component and an observation
noise [5]. However, in the presence of interference, the
observation for each state component can be a nonlinear
function of interference. This paper assumes that the
observation for the ith state component is a nonlinear
function of the ith state component, and of the inter-
ference and observation noise affecting the observation.
This is the case in practice. As an example, consider the
observation taken by a radar for the range. This is a
function of only the range, of the interference (e.g.
jamming) affecting the range, and of the observation
noise. Hence in this paper the observation model for the
ith state component is assumed to be given by

zi(k) = gi[xi(k)» Il(k)7 vl(k)] i= 1’ 2> 3 (2)

where g,[...] is a given nonlinear function of xyk), I(k)
and v{k). z,(k), z5(k) and z,(k) are the observations; I,(k),
L(k) and I,(k) are interference vectors with known sta-
tistics; and v,(k), v,(k) and vs(k) are the observation
noises with known statistics in the range, bearing angle,
and elevation angle directions, respectively. It is also
assumed that the initial state vector and all samples of
the interferences, and disturbance and observation noises
are independent.

It is of interest to estimate the state component
sequences

X; = {x0), x{1), ..., xdk), ...} i=1,23
by using the observation sequence
Z,={z{1), z(2), ..., zfk), .} i=1,2,3

This is discussed next.

3 Estimation scheme

State vector x(-) is estimated in blocks. Without loss of
generality, each block is assumed to have a length of B,
except for the first block which has a length of B + 1. In
a block, the implementation of the proposed scheme
requires a memory increasing exponentially with time.
Hence B is preselected, according to the desired estima-
tion accuracy and the available memory.

In each block, the estimation of the state vector is
carried out sequentially, component-by-component, and
in parallel. Models of each state component and observa-
tion component are first approximated by a finite state
model (or machine) and an approximate observation
model, respectively. This finite state model is represented
by a trellis diagram. The estimation of each state com-
ponent is treated as multiple composite hypothesis
testing [3], owing to the random interference in the
observation model for the component. Then the state
component is estimated by the Viterbi algorithm [7, 9].

The finite state model for the ith state component is
obtained from the model of eqn. 1 as follows. First the
state vector at time zero, its derivative and the dis-
turbance noise vector are replaced by discrete random
vectors approximating to them. The jth and Ith state
components and the derivative of the state vector at time
k, where k > 0, are replaced by estimates of these state
components and an approximate value of the derivative,
respectively. This approximate value is expressed in terms
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of estimates of the state components. Then the ith state
component is quantised. Furthermore, an estimate of the
ith state component at the end of a block is used as the
beginning of the next block. This process results in a
finite state model for the ith state component which is
defined by

Xiglk + 1) £ Q{filu(k), X4k), %k | k), %,k | k), X(k), w,(k)]}
©)

where i#j# ! and i, j, I € [1, 2, 3]; x,,(0) is a discrete
random variable with r;, possible values which approx-
imates the ith state component at time zero, and its pos-
sible values are denoted by x;;,(0), x;,,(0), ..., and x,,(0),
which are called the initial quantisation levels of the ith
state component or the quantisation levels at time zero of
the ith state component; x;,(k), k > 0, is the quantised ith
state component at time k, whose quantisation levels are
indicated by x;,,(k), x;;5(k), ..., and x;,, (k) (where the
subscript g stands for the quantised state component and
the subscript r;, shows the number of possible quantisa-
tion levels); Q{-} is the quantiser defined by Demirbas
[1]; and w4k) is a discrete disturbance noise vector with
n, possible values which approximates the disturbance
noise vector w(k), and its possible values are denoted by
wa(k), wao(k), ..., and w,, (k) (where the subscript d indi-
cates a discrete random variable or vector). In the finite
state model for the ith state component, X(k) is defined
by

A {fc.(kl 0

x.'q(k)

where X(k| k) is the estimate of the ith state component at
time k given the observation sequence from time one to
time k except for %(0(0) £ x,(0). ¥(k)" = [x,(k), X,(k),
X5(k)] is an approximation of the derivative of x(k), and
its jth component is defined by

o [TOEID — 3k~ 1RV
o=l

where je[l, 2, 3]; At is the observation interval;
X{k — 1|k) is the estimate of the jth state component at
time k — 1 given the observation sequence from time 1 to
time k; and x,{0) is a discrete random variable which
approximates the derivative of the jth state component
at time zero. Hence, ¥,(0)T = [%,0), X,40), X;40)] 2 x(0)”
is a discrete random vector with m, possible values
which approximates the derivative of the state vector
at time zero. Its possible values are denoted by X,,(0),
%45(0), ..., and X, (0).

The observation model for the ith state component is
approximated by

zik) = glxidk), Ldk), vik)] i=1,2,3 4

where I ,(k) is a discrete random vector with s, possible
values which approximates the interference I(k), and
these possible values are denoted by I(k), I4a(k), ...,
and Ly, (k).

The finite state model for the ith state component,
given by eqn. 3, has a diagram representation. This
diagram is referred to as the trellis diagram of the ith
state component (Fig. 1). The quantisation levels of the
ith state component at time k are denoted by nodes at
the (k + 1)th column of the trellis diagram, and tran-
sitions between quantisation levels (or nodes) are indi-
cated by directed lines, called branches. The trellis
diagram in the nth block originates from the node

if k=B, 2B, 3B, ...
otherwise

ifk>0
ifk=0
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X{(n — DB|(n — 1)B) except for the trellis diagram in the
first block which originates from the initial quantisation

-——Dblock | ———» -w—block 2————»

time 0 time1 time B time B+1 time 2B
Xig1 (0) x 7xiq,(8) xiq1(28)
Xiq2<o) /’_ /?Xiqz(ZB)

| shams

L REE S~ '
xiqrio(O)% g e
e e 8 (2B)

iari2e
e Xigr,5(8) '

Fig. 1 Trellis diagram of ith state component

levels of the ith state component. The following metrics
are assigned to each node, branch and path of the trellis
diagram of the ith state component. The metric of a node
(or quantisation level) is defined as zero except for an
initial quantisation level whose metric is the natural
logarithm of its occurrence probability. Let x,,(k) be a
node at time k, where the first subscript i indicates the
state component label, the second subscript ¢ stands for a
quantised state component, and the third subscript [
shows the quantisation level label. In other words, x;, (k)
is the Ith quantisation level of the quantised ith state
component at time k. Then the metric of the node x;,(k)
can be written as

1 b {x;,(0) = x;,(0 ifk=0
M[x.-.,,.(k)]é{o“ [Prob £x40) = xalO)) ik =0

where In stands for the natural logarithm. Consider two
nodes x;,,(k — 1) and x;,(k). The transition probability
from the node x,,,(k — 1) to the node x,,(k) is denoted by
[ Xigm(k ~ 1) = x,,(k)] and defined as the probability of
x,,(k) being equal to x,,(k) when x,(k — 1) = x,,(k — 1),
namely

T Xigmik — 1) = x;4,(k)]
2 Prob {x,(k) = X;g(k) | Xiolk — 1) = X,k — 1)}

This is the probability that x,,(k — 1) is mapped to
X;q(k) through the finite state model of eqn. 3. In other
words, it is the occurrence probability of the possible
values of the discrete random variables and vectors in
eqn. 3 which map x;,,(k — 1) to x,,(k). Hence, for k = 1,
the transition probability from x.(k —1) to x.(k),
namely n[x,,(0) - x,,(1)] is the occurrence probability
of the possible values of the discrete random variables
x;,(0) and x,.(0), and vectors x(0) and w0), since in eqn. 3
£0010) = x,0),  %(0]0) = x,0), x;i(1) = x,g(1), and
Xif0) = x,(0).  However, for k>1, al[xg(k
— 1) » x,,(k)] is the occurrence probability of the pos-
sible values of w{k) which map x,,,(k — 1) to X;qr(k) since
in eqn. 3 only wyk — 1) is random; X(k — 1|k — 1), X4k
—1}k—1), and x(k — 1) are known at time k —1;
Xigk) = x5 (k); and xy(k — 1) = x;,(k — 1). Thus the
transition probability from x;,.(k — 1) to x,,(k) can be
expressed as

XY 2 Y [Prob {x;(0) = xgs(0), x15(0) = x14(0), £40) = £4,(0), wA0) = w4(0)}]

n o s t

7r[xiqm(k - 1) I xl'qr(k)] =

The metric of the branch connecting the node x,,,(k — 1)
to the node x,,(k) is denoted by M[x,,,(k — 1)~ Xigk)]
and defined by

M[xiqm(k - 1) I xiqr(k)]
é lﬂ {n[xiqm(k - 1) - xlqr(k)]p[zi(k) ' xiq(k) = xiqr(k)]}
where

plzdk)| x; (k) = x,,,(k)]
= 5 P21 00 = gl 1ll) = o]

x Prob {I,(k) = I,,,(k)}

which is the conditional density function of the ith obser-
vation component given that the quantised ith state com-
ponent x;(k) is equal to x,,(k), where the upper limit of
the summation is the number of possible values of the
discrete interference vector Ii(k), and p[z{(k)|x;(k) =
X;glk), Lk) = L,,(k)] is the conditional density function
of z(k) given that x, (k) = x;,,(k) and L k) = I,,(k); and
I,.,(k) is the nth possible value of (k).

The metric of a path is the sum of metrics of the nodes
and branches along the path. Let x7(k) denote the node
at time k along the mth path, where the superscript m
denotes the path label. The metric of the mth path in the
nth block of the trellis diagram of the ith state com-
ponent is denoted by M?™ and is given by

Mx0)] + f M3k — 1) = xn(k)] ifn=1

Mo a k=1
i nB
Y M [xGk — 1) = x5(K)] ifn>1
k=(n-1)B+1

The trellis diagram of the ith state component shows pos-
sible paths along which the quantisation levels can be
taken by the ith state component with time. Then the
component estimation involves finding a path through
this trellis diagram by using the observation sequence.
The quantisation levels along this path are the estimates
of the ith state component in time. Choosing a path
through a trellis diagram is a multiple composite hypo-
thesis testing problem since there exist multiple paths
through the trellis diagram and the observation model
for the ith component contains a random interference as
well as an observation noise. It can be shown [1] that, in
a block, the optimum rule which minimises the overall
error probability is to choose the path with the greatest
metric in the block (if there exist more paths than one
with the same greatest metric, then to choose any one of
these). In other words, choose the mth path in the nth
block if M™ > M% for all j # m.

In a block, the path with the greatest metric is chosen
by the Viterbi algorithm (VA), which is explained in
Section 7.2. The Viterbi algorithm searches all the paths
through the trellis diagram and yields the path having
the greatest metric [1]. The nodes along this path are the

if k=1

ifk>1

3" Prob {wgk — 1) = wy(k — 1)}

where i #j # land i, j, l € [1, 2, 3]; the summations are taken over all n, o, s, and ¢ such that

X. (k) — {Q{ﬂ[u(o)5 xiqm(o)’ X jqn(o)’ xlqo(o)’ ;ds(o)s wdr(o)]}
o Q{f;‘[u(k - 1)9 xiqm(k - 1)9 -;chn(k -1 |k - 1)9 ilqo(k -1 Ik - 1)’ k(k - 1), wdr(k - 1)]}
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estimates of the state component in the block. The esti-
mates of three state components are obtained sequen-
tially, component-by-component, and in parallel by using
the Viterbi algorithm since the quantisation levels of a
state component at time k + 1 depend upon the estimates
of the other state components at time k. Fig. 2 shows a

models of egns. 1and 2
i=1,2,3

replace Y by Yy

Y
] quantiser Qf} J

models of eqns. 3and 4
i=123

TRD of TRD of
:;%gf bearing| [elevation| [es(k)
ey(k) angle angle e,(k)
Y
Oy(k+1)  Oy(k+1) 05(k+1)
Fig. 2  State estimation in block n

VA: Viterbi algorithm; TRD: trellis diagram

block diagram of the sequential state estimation of three
state components (range, bearing angle, and elevation
angle) in parallel in the nth block, where

efk) & {x(|k): I=k—1,k}

ofk + )2 {x(lk+1):(n—DBKI<k +1
and (n — 1)B < k < nB}

Y £ {wi(k), I{k), x,(0), x(0), x3(0),
x 1 (0)3 x2(0)7 XS(O)}

Yy & {wyk), Lik), x,(0), x,,(0), x3,(0),
X140), %240), X340)}

where i = 1, 2, 3. The estimates of a state component in a
desired interval are the union of the estimates of the com-
ponent in preselected blocks of the interval.

The performance of the proposed scheme is deter-
mined by the performances of the Viterbi algorithms used
in parallel to estimate three state components in blocks.
The performance of a Viterbi algorithm may not be
exactly determined, but can be quantified by a Gallager-
type ensemble upper bound [1, 8, 9], since the evaluation
of the exact error probability or error probability bound
for choosing the correct path through the trellis diagram
of a state component is complex. Such an ensemble upper
bound is presented in Reference 1. However, one should
note that ensemble bounds do not exactly determine the
performance of the new approach since they are bounds
averaged over ensembles [1].

4 Simulations

The range, bearing angle and elevation angle models
which are given by eqns. 5-7 of Section 7.1, and many
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observation models containing white Gaussian inter-
ferences and observation noises were simulated for differ-
ent parameters on an IBM 3081 K main-frame computer.
The states of these models were estimated by the pro-
posed estimation scheme. They cannot, in general, be
estimated by the extended Kalman filter, owing to non-
linear interferences contained in the observation models;
hence, the proposed scheme is superior to the extended
Kalman filter.

In target tracking in the presence of interference, if a
tracker were to be employed which used the extended
Kalman filter and which was designed for target tracking
in a clear environment (i.e. no interference), the state esti-
mates would diverge from the actual state values. This
has been demonstrated by estimating the states of the
models of eqns. 57 with eqn. 2 by using the extended
Kalman filter (EKF) assuming zero interference. For
state estimation with the (extended) Kalman filter
assuming zero interference, the approximate spherical
models of the range, bearing angle and elevation angle
which are presented in Reference 5 were used. The
resulting estimates are said to be the EKF estimates of
the states.

In state estimation with the proposed scheme, the dis-
crete random variables given by Demirbag [1] were used
to approximate the random variables in the state and
observation models. These discrete random variables
were assumed to be stationary. Two blocks with B =4
were used for state estimation.

The simulation results of two example sets of observa-
tion models containing white Gaussian interferences and
observation noises are presented in Figs. 3 and 4. Set 1
(Fig. 3) shows an example of the cases where only the
state components are multiplied by nonlinear inter-
ferences. Set 2 (Fig. 4) shows an example of the cases
where both state components and observation noises are
multiplied by nonlinear interferences. Figs. 3a—c present
the actual values, EKF estimates, and the proposed esti-
mation scheme estimates (SDSA) of the range, bearing
angle, and elevation angle when the observation com-
ponent models are given by

zy(k) = x,(k){1 + 0.5 sin [1;(k)]} + v,(k)
25(K) = xo(K){1 + 0.2 sin [1,(0)]) + v4(k) p Set 1
z3(k) = x3(k){1 + 0.2 sin [I3(k)]} + vs(k)

where the variances of the observation noises, the dis-
turbance noises, the interferences, the components of the
known deterministic pilot command vector, and the
expected values of the interferences in the range, bearing
angle, and elevation angle directions are (5.5km?,
0.025 rad?, 0.025 rad?), (6.0 km?/s*, 2.5 km?/s*, 2.5 km?/
5%, (0.5, 0.3, 0.3), (1.5 km?/s*, 0.06 km?/s*, 0.07 km?/s*),
and (0.7, 0.4, 0.4), respectively. The variances, the deriv-
atives, and the expected values of the initial range,
bearing angle, and elevation angle are (5.0 km?, 0.02 rad?,
0.02 rad?), (2.0 km/s, 0.15 rad/s, 0.15 rad/s), and (55.0 km,
1.250 rad, 1.250 rad), respectively. The quantiser gate
sizes for the range, bearing angle and elevation angle are
0.01 km, 0.002 rad, 0.002 rad, respectively. The sampling
interval is 0.1 s. The viscous drag coefficient is 0.5s7 %
The initial range, bearing angle, elevation angle, inter-
ferences and disturbance noises were approximated by
the random variables with three possible values [1].

Fig. 4 shows the actual values, EKF estimates and
SDSA estimates of the range, bearing angle and elevation
angle when the observation component models are given
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by
zy(k) = x, (k)1 + 1,(k) + I}(k)] )
+ {1 + sin [1,(k)]}v,(k)
zy(k) = x,(k){1 + I,(k) sin [1(k)]}
+ {exp [1,(k)1}v,(%)
z3(k) = x3(k){1 + I,(k) cos [15(k)]}
+ {exp [I3(K)]}v4(k) J

where the variances of the observation noises, the dis-
turbance noises, the interferences, the components of the
known deterministic pilot command vector, and the
expected values of the interferences in the range, bearing
angle, and elevation angle directions are (9.8 km?
0.3 rad?, 0.3 rad?), (11.0 km?/s*%, 1.9 km?/s*, 1.9 km?/s%),
{0.15, 0.2, 0.2), (3.3 km?/s*, 0.09 km?/s*, 0.09 km?/s*), and
(0.33, 0.2, 0.2), respectively. The variances, the derivatives,
and the expected values of the initial range, bearing
angle, and elevation angle are (3.0km?2 0.1 rad?
0.01 rad?), (3.8 kmy/s, 0.02 rad/s, 0.02 rad/s), and (59.0 km,
0.35 rad, 0.28 rad), respectively. The rest of parameters
are the same as in Set 1.

It should be noted that the observation models of Sets
1 and 2 are nonlinear functions of white Gaussian inter-
ferences. Hence, state estimation of the component
models of eqns. 5-7 with these observation models
cannot be done by using the extended Kalman filter,
whereas the proposed scheme can be used for this estima-
tion. The models of eqns. 5-7 and observation sets above
are better approximated by the models of eqns. 3 and 4
for smaller gate sizes, greater block lengths, or greater
numbers of possible values of the discrete random vari-
ables and vectors in eqns. 3 and 4. However, the imple-
mentation complexity of the proposed scheme increases
with these gate sizes, block lengths, or numbers. Thus,
while preselecting these gate sizes, block lengths, and
numbers a compromise has to be made between a desired
estimation accuracy with available memory and the
implementation complexity of the proposed scheme.
Good state estimates can be obtained by the proposed
scheme by choosing appropriate values for these gate
sizes, block lengths and numbers. Simulation results
showed that, when discrete random variables with three
possible values were used in eqns. 3 and 4, good estimates
of state components were obtained. In Figs. 3 and 4 the
SDSA estimates closely follow the actual component
values, whereas the divergence of the Kalman estimates
are caused by the zero interference assumption and
linearisation errors of the models of eqns. 5-7.

Set 2

5 Conclusions

A new suboptimum estimation scheme has been present-
ed. This can be used to track a target in the presence of
an arbitrary random interference, whereas estimation
schemes based upon the extended Kalman filter may not.
The implementation of the proposed scheme requires
much more memory and computation than does the
implementation of the extended Kalman filter. In state
estimation with the proposed scheme the state (or
motion) and observation models are not limited to
models which are linear functions of the disturbance and
observation noise, whereas in state estimation with the
extended Kalman filter these models must be linear func-
tions of the disturbance noise and observation noise. The
observation model for each state component for the pro-
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posed scheme must be a function of this state component
only. However, this model can be any function of inter-
ference. The only assumption made with regards to the
initial state, disturbance noise, observation noise and
interference is independency from time to time. The
implementation of the proposed scheme requires a
memory which increases exponentially with time in a
block, even though it is independent of the number of
blocks used. Hence, an approximate block size should be
chosen for a satisfactory estimation accuracy with avail-
able memory.
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7 Appendix

7.1 State component models

This Section states the models for the range, bearing
angle and elevation angle of the location of a manoeuv-
ring target. These models are derived in Reference 2. Let
the components x,(k), x,(k) and x,(k) of the state vector
x(k) represent the range, bearing angle and elevation
angle of the target location at time k, respectively. The
models for these components are given by

xy(k + 1) & £, [u(k), x,(k), x2(k), x3(k), ¥(k), w(k)]
= {x30k) + a5, (k) + aaLuy (k) + wy(k)1}?
+ {oyx; (k)% (k) cos [x3(k)]
+ ay[uy(k) + wy(K)]}?
+ {oy x,(k)x3(k) + ay[usk) + wik)]}H12 (5)
which is the range model,
xalk + 1) £ fy{u(K), x,0), x,(K), x3(0K), 2(K), wik)]

- Bk +1)
= arctan {A(k + 1)} (6)
which is the bearing angle model, and
x3(k + 1) 2 f3[u(k), x3(k), x,(k), x3(k), &(k), wk)]
_ ke + 1)
= arcsin {—-———XI T 1)} )]
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which is the elevation angle model, where

A(k + 1) 2 x,(k) cos [x3(k)] cos [x,(k)]
+ a;{Xx,(k) cos [x3(k)] cos [x,(k)]
— X3(k)x,(k) cos [x,(k)] sin [x3(k)]
— X,(k)x (k) cos [x3(k)] sin [x,(k)1}
+ ay{cos [x3(k)] cos [x,(k)][u (k) + w,(k)]
— sin [x3(k)] cos [x,(k)][us(k) + w;(k)]
— sin [x,(k)][ua(k) + wa(k)]}

B(k + 1) £ x,(k) cos [x5(k)] sin [x,(k)]
+ oy {X(k) cos [x3(k)] sin [x,(k)]
— X3(k)x (k) sin [x3(k)] sin [x,(k)]
+ X,(k)x (k) cos [x3(k)] cos [x,(k)1}
+ ay{cos [x3(k)] sin [x,(k)][u,(k) + w,(k)]
— sin [x3(k)] sin [x,(k)][us(k) + w(k)]
+ cos [x,(k)1[u(k) + wy(k)]}

C(k + 1) £ x,(k) sin [x5(k)] + o;{%,(k) sin [x3(k)]
+ X3(k)x, (k) cos [x3(k)]}
+ oy {[u,(k) + w,(K)] sin [x;(k)]
+ [us(k) + ws(k)] cos [x;(k)1}

aler

u

In these equations u is the viscous drag coefficient; the
overdot denotes the derivative with respect to time; At is
the observation interval; w,(k), w,(k), and w,(k) are the
components of a zero-mean white Gaussian disturbance
noise vector w(k); and u,(k), u,(k), and u,(k) are the com-
ponents of a known deterministic pilot command vector
u(k) affecting the target motion at time k in the range,
bearing angle and elevation angle directions, respectively.
time 2 timeO time1 time 2 time O

time 0 time1

The nonlinear functions f,[-], f,[-] and f3[ -] (defined
by eqns. 5-7) describe the components of the state vector
at time k + 1 in terms of the disturbance noise vector,
pilot command vector and state vector at time k. It
should be noted that these models are nonlinear func-
tions of the state vector x(k) and disturbance noise vector

w(k).

7.2 Viterbi algorithm

This section describes the Viterbi algorithm which sys-
tematically examines the metrics of all paths to find the
path with the greatest metric through a trellis diagram,
say from time zero to time L. Steps of the Viterbi algo-
rithm are as follows:

Stepk (k=1,2,3,..., L): Consider each node at time k.
Find the metrics of all the paths terminating at this node.
Choose the path with the greatest metric (if more than
one paths with the same greatest metric exist, then
choose anyone of these at random), and discard the rest
of the paths terminating at the node at time k. This
process yields a new trellis diagram, which has only one
path terminating at each node at time k. This new trellis
diagram is called the trellis diagram at step k.

Final step (step L): Find the trellis diagram at step L.
Then find the path with the greatest metric through this
trellis diagram (if there are more than one paths with the
same greatest metric, then choose anyone of these at
random). This path is the one having the greatest metric
through the trellis diagram from time zero to time L.

As an example, consider the trellis diagram given in Fig.
5a. In this diagram, for convenience, the quantisation
levels are denoted by integers. Let the integer sequence
a,a,4a;, ..., a, and M[a,a,a,, ..., a,] denote the path
connecting the quantisation levels a,, a,, ..., a, and the
metric of this path, respectively. At step I, assume that
M[23] > M[13] and M[14] > M[24]. This result in the
trellis diagram of Fig. 5b. At step 2, assume that
M[257] = M[147] and M[237]. This result in the trellis
diagram of Fig. 5c. Finally assume that M{146] > M[257].
Then the path 146 is the path with the greatest metric.

timet time 2

1 3 6 1 3 6 1\;3/}6
2 7 2 7 7

2 4 Fig. 5  Trellis diagrams
a Of state
5 S 5 b Atstep 1
a b c ¢ Atstep 2

268

1EE PROCEEDINGS, Vol. 136, Pt. F, No. 6, DECEMBER 1989



