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ABSTRACT

DESIGN AND APPLICATIONS OF A Z-GRADIENT
ARRAY IN MAGNETIC RESONANCE IMAGING

Niyazi Koray Ertan

Ph.D. in Electrical and Electronics Engineering

Advisor: Ergin Atalar

January 2019

Array of gradient coils driven by independent power amplifiers can generate gra-

dient fields with dynamically changing gradient field profiles. Nine channel proto-

type z-gradient coil array with a diameter of 25 cm is designed and manufactured.

Previously designed gradient power amplifiers with maximum voltage of 50 V and

maximum current of 20 A are used to independently drive the coils. Mutual cou-

pling between gradient coils are investigated to maintain high time fidelity in the

gradient waveform. A first-order circuit model including the mutual couplings is

provided to analytically calculate the input voltages and minimum achievable rise

times for a given set of gradient array currents and amplifier limitations. Mutual

impedance of the system is measured which is in a good agreement with the first

order circuit model inside the operating bandwidth of the amplifiers (<10kHz).

An example z-gradient profile is optimized and used in Magnetic Resonance Imag-

ing (MRI) phantom experiment as a readout gradient. After validating the proper

functioning of the hardware with current measurements and MRI experiments,

advantages of dynamically arrangeable field profiles generated by z-gradient array

are investigated.

Firstly, linear gradient in variable Volume of Interests (VOIs) with variable

linearity errors are optimized with four different performance parameters such as

maximization of gradient strength for unit amplifier current limits, maximization

of slew rate for unit amplifier voltage limits, minimization of current norm and

peak vector B-field for a unit gradient strength. Decreasing the size of the gradi-

ent VOI and allowing more linearity error increases all performance parameters

more than five times among the sweep ranges. The advantage of dynamic field

optimization is demonstrated in Diffusion Weighted Imaging (DWI). Maximiza-

tion of gradient fields only inside the slice volume rather than entire coil volume

results in 4 times higher gradient strength which decreases the diffusion encoding

gradient duration 3 times and halves the echo time. Increased signal to noise

ratio (SNR) of the diffusion weighted images results in better estimate for the
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apparent diffusion coefficient (ADC) values inside the phantom.

Secondly, gradient array is also capable of generating nonlinear gradient field

distributions. In addition to many applications of nonlinear gradients in MRI,

two novel applications based on nonlinear gradients are proposed. In the first

application, nonlinear gradients are used to encode multiple slice locations to the

same frequency. Excitation of multiple slices is achieved with a single band radio

frequency (RF) pulse in contrast to multi-band RF pulses with higher specific

absorption rate (SAR) and peak power. Two different field design method is

presented and both of them are analyzed in terms of slice thickness error, center

location variation, gradient strength per unit norm current, power dissipation.

Two and three slices are excited with a single band RF pulse in phantom ex-

periments. In the second application, a single channel nonlinear gradient field is

simultaneously used with linear gradients during spoke excitation to mitigate the

B+
1 inhomogeneity. Excitation k-space with increased dimension are introduced

for simultaneous use of linear and nonlinear gradients by including independent

k-space variables for nonlinear gradient channel. Simulations are performed for

1D, 2D, RF power limited and RF power unlimited cases to demonstrate the

enhanced B+
1 homogeneity for simultaneous use of linear and nonlinear gradients

compared to using only linear or only nonlinear gradients. Proposed method

results in 2.3 times more decrease in the excitation inhomogeneity compared to

using only linear gradients in MRI experiments.

Keywords: Gradient array, Nonlinear gradients, NSEM, RF Excitation, B1 in-

homogeneity, SAR, Dynamic Gradient Optimization, DWI, Diffusion MRI, SMS,

Multi-slice Excitation, Field Monitoring, Hall Effect, Gradient Linearity, Mutual

Coupling.



ÖZET

Z-GRADYAN DİZİSİNİN TASARIMI VE MANYETİK
REZONANS GÖRÜNTÜLEMEDEKİ UYGULAMALARI

Niyazi Koray Ertan

Elektrik ve Elektronik Mühendisliği, Doktora

Tez Danışmanı: Ergin Atalar

Ocak 2019

Bağımsız gradyan güç yükselteçleri tarafından sürülen gradyan sargı dizileri di-

namik olarak ayarlanabilen manyetik alan profilleri yaratabilirler. Bu doğrultuda,

25 cm çapında 9 kanallı bir gradyan sargı dizisi tasarlanmış ve üretilmiştir. Daha

önceden tasarlanan, 50 V voltaj ve 20 A akım sağlama kapasitesine sahip güç

yükselteçleri, sargıları bapımsız olarak beslemek için kullanılmıştır. Gradyan

sarımlardaki yüksek akım hassasiyetini sağlayabilmek için bu sargılardaki

karşılıklı kuplaj değerlendirilmiştir. Karşılıklı kuplaj etkisini de içeren birinci

dereceden bir devre modeli önerilmiştir. Bu model, verilen bir gradyan akım seti

ve güç yükselteç limitleri için gerekli olan voltajları ve elde edilebilecek minimum

çıkış süresini analitik olarak hesaplanmasını sağlamaktadır. Karşılıklı kuplaj ve

kanallar arasındaki empedanslar ölçülmüş ve önerilen birinci devre modeli ile

güç yükselteçlerinin çalışma bandı içerisinde (<10kHz) uyumluluk gözlenmiştir.

Örnek bir z-gradyan alanı için eniyileştirme yapılmış ve bu alan Manyetik Re-

zonans Görüntüleme (MRG) deneylerinde frekans kodlayıcı gradyan olarak kul-

lanılmıştır. Gradyan dizisi donanımının uygun bir şekilde çalıştığı akım ölçümleri

ve MRG deneyleri ile tasdiklendikten sonra dinamik olarak ayarlanabilen alan

profillerinden kaynaklı avantajlar araştırılmıştır.

İlk olarak, farklı boyutlardaki hedef hacimlerde oluşturulan doğrusal gradyan-

lar, değişken doğrusallık hataları belirlenerek dört parametre için eniyileştirme

yapılmıştır. Bu parametreler birim yükselteç akımı ile oluşturulabilecek mak-

simum gradyan gücü, birim yükselteç voltajı ile oluşturulabilecek olan mak-

simum çıkış hızı (slew rate), birim gradyan gücü için gerekli olan minimum

akım normu ve minimum manyetik alan tepe değeridir. Daha küçük hacim-

lerde ve daha yüksek doğrusallık hataları ile bu parametrelerinde her birinde

simulasyonlarda süpürülen değerler arasında 5 kattan fazla artış gözlenmiştir.

Buradan kaynaklanan avantaj difüzyon ağırlıklı görüntülemeye uygulanmıştır.

Doğrusal gradyan alanı yalnızca ilgili kesit içerisinde eniyileştirildiğinde, sargının
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bütün hacminde yapılan eniyileştirmeye oranla, gradyan gücünde 4 kat artış elde

edilmiştir. Bu difüzyon gradyan süresini 3 kat azaltmıştır ve eko zamanını yarıya

indirmiştir. Artan sinyal gürültü oranı sayesinde fantom için hesaplanan ADC

haritalarında daha iyi tahminler yapılmıştır.

İkinci olarak, gradyan dizileri doğrusal olmayan gradyanlar üretebilirler.

Doğrusal olmayan gradyanlar sayesinde iki yenilikçi uygulama geliştirilmiştir. İlk

uygulamada, doğrusal olmayan gradyanlar birden çok kesit pozisyonunu tek bir

frekansa şifrelemek için kullanılmıştır. Bu sayede, tek bantlı bir RF darbe ile

çoklu kesit seçimi gerçekleştirilmiştir. Geleneksel çoklu kesit seçimlerinde kul-

lanılan RF darbelerinden kaynaklanan SAR ve RF tepe gücü artışı gibi dezavanta-

jlar engellenmiştir. Bu tekniği gerçekleştirebilmek için iki farklı tasarım yöntemi

önerilmiştir. İki yöntem de kesit kalınlığı hatası, merkez nokta kayması, gradyan

gücü ve güç tüketimi açısından incelenmiş ve karşılaştırılmıştır. Fantom MRG

deneylerinde, tek bantlı RF darbe ile iki ve üç kesit uyarımı sağlanmıştır.İkinci

uygulamada, tek kanallı bir doğrusal olmayan gradyan, doğrusal gradyanlar ile

spoke uyarımı sırasında eşzamanlı kullanılarak B+
1 düzensizliklerinden kaynaklı

uzaysal uyarım düzensizliklerini azaltmak için kullanılmıştır. Doğrusal olmayan

gradyanlar için bağımsız bir k-uzay değişkeni tanımlanarak, problem bir boyut

genişlemiş uyarım k-uzayında tekrar ifade edilmiştir. Tek boyutlu, iki boyutlu,

RF güç limitli ve RF güç limitsiz olmak üzere simulasyonlar yapılmıştır. Önerilen

yöntem MRG deneylerindeki uyarım düzensizliklerini sadece doğrusal gradyan-

ların kullanıldığı duruma oranla 2.3 kat daha fazla azaltmıştır.

Anahtar sözcükler : Gradyan Dizisi, Doğrusal Olmayan Gradyanlar, NSEM,

Radyo Dalga Uyarımı, B1 düzensizliği, Özgül Soğurulma Hızı, Dinamik Gradyan

Optimizasyonu, Difüzyon Ağırlıklı Görüntüleme, Eşzamanlı Çoklu Kesit, Çoklu

Kesit Uyarımı, Manyetik Alan İzleme, Hall Etkisi, Gradyan Doğrusallığı,

Karşılıklı Kuplaj.
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have Buse Merve Ürgen as a close friend and her continuous support. I enjoyed

my therapy sessions with her. I hope she will let me continue to discuss some life-

related questions in the future too. Cemre Arıyürek and I always had very much
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Chapter 1

Introduction

Magnetic Resonance Imaging (MRI) is one of the most commonly used imaging

techniques in clinical applications and neuroscience. In a regular MRI scan, 3

linear gradient fields in rectangular coordinates are used to encode spatial infor-

mation of the object to the frequency. Linear gradients provide linearly changing

magnetic field in the direction of B0; therefore, every linear gradient field pro-

duces iso-frequency lines in the corresponding direction which allows one-to-one

mapping of spin coordinates to frequency.

In conventional MRI scanners, there are three gradient coils generating three

different type linear gradient field which corresponds three physical axes. Each

coil is driven by gradient power amplifiers (GPAs) with voltage and current spec-

ifications around 2000 V and 1000 A for modern whole body scanners. During

the design stage of gradient coils, target magnetic fields are specified in terms of

gradient linearity error, total inductance, power dissipation and peripheral nerve

stimulation characteristics in a certain volume [1]. After manufacturing the gra-

dient coils, these parameters and field profiles cannot be altered, can only be

scaled by modulating amplifier outputs. These specifications and target volume

are generally determined based on a general MRI application. Although con-

ventional gradient coil works reasonably well for most of the applications, they
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do not generate optimal fields for each sequence, each target organ and appli-

cation. Additionally, nonlinear gradient fields with arbitrary spatial dependency

have already proven to be useful in many aspects of both the reception [2–9] and

excitation [10–14] phases of an imaging sequence.

Main motivation behind this thesis is to design and implement a gradient array

hardware that can generate dynamically changeable magnetic field profiles. Gra-

dient array system consists of multiple gradient coils that can be independently

driven by separate GPAs. Therefore, individual field profiles can be superposed

dynamically to improve the encoding in MRI by either generating the linear gra-

dient fields with dynamically adaptable parameters in target volume of interests

(VOI)s only or generating nonlinear gradient fields for some novel applications.

High degree of flexibility in the gradient field profile enables variety of novel ap-

plications with the expense of increased hardware complexity. In scope of this

thesis, hardware solutions and novel applications are proposed to expedite the

transition period of gradient array technology towards clinical applications.

In Chapter 2, z-gradient array hardware is introduced. Firstly, nine channel

z-gradient coil array with a diameter of 25 cm is designed and manufactured.

Each channel is wound continuously on a cylinder with total length of 27.5 cm.

Continuous winding of the channel enables to modulate current density on the

cylinder freely which increased the flexibility of field combinations that one can

obtain. Magnetic field profile of each channel is both simulated using Biot-Savart

law and measured using MRI experiments to ensure proper functioning of the

coil array. Additionally, Gradient currents requires high time-fidelity for artifact

free MR images, driver system for the gradient array is explained. Gradient array

systems might be mutually coupled. Although, it is theoretically possible to de-

sign the uncoupled coil elements, it decreases the degree of freedom in the design

stage and it is impossible to obtain zero coupling practically due to the limited

physical space and feed cables. Therefore, it is highly significant to consider

mutual coupling in the driver part. Therefore, first order circuit model approx-

imation for mutually coupled array coils including amplifier filters are proposed

and validated with impedance meter measurements. This simple model enabled

analytical calculation of minimum rise times for a given current waveforms and
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amplifier voltage limitations since rise time of each channel becomes dependent

to current flowing through other channels due to coupling. Improved version of

previously designed GPAs and user-interface [15] is also explained. Lastly, ac-

curately driving mutually coupled gradient coil arrays are validated with both

current measurements and MRI experiments. This hardware is utilized in all

chapters except the Chapter 6. In Chapter 6, a single channel, similar z-coil with

a slightly different radius is used in combination with system’s linear gradients.

In chapter 3, it is demonstrated that the z-gradient coil array can generate

dynamically changeable linear gradient profiles with various different parame-

ters in different VOI shapes and lengths. Firstly, coil currents are optimized for

minimum linearity error of the gradient fields inside a cylindrical and truncated

ellipsoid VOIs with variable diameters and lengths. Secondly, an example spher-

ical VOI with diameter of 20 cm is determined as an example VOI to investigate

performance metrics of the system. Four optimization problems are formulated

such as (1) maximum gradient strength per unit amplifier current limitations, (2)

maximum slew rate per unit amplifier voltage limitations, (3) minimum current

norm required to obtain unit gradient strength and (4) min amplitude of vectoral

magnetic field inside the entire coil for a unit gradient strength. All optimization

problems are constrained by maximum allowed gradient linearity error. Maxi-

mum allowed gradient linearity error and truncation length of the spherical VOI

in z-direction is swept jointly to demonstrate that a z-gradient array can be dy-

namically changed to utilize the tradeoffs between the performance parameters

of gradient fields.

In Chapter 4, advantage of dynamically adjustable field profiles are demon-

strated in DWI. In DWI, sufficient contrast in diffusivity requires high b-values

with either long gradient durations or high gradient strengths. Since gradient

strength is limited by the GPAs in conventional scanners, duration of the dif-

fusion encoding gradients should be increased. Increased duration of diffusion

encoding gradient results in increased echo time (TE) and decreased signal to

noise ratio (SNR) which decreases the diagnostic quality of DWI [16]. We pro-

pose to utilize the z-gradient array to maximize the gradient strength only inside

a selected VOI where diffusion images will be acquired. Furthermore, gradient
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nonlinearity error might also be modulated in this VOI to further increase the

gradient strength which results in spatially dependent b-value for apparent diffu-

sion coefficient (ADC) calculations. Theory and formulations in Chapter 3 is used

to design the gradient field profiles. Field profile simulations and DWI experi-

ments are performed for two cases for comparison. In the first case, field profiles

are design for all slices in VOI while imaging a single slice at the center. In the

second case, field profiles are designed for only central z-slice where imaging oc-

curs. In this comparison, it is demonstrated that maximizing the gradient fields

only inside the current VOI and allowing more and more nonlinearity results in

increased diffusivity estimation inside the phantom.

In Chapter 5, first example application of nonlinear gradients generated by

the z-gradient coil array is explained. Multi-slice MRI is a tool to excite and

image multiple slices simultaneously which either decreased the total scan time

or increases SNR. Since conventional linear gradients provide one-to-one mapping

between frequency and spatial coordinates, multi-slice excitation pulse involves

multiple frequencies with increased specific absorption rate (SAR), peak radio fre-

quency (RF) amplitude and power [17]. Although there are techniques for linear

gradients to suppress the increase in RF pulse related parameters [18–26], multi-

slice RF pulses have either higher durations or higher SAR compared to single

slice RF pulses. Using the z-gradient array, it is demonstrated that multiple slice

locations can be mapped to the same frequency; therefore, single slice RF pulses

can be used to excite multiple slices without increase in the pulse duration or SAR.

Field design techniques and formulations for two different proposed techniques are

provided to design spatially oscillating magnetic field profiles. Limitations and

performance parameters of this technique such as minimum slice separation, slice

profile discrepancy and maximum attainable gradient strength is investigated us-

ing simulations. Lastly, MRI experiments is used to validate that excitation of

multiple slices with a single band RF pulse is feasible using the z-gradient array.

In chapter 6, the advantage of using nonlinear spatial encoding magnetic fields

(N-SEM)s, nonlinear gradients, simultaneously with linear spatial encoding fields
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(L-SEM)s, linear gradients, in B+
1 inhomogeneity correction is investigated. Al-

though high main magnet strength scanners (> 1.5T ) increases SNR [27], ho-

mogeneous excitation is more difficult challenge due to the fact that wavelength

of the excitation field becomes comparable with the object dimensions [28, 29].

Inhomogeneous excitation might change the contrast characteristics of the image

and decreases the diagnostic quality. In addition to the methods developed for

conventional linear gradients in literature [29–34], nonlinear gradients can also be

used to improve the homogeneity of the RF excitation [35,36]. We propose to use

single nonlinear gradient channel simultaneously with linear gradients to improve

the B+
1 homogeneity. Using an additional nonlinear gradient simultaneously with

the linear gradients breaks the conventional Fourier relation between the exci-

tation k-space and spatial distribution of excitation. Including the nonlinear

gradients as an independent k-space dimension, Fourier transform relationship

is re-established again. This formulation also shows the dramatic increase in

the degree of freedom while using nonlinear gradients simultaneously with linear

gradient. Global optimization problems are solved for both simulations and ex-

periments to demonstrate that simultaneous use of L-SEMs and N-SEMs in the

spoke excitation can result in either B+
1 inhomogeneity correction with the same

SAR level. Lastly, details for the first experimental validation of B+
1 inhomogene-

ity correction using N-SEMs and L-SEMs simultaneously is provided.

In short, z-gradient array hardware is explained in Chapter 2 in terms of

both coil design and drivers. The possible advantages of dynamically optimizing

the linear gradients with different specifications are formulated and simulated

in Chapter 3. An example advantage of dynamic field optimization in DWI is

presented in Chapter 4. Chapter 5 and 6 discusses some example applications

of nonlinear gradients in multi-slice excitations and B+
1 inhomogeneity correction

respectively. Finally, practical limitations of gradient array technology, some

hardware challenges and future applications are discussed in Chapter 7.
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Chapter 2

Gradient Array Hardware

The gradient coil array was already presented in the 33rd Annual Meeting of

European Society of Magnetic Resonance in Medicine and Biology [37] and pub-

lished in Magnetic Resonance Medicine [38]. Some of the content of this chapter

including figures and texts are based on these publications. The second part of

this chapter related to driving mutually coupled gradient array coils was presented

in the 26th Annual Meeting of International Society for Magnetic Resonance in

Medicine [39].

The hardware described in this chapter have been developed by a few collab-

orators. RF coil and its shield have been designed and manufactured by Alireza

Sadeghi-Tarakameh. Mustafa Can Delikanlı assisted with the production of the

array of coils. Gradient power amplifiers and the driver is initially described in

Master Thesis of Soheil Taraghinia [15]. For the studies of this chapter, some

adaptation has also been performed together with Soheil Taraghinia. User in-

terface to program the gradient waveforms are initially developed by Sercan

Aydoğmuş. Hamed Mohammadi has continuously developed the user-interface

until its final version.
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2.1 Introduction

In conventional MRI, linear gradients are used to encode the spatial coordinates

of spins onto the resonance frequency. In the last decade, gradient coil arrays with

arbitrary magnetic field profiles have proven to be useful for encoding purposes

[40,41] at the expense of increased hardware complexity. In this study, a 9-channel

z-gradient coil array is designed and manufactured.

A high number of array elements are likely to be mutually coupled even for

orthogonal spherical harmonics field profiles [42], although there have been some

efforts to reduce [41] or avoid mutual coupling between the channels [43]. On the

other hand, driving mutually coupled gradient array coils is possible and might

even be preferable to avoid the mutual coupling constraints in the coil design.

Providing high-fidelity and high-bandwidth currents for gradient array sys-

tems becomes a challenge since high-channel-count gradient elements can couple

to each other because of the nonorthogonal magnetic field profiles. Gradient

array systems should be considered as multiple-input-multiple-output (MIMO)

systems, because the time-varying current in one element can change the current

waveforms of the other elements. If the system can be assumed to be linear and

time invariant (LTI), the frequency response of the system, including the cross

terms, is measured. Once the system is known, appropriate predistortions can be

applied to the input waveforms [42,44] to obtain the desired gradient waveforms.

Inverting the frequency response of the system at a high bandwidth might be

computationally expensive for a high number of channels and lacks an analytical

expression that can be used to calculate the amplifier limitations.

Here, a first-order time domain model of driving mutually coupled array ele-

ments is developed and allows analytical calculation of the required input voltages

for a given set of desired output currents. This analytical expression can be used

to find the minimum achievable rise time for a given current combination of the

coil arrays under the amplifier voltage limitations. The self- and cross-impedances

of each element according to the proposed model are compared with impedance
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measurements in the operating bandwidth of the amplifiers (<10 kHz). The first-

order model and expression for the minimum achievable rise time is validated in

bench-top experiments with three different current combinations that generate

a linear z-gradient and second- and third-order z-shim fields on a nine-channel

low-cost home-built gradient array system. Finally, a driving mutually coupled

gradient system is demonstrated with MRI experiments.

2.2 Z-Gradient Array

2.2.1 Physical Description of the Coil Array

The coil array is designed as a 9-channel coil array. It is wound on a plastic cylin-

drical shell with a diameter of 25 cm such that each identical array element is

directly adjacent to its neighboring element as shown in Fig. 2.1a. Each element

consists of 36 turns of a 0.85 mm thick copper wire. Because of the continuous

winding of the gradient coil and non-zero wire thickness, each element is essen-

tially a helical structure with a pitch angle of less than 0.1◦. The feed cables

for each channel are designed to be parallel to the z direction since theoretically,

current flow in the z direction does not contribute to the magnetic field in the z

direction, and force is not induced due to the main magnetic field. Furthermore,

a birdcage Tx/Rx RF coil with a diameter of 21 cm and a total length of 22 cm is

placed concentrically with the gradient coil array inside the cylindrical shell. As

an RF shield, copper tape is glued to the inner portion of the cylindrical gradient

holder, and parts of the shield are removed to form slits in the z direction to

prevent eddy currents on the cylindrical shell due to gradient switching. At each

slit, multiple 1 nF capacitors are soldered between the separate parts of the shield

to maintain its proper functioning. The gradient coil array, the RF coil and the

shield are shown in Fig. 2.1b.
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Figure 2.1: (a) Schematic illustration of the 9-channel z-gradient coil array, (b)
the 9-channel z-gradient coil, the RF coil embedded inside the cylinder and the
RF shield.

2.2.2 Magnetic Field Profiles

After successful construction of the 9-channel z-gradient coil array, magnetic field

profile of each channel is simulated and measured for validation. The vector mag-

netic field profile of each channel was simulated with a 0.2 mm spatial resolution

using the Biot-Savart law. Although Biot-Savart law assumes that magnetic field

does not vary as function of time, it is commonly used approximation in litera-

ture [1]. Since wavelength at the operating frequency of gradients (<10kHz) is

much lower than the coil dimensions, this approximation works reasonably well.

However, rapid changes in the current can still produce small amount of errors

in the field profile due to skin effect, proximity effect and inter-winding capaci-

tances. Although a helical coil geometry was considered in the simulations, the

field was simulated only on the coronal plane by assuming angular invariance of

the three-dimensional distribution due to the very low pitch angle of the coil ele-

ments. In the experiments, the z component of the magnetic field profile of each

array element was measured based on the phase difference between a reference

coronal gradient-echo (GRE) image and another GRE image with the same echo
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time and a small blip of current applied to the corresponding array element only

during phase encoding. Field maps were obtained with a 1 mm x 1 mm spatial

resolution. All experiments in this thesis were conducted using a 3 T scanner

(Magnetom Trio A Tim, Siemens).

In Fig. 2.2, simulated and measured magnetic field profiles per unit current for

the first five channels are shown. The measurements were performed on a smaller

volume determined by the sensitivity of the RF coil. The measurement locations

are indicated with red boxes on the simulated profiles. The mean percentage

error over all pixels of all channels is 0.6%, and the RMS percentage error is 7%.

2.2.3 Example Optimized Field Profiles

A gradient array system enables dynamic optimization of the field profile with

dynamically adaptable current weightings. A least squares optimization problem

is formulated to solve the optimal current weightings for a given target magnetic

field profile, as shown in Eq. 2.1:

min
Iw,α

= ‖Btarget − αBIw‖2 (2.1)

where Btarget is a column vector consisting of a target magnetic field at discrete

locations, B is a matrix with column vectors consisting of measured or simu-

lated magnetic field profiles for a unit current applied to each channel, Iw is a

column vector representing the current weightings of all channels with unit in-

finity norm and α is an arbitrary scaling factor. Although one can define many

other optimization problems, this optimization problem is preferred for the cur-

rent weightings in this example because it provides the minimum error norm as

the simple analytical solution, as shown in Eq. 2.2:

I∗w =
B+Btarget

‖B+Btarget‖∞
(2.2)

where B+ is the pseudoinverse of B.

Three example current vectors optimized for different magnetic field distribu-

tions, such as a linear z-gradient (Bz ∝ z), second-order Z2 (Bz ∝ z2−0.5(x2+y2))
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Figure 2.2: Magnetic field profiles for channels 1-5. Other channels are omitted
due to symmetry and space considerations. (a) Simulated results for a cylindrical
volume with a diameter of 22 cm and a length of 27.6 cm. The location of the
phantom is indicated with a red box for ease of comparison. (b) Measured
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the phantom boundaries.
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(Bz ∝ z2 − 0.5(x2 + y2)) and third-order Z3 (Bz ∝ z3 − 3z(x2 + y2)) magnetic
fields. (row 1) Target magnetic field profiles, (row 2) superposition of measured
magnetic field profiles with optimized current weightings; that is, optimized field
profiles and (row 3) error maps between the target and optimized magnetic field
profiles. The red circle indicates the optimization box, which is a 15 cm DSV.

and third-order Z3 (Bz ∝ z3−3z(x2+y2)) fields inside a 15-cm-diameter spherical

volume (DSV). All computations are performed in MATLAB 2017a (The Math-

Works, Natick, MA). Magnetic field map measurements in Fig. 2.2 are used in

the construction of B matrix construction.

The current weightings are optimized for three example magnetic field profiles,

such as the Z, Z2 and Z3 fields, using Eq. 2.2. The optimal current weightings are

scaled by 20 A assuming that maximum current limitation of the amplifiers are

20 A. The target magnetic fields and the obtained magnetic field profiles using

the superposition of the previously measured magnetic field map of each channel
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Figure 2.4: Circuit model for the single-stage LC gradient filters and mutually
coupled gradient coils.

with optimized current weightings and error between the target and obtained

magnetic field profiles are provided in Fig. 2.3. The optimized linear z-gradient

field profile is also used as a readout gradient during the experiments.

2.3 Driving Mutually Coupled Gradient Coil

Array

2.3.1 Circuit Model

Fig. 2.4 shows the LTI circuit model of the gradient coils and a single stage of the

LC gradient filter, where ZL and ZC are the impedances of the series inductor

and parallel capacitor of the filter, respectively. The impedance of the mutually

coupled gradient coils is modeled by a series combination of a diagonal resistance

matrix, R, and a mutual coupling matrix, M, in which the diagonal terms de-

termine the self-inductance and the off-diagonal terms determine the inductive

coupling between the channels [39]. The input and output characteristics of this

model at a single frequency can be modeled as a multiple-input-multiple-output
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(MIMO) system to account for cross couplings as in Eq. 2.3:

V(ω) = (Zcoil + 2ZLE +
ZL
ZC

Zcoil)I(ω) (2.3)

where V and I are the vectors for the input voltage and output current of all

channels, and E is the identity matrix. Zcoil is the coil impedance matrix, which

can be written as Zcoil = R + jωM.

The output filter is designed to suppress the current ripple at the effective

switching frequency of the amplifiers while having minimal influence at the band-

pass frequencies. The capacitive term in Eq. 2.3 can be neglected in the low-pass

regime, which leads to the definition of the first-order time domain relation be-

tween the input voltage and output current, as in Eq. 2.4. The first-order time

domain expression in Eq. 2.4 is the equation that is used in the pulse width

modulation (PWM) calculations throughout the study.

V(t) = Mtotal
dI(t)

dt
+ RtotalI(t) (2.4a)

Mtotal = M + 2ZLE and Rtotal = R + 2RLE (2.4b)

2.3.2 Validation with Impedance Measurements

The lumped element circuit model assumes that the inductance, capacitance and

resistance values are constant in the operating bandwidth of the amplifiers. How-

ever, gradient waveforms require high fidelity in the programmer’s design. There-

fore, the impedance of the filter components and gradient coils are measured as a

function of frequency using a GW Instek LCR-B105G high-precision LCR meter

(Good Will Instruments, Taiwan) for comparison with the low-frequency approx-

imation of the lumped element circuit model.

First, the impedance of each channel is measured as a function of frequency

when all other channels are open circuits. Another measurement is performed to

calculate the cross-channel impedance, Zmn. The impedance of the mth channel is
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measured when the nth channel is a short circuit, which is called Z
′
mn. When mea-

suring Z
′
mn, the voltage induced on the mth channel and current flowing through

the mth channel can be defined as V
′
m and I

′
m, respectively. The measurement of

Z
′
mn leads to two different equations at each frequency as follows:[

V
′
m

0

]
=

[
Zmm Zmn

Zmn Znn

][
I

′
m

I
′
n

]
(2.5)

where I
′
n is the current flowing through the nth channel during the measurement.

In this equation, Zmm and Znn are known from previous self-impedance measure-

ments. The ratio of V
′
m and I

′
m is already measured as Z

′
mn. If simple algebraic

steps are carried out, Zmn can be calculated as follows:

Zmn =
√
Znn(Zmm − Z ′

mn) (2.6)

with a phase ambiguity. This phase ambiguity can be resolved by imposing the

constraint that the resistive part of the Zmn should be positive. Z
′
mn is measured

for all 36 possible pairs of 9 channel array elements.

Impedance matrix is measured up to the operating bandwidth of the amplifiers

(≤10 kHz) with a 100 Hz step size. After calculating the Zcoil, the impedances

of the filter components are also measured to calculate the frequency response

of the circuit, Vm(ω)/In(ω), based on the impedance measurements according to

Eq. 2.3.

Impedance measurements are performed to test the validity of the first-order

lumped element circuit model in the low-pass frequency regime, which is expressed

in Eq. 2.4. For the first-order circuit model, inductance values measured at 1 kHz

are assumed to be valid over the entire frequency range, and the resistance values

measured at DC are used in the entire bandwidth. The frequency response of

the first-order lumped element circuit model and impedance measurements are

compared in Fig. 2.5. An impedance matrix for 4 channels is shown, and similar

characteristics are present for the other channels.

The impedance measurements can be used to analyze the assumptions made

in Eq. 2.4. Each coil element is modeled as an inductance and a DC resistance by
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Figure 2.5: Impedance matrices are shown for (blue) the proposed circuit model
in Eq. 2.4 assuming frequency-independent circuit elements and (red) the calcu-
lated ratio of the input voltage for the mth channel and output gradient current
for the nth channel using impedance measurements of coil arrays with filters as a
function of frequency. Both the (a) amplitude and (b) phase of the impedance
matrices are shown.

assuming that (1) there is no AC resistance; and (2) the self-resonance frequency

of the coil is at much higher frequencies than the operating bandwidth of the

amplifiers; the effect of the filter capacitor in Eq. 2.3 is also neglected in Eq. 2.4.

These assumptions lead to only a 1% deviation in the self-impedance on average

at 5 kHz compared to the frequency response measurements. For frequencies

greater than 5 kHz, the capacitive effects become notable, and the circuit model

overestimates the self-impedance by nearly 12% for all channels at 10 kHz. The

average phase error of the self-impedance is 4◦ at 10 kHz, which originates mostly

from the increase in the AC resistance of the coil. Moreover, the circuit model

also underestimates the amplitude of the mutual impedances at frequencies higher

than 5 kHz due to capacitive effects. The average phase of the mutual coupling

between any channel and the closest neighbor is 88◦ at 10 kHz, probably due to

resistive coupling between the channels. Therefore, the purely inductive mutual

coupling assumption in Eq. 2.4 causes a 2◦ phase error in the frequency response

of the cross terms.

The impedance measurements of the self-impedance and mutual impedance

of the coil alone are in good agreement with the model in which each coil is
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Figure 2.6: Impedance matrices are shown for (blue) the proposed circuit model
for the gradient array coils without filters assuming frequency independent circuit
elements and (red) measured self and mutual impedances using impedance meter
measurements as a function of frequency. Both (a) amplitude and (b) phase of
the impedance matrices are shown.

represented by a series RL circuit and inductively coupled with other series RL

circuits as shown in Fig. 2.6. Although these results are specific to our custom-

designed z-gradient array coil, the technique is proposed for general gradient coil

arrays based on the fact that the self-resonance frequency of the gradient coils

is designed to be much higher than the switching frequency of the amplifiers.

However, the frequency response between the amplifier’s output voltage and the

coil current can be affected by the capacitive components of the gradient filter.

Filter effects are apparent toward the end of the bandwidth, which generally

contains lower power. Furthermore, higher-order filters can be designed with

sharper frequency responses to be transparent in the operating bandwidth of

the coil currents while providing enough suppression at the switching frequency

[45,46]. In this study, a first-order filter is preferred to avoid a further increase in

the complexity of the hardware. Higher-order filters might increase the physical

space requirements, power dissipation and cost of the hardware.
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2.3.3 Minimum Rise Time Calculations

In a mutually coupled array configuration, the maximum amplifier voltage and

impedance of a single channel are not sufficient to determine the rise time for a

given current value. Current flowing through each coil is highly affected by the

currents flowing through the other coils, especially neighboring coils with strong

coupling. Therefore, the rise times and resulting slew rates should be calculated

for each current amplitude and timing. For a particular time dependence of a fixed

magnetic profile, all coils should be driven by currents with different amplitudes

but exactly the same time dependence. In the case of a typical trapezoidal current

with equal rise and fall times, the peak voltage is required either at the end of the

rise period or the beginning of the fall period. If the voltage limitations of the

amplifiers are identical for each channel, there is a lower bound on the rise time

determined by the coil with the highest peak voltage, which should be driven

by the maximum voltage limitation of the amplifiers. Considering Eq. 2.4a, the

minimum possible rise time for a trapezoidal time dependence of any magnetic

field profile can be calculated as follows:

∆tmin = max
1≤m≤N


∣∣∣∑N

n=1 Mmn · In
∣∣∣

Vmax − |Rmm · Im|

 (2.7)

where ∆tmin is the minimum rise time, In is the current amplitude of the nth

channel during the plateau period of the trapezoidal waveform, Mmn is the mutual

inductance between the mth channel and nth channel, Rmm is the resistance of

the mth channel and Vmax is the maximum voltage limitation of the identical

amplifiers.

Since the first-order model overestimates the impedance of the system as in

Fig. 2.5, the channel voltages in Eq. 2.4 and minimum rise time in Eq. 2.7 are also

overestimated. Therefore, neglecting the capacitive effects in analytical models

does not pose a risk of exceeding the amplifier voltage limitations.
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Figure 2.7: Schematic illustration of the full H-bridge gradient amplifier array
(periphery components of the right side are not shown here), including a single
power supply, its gate drivers, control signals provided by an FPGA and gradient
coils as loads.

2.3.4 Driver System

Gradient array systems consist of multiple coils driven by individual amplifiers. In

this thesis, desired current waveforms are supplied using a home-built 9 channel

gradient amplifier array. Significant portion of the design of GPAs are previously

designed in a M.S thesis [15]. During the experiments of this thesis, design of

the GPAs are slightly reconsidered. User interface to program the GPAs are

developed continuously during this thesis with the help of Hamed Mohammadi.

Overall system is also described in this thesis to ensure completeness of the

hardware. Fig. 2.7 depicts the main components of the proposed gradient am-

plifier array setup. Each gradient power amplifier is employed in a one-stage

H-bridge configuration, and a bootstrap circuit is used to drive the high side

switches. An isolated gate driver (ADuM7234, Analog Devices, Massachusetts,

USA) is used to switch NMOS transistors (IRFP250n, Infineon Technologies

Americas Corp., California, USA), providing 50 V and 20 A at the output. A

single power supply is used to feed all the GPAs, since each GPA consists of a
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Figure 2.8: (a) Nine gradient amplifiers and an FPGA, (b) user interface to
program the waveforms for all channels.

single-stage H-bridge rather than a conventional stack configuration [47]. Images

of the home-built GPAs are shown in Fig. 2.8a.

The evaluation board of a Xilinx Virtex5 FPGA (XMF5, PLDkit OU) with a

100 MHz clock frequency is used to generate the PWM control signals. The PWM

period is chosen as 20 µs, which leads to a 10 µs dwell time and a 100 kHz effective

PWM frequency for the center-aligned PWM configuration. Considering the clock

frequency, the duty cycles can be set approximately with 10 bits of resolution for

all channels independently. The FPGA is programmed by a user interface in a PC

via serial communication. The user interface allows programming of the channel

impedance, desired current waveforms, PWM delays to prevent shoot through in

the H-bridge circuitry, supply voltage, and PWM periods independently for an

arbitrary number of channels. A screenshot of the user interface is provided in

Fig. 2.8b.
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2.3.5 Current Measurements

The PWM signals are generated based on the lumped element circuit model in

Eq. 2.4. Although full mutual impedance matrix measurements of the 9-channel

coil are available, self-inductances and resistances are tuned manually to include

the effect of the feed cables and amplifier-related parameters, such as stray induc-

tances and drain sources, on the resistance of the MOSFETs. Currents flowing

through nine coil elements are captured for the example cases to demonstrate the

effect and feasibility of compensating for the mutual coupling between channels

in the bench-top experiments. Current measurements are performed outside of

the MRI scanner using a current probe (LFR06/6 Rogowski Current Waveform

Transducer, Power Electronic Measurements Ltd., Nottingham, UK) and a digital

oscilloscope (Agilent DSOS104A, Keysight Technologies, California, USA). Cur-

rent waveforms are digitized at a rate of 2 MSa/s to filter out the higher-frequency

interference signals in the environment.

In highly coupled gradient array coils, the actual current waveforms might

significantly deviate from the desired current waveform if mutual coupling is not

compensated during the voltage calculations. The current error might be in dif-

ferent forms depending on the individual current amplitudes and waveforms for

the mutually coupled coils, as illustrated in Fig. 2.9. When the self-inductances

of two coils are comparable and the mutual coupling coefficient is positive, the

current flowing in the same direction, depending on their amplitudes, might lead

to an undershoot and increase the rise time of the desired current for both chan-

nels because of the opposing induced voltage (Fig. 2.9a). Similarly, reverse di-

rected currents flowing in the two coils can cause an overcurrent in both channels

(Fig. 2.9b). Moreover, even the direction of the current might change from the

desired current direction if the induced voltage is greater than the applied volt-

age (Fig. 2.9c). In particular, the current waveforms of channels with relatively

lower desired current values might be significantly influenced by the channels with

higher current values, as shown in Fig. 2.9c. When the mutual coupling is consid-

ered as in Eq. 2.4, desired current waveforms can be achieved with significantly

less error.

21



Figure 2.9: Current measurements of two channels when mutual coupling is or is
not compensated during the input voltage calculations. Three example current
pairs are demonstrated for Ch1 and Ch2 as (a) 10 A and 10 A, (b) 10 A and -10
A and (c) 10 A and 2 A.
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Figure 2.10: Current measurements of nine channels for the Z, Z2 and Z3 field
profiles. Trapezoidal current waveforms with analytically calculated minimum
rise times are applied to all channels simultaneously.
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Furthermore, the minimum attainable rise times for the optimized current vec-

tors are calculated using Eq. 2.7as 450 µs, 440 µs and 380 µs for the Z, Z2 and

Z3 fields in Fig. 2.3, respectively. The user interface of the gradient amplifiers is

programmed to provide trapezoidal current waveforms with minimum rise times.

Fig. 2.10 shows the measured current waveforms passing through all gradient

channels for the three field profiles. Small current drops were observed in the

plateau region of some of the trapezoidal waveforms, most likely because of the

supply voltage drops during high-demand use and the fact that there is no feed-

back loop in the amplifiers to compensate for the current values. However, all

current waveforms increased to the desired value in the minimum possible rise

time, which confirms the circuit model in Eq. 2.4 and the analytical expression

in Eq. 2.7.

2.4 Validation with MRI Experiments

Furthermore, MRI experiments are conducted to image an orange as well as a

home-built, homogeneous cylindrical phantom with a diameter of 10 cm that

consists of CuSo4 solution at a concentration of 15 mM/L. Central coronal slices

are imaged using a GRE sequence with an FOV of 150 mm, an isotropic in-slice

resolution of 1 mm and a slice thickness of 5 mm. For the orange and phantom

images, the TE/TR values are 10/100 ms and 7/300 ms, respectively. During the

experiments, the system z-gradients are turned off. Coil elements with current

weightings optimized for a linear z-gradient with a gradient strength of 13 mT/m

are used as the prephaser and readout gradients. The prephaser and readout

gradients take a total of 1150 µs and 2300 µs, respectively, including the rise and

fall times of 500 µs. The maximum gradient amplifier voltage is limited to 40 V,

and 80% of the actual specification of the amplifier increases the reliability of the

system.

Fig. 2.11 shows a comparison of the coronal MRI images acquired using a

conventional z-gradient system and the z-gradient generated by the array sys-

tem. There are no significant spatial distortions in the images of the cylindrical
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Figure 2.11: Coronal MRI images of a cylindrical phantom and an orange with 1
and 4 averages. (row1) The system z-gradient and (row2) gradient array system
is used as the readout gradient for comparison. The fixed red circles indicate the
boundaries of the phantom.

phantom, which validates two claims. First, the linearity of the magnetic field

generated by the array system is comparable to the linearity of the conventional

gradient coil. Second, the desired gradient amplitude is achieved during readout,

since the dimensions of the phantoms are almost identical. Additionally, both

the phantom and orange are imaged using an averaging factor of four to test the

repeatability of the experiments and increase the SNR of the images. The agree-

ment between the images taken with the system gradients and the gradient array

can be considered as a proof of concept for the high time fidelity of the gradient

currents, which validates the proposed method for driving mutually coupled array

coils. Furthermore, using a gradient array system as a readout gradient results in

some artifacts in the phase encoding direction, which can be visually inspected

in Fig. 2.11.
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2.5 Discussion

2.5.1 Practical Comments on the Z-Gradient Coil Array

In this thesis, home-built nine channel z-gradient array is designed and manu-

factured. This array of coils is only a basic prototype to demonstrate proof of

concept studies; therefore, it lacks some significant practical features which are

necessary in the clinical application. First of all, the coil array is only air cooled

in contrast to water cooling system of conventional gradient coils. Due to the

lack of a professional cooling system, high duty cycle gradient currents might

cause overheating the coil. Overheating of the coils might result decrease in the

current flowing through the coil due to increased resistance or even damage the

coil windings. Second, although our coil array is not shielded, eddy current effects

are negligible due to the small radius of the coils. For especially, larger human

size gradient array coils, each element can be designed to be self-shielded [41]

or a shield can be designed as an array of coils driven by independent ampli-

fiers. Lastly, mechanical stability of the coil can be improved. Theoretically,

magnetic moment of each loop in the z-gradient array is parallel with the main

magnetic field; therefore, no torque is expected on the coil. However, since it

is home-built and placement of the coil inside the MRI scanner has been done

manually, torque can be induced on the coil. Similar to torque, force also can

be induced on the wires. As a result, there might be some vibrations of the coil

due to the coil depending on how fast the current waveforms are switched. As

a remedy, mechanical properties of this coil should be reconsidered for a human

size conventional z-gradient array.

2.5.2 Effect of the Gradient Filter

The impedance measurements of the self-impedance and mutual impedance of the

coil alone are in good agreement with the model in which each coil is represented

by a series RL circuit and inductively coupled with other series RL circuits (see
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Fig. 2.6). Although these results are specific to our custom-designed z-gradient

array coil, the technique is proposed for general gradient coil arrays based on the

fact that the self-resonance frequency of the gradient coils is designed to be much

higher than the switching frequency of the amplifiers. However, the frequency re-

sponse between the amplifier’s output voltage and the coil current can be affected

by the capacitive components of the gradient filter. Since the first-order model

overestimates the impedance of the system as in Fig. 2.5), the channel voltages

in Eq. 2.4 and the minimum rise time in Eq. 2.7 are also overestimated. There-

fore, neglecting the capacitive effects in analytical models does not pose a risk

of exceeding the amplifier voltage limitations. Filter effects are apparent toward

the end of the bandwidth, which generally contains lower power. Furthermore,

higher-order filters can be designed with sharper frequency responses to be trans-

parent in the operating bandwidth of the coil currents while providing enough

suppression at the switching frequency [46,47]. In this study, a first-order filter is

preferred to avoid a further increase in the complexity of the hardware. Higher-

order filters might increase the physical space requirements, power dissipation

and cost of the hardware.

2.5.3 Feedback Requirements

In this study, the gradient array system is modeled as an LTI system. Although

this model provides currents to the coils with adequate accuracy to perform the

imaging, nonlinear effects such as thermal effects, power source and amplifier im-

perfections can still degrade the time fidelity of the coil currents [42]. Therefore,

a closed loop feedback system might be required to compensate for the residual

current errors. The design of the current controller for the mutually coupled coil

arrays might require multivariable feedback control [48] because of the cross-talk

between the channels, which requires further investigation. The first-order model

in combination with a single-input-single-output (SISO) feedback loop might still

provide the desired waveforms with lower computational complexity as an alter-

native to a full frequency response correction of the system [42,44].
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2.5.4 Eddy Current Compensation

The proposed model is very similar to the conventional eddy current compensa-

tion method, which assumes multiple couplings between the conductive surfaces

and the gradient coil [49]. Eddy current compensation can be trivially included

in the proposed method, accounting for the couplings with both passive eddy

current surfaces and other actively driven gradient coils. Moreover, there are

some programmable pre-emphasis systems that can adapt the pre-emphasis coef-

ficient dynamically [50], which can be adapted for mutual coupling compensation

dynamically as part of the spectrometer.

2.5.5 Hardware Perspective

Significant voltages can be induced on the loads due to the high change rate of the

currents in the neighboring channels. Therefore, voltage isolation of the amplifier

components should be considered at the design stage to ensure that no component

is at risk during the worst-case coupling scenarios. As another extreme case,

induced voltages might even exceed the supply voltage of the amplifiers, which

might cause some unexpected current flow through the freewheeling diodes of the

transistors. Furthermore, the malfunctioning of an amplifier might also damage

the other amplifiers due to coupling; therefore, the safety precautions should also

consider the mutual coupling between channels by monitoring the current and

voltage of all amplifiers.

Although extreme couplings might be troubling in terms of the amplifier, mu-

tual coupling might be utilized to decrease undesired current ripples originat-

ing from the switching voltages. Multistage H-bridge amplifiers can accompany

phase-shifted PWM schemes [51] to increase the effective switching frequency,

which results in reduced current ripples. Single-stage amplifiers cannot increase

the effective switching frequency in their normal operation mode, and optimized

relative phases for the PWM signals of the amplifiers along with their mutually

coupled loads can decrease the energy of the current ripples by more than 90%
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in some cases [52]. The PWM phase shifting strategy can be used together with

gradient filters to further reduce the current ripples [53]. The advantage provided

by the relative phases of the PWM control signals for an amplifier array might

also be exchanged for simpler gradient filters with lower series inductance, smaller

physical size, lower power dissipation or lower phase delays.

2.5.6 Shimming Applications

Previously, it was demonstrated that nonorthogonal field profiles can overcome

conventional orthogonal spherical harmonic fields for dynamic shimming purposes

using a high number of shim array coils [54–57] or RF coils as shim coils with

dedicated hardware [58, 59]. Although the gradient field demands in terms of

switching rates and field amplitudes are higher than in shim coils, the effect of

mutual coupling can still affect the shimming performance of shim coil arrays.

More importantly, shim coil arrays are generally used simultaneously with con-

ventional linear gradients, which might induce undesired currents in the shim coils

due to mutual coupling between the system gradients and shim arrays. Moreover,

shim coil arrays can also generate linear gradient profiles [40] and can be used for

combined imaging and shimming applications [60]. In this case, mutual coupling

should also be considered, because the shim array current should be switched at

faster rates for imaging purposes.

2.5.7 Mutual Coupling Considerations During the Coil

Design

Nonorthogonal field profiles generated by arbitrary coil geometries are likely to

cause mutual coupling between the channels. Mutual coupling might be reduced

in the design stage by physically shifting the coil elements [41]. Coil arrays can

also be designed by constraining the field orthogonality of the channels; however,

discretization of the surface currents might still cause some residual mutual cou-

pling [43]. For both strategies, the aim of avoiding mutual coupling results in more
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constraints and fewer degrees of freedom in the system design. Furthermore, coil

manufacturing, the scarcity of available space on the coil surfaces, the feed cables

of the coils and the high number of coil elements can still cause mutual coupling

even if it is avoided in the design process. Therefore, the proposed method of

modeling and controlling the mutual coupling of gradient array systems might be

preferable.

2.5.8 Field Design Flexibility

Driving each coil element independently enables dynamic gradient design. For

conventional gradients, design parameters such as volume of VOI, gradient lin-

earity, gradient strength, and the inductance of the coils are specified during the

design stage and cannot be changed after manufacturing the coils. In contrast,

some tradeoffs between the design parameters can be dynamically utilized de-

pending on the target volumes and imaging sequences for array systems. The

proposed formulation in Eq. 2.7 can be included in the optimization problems for

better utilization of hardware slew rate limits (i.e., voltage ratings) in exchange

for sacrificing other field parameters. However, physiological slew rate limits due

to peripheral nerve stimulation (PNS) are still an open question for gradient coil

arrays because the vector E-field distribution generated by each element is dy-

namically superposed when coil currents are dynamically changing. Therefore,

the proposed study enables the analysis and optimization of the slew rate lim-

its in terms of hardware capabilities, while physiological slew rate limits require

further investigation.

As a result, z-gradient array prototype are used for proof of concept studies;

however, further investigations are required to fully adapt this technology to the

clinical scanners.
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Chapter 3

Dynamic Optimization of

Gradient Field Performance

Using a Z-Gradient Array

3.1 Introduction

Conventional gradient coils are designed to satisfy some performance parameters

such as size of the linearity volume, linearity error, inductance, power dissipation,

gradient strength per unit current [1]. As an example tradeoff, there is an inverse

relation between the size of the gradient VOI and PNS thresholds [61]. Another

example is the increased efficiency of insert gradient coils compared to whole body

gradient coils [62] due to their smaller linearity volume.

Although different applications might require different target volumes and gra-

dient performance metrics, performance of the conventional coils cannot be al-

tered after manufacturing. On the contrary, gradient array coils driven by in-

dependent amplifiers can generate flexible field profiles dynamically. Available

types of the gradient field with varying performance parameters might affect the

image SNR, post-processing requirements, scan time, power dissipation and PNS
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Figure 3.1: Illustration of nine channel z-gradient array (diameter = 25 cm, total
length = 27.5 cm), (a) cylindrical VOI with free parameters of length (LV OI) and
diameter (DV OI) of cylinder and (b) Ellipsoid VOI with longitudinal diameter of
20 cm and transversal diameter of DV OI is truncated in z-direction with length
of LV OI .

thresholds. In this study, nine channel z-gradient array in Chapter 2 is used

to optimize various cost functions: (1) minimum linearity error, (2) maximum

gradient strength, (3) maximum hardware slew rate, (4) current norm and (5)

maximum vector B-field for VOIs with different sizes. Gradient array’s capabil-

ity to dynamically optimize the field profiles and performance metrics are shown

with simulations.

3.2 Methods

Gradient array performances are analyzed and optimized for two types of volume

of interest such as cylindrical and truncated ellipsoid volumes with free parame-

ters of length (LV OI) and transverse diameter (DV OI) of VOI as shown in Fig. 3.1a

and Fig. 3.1b respectively.
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5 different optimization problems are defined to measure the performance met-

rics of the z-gradient array. For all of the optimization problems, peak value of

the gradient linearity error over the entire VOI, α, is defined as follows:

α = max
ρ,z

∣∣∣∣Gz(ρ, z)−Gz(0, 0)

Gz(0, 0)

∣∣∣∣ (3.1)

where Gz(ρ, z) is the gradient strength at a specific location and Gz(0, 0) is the

gradient strength at the center. In all of the optimization problems in this section,

time dependency of the gradient fields and currents are not considered assuming

that gradient fields are spatiotemporally separable.

3.2.1 Minimum Peak Linearity Error

Nonlinearity in gradient fields might result in undesired encoding of the object and

image artifacts. Even in basic sequences, gradient nonlinearity cause variations

in the voxel size. Although there are post-processing algorithms to homogenize

the image resolution [63, 64], SNR becomes nonuniform on the image after these

algorithms. In the excitation part, gradient nonlinearity can cause excitation of

curved slices which is more challenging to correct in the post-processing stage.

Therefore, gradient linearity is a desirable parameter inside the VOI for most of

the conventional sequences. However, some gradient linearity might be sacrificed

to gain performance advantage from other parameters. Dynamically arranging

the gradient linearity enables to optimize the tradeoff between gradient linearity

and other gradient performance metrics depending on the sequence requirements.

When gradient strength at the center is defined as unity, the denominator in

Eq. 3.1 can be removed. Since alpha is independent of the scaling of I, this

algebraic manipulation can be performed without loss of generality. A linear

programming problem can be formulated to minimize the α inside the VOI as in

Eq. 3.2:

min
I

∥∥GT I− 1
∥∥
∞

GT
centI = 1

(3.2)

where I is the column vector of coil currents, 1 is a column vector of ones, G is a
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matrix of normalized gradient strength with at N observation point for 9 channel

with dimension of 9×N and Gcent is the column vector for the normalized gradient

strength at the center for unit coil currents. Both G and Gcent are normalized

with same normalization factor such that their infinity norm is 1. GT
centI is the

summation of gradient strengths provided by each channel at the center weighted

by the current vector and similarly GT I is the summation of gradient strengths

provided by each channel at N observation point weighted by the current vector.

This optimization problem is designed to be consistent with the definition of

α by assuming that gradient strength at the center is unity since scaling of I

does not influence the α. Optimization problem of minimizing the infinity norm

with linear constraints can be expressed as in Eq. 3.3 with inserting a dummy

variable ε. Since optimization problem aims to minimize the peak linearity error

at all pixels, same optimization problem can be converted to minimization of the

dummy variable that acts as an upper bound for linearity error. Therefore, more

conventional structure of a linear programming problem can be obtained.

min
I,ε

ε∥∥GT I− 1
∥∥
∞ ≤ ε

GT
centI = 1

(3.3)

From Eq. 3.3, new set of variables and constraints can be defined to define an

appropriate linear programming problem as in Eq. 3.4. Inequality constraint

is reordered to get rid of the absolute value and to obtain a proper inequality

constraint.

min
I,ε

[
0 1

] [I
ε

]
[

GT −1

−GT −1

][
I

ε

]
≤

[
1

−1

]
[
GT
cent 0

] [I
ε

]
= 1

(3.4)
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3.2.2 Maximum Gradient Strength

Higher gradient strengths are generally desirable in MRI since it can provide

higher phase or frequency variation throughout the object. They might be used

for increased image resolution, decreased scan time, decreased RF pulse durations,

decreased TE, robustness to some image artifacts such as B0 inhomogeneity and

motion artifacts.

Another linear programming problem is defined to maximize the gradient

strength at the center of the VOI while constraining the α with α0 over entire

VOI for a unit amplifier current.

min
I
−GT

centI[
(1− α0)1GT

cent −GT

GT − (1 + α0)1GT
cent

]
I ≤ 0

‖I‖∞ ≤ 1

(3.5)

3.2.3 Maximum Slew Rate

Slew rate limits are generally determined by amplifier voltage limitations and

PNS due to fast gradient switching. In this section, hardware slew rate limits are

studied. High slew rates are desirable in MRI especially. Most important example

is that echo-spacing in echo planar imaging (EPI) is generally determined by the

slew rate limits of the gradient system. Lower echo spacing decreases time interval

for each echo which provides decreased TE as well as increased robustness to B0

inhomogeneity and patient motion. For a required gradient strength, slew rate

can be maximized by minimizing the rise time of the current vector. Rise time of a

gradient coil current is limited by the amplifier voltage. In an array configuration,

a channel with maximum voltage demand determines the minimum attainable

rise for the same gradient waveform for all channels except the amplitude of the

waveform.

In this optimization problem coil resistances are ignored for simplicity since
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peak voltage required for the gradient coils are generally dominated by the in-

ductive part of the impedance. Therefore required coil voltage vector of each

channel for a given current amplitude vector, rise time (∆t) and mutual coupling

matrix, M, can be expressed as V = MI/∆t. Therefore, optimization problem is

formulated to minimize the maximum value of the rise time among the channels

for a given current vector (Eq. 2.7) for a unit amplifier voltage and a unit gradient

strength at the center. Peak linearity error is also limited by α0.

min
I

∆tmin = min
I
‖MI‖∞∣∣(GT − 1GT

cent)I
∣∣ ≤ α0

∣∣1GT
centI

∣∣
GT
centI = 1

(3.6)

The optimization problem in Eq. 3.6 is also converted to a formal linear pro-

gramming problem similar to the minimum linearity error by inserting a dummy

variable ∆tmin as follows

min
I,∆tmin

[
0 1

] [ I

∆tmin

]

[

(1− α0)1GT
cent −GT

GT − (1 + α0)1GT
cent

]
0

M9×9 −1

−M9×9 −1


[

I

∆tmin

]
≤ 0

[
GT
cent 1

] [ I

∆tmin

]
= 1

(3.7)

3.2.4 Minimum Current Norm

Conventional gradient coils are generally water cooled which requires strong cool-

ing system. Coil temperature can still vary depending on the duty cycle and

amplitude of the gradient coils despite the cooling system. There are efforts to

reduce and optimize the gradient coil temperature [65] to avoid increase in the

resistance to protect the gradient coil as well as to maintain the time dependency

of the desired gradient waveform. Resistive power dissipated on the coil is one of

the possible causes of increased temperature. Sometimes, it might be preferable
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to decrease the power loss on the coil by sacrificing some other gradient perfor-

mance parameters. Surely, gradient strength can be used to decrease the power

dissipation; however, it might no be preferable in some cases due to decreased

imaging performance. Therefore, dynamic optimization of power dissipation for

a unit gradient strength can be used to protect the overheating the coil. In an

array of identical coils similar to our prototype, DC resistance matrix can be

ignored and square of the current norm becomes directly proportional to power

dissipation. Moreover, decreased current norm might also result in less mechan-

ical stress on the coil and less acoustic noise depending on the geometry due to

less induced force; although relation between them is not direct.

Square of the current norm is minimized for a unit gradient strength by also

limiting the peak linearity error with α0. Convex quadratic programming problem

to minimize the current norm is formulated in Eq. 3.8. A resistance matrix,

R, may also be inserted in the optimization problem to minimize the power

dissipation for an arbitrary set of coils without complicating the optimization

problem.

min
I
‖I‖2

2[
(1− α0)1GT

cent −GT

GT − (1 + α0)1GT
cent

]
I ≤ 0

GT
centI = 1

(3.8)

3.2.5 Minimum Peak B-Field

As mentioned earlier in this chapter, higher slew rates are desirable in MRI. In

recent day scanners, slew rate is mostly limited by a physiological effect called

PNS. Switching gradient fields produces E-field and resulting induced voltage on

the nerves. Although a comprehensive PNS threshold analysis should calculate

E-field distribution inside the patient as well as neurodynamic properties [66],

there are models that predicts PNS threshold that relates time rate of change

in the vector magnetic field , dB/dT , to the PNS thresholds [67]. Similar to

this relation, gradient fields generated in larger VOIs cause decrease in the PNS
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thresholds due to the increased E-field inside the geometry [61,68]. Therefore, it

is expected that minimizing the maximum amplitude of the vector B-field would

result in improved PNS thresholds. Minimization of the E-fields with a similar

technique could be more effective; however, E-field generated by each coil should

be calculated separately and they also depend on the electromagnetic properties of

the subject. For simplicity, maximum amplitude of the vector B-field is minimized

to show that dynamic optimization of gradient field might be expected to increase

the PNS thresholds and increase the attainable slew rates.

Maximum amplitude of the vector B field inside a cylindrical volume with a

diameter of 20 cm and length of 27.5 cm is defined Bmax as in Eq. 3.9

Bmax = max
r

∣∣∣∣∣
9∑
i=1

Bi(r)Ii

∣∣∣∣∣ (3.9)

where r is the all points inside the cylindrical volume and Bi(r) is a three dimen-

sional magnetic field vector produced by the ith channel. Please note that linear

gradients are optimized in a certain VOI with parameters LV OI and DV OI . How-

ever, Bmax calculations are performed in a bigger cylindrical volume independent

of the target VOI since maximum magnetic field outside of the imaging region

might still be effective in terms of PNS. A convex optimization problem is also

formulated to minimize the Bmax as follow:

min
I
Bmax[

(1− α0)1GT
cent −GT

GT − (1 + α0)1GT
cent

]
I ≤ 0

GT
centI = 1

(3.10)

3.2.6 Simulations

The linear programming problem for minimum peak linearity error, maximum

gradient strength and maximum slew rate are solved using ”linprog” function

of MATLAB-2017a. ”Dual-simplex” algorithm is used to solve the linear pro-

gramming problems. Conventional linear programming problem is defined as in
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Eq. 3.11 where x is the free optimization variable, f is an arbitrary vector that its

dot product with x is minimized, A and b are the matrix and vector for the in-

equality constraint, Aeq and beq are the matrix and vector for equality constraint.

Last constraint defines the lower and upper bounds on the free parameter. All

linear programming problems are already formulated to be compatible with this

syntax.

min
x

fTx

A · x ≤ b

Aeq · x = beq

lb ≤ x ≤ ub

(3.11)

Since optimization problems for minimum norm and minimum peak B-field are

not linear but convex, they are solved using a local solver called ”fmincon” using

the ”interior point method” which is another bulit-in function of MATLAB.

The achievable minimum linearity error is solved for both cylindrical and ellip-

soid VOIs. LV OI and DV OI are swept between 2 to 20 cm with 2 cm step sizes to

understand the effect of VOI on the peak linearity error. For other optimization

problem types (2-5), spherical VOI with DV OI of 20 cm is chosen, limit on the

peak linearity error is swept between 1% to 51% and LV OI is swept from 2 to 20

cm as in the previous cases.

3.3 Results

Fig. 3.2 shows the minimum possible α for both cylindrical and ellipsoid VOIs

with variable diameters and lengths. Expectedly, dimension reduction in all di-

rections can provide lower peak α. In the extreme cases, linearity error of the

smallest simulated volume is more than millions time of the linearity error of

largest simulated volume. Moreover, ellipsoid VOIs provides better gradient lin-

earity than cylindrical VOIs with similar parameters. The volume difference

between the cylindrical and ellipsoid VOIs are the edges of the cylinder which are
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Figure 3.2: Optimization results to minimize the linearity error (α) for (a) Cylin-
drical VOI and (b) Truncated Ellipsoid VOI. α values are provided in dB calcu-
lated as 20log10α) in (a) and (b) to represent the minimum α value of 0.02×10−5

(-134dB) and maximum α value of 0.52 (-5.6dB). (c) Comparison of minimum
possible α for cylindrical and ellipsoid VOIs with diameter of 20 cm.

the most challenging parts to maintain gradient linearity.

Optimization results of (2-5) are shown in Fig. 3.3 which confirms that higher

linearity error and/or smaller VOI can result in higher performance parameters

in terms of maximum gradient, maximum slew rate, minimum current norm and

minimum peak vector B-field. In most of the cases, 2 cm decrease in LV OI or

2% increase in α can result in performance dramatic performance changes. On

the contrary, performance parameters are less sensitive to changes in LV OI and

α, especially for the edges of the simulation domain. Therefore, these results

can be used as lookup table to better utilize the tradeoffs between performance

parameters for a specific application.

Fig. 3.4 shows example magnetic field profiles generated by optimized currents

for constraint pairs of (LV OI = 16 cm, 9 cm) and (α = 9% and 31%). The field

distributions in Fig. 3.4 suggest that dependency of the performance parameters

are as function of LV OI and α are similar. It might be because of the fact that

specifying maximum tolerable α and minimum required LV OI might be enough

to obtain near optimal solutions for all other performance parameters.
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Figure 3.3: Optimization results for four different optimization problem that
maximizes (a) gradient strength per unit amplifier current limit, (b) slew rate per
unit amplifier voltage limit and minimizes (c) norm the gradient array currents
per 1 mT/m gradient strength at the center, (d) the maximum amplitude of the
vector B-field inside a Bmax computation domain in Fig. 3.1 per 1mT/m gradient
strength at the center of the VOI.

Figure 3.4: Example magnetic field profiles for optimization problems (2-5) with
different LV OI and α parameters.
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3.4 Discussion

It is demonstrated that current of z-gradient array can be optimized for differ-

ent performance parameters for a given allowed peak linearity error and size of

the VOI dynamically. In this study each performance parameter is optimized

separately; however, weighted average of these parameters can be optimized. In

general, all performance parameters can be used in either constraints or in the

cost function. For each specific sequence, demand on these parameters might

change; therefore, optimization problems with fast and accurate solutions can be

developed to address the need for fast computation of gradient waveforms during

the sequence preparation.

First of all, optimization of gradient only in the current VOI does not affect

the spins or imaging technique; therefore, optimization of VOI does not cause

any disadvantage for the imaging. When the VOI is too small, some nonbijective

regions of the gradient field distribution might overlap with the excited parts of

the objects and cause alliasing for the imaging. Transmit or receive array RF

coils can be used to suppress the signal coming from these overlapping parts.

Another option is to force bijectivity of the fields inside some specified regions as

part of the optimization problem.

Secondly, gradient linearity error can be post-corrected in most of the appli-

cations if the spatial dependency of the error is well known. Some disadvantages

such as nonuniform SNR for each voxel might be observed despite the post-

correction. Therefore, determining a tolerable limit for α required an investiga-

tion for each specific sequence. However, it would provide significant increase

in the performance parameters as shown in Fig. 3.3 which might dominate the

disadvantages remaining after post-correction.

Continuously wounded characteristics of z-gradient array enables more flexible

z-gradient field profiles because it is similar to sampling a continuous current den-

sity as a function of z-coordinate. Some of the coil parameters might also improve

or degrade the tradeoffs. Most important parameters are the total length of the
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coil as well as the number of channels distributed on the coil surface. For example,

higher number of channels for a fixed coil length can provide more rapidly chang-

ing field profiles and opens up more space for improvement. However, increase in

the performance might probably saturate after certain number of channels; there-

fore, required number of channels should be analyzed to utilize the performance

tradeoffs more efficiently in exhange of increased hardware complexity.

43



Chapter 4

Local Optimization of Diffusion

Encoding Gradients for TE

Reduction in DWI

The content of this chapter was already presented in the 26th Annual Meeting of

International Society for Magnetic Resonance in Medicine [69]. Some figures and

text from this conference abstract are used in this chapter.

4.1 Introduction

Diffusion MRI is highly sensitive to diffusion of water molecules. Together with

Diffusion Tensor Imaging (DTI), it provides information about micro structures

such as tissue boundaries and membranes [70]. In addition to the capability

of diagnosis of many diseases, diffusion MRI is also a strong tool to map the

structural connectivity of the brain

Long diffusion encoding gradients are necessary to obtain high b-values. In-

creased diffusion duration cause increase in TE and T2 decay, which decreases
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the SNR and diagnostic quality of the MR images. In recent years, one of the

technically leading efforts to map structural connectivity in the human brain is

custom designed split gradient coils driven by separate amplifiers. Therefore, cur-

rent flowing through gradient coils are increased without affecting the gradient

field profile. These coils can achieve gradient strengths of 300 mT/m and slew

rates up to 200 mT/m/ms as part of the Human Connectome Project (HCP) [16].

The increase in the available gradient strength enables shorter diffusion gradient

durations for a desired b-value. In turn, the TE are reduced, which increases

image SNR and allows room for higher spatial resolution or higher b-values [16].

Gradient array systems with multiple coils and amplifiers enables dynamic

optimization of the spatial encoding magnetic field distribution as studied in

Chapter 3. In this study, a 9 channel z-gradient array system described in Chapter

2 is used to maximize the gradient field strengths only in the target slice instead of

the entire VOI to achieve shorter diffusion gradients for a fixed b-value. Reduction

in TE for optimized gradient fields for a single slice instead of the entire VOI is

validated with a phantom experiments. It is also validated with simulations that

allowing more nonlinearity of the gradient field might increase attainable gradient

strength in which b-value becomes spatially inhomogeneous.

4.2 Methods

Gradient array hardware described in Chapter 2 is also used in this chapter. A

cylindrical volume with a diameter and length of 15 cm is determined as the

general VOI as an example scenario. Two types of target volumes are defined

as the entire VOI (BV OI) and central slice (Bslice) in z-direction, as shown in

Fig. 4.1.

A linear programming problem (2) in Chapter 3 is used to solve for the opti-

mal current weights of the array elements that maximize the gradient strength

given limitations of the amplifier (Imax) for predefined peak percentage gradient

linearity error (α).
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Figure 4.1: (a) Channel currents are optimized to create linear gradients inside
a cylindrical VOI with a length and diameter of 15 cm. (b) Channel currents
are optimized to create linear gradients only inside the central slice (z=0) with a
thickness of 5mm and diameter of 15 cm. Red boxes indicate the corresponding
VOI. Magnetic field difference between isocontours are same for both plots.

Additionally, the effect of the α inside the target slice is investigated for ad-

ditional increase in the Gmax. The effect of the α on the b-value can be post-

corrected [71]. Gmax is simulated for various slice locations and α.

A cylindrical homogenous phantom with a diameter of approximately 11 cm,

and isotropic diffusion coefficient of 2200 µm2/s is used in the experiments. T2 of

the phantom is 75 ms, which is similar to T2 of the white matter. Although our

custom-designed gradient amplifiers are designed as 50V and 20A, the maximum

current is chosen as 7.5A to reduce the phase errors that might occur due to me-

chanical vibrations and possible instability of the amplifiers. Due to low current

of the amplifiers, b-values are chosen as 175 s/mm2 for both BV OI and Bslice to

demonstrate the proof of principle. T2 weighted spin echo images are acquired

with 100% phase oversampling and averaging factor of 4 in a 150×150 mm FOV

using a 3T MRI scanner (Magnetom Trio A Tim, Siemens Medical Solutions,

Erlangen, Germany). Diffusion gradients in the z-direction are applied with the

array coil and all other imaging gradients are applied with the system gradient
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Figure 4.2: (a) Simulation results for the effect of the slice location and allowed
gradient deviation on the Gmax. Simulations are performed for every possible slice
location inside the entire VOI. Gradients are optimized for 5mm slice thickness for
each data point. α is swept between 0.1% and 100% logarithmically. Maximum
and minimum attainable gradient strength among all cases are 7.9 mT/m and
2.2mT/m. (b) Gmax is plotted against α for the central slice location.

coils.

4.3 Results

Optimized gradient field distributions for BV OI and Bslice with α = 6% are shown

in Fig. 4.1. Gmax values are 1.4mT/m/A and 5.5mT/m/A for BV OI and Bslice

respectively. In Fig. 4.2, Gmax is reported for various α values at every possible

single slice location inside the VOI. Fig. 4.2 validates that slice locations can

be shifted within the VOI with approximately equal Gmax. Furthermore, higher

Gmax can be achieved by sacrificing field linearity.

Attainable maximum gradient strength for Bslice is 4 times higher which short-

ened the diffusion gradients almost 3 times in our sequence timing. Diffusion

gradient durations are 28.9 ms and 10.9 ms respectively for BV OI and Bslice to

obtain the same b-value at the center of the phantom. Fig. 4.3 shows the diffusion

weighted images acquired using BV OI (TE=75ms) and Bslice (TE=37ms). Such

a TE difference causes nearly 66% increased signal level for Bslice, considering
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Figure 4.3: Diffusion weighted transverse MR images and calculated ADC map.
(First column) Gradient field optimized for entire VOI (Fig. 4.1a) is used as
a diffusion gradient with duration 28.9 ms and gradient strength of 10.3 mT/m.
(Second column) Gradient field optimized only for the excited slice (Fig. 4.1b)
is used as a diffusion gradient with duration 10.9 ms and gradient strength of
41.5 mT/m. (First and second row) shows the acquired transverse images
with simulated central b-values of 0 and 175 s/mm2. (All images are shown with
the same color scaling.)

T2=75 ms for the phantom. In Fig. 4.4, b-value is calculated at each voxel sepa-

rately using current weighted superposition of the previously measured magnetic

field maps as in Fig. 2.2. This spatial map of b-value is used to correct the ADC

maps. Inside a target region of 55mm diameter ROI, the ADC is 1900±400 µm2/s

for BV OI , which is lower than expected due to low SNR of DWI images [72]. The

ADC map acquired using Bslice provides more accurate values of 2200±300µm2/s

with reduced standard deviation.
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row) shows the reconstructed ADC maps for the two cases assuming a spatially
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the spatial dependency of the b-values. (Red circle indicates a region of interest
with 55mm diameter used in the mean and standard deviation calculations.)
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4.4 Discussion

Preliminary experiments and simulations suggests that both local optimization

of gradient fields only inside the target volume and/or more relaxed α limitations

provides increased Gmax, which leads to shorter diffusion durations and shorter

TE. The method is validated for z-gradient due to the geometry of our windings.

More generalized array of loops coils [41, 56]such as multi-coil or matrix coil,

can be used to extend this work to arbitrary directions. Proposed method is also

applicable for both whole body gradient coils and head insert gradient coils [62,73]

and can be used to further increase the Gmax in reduced target volumes.
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Chapter 5

Simultaneous Multi-Slice

Excitation with a Single-Band

RF Pulse

The studies in this chapter related to multi-slice excitation with a single band

RF pulse was published in Magnetic Resonance in Medicine [38]. Extension of

this method for the excitation of multi-slab or doubling the number of excited RF

pulses with a multi-band RF pulse was also presented in the 25th Annual Meeting

of International Society for Magnetic Resonance in Medicine [74]. Content from

both publications [38,74] are utilized in this chapter.

5.1 Introduction

In MRI, SMS imaging is an effective method of accelerating image acquisition.

SMS techniques have been applied for turbo spin-echo imaging [75], EPI-based

fMRI [76] and diffusion sequences [77]. Notably, the excitation, refocusing or

inversion of multiple slices requires demanding RF pulse designs. The simplest

technique for designing such RF pulses is to superpose multiple single-slice RF
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pulses with different frequencies. However, the SAR and peak B1 amplitude are

limiting factors for this technique, especially for a large number of slices, since the

SAR and peak B1 amplitude increase linearly with the number of slices [17] and

the peak RF power increases quadratically with the number of slices. Various

techniques have been developed to overcome the limitations of multi-slice RF

pulses, such as phase optimization [18], time shifting [19], PINS [20], MultiPINS

[21], root flipping [22], optimal control theory [23] and parallel transmission [24–

26]. All of these RF pulse design methods were developed for conventional linear

gradient systems, which provide one-to-one mappings of different slice locations to

different frequencies. Therefore, the multi-slice RF pulses must have either longer

durations or higher SARs than single-slice RF pulses.Additionally, Multiband-

Multislab technique has been recently proposed to combine the advantages of

SMS with a 3D readout [78]. Although multislab excitation is less demanding

than multislice excitation, RF pulses are always desired to be as short as possible

due to B0 robustness and shorter echo times.

Alternatively, multiple slice locations can be excited by a single-slice RF pulse

if each slice location is mapped to the same frequency. Thus, a single-slice RF

pulse can also be used for multi-slice excitation without modifications, thereby

avoiding increases in the duration, SAR or peak RF power. Previously, Parker et

al. [79] showed that linear gradients can be designed in multiple regions of interest

to map multiple regions to the same frequency. In this study, field design methods

are presented to dynamically map multiple slice locations or slab locations in the

z direction to the same resonance frequency, and the resulting field profiles are

used to excite multiple slices with a single-band RF pulse. These methods were

validated using a z-gradient array in simulations and phantom experiments.

5.2 Theory

Mapping multiple slice locations to the same frequency requires nonlinear spatial

encoding magnetic fields (N-SEMs), which are different from conventional linear

gradient profiles. Additionally, the slice locations should be dynamically shifted
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during the sequence to span the entire VOI. Each shifted set of slice locations re-

quires a different N-SEM distribution. To dynamically change the magnetic field

distribution, an array of gradient coils is required, and each element should be

driven independently with different current weightings to realize a dynamically

changing N-SEM profile. In this section, two algorithms for designing N-SEMs

oscillating in the z direction for a given set of slice locations and hardware con-

straints are presented.

5.2.1 Field Design Methods

Field design methods are formulated to excite M slices with a single-band RF

pulse using N independent gradient channels, as shown in Fig.. 5.1. For ease of

illustration, each gradient element is wound on the same cylindrical shell with

an equal number of sequential turns without separation. The magnetic field

generated by each gradient element is angularly invariant. For a given ρ and

z, the total magnetic field or the first and second derivatives of the magnetic

field with respect to the z direction produced at location (ρ, z) can be written

as a linear combination of the contributions from each channel weighted by the

current applied to each channel, as shown in Eq. 5.1:

Bz(ρ, z) = P(ρ, z)T I (5.1)

where Bz(ρ, z) is the total perturbation magnetic field in the z direction at (ρ, z).

The magnetic field is a function of z and the radial distance, ρ. P (ρ, z) is an N-

element column vector of functions containing single elements Pn that represent

the magnetic field at (ρ, z) produced by the nth channel when a unit current

is applied. I is an Nx1 column vector containing the currents applied to each

channel.

To excite multiple slices with a single-band RF pulse, the magnetic field Bz

must be designed by optimizing the current weightings of the array elements. The

desired magnetic field must map the resonance frequencies of the spins inside the

desired slices to the bandwidth of the RF pulse, and all other spins outside the

slices should be mapped out of the band of the RF pulse. We propose to use
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Figure 5.1: Schematic illustration of the z-gradient array for multi-slice selection.
N-channel coil elements with no angular magnetic field variations are used to
excite M different slice locations. One or two design points can be selected in
each slice to determine the weightings of the currents that are applied to each
array element to obtain the desired magnetic field distribution.

one or two design points in each slice, referred to as the 1PPS (one point per

slice) and 2PPS (two points per slice) methods, respectively. In our approach,

the magnetic field distribution at each slice location is similar to a linear gradient

profile.

5.2.2 1 Point per Slice (1PPS)

In the 1PPS method, a single design point is determined at the center of each

slice location, as in Fig.. 5.1. At each design point, three conditions must be

satisfied. First, the magnetic field values at each slice location are equal; there-

fore, the resonance frequencies of the spins at all design points are forced to be

equal. Second, the local gradient strength should be equal at each design point

to obtain a constant slice thickness. The gradient strengths at neighboring slice

locations are set with alternating polarity. Otherwise, there would be at least

one other location with the same magnetic field value as the actual desired slice
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location, which would cause excitation of an additional undesired slice. Even

so, alternating polarity of the gradients is necessary but not sufficient condition

to avoid undesired excitation between the slices. Third, the second z-derivative

of the magnetic fields is set to zero at the design points. Since the magnetic

field distribution is angularly invariant and its Laplacian can be assumed to be

zero [80], the second derivative with respect to the radial dimension vanishes at

the center point. Considering the fact that first derivative with respect the ρ is

zero by default due to angular symmetry, zero second derivative helps to extend

the designed magnetic field distribution in the slice plane. Moreover, zero second

derivative provides locally constant gradient strength in the slice direction. All

three conditions are formulated as follows:

Bz(ρ = 0, zi) = Bz(ρ = 0, zi+1), i = 1, ...,M − 1 (5.2a)

∂Bz(ρ = 0, zi)

∂z
= −∂Bz(ρ = 0, zi+1)

∂z
i = 1, ...,M − 1 (5.2b)

∂2Bz(ρ = 0, zi)

∂z2
= 0 i = 1, ...,M (5.2c)

whereM is the total number of slices and i is the slice index. In Eq. 5.2, there are a

total of 3M−2 independent linear equations. Note that even if the magnetic field

satisfies these equations, this method does not guarantee a constant magnetic field

and a constant magnetic field gradient at all locations in each slice of interest.

The performance of this method needs to be investigated through simulations

and experiments. Additionally, design point is selected at the center of each

slice location throughout the study. However, design point radius can be used as

another design parameter without changing the formulation of the method and

some performance parameters depend on the design point radius.

5.2.3 2 Point per Slice (2PPS)

Similar to the 1PPS method, in the 2PPS method, the weightings of the currents

applied to each gradient element are adjusted to generate magnetic fields that

satisfy the following set of equations.

Bz(ρa, zi) = Bz(ρb, zj), i, j = 1, ...,M and a, b = 1, 2 (5.3a)

55



∂Bz(ρa, zi)

∂z
= (−1)i−j

∂Bz(ρb, zj)

∂z
, i, j = 1, ...,M and a, b = 1, 2 (5.3b)

Eq. 5.3a ensures that the magnetic field value is constant at all design points in all

slice planes. The second set of equations (Eq. 5.3b) has two purposes. First, the

local gradient strengths at different slice positions are equated up to alternating

polarities to ensure a constant slice thickness, as in the 1PPS method. Second,

within the same slice, the local gradient strengths at the two design points are

equated and assigned the same polarity to extend the constant-slice-thickness

region on the slice plane. The first and second sets of equations contribute to the

homogeneity of the magnetic field over the transverse plane. Since the magnetic

fields are designed at two design points in each slice, the profile deviation as a

function of radius inside each slice is expected to be lower than in the 1PPS

method. The 2PPS method requires 4M − 2 equations. This method can be

generalized to an arbitrary number L of design points in each slice (LPPS) at

the expense of an increased number of linear equations (2× L×M − 2). Other

possible design parameters include the radial coordinates of the design points

(ρ = ρ1 and ρ2); however, these parameters are considered fixed at 40% and 95%

of the imaging radius, respectively, throughout this study. Similar to the 1PPS

method, the 2PPS method does not ensure a constant slice thickness throughout

the entire slice plane. The performance of this method should also be evaluated

through simulations and experiments.

5.2.4 Analytical Solution

The current weightings for each channel can be obtained by solving the equations

of the 1PPS or 2PPS method. The number of gradient channels is assumed to be

greater than the number of equations; therefore, the field equations are always

solvable. However, the solution is not unique and has N −3M + 2 or N −4M + 2

degrees of freedom for the 1PPS and 2PPS methods, respectively. One way to

use the degrees of freedom is to minimize the L2 norm of the current for a given
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gradient system:

minI ‖I‖2 s.t.

CT I = 0

P
′
(ρa, zi)

T I = Gz

‖I‖∞ ≤ Imax

(5.4)

where C is a field constraint matrix with dimensions of either N × (3M − 2) or

N × (4M − 2), depending on whether the 1PPS or 2PPS method is used. Each

column in C represents a single field equation, determined by inserting Eq. 5.1

into Eq. 5.2 for the 1PPS method or into Eq. 5.3 for the 2PPS method. P
′
(ρa, zi)

is the first z derivative of the previously defined vector P(ρ, z) at any design point,

and Gz is the target gradient strength at the design points. The final constraint in

Eq. 5.4 ensures that the maximum current that can be applied to the amplifiers,

Imax, is not exceeded. Minimization of the L2 norm of the current can also be

interpreted as minimization of the total power dissipation if the resistances of the

gradient channels are equal.

Eq. 5.4 is a convex quadratic programming problem and can be easily solved

using numeric techniques. This problem also has an analytical solution under

certain conditions. Because of the field constraints, I must be in the null space of

the field constraint matrix CT , which is full rank for non-identical slice locations.

Another matrix K with dimensions of 9×D can be constructed: K = [e1 e2 ...eD],

where ej is an orthonormal basis for null(CT) and D is the dimensionality of

null(CT). Therefore, I can be written as I = Kλ, where λ is a row vector

of length D. The optimization problem in Eq. 5.4 can thus be converted into

another optimization problem with the free parameter λ:

min
λ
‖λ‖2 s.t.

P
′
(ρa, zi)

Tλ = Gz

‖Kλ‖∞ ≤ Imax

(5.5)

If the amplifier limitation constraints are ignored, an analytical solution for λ

can be found using the pseudo-inverse of P
′
(ρa, zi)K that results in an optimal
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current solution to Eq. 5.4 as follows:

I = Gz
KKTP

′
(ρa, zi)

‖KTP′(ρa, zi)‖2
2

(5.6)

The analytical minimum norm solution expressed in Eq. 5.6 is feasible only for Gz

values less than a certain limiting gradient strength, Glim, which is analytically

expressed as

Glim = Imax

∥∥KTP
′
(ρa, zi)

∥∥2

2

‖KKTP′(ρa, zi)‖∞
(5.7)

Otherwise, the amplifier current limitations are exceeded. For higher desired

gradient strengths, numerical optimization should be performed. In this study,

the analytical solution in Eq. 5.6 is primarily considered. The minimum norm

solution has the advantage that the current vector is only scaled for different

gradient strengths for gradient strengths less than Glim. Additionally, this solu-

tion enables an analytical definition of a performance measure, g, defined as the

gradient strength per unit norm current:

g =
Gz

‖I‖2

=
∥∥∥KTP

′
(ρa, zi)

∥∥∥
2

(5.8)

Since there is more than a single current flowing in the system, g is defined

as the ratio of the gradient strength to the norm of the current; this definition

differs slightly from the gradient strength per unit current defined for conventional

gradient coils but can nevertheless be intuitively useful. The analytical expression

in Eq. 5.8 is only valid for Gz < Glim; when Gz is greater than Glim, g begins to

decrease and becomes dependent on Gz. The additional degrees of freedom can

also be used to maximize P
′
(ρa, zi)I under similar conditions for the maximum

attainable gradient strength using constraints similar to those in Eq. 5.4.

5.2.5 Multi-Slab Field Design

For the multi-slice excitation, magnetic fields are designed only at the center

of the slice in z-direction. However, wider slices; in other words; slabs might

require different approach. To extend the field design methods to multi-slab ex-

citation, magnetic fields should be designed at multiple z-location inside a slab.
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Figure 5.2: Field design technique for arbitrary number of channels (N) and
arbitrary number of slab (M). First, two radial distances from the center of the
coil are determined according to radius of interest. Afterwards, 4 points are
specified as design points at the left and right edges of the slab location. Then,
design points should be classified as red and blue points such that points with
the same color will have the same magnetic field. At each z coordinate, the color
should be the same and the order of the color should alternate between the slabs.

As explained in Fig. 5.2, two sets of design points have to be determined, and

designing magnetic fields at only design points can produce linear gradients in

the slab volume. Magnetic field of design points at each set should be equal.

If two design points in the constant z plane are close enough, their first radial

derivative vanishes. Due to zero Laplacian assumption of low frequency magnetic

fields and angular symmetry of the coil, second z derivative also vanishes. After

maximizing field difference between the two sets, linear gradient distribution is

the only field distribution satisfying zero second derivative. Method requires at

least 4M-2 channels where M is the number of slabs. After constructing the z ma-

trix according the above equalities, optimization problem (Eq. 5.4) and optimal

solution (Eq. 5.6) are also valid for multi-slab excitation scenario.
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5.3 Methods

5.3.1 Simulation and Parameters

The slice locations are defined in terms of slice separation and shift. The slice

separation is defined as the distance between the centers of adjacent slice loca-

tions. The shift is defined as the offset applied to the z = 0 line. A cylindrical

volume with a 27 cm length and 15 cm diameter (60% of the coil diameter) is

used as the VOI to determine the boundaries of the slice locations.

The 1PPS and 2PPS methods were simulated for several cases with varying

slice shifts, slice separations, numbers of slices, and design point locations using

MATLAB 2016b (Mathworks Inc., Natick, MA). Since the magnetic fields are

designed only at the design points, z component of the magnetic field and the

gradient strength as a function of the transverse radial distance is not constant.

Two parameters are adopted as a measure of the slice profile accuracy. First

parameter, σcenter, is the center location variation indicating the standard devi-

ation of the z coordinates determined by the level set of magnetic field value at

the design point as a function of the radius. In other words, σcenter quantifies

the curvature of the slice shape as a deviation from an ideal central line of the

slice. Center location variation is calculated at each slice separately and σcenter is

reported as mean of the standard deviation across all slices in a multi-slice sce-

nario. Second parameter is the percentage error of the normalized slice thickness

at each radial coordinate on the line determined by the z coordinate of the slice

location is defined with respect to the slice thickness at the design point. To

obtain a single performance measure, the RMSE of the normalized slice thickness

can be determined by calculating the root mean square (RMS) of this value for

all points on all slices. Both parameters are not affected by the scaling of the

current vector, I; therefore, they provide a measure of the magnetic field profile

independent of the gradient strength and amplifier specifications. Furthermore,

the gradient strength per unit current, g, is used to analyze the performance of

the design method and the coil geometry independent of the amplifier specifi-

cations. Furthermore, the dissipated power, Pdiss, is calculated as ITRI using
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the calculated current vector. The maximum amplitude of the B field inside the

VOI, Bmax, is calculated by superposing the simulated 3D vector magnetic field

distributions of each channel using the weightings specified by I.

5.3.2 Experiments

Experiments of this is conducted using a 9 channel z-gradient array prototype

which is described in Section 2.2. This coil is also driven by 9 home-built GPAs

and custom-designed user-interface as described in Section 2.3.

In the experimental validations, measured magnetic field maps were used as

inputs to the 1PPS and 2PPS methods. The first and second spatial derivatives

of the measured magnetic field distributions are not directly used in the proposed

field design methods since any noise in the measured field maps will be amplified

by the derivative operation. Instead, the measured magnetic fields are fitted to

the simulated magnetic fields along a single line. Fitting is performed for three

parameters, namely, the amplitude of the magnetic field (A), the spatial shift

(∆z) and the spatial scaling (W ), as follows:

min
A,∆z,k

∫ (
B̃z − ABz

( z
W

+ ∆z
))2

dz (5.9)

where Bz(z) is the simulated magnetic field along a line and B̃z(z) is the measured

magnetic field along the same line. In the final step, the fitted magnetic field

distributions are used to calculate the spatial derivatives of the magnetic fields

to prevent noise amplification. Since fitting is performed only to suppress spatial

noise, other parameters, such as coil rotation, are neglected.

The current weightings for each channel are calculated using Eq. 5.6 for a

gradient strength of 12.5 mT/m. To obtain a slice thickness of 5 mm, an RF

pulse is applied with a Hanning-windowed sinc pulse envelope with a duration

of 1.5 ms and a time-bandwidth product equal to 4. The gradient amplitudes

and the current waveforms, including the refocusing lobe, are specified using the

control interface. The slice selection gradient of the original scanner sequence is

turned off. RF spoiled 3D GRE sequence was used to validate the design methods.
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Readout was performed in the z direction to decrease the spatial resolution in

the slice direction to 0.2 mm, whereas the in-plane resolution was 5 mm. The

flip angle and TR were 40◦ and 100 ms respectively. At the beginning of the

experiment, a reference 3D image was obtained without any slice selection. All

images were normalized to the reference image to avoid any misleading influence

from the Tx/Rx sensitivities of the RF coil on the slice profiles.

5.4 Results

5.4.1 Simulation of Slice Profiles

Since our gradient coil array has nine elements, a single-band RF pulse can excite

a maximum of three or two slices using the 1PPS and 2PPS methods, respectively.

Gradient magnetic fields were designed for two and three slice locations with 13.5

cm and 9 cm slice separations using the 1PPS method. The 2PPS method is used

to design magnetic fields for two slices with a 13.5 cm separation. (see Fig. 5.3).

The slice separations were selected such that with the shifting of all slices as

shown in the following measurements, the entire 27 cm length of the cylindrical

volume could be covered. In Fig. 5.3, the slice locations are centrally symmetric

for simplicity, and the slice profiles for multi-slice excitation with a single-band

RF pulse are shown. In Figs. 5.3d-5.3f, the magnetic field profiles along the lines

are examples of spatially oscillating N-SEM distributions. The dashed lines and

red boxes indicate the center frequency of the RF pulse and the corresponding

mapping to the spatial domain for a given slice thickness. Figs. 5.3a-5.3c show

that the slice profiles exhibit a curvature, especially for the 1PPS method. In

Figs. 5.3g-5.3i, the percentage errors of the slice thickness as a function of ρ are

presented. The slice profiles become thinner near the edges. Specifically, for the

1PPS method, the slice thickness is 45% (2-slice) or 76% (3-slice) lower at the

boundary of the VOI than at the center. By contrast, for the 2PPS method, the

slice thickness error is less than 5%.
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Figure 5.3: Simulated results for 2-slice (left column) and 3-slice selection (middle
column) with the 1PPS method and 2-slice selection with the 2PPS method (right
column). (a-c) Slice profiles excited by a single band RF pulse. The slice profiles
were determined by assuming an ideal RF pulse with a perfectly rectangular slice
profile corresponding to a slice thickness of 5 mm at the design points. The
red boxes encompass the entire VOI. (d-f) As examples of spatially oscillating
magnetic fields, the one-dimensional magnetic field profiles on the lines ρ = 0 and
ρ = ρ2 are shown for the 1PPS and 2PPS methods, respectively. The dashed line
corresponds to the RF excitation frequency. The red boxes indicate the multiple
slice locations corresponding to the bandwidth of a single-band RF pulse. (g-i)
The percentage errors of the slice thickness at all slice locations as a function of
radius.
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Figure 5.4: Example slice profiles. (a) 1PPS – 1 slice: on the center and shifted
by 8 cm. (b) 1PPS – 2 slices with 13.5 cm separation: on the center and shifted
by 6.4 cm. (c) 1PPS – 3 slices with 9 cm separation: on the center and shifted by
4 cm. (d-e) 2PPS – 1 slice (d) and 2 slices (e). The slice shifts and separations
for the 2PPS method are the same as those for the 1PPS method with the same
number of slices. (Slice locations are indicated with labels, and the red dotted
window corresponds to the entire VOI.)

The 1PPS and 2PPS methods can similarly be applied for shifted slice lo-

cations, as demonstrated in Fig. 5.4. Figs. 5.4a-5.4c show the results of using

the 1PPS method for the excitation of one, two and three slices, respectively.

Similarly, the use of the 2PPS method to excite a single slice and two slices is

demonstrated in Figs. 5.4d and 5.4e, respectively. The first row shows centrally

symmetric excitation, and the second row shows shifted slice locations with var-

ious shifts, as indicated in the figure. Furthermore, the proposed methods are

not only valid for multi-slice excitation but also useful for single-slice excitation.

Note that multiple-slice locations can be shifted to cover the entire VOI with

consecutive multi-slice acquisitions.

There are possible problems in 3D imaging such as overlaps and gaps between

the slices as slices are shifted to cover the entire VOI since slice thickness and the

center location of the slice varies as a function of radius. Total volume coverages
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Figure 5.5: Representation of total excitation when the set of shifted slices are
excited evenly to cover the entire VOI. (a) 1PPS - 2 Slice (b) 1PPS – 3 Slice
(c) 2PPS – 2 Slice. Blue rectangle represents the VOI. Volume is classified
into three sub-volumes such as (black) gaps that are not excited by any of the
excitations, (green) properly excited once, (red) overlaps that are excited more
than once during the set of shifted slice excitations. (d) Bar graph representation
for percentages of sub-volume for (a-c). 2D images are integrated to calculate the
volume fractions in 3D.

of the methods are displayed in Supporting Fig. 5.5a-5.5c when each excitation

is the one slice thickness shifted version of the previous excitation. The bar

graph in Fig. 5.5d shows that 1PPS method can excite 74% and 54% of the VOI

properly for 2 and 3 slices respectively. The 2PPS method for 2 slice excitation

can excite 97% of the VOI. Remaining volumes can be considered as gaps between

the shifted slices because overlapping volumes are less than 1% for all cases.

5.4.2 Effect of Slice Separation and Shift

The performance of the proposed methods significantly depends on the slice sep-

aration and shift. In Fig. 5.6, the simulated RMSE of the normalized slice thick-

ness, center location variation and the simulated gradient strength per unit norm

current are shown for two- and three-slice excitation with the 1PPS method and

two-slice excitation with the 2PPS method.

The slice thicknesses obtained using the 1PPS method show larger variations

in the slice plane compared with the 2PPS method. On the contrary, 1PPS

method shows slightly lower center location variation compared to 2PPS method

on the average. Additionally, the RMSE of the normalized slice thickness and the
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Figure 5.6: Effects of slice separation and shift on system performance. (First
row) RMSE of the normalized slice thickness over all excited slices. (a) 1PPS
– 2 slices (min = 18%, max = 65%). (b) 1PPS – 3 slices (min = 25%, max
= 66%). (c) 2PPS – 2 slices (min = 1%, max = 8%) (Second row) Center
Location Variation (σcenter) (d) 1PPS – 2 slices (min = 0.0, max = 1.4 mm). (e)
1PPS – 3 slices (min = 0.0, max = 1.0 mm). (f) 2PPS – 2 slices (min = 0.3,
max = 2.5 mm) (Third Row) Gradient strength per unit norm current for the
minimum norm solution at the design points (g). (g) 1PPS – 2 slices (min = 0.1,
max = 2.1 mT/m/A). (h) 1PPS – 3 slices (min = 0.003, max = 1.0 mT/m/A).
(i) 2PPS – 2 slices (min = 0.4, max = 1.4 mT/m/A). The left side of the dashed
boundaries corresponds to undesired excitation of a sub-volume inside the VOI.
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gradient strength per unit current primarily depend on the slice separation; the

effect of the shift may be ignored for both the 1PPS and 2PPS methods, except

for smaller slice separations in the case of the 2PPS method. In general, the effect

of the shift on the center location variation can still be neglected unless some of

the slices are near the edge of the coil. For the 1PPS and 2PPS methods, closer

slice locations cause a significant increase in the RMSE of the slice thickness,

increased center location variation and a decrease in the gradient strength per

unit norm current. Therefore, the minimum simulated slice separations are 5 cm

for the 1PPS method and 10 cm for the 2PPS method. For 2-slice excitation

with the 1PPS and 2PPS methods, the performances in terms of the RMSE of

the slice thickness, the center location variation and the gradient strength per

unit current do not deviate for slice separations greater than 15 cm. The 1PPS

method results in a higher gradient strength per unit norm current and lower

center location variation than the 2PPS method for the excitation of 2 slices with

the same separation, at the expense of greater slice thickness variation.

5.4.3 Effect of Design Point Selection

Effects of the location of design points are also investigated. Performance evalu-

ations of 1PPS method and 2PPS methods for a set of design point locations are

presented in Fig. 5.7 and Fig. 5.8.

5.4.4 Comparison of Methods

The performances of the proposed 1PPS and 2PPS methods are compared in

Table 1 in terms of the RMSE of the normalized slice thickness, center location

variation (σcenter), Glim, the gradient strength per unit norm current (g), the

power dissipation per unit gradient strength and the maximum magnetic field

value per unit gradient strength. The magnetic field distributions are designed for

various numbers of simultaneously excited slices for shift values of 0 cm and 3 cm.

A greater number of slices results in decreased (g), decreased Glim, an increased
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Figure 5.7: Performance evaluation of design point selection in the 1PPS method
for excitation of 2 and 3 slices with a separation of 9 cm including both centrally
symmetric and 3 cm shifted slices. (a) RMSE of the normalized slice thickness
(b) center location variation (σcenter) (c) gradient strength per unit norm current,
(g), as a function of design point radius are plotted.
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Figure 5.8: Performance evaluation of design point selection in the 2PPS method
for excitation of 2 slices with a separation of 13.5 cm. (a) RMSE of the normalized
slice thickness for symmetric placement of slices around the center. (b) RMSE
of the normalized slice thickness for slice locations as shifted +3 cm according to
the previous case. (c) Center location variation for symmetric slices. (d) Center
location variation for shifted slices. (e) Gradient strength per unit current norm
for symmetric slices. (f) Gradient strength per unit current norm for shifted
slices. (Red dot indicates the choice of the design points used in the entire study.)
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Table 5.1: Comparison of the 1PPS and 2PPS methods for different numbers of
slices and different shifts in terms of the RMSE of the normalized slice thick-
ness, center location variation (σcenter), Glim, the gradient strength per unit norm
current (g), and the power dissipation (Pdiss) and maximum amplitude of the
magnetic field (Bmax) for a gradient strength of 1 mT/m.

1PPS Method 2PPS Method
Shift = 0 cm Shift = 3 cm Shift = 0 cm Shift = 3 cm

Slice#(N) N=1 N=2 N=3 N=1 N=2 N=3 N=1 N=2 N=1 N=2
RMSE (%) 17 23 41 17 23 41 2 3 2 3
σcenter(mm) 0.0 0.5 0.5 0.1 0.6 0.4 0.0 0.6 0.1 0.6

Glim(%) 125 57 19 121 55 20 99 28 95 27
g(mT/m/A) 2.8 1.9 0.5 2.7 1.9 0.6 2.3 1.2 2.2 1.2
Pdiss(mW) 170 360 5390 180 390 4170 250 980 260 1010
Bmax(µT ) 80 136 107 88 156 137 98 244 114 272

RMSE of the normalized slice thickness, increased σcenter, increased dissipated

power and an increased maximum magnetic field. Furthermore, the 1PPS method

results in magnetic fields with slightly lower center location variation, higher

gradient strength, less dissipated power, and a lower Bmax than the magnetic

fields generated using the 2PPS method, but the slice thickness error increases

with the 1PPS method.

5.4.5 Experimental Validation

To validate the proposed design methods, the 1PPS and 2PPS methods were ap-

plied to both single-slice and multi-slice excitation with a single-band RF pulse,

as shown in Fig. 5.9 and Fig. 5.10 respectively. The 1PPS method is demon-

strated for one, two and three slices in Figs. 5.9a – 5.9c. The 2PPS method is

demonstrated for single-slice and two-slice excitations in Figs. 5.10a and 5.10b.

The first row in the figure shows the designed magnetic field for each case and the

magnetic field distribution obtained by superposing the field maps of all channels

weighted by the optimized current values. The second row shows the expected

small-tip-angle slice profiles for a thickness of 5 mm at the design points under

the application of an RF pulse. The third row shows experimental central coronal
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images to validate the expected slice profiles in the second row. In the last row,

two example coronal and sagittal images are shown in 3D views to validate the

slice homogeneity in both planes.

Slice profiles for two-slice excitation with the 2PPS method are plotted in

Fig. 5.11. The central coronal image shown in Fig. 5.10b is plotted again to

present the slice profiles at different radii in Fig. 5.11a. In Fig. 5.11b, measured

and expected slice profiles at the center, at the design points and along arbitrary

lines from both the upper and lower half planes are provided. Furthermore,

the slice thickness and center location of the slice profile at each radius were

calculated by finding the full width at half maximum (FWHM) of the slice profile

using cubic interpolation. From the experimental data, the standard deviation

of the normalized slice thickness and the center location variation across all radii

were calculated to be 11% and 1 mm, respectively. For the simulations with an

ideal coil, the standard deviation of the normalized slice thickness and the center

location variation were calculated to be 3% and 0.6 mm, respectively.

5.4.6 Excitation of Simultaneous Multi-slab

The first column of Fig. 5.12 shows the simulations of the designed SOMFs for

each shifted case. Second column indicates the design points on top of the excited

slab profiles with a single band RF pulse. Third column in Fig. 5.12 shows the

slice profiles excited with superposition of 3 RF pulse with different frequencies,

i.e. multi-band RF pulse. Maximum attainable gradients and RMSE of the slab

thickness are around 25 mT/m and 5%, respectively.

Magnetic field profile is obtained with a summation of measured field profiles of

each channel weighted by the optimized current for 4 cm slab thickness and 9.5cm

slab separation. Fig. 5.13a is the expected magnetic field distribution obtained

with measured field profiles. Fig. 5.13b shows the coronal image of a phantom

to demonstrate the slab excitation with a single-band Hamming-windowed sinc

pulse. Fig. 5.13c shows 6 slices excited with a superposition of 3 RF pulses with
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Figure 5.9: Experimental validation of the 1PPS method: (a) 1 slice, (b) 2
slices, (c) 3 slices. (First row) The magnetic field distribution for each case,
obtained by superposing the magnetic field profiles of all channels with the current
weightings. (Second row) The expected slice profiles in the small-tip-angle
regime based on the magnetic field distributions in the first row, obtained by
simulating the RF pulse applied in the experiments. (Third row) Experimental
central coronal images, acquired to validate the design methods and the expected
slice profiles. (Fourth row) Experimental coronal (y = -30 mm) and sagittal (x
= -46 mm) images shown in 3D views. (All experimental images are normalized
with respect to the reference scan without any slice selection.)
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Figure 5.10: Experimental validation of the 2PPS method: (a) 1 slice, (b) 2
slices. (First row) The magnetic field distribution for each case, obtained by
superposing the magnetic field profiles of all channels with the current weightings.
(Second row) The expected slice profiles in the small-tip-angle regime based on
the magnetic field distributions in the first row, obtained by simulating the RF
pulse applied in the experiments. (Third row) Experimental central coronal
images, acquired to validate the design methods and the expected slice profiles.
(Fourth row) Experimental coronal (y = -30 mm) and sagittal (x = -46 mm)
images shown in 3D views. (All experimental images are normalized with respect
to the reference scan without any slice selection.)
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Figure 5.11: Experimental validation of the 2PPS method: (a) Slice profiles
measured under excitation using the 2PPS method (blue dots indicate the design
points). (b) Line plots of the expected and measured slice profiles at different
radii for two-slice excitation with the 2PPS method.

Figure 5.12: Each row shows the shifted slab locations to cover the whole volume.
Slabs are shifted for +4.2 0 and -4.2cm according to z center of coil. Different
currents are applied to elements at each case and attained gradient strengths
are reported. (First column) Obtained magnetic field distributions for 3cm
slab thickness and 10.5cm slab separation. (Second column) Slab profiles and
design points in Fig. 5.2 (Third column) 6-slice profiles excited with a 3 band
RF pulse. Slice thickness is 3mm and slice separation is 9mm.
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different frequencies.There are intensity variations due to B0 field inhomogene-

ity, RF transmit and receive sensitivity inhomogeneity and averaging in the y

direction.

5.5 Discussion

5.5.1 RF Pulse Design

One of the advantages of the proposed methods is that any pulse sequence design

algorithm for single-slice excitation, such as the SLR algorithm [81], can be used

without any increase in duration, peak power or SAR as in the case of multi-band

RF pulses. Single-slice inversion, refocusing, small-tip-angle and large-tip-angle

RF pulses can be directly used for multi-slice excitation without any modifications

since the field profile is designed to produce locally linear gradient fields at the

slice locations. Furthermore, techniques for improving single-slice pulse design,

such as the VERSE algorithm [82], can be used in combination with the proposed

methods for SAR reduction or time optimization.

The number of slices that can be excited with a single-band RF pulse, M, is

limited by the number of gradient channels. For the 1PPS method, at least 3M-2

elements are necessary, whereas for the 2PPS method, 4M-2 elements are needed.

Another option is to design a magnetic field such that multiple, spatially oscillat-

ing and wider linear gradient volumes can be obtained using a slightly modified

field design method used in this study. Spatially oscillating, wider linear gradient

fields can be combined with the multi-band RF pulses to increase the number of

slices without increasing the number of channels. Moreover, the proposed method

is valid only for thin slices (<5 mm) because the gradient fields are designed only

at the center of the slice and the slice thickness error increases more rapidly for

thicker slices. Spatially oscillating gradient fields in wider regions may be a solu-

tion for exciting multiple thicker slices with a single-band RF pulse or doubling

the number of slices excited by a N-band RF pulse.
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5.5.2 Slice Profile Discrepancy

The 1PPS and 2PPS methods both have advantages and disadvantages. The

slice thickness variation of the 1PPS method is greater compared with the 2PPS

method for the same number of slices. The slice profiles become thinner with

increasing radius, and the slice thickness variation is less in the center of the

slice. In the case of a 3 slice excitation, only 53.5% of the overall volume can be

covered by regularly shifted slices due to large variation near the edges. In order

to cover the entire VOI, approximately three times more number of slice shifts

are required which offset the advantages of SMS. Instead, this variation can be

considered as tolerable for a centrally located region of interest. For example,

1PPS method can excite 95% of the VOI if diameter of the VOI is reduced to

5 cm. Region of interest does not have to be necessarily centrally located. Off-

center design point selection as in Fig. 5.7 might help to obtain lower thickness

variation in the smaller off-center volumes. This drawback of the 1PPS method is

compensated for by its superior performance in Glim, g, Pdiss and Bmax compared

with the 2PPS method. In addition, the 1PPS method can achieve closer slice

separations than the 2PPS method, as shown in Fig. 5.6. Therefore, the 1PPS

method may be beneficial for the design of ultra-short RF pulses in exchange

for increased slice thickness error and/or a reduction in the useful FOV in radial

direction. In summary, 1PPS method is weak and not suitable for overall volume

imaging; however, it can be preferred for VOIs with smaller radius considering

its advantages over 2PPS method.

The simulated slice thickness variation for the 2PPS method is generally less

than 5%, which is similar to the variation obtained with conventional gradients.

Although it is possible to further decrease the slice thickness variation by using

more design points per slice (higher L) and an increased number of channels,

the overall system performance decreases dramatically with higher L. Slice thick-

ness variations, overlaps and gaps between shifted slices can cause problems in

covering the entire VOI. Accurate reconstruction strategies for overcoming slice

discrepancies should be further investigated. For instance, algorithms considering

slice profiles similar to SEMAC [83] might be adapted to the proposed method.
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The agreement observed here between the expected and measured slice pro-

files validates the experimental procedure. There are possible reasons for the

higher slice thickness variations in the experiments compared with the simula-

tions. Firstly, flip angle was selected as 40◦ for a phantom. Steady state longi-

tudinal magnetization before the RF pulse decreases to 86% of its initial value

considering the T1 of the phantom and TR of the sequence; therefore, saturation

effects can slightly increase the apparent slice thickness. Other possible reason

is the imperfections in the home-built gradient coil array. In both the 1PPS

and 2PPS methods, angular symmetry of the coils is assumed in the equations;

however, the measured magnetic field maps of the manufactured coils are slightly

tilted due to manufacturing imperfections. Consequently, the thickness variations

in the lower half plane were not well controlled in these experiments since both

design points were chosen to lie in the upper half plane. However, such thickness

variations might still be acceptable.

5.5.3 Dynamic Adaptation of the Field Profile

Independent control of each array element enables the dynamic adaptation of the

field profile. The 1PPS and 2PPS methods lead to 3M-2 and 4M-2 field con-

straints, respectively. The remaining degrees of freedom are utilized to minimize

the norm of the current which also minimizes the Pdiss in case of identical resis-

tances. However, they can also be used to reduce the Bmax, or the slice thickness

variation or to increase the Gmax. A lower Bmax may result in less stored in-

ductive energy and might better respect PNS limitations due to lower E fields

and potentially higher slew rates. Additionally, the design point locations, which

are important parameters affecting the slice thickness variation, center location

variation and g, can be independently optimized for each slice location and VOI

(see Fig. 5.7 and Fig. 5.8). Moreover, combination of constraints for the equal

magnetic fields, first and second derivative of the fields can be used separately for

different design points which can utilize the tradeoff between slice thickness varia-

tion, center location variation, and g according to design specifications. Although

such optimizations have not been studied in detail, a higher number of degrees
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of freedom is promising for greater adaptability of the possible field profiles.

Unlike for a coil array, for conventional linear gradient coils, the specifications

for the VOI, linearity error and gradient strength per unit current are determined

at the beginning of design. The field profile cannot be changed after coil man-

ufacture. However, there is a tradeoff between the VOI, the linearity error and

the gradient strength specifications that may vary dramatically with different

sequences, different target organs, or other factors. Furthermore, another advan-

tage of dynamic adaptation of the field profile is to extend the useful VOI of

the coil. For instance, if a conventional gradient coil were to be designed with

the same physical dimensions and the same aspect ratio, reasonable homogeneity

could be achieved in a volume of 15-20 cm in length in the z direction, whereas

our coil array can excite slices even at the edge of the coil in a 27 × 15 cm

cylindrical VOI.

5.5.4 Limitations

In addition to slice thickness variations, another significant limitation of our

methods is the dramatic decrease in performance for smaller slice separations.

Although the 1PPS method can achieve the excitation of closer slices than the

2PPS method, its performance decreases. The radius of the VOI is an important

parameter affecting both the minimum slice separation and the tolerable slice

thickness variation. Perhaps, a different hardware geometry would be required

to further reduce the slice separation while maintaining performance. The tar-

get field method [84] might provide intuition for the required current density on

the coil for a target magnetic field distribution specified on a cylindrical surface.

For the angularly symmetric coils, current density and the magnetic field pro-

file on a cylindrical surface are related by the spatial Fourier transform in the

z-direction [84]. Application of our method for smaller slice separations forces

desired field to contain higher spatial frequency content which implies higher

spatial frequency content for the current density on the coil. Such a current
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distribution requires shorter array elements to realize rapidly varying, high fre-

quency current distribution. Such a rapid variation in the current density also

decreases the strength of the generated field inside the VOI; therefore, current

requirement of the amplifiers would be increased significantly. Excitation of the

closer slices can be considered as the main weakness of the study and requires

further investigation.

There are also practical limitations regarding the extension of this work to

clinical whole-body coil arrays. First, the current study needs to be extended

to the excitation of slices in arbitrary orientations. This might be achieved with

a more generalized array of coils. The angular symmetry assumption will fail

for the generalized array of coils; therefore, more general formulations will be

required. The generalized array of coils might also provide lower slice thickness

variation and center location variation due to the increased degree of freedom in

the system in all directions.
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Chapter 6

Simultaneous Use of Linear and

Nonlinear Gradients for B+
1

Inhomogeneity Correction

The content of this chapter was published in NMR in Biomedicine [85]. The fig-

ures and tables in this paper is also used in this chapter. Some concepts involved

in this chapter was also presented in the 22th Annual Meeting of International

Society for Magnetic Resonance in Medicine [86] as well as the 32nd Annual

Meeting of ESMRMB [87].

6.1 Introduction

In MRI, spatially selective excitation aims to excite the desired transverse magne-

tization distribution. For this purpose, the design of the RF pulse and gradients

requires an inverse solution to the Bloch equation, which is still an open problem.

In [88], the small tip angle approximation overcomes this problem by introducing

the excitation k-space concept. In a reasonable design with L-SEMs, a k-space

trajectory should cover significant energy in the Fourier transform of the target
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transverse magnetization distribution. Furthermore, high main field strengths

(>1.5 T) have become desirable due to their high SNR [27]; however, B+
1 inho-

mogeneity can degrade the image quality significantly [27,28]. RF shimming [29]

and parallel transmission [30, 31] were proposed to mitigate B+
1 inhomogeneity.

Another method is to use a 3D RF pulse. In the excitation k-space framework,

mitigation of B+
1 inhomogeneity leads to a 3D target excitation pattern, which

can be excited with a 3D excitation k-space approach. In a multi-dimensional tar-

get transverse magnetization scenario, energy in the excitation k-space spreads to

multiple dimensions. Therefore, a reasonable excitation trajectory should cover

most of the energy in the excitation k-space and should be dense enough to

avoid aliasing, which results in an impractical RF pulse with very long durations.

However, because the Fourier transform of the target transverse magnetization

is unique, the selection and design of a reasonable k-space trajectory have only

limited flexibility. In the literature, spoke excitation is generally used for slice se-

lective B+
1 inhomogeneity with either fixed spoke locations [32] or optimized spoke

locations [33,34]. Although various trajectory choices exist, these trajectories are

similar in terms of length, dimension and frequency weightings, which limits the

degrees of freedom in the RF pulse optimization. Possible solutions for increasing

the degrees of freedom in the multi-dimensional RF pulse design problem should

be investigated. Additional degrees of freedom can lead to more homogeneous ex-

citation profiles and shorter RF pulse durations for more off-resonance robustness

and shorter echo times.

One way of obtaining additional degrees of freedom is by using N-SEMs and L-

SEMs in RF pulse design problems. The Fourier transform relationship between

the excitation k-space and transverse magnetization distribution is broken with

the addition of an independent N-SEM channel since N-SEMs and L-SEMs are

coupled via spatial variables. Some studies that include the phase accumulation

due to N-SEM channels in the RF pulse design problem already exist [89, 90].

Some other studies explicitly define the excitation k-space variables for N-SEMs,

which satisfies the Fourier transform relationship between the excitation k-space

and transverse magnetization distribution under special conditions [35, 91]. In
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our study, the independent excitation k-space dimension for each N-SEM is de-

fined when they are simultaneously used with L-SEMs. Furthermore, the Fourier

transform relation between the excitation k-space in higher dimensions (>3) and

transverse magnetization distribution is re-established with the formulations in

the general case of the simultaneous use of L-SEMs and N-SEMs. It is also shown

that an increase in the dimension of the excitation k-space can lead to an infinite

number of different trajectories.

This chapter provides an excitation k-space formulation for the simultaneous

use of L-SEMs and N-SEMs in the RF excitation problem. The proposed formula-

tion demonstrates the increase in the degrees of freedom with higher dimensional

Fourier transform. An increase in the degrees of freedom is demonstrated for

a slice selective B+
1 inhomogeneity correction problem using 3 spoke locations.

Comparisons of the use of only L-SEMs, the use of only N-SEMs and their simul-

taneous use are presented for slice selective 1D and 2D (RF power unlimited and

limited) simulations, as well as for slice selective 2D experiments.

6.2 Theory

In [88], an analytical expression for the excitation profile for a given RF and

gradient waveforms is provided as follows:

Mxy(r) = iγM0

∫ T

0

B1(t)e−iγr·
∫ T
t G(s)dsdt (6.1)

Here, definitions of various variables are adapted to be consistent with N-

SEMs. r = [x/xV OI y/yV OI z/zV OI ] is a unitless vector of the normalized

spatial coordinates, which are the physical spatial coordinates divided by the

length (xV OI , yV OI , zV OI) of the VOI in the respective dimensions. G(s) =

[Gx(s)xV OI Gy(s)yV OI Gz(s)zV OI ] is a vector of gradient temporal dependencies

multiplied by the VOI in the respective dimension. M0 is the initial longitudi-

nal magnetization, γ is the gyromagnetic ratio, B1(t) is the time envelope of the

transmit signal, and T is the duration of the RF pulse. Although Eq. 6.1 as-

sumes that B+
1 is spatially homogeneous, the spatial dependency of B+

1 will later
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be included by assuming spatiotemporal separability. Further algebraic steps in

reference [88] establish a Fourier transform relationship between the RF pulse

and excitation profile as in Eq. 6.2:

Mxy(r) = iγM0

∫
K

W (k)S(k)ei2πr·kdk (6.2a)

S(k) =

∫ T

0

3δ(k(t)− k)
∣∣∣k̇(t)

∣∣∣ dt (6.2b)

k(t) = − γ

2π

∫ T

0

G(s)ds (6.2c)

W (k(t)) = 2πB1(t)/ |γG(t)| (6.2d)

where W (k(t)) is the spatial frequency weighting function and S(k) is the sam-

pling function. The excitation k-space concept is introduced for only L-SEMs by

assuming that the k-space trajectory does not cross itself. The k-space variables

are also unitless because normalized spatial coordinates are used in this study.

N-SEMs can be included in the above equations with a slight manipulation

of the derivation. To simplify the equations for better visualization, only one

additional N-SEM is considered in the formulation; however, generalization to

multiple N-SEMs is trivial. Under the assumption of spatiotemporal separability,

the ẑ component of the magnetic field produced by the nonlinear gradient coil

can be written as u(r)Gu(t). To be consistent with the L-SEMs, u(r) is also a

unitless, normalized spatial dependency of the N-SEM, such that the difference

between the maximum and minimum values is 1 within the field-of-view. Gu(t) is

the temporal dependency of the magnetic field strength. Addition of the N-SEM

together with the small tip angle approximation results in:

Mxy(r) = iγM0

∫ T

0

B1(t)e−iγr·
∫ T
t G(s)ds+u(r)

∫ T
t Gu(s)dsdt (6.3)

Here, because u(r) is a function of the other spatial variables, a completely

independent k-space variable for N-SEM cannot be introduced. Inserting a delta

function into Eq. 6.3 and introducing an independent dummy space variable, u,

leads to Eq. 6.4.

Mxy(r) = iγM0

∫ −∞
−∞

∫ T

0

δ(u(r)− u)B1(t)e−iγr̃·
∫ T
t G̃(s)dsdt (6.4)
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In Eq. 6.4, r̃ = [x/xV OI y/yV OI z/zV OI u] is a vector of regular normalized

Cartesian coordinates concatenated with the dummy space variable u. G̃(s) =

[Gx(s)xV OI Gy(s)yV OI Gz(s)zV OI Gu(s)] is the vector of temporal dependencies

for both L-SEMs and the N-SEM. Application of the same algebraic procedure

in the derivation of Eq. 6.2 from Equation Eq. 6.1 yields:

Mxy(r) = iγM0

∫ −∞
−∞

δ(u(r)− u)

∫
K

W (k̃)S(k̃)ei2πr̃·k̃dk̃du (6.5a)

S(k̃) =

∫ T

0

4δ(k̃(t)− k̃)
∣∣∣ ˙̃k(t)

∣∣∣ dt (6.5b)

k̃(t) = − γ

2π

∫ T

0

G̃(s)ds (6.5c)

W (k̃(t)) = 2πB1(t)/
∣∣∣γG̃(t)

∣∣∣ (6.5d)

In Eq. 6.5, the addition of an N-SEM channel increased the dimension of the

excitation k-space to four, while the conventional excitation k-space is three-

dimensional in Eq. 6.2. Eq. 6.5 further suggests that the k-space variable cor-

responding to the N-SEM channel can be treated as an independent k-space

variable. Therefore, design can be performed for the four-dimensional spatial fre-

quency weighting function, W (k̃(t)), sampled at the four-dimensional trajectory,

S(k̃).

Eq. 6.5 can be utilized in two different ways. Firstly, if the RF and gradient

waveforms are known, the four-dimensional excitation k-space can be constructed.

Clearly, a 4D inverse Fourier transform of the excitation k-space is a function of

the three conventional spatial variables x, y, z and the additional dummy space

variable u. In this case, the resulting transverse magnetization will be the 4D

inverse Fourier transform of the excitation k-space, calculated only at the points

lying on δ(u(r)− u), which is an expression of the 3D object in a 4D space.

The second and more beneficial approach would be to design an excitation

k-space for a desired transverse magnetization distribution. In a 4D space, a 3D

target excitation distribution can be mapped onto δ(u(r) − u). Afterwards, the

4D space can be filled freely at all points except the ones on δ(u(r) − u) since
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Figure 6.1: An example target excitation demonstrating a regular slice selection
with simultaneous use of x and x2 gradients. (a) 1D normalized target excitation
profile. (b) Target excitation profile mapped onto δ(u− x2). Gray regions in the
u − x plane are not constrained by the excitation profile. N.S stands for “not
specified”.

only the values on the object, δ(u(r)−u), determines the actual excitation profile.

Depending on how the 4D space is filled, its Fourier transform, which determines

the multiplication of W (k̃(t)) and S(k̃(t)), can be manipulated to better fit the

design criteria. Therefore, the ability to change the Fourier transform of the

4D space can lead to infinitely many different k-space trajectories and spatial

frequency weighting functions with the same excitation profile. Smart design

of the 4D space might fulfill different excitation criteria, such as short k-space

trajectories or low RF power excitation pulses.

To explain the freedom, a target excitation problem is considered in 1D.

Fig. 6.1a shows the target excitation profile for a line object. One linear gra-

dient (x-SEM) and one nonlinear gradient (x2-SEM) are considered to excite the

target excitation profile on the line object. Notably, although the x2-gradient is

not suitable for the Maxwell equations in the 3D volume, it is physically real-

izable on the y=z=0 line. In Fig. 6.1b, the target excitation profile is mapped

onto a parabola defined by δ(u − x2). For the design goals, only the values on

the parabola in the u-x plane are specified, and the values on the rest of the

plane can be chosen freely without altering the target excitation. In Fig. 6.2a,
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Figure 6.2: u− x plane approach to demonstrate that many different excitation
k-spaces (second row) can be used to excite same transverse magnetization dis-
tribution in Fig. 6.1a. (a-e): The gray region in Fig. 6.1b is filled freely with
different distributions that vary as a function of only linear variable (a), only
nonlinear variable (b), or specific combination of linear and nonlinear variables.
(c) The entire gray region in Fig. 6.1b is set to 0 (d), and only the circular re-
gion at the center is set to 1. (f-j): Fourier transformations of the constructed
u− x plane distributions to demonstrate the excitation k-spaces in the increased
dimension.

the u− x plane is constructed using this freedom such that it does not have any

variation in the nonlinear axes. The corresponding excitation k-space in Fig. 6.2f

contains samples only on the kx-axis, which demonstrates the use of only L-SEM.

Alternately, the u-x plane in Fig. 6.2b does not have any variation in the linear

direction, which results in 1D excitation k-space samples only on the ku-axis

(Fig. 6.2g) while using only the N-SEM. In Fig. 6.2c and Fig. 6.2h, the u − x

plane is constructed such that it does not vary in the direction of a specific axis.

Therefore, the Fourier transform is again squeezed into one dimension, which

allows the use of a 1D k-space trajectory and requires the use of both x and

x2-SEMs. In Fig. 6.2d, all of the unspecified regions are set to 0, resulting in

a Fourier transform in Fig. 6.2i that requires a longer trajectory but with lower

frequency weightings. Similarly, Fig. 6.2e and Fig. 6.2j show an example design

that is suitable for a concentric ring-shaped trajectory. Thus, Fig. 6.2 demon-

strates that the Fourier transform of the target transverse magnetization can be

altered by filling the unrestricted regions in the u − x plane. This freedom can

lead to various excitation k-space trajectories that differ in dimensionality, energy

or length, which lead to exactly the same excitation profile in space.
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To extend the previous example to a multi-dimensional excitation problem, B+
1

inhomogeneity correction as well as slice selection are investigated using L-SEMs

and an N-SEM together. Spoke excitation is a suitable choice for such a design

purpose. In the conventional spoke excitation, the best spoke locations can be

optimized in a 2D excitation k-space to correct the 2D B+
1 inhomogeneity. On the

contrary, spoke excitation with the simultaneous use of L-SEMs and an N-SEM

provides a 3D excitation k-space to correct 2D B+
1 inhomogeneity, which increases

the degrees of freedom in the design problem. Assuming a small tip angle and

spatiotemporally separability of the B+
1 field, the optimization problem can be

written as:

min

∫ ∫
ROI

∣∣∣∣∣1−
∣∣∣∣∣b1(x, y)

N∑
n=1

ane
j2π(kxnx+kyny)+kunu(x,y))e−jγ(N−n)∆B0(x,y)∆T

∣∣∣∣∣
∣∣∣∣∣
2

dxdy


(6.6a)

b1(x, y) = B1(x, y)/

∫ ∫
ROI

|B1(x, y)| dxdy (6.6b)

where b1(x, y) is the normalized B+
1 distribution in the slice, an is the normal-

ized amplitude of the nth spoke, ∆B0(x, y) is the B0 inhomogeneity term, ∆T is

the time between the consecutive RF pulses, u(x, y) is the magnetic field profile

of the nonlinear channel, and kxn, kyn, and kun are the k-space location coordi-

nates for the nth spoke. Even if the field profile of the nonlinear gradient coil is

a three-dimensional function, it can be considered as a two-dimensional function

by assuming thin slice selection with the spoke excitation.

Although SAR is not considered in the optimizations except for a set of 2D

simulations, a parameter P is defined as the sum-of-squares normalized spoke

amplitude to evaluate the SAR performance. Because SAR is proportional with

the time integral of the squared RF pulse amplitude and identical RF pulse

waveforms are used for all spokes independent of the spoke number, P is also

proportional with the SAR.

P =
N∑
1

|an|2 (6.7)
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No flip angle compensation corresponds to one spoke with amplitude 1

(a1 = 1). This is called the uncorrected case and leads to a P value of 1.

When multiple spokes are used to correct the excitation profile, P also indicates

the ratio of the SAR for uncorrected and corrected sequences for the same average

flip angle. Because RF pulse waveforms and durations are considered to be iden-

tical for all spokes independent from the spoke number, the P parameter does not

consider the tradeoff that SAR would decrease if an RF pulse for the one-spoke

excitation was allowed to have the same duration in a multiple-spoke excitations.

In RF power-limited 2D simulations, P is bounded by 1, which ensures that RF

power does not increase for the corrected excitation profile with respect to the

uncorrected excitation.

6.3 Methods

To demonstrate the advantage of using an additional N-SEM for B+
1 inhomo-

geneity correction, 3 cases are compared: L-SEMs alone, the N-SEM alone and

both sets of fields simultaneously. This comparison is performed using 1D and

2D simulations as well as an experimental study on a phantom.

6.3.1 Optimizations

Optimizations use the structure in Eq. 6.6. In all of the optimization problems,

the number of spokes, N , is chosen as 3 to limit the duration of the excitation

pulse. Because inhomogeneity correction is only performed for the amplitude of

the excitation, relative positions of the spokes are not important, and therefore

one spoke location can be chosen arbitrarily. In our design, the first spoke is

placed at the origin. 2 spoke locations and the complex weightings of the 3

RF pulses are optimized. The B0 inhomogeneity is ignored in the simulations

but considered in the experiments. As a performance measure for each case, a

reduction in the flip angle inhomogeneity is defined as (1− σcorrected/σuncorrected),
where σcorrected and σuncorrected indicate the standard deviations of the normalized
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flip angle map for uncorrected and corrected cases, respectively.

In 1D simulations, a B+
1 inhomogeneity profile is generated as a quadratic

function of x, as in Fig. 6.1, to demonstrate the advantage of simultaneous use of

L-SEM and N-SEM. The only available gradients are x and u(r) = x2 gradients.

Therefore, while using only the L-SEM, the spoke locations are optimized on only

the kx line. Similarly, while using only the N-SEM, spoke locations are optimized

on the ku line; however, while simultaneously using L-SEM and N-SEM, spoke

locations are optimized in a plane defined by the kx and ku lines.

For 2D simulations, the N-SEM dependency is assumed to be x2 +y2. For only

L-SEM, spoke locations are determined in the plane defined by kx and ky. For

only N-SEM, spoke locations are on the ku line. For simultaneous use, spokes are

placed on a three-dimensional volume defined by kx, ky and ku. For RF power-

constrained simulations, P values are limited by 1, which corresponds to the

same RF power as for one-spoke excitation. In the experiments, free optimization

parameters are the same as those in 2D simulations except that B0 inhomogeneity

is also accounted for.

Optimizations are performed in MATLAB 2014b (Mathworks Inc., Natick,

MA). The built-in MATLAB function “GlobalSearch” has been used. The al-

gorithm uses the “Scatter Search Algorithm” to select multiple starting points

at different basins of attraction from the given initial value. A predefined local

solver operates on each starting point to find the global optimum. Further details

on the algorithm are explained in [92]. Another built-in function, “fmincon”, is

used with the “interior point algorithm” as a local solver. In the optimizations,

an initial point that is chosen as zero is used as an initial guess for the first local

solver call. The performance of the method is sensitive to the initial guess; how-

ever, the generation of many trial points decreases its effect. In the simulations,

the amplitude of each RF pulse is limited to 5, and normalized k-space locations

are bounded between -10 and 10. The maximum number of trial points is defined

as 1000, which is also the stopping criterion. In the experiments, the maximum

duration of the optimization is limited to 100 seconds as an additional stopping

criterion.
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(a) (b)

Figure 6.3: Experimental setup and procedure.(a) Placement of the Siemens
phantom and the nonlinear gradient coil. The nonlinear gradient coil has 3 inde-
pendent channels with 60, 30 and 60 turns; however, only the closest channel to
the phantom is used. (b) Schematic diagram for the experimental procedure.

6.3.2 Experiments

Experiments are conducted using a 3T scanner (Magnetom Trio A Tim, Siemens)

with a Siemens phantom. For the experiments, a custom-made nonlinear gradient

coil is manufactured. Although the nonlinear gradient coil has 3 independent

channels as in Fig. 6.3a, only one channel with 60 turns is used since the aim

of the paper is to demonstrate the increase in the degree of freedom even with

the addition of one N-SEM. However, extension to multiple channels can be

trivially considered by increasing the computational cost of the optimization.

The nonlinear gradient coil is wound on a plastic cylinder with a diameter of

20 cm, and the wire diameter is 2.1 mm. The loops are in the circumferential

direction, which cancels the net torque. The phantom is placed next to the coil,

as in Fig. 6.3a. The nonlinear gradient coil is driven with an external gradient

amplifier (GA-300 amplifier, Performance Controls Inc., Montgomeryville, PA),

which is controlled by a signal generator. The feed cables for the gradient coil

are connected to the Faraday cage with a 10-nF filter capacitor to shield the RF

noise. Inside the scanner bore, feed cables are kept parallel to B0; therefore, there

is no force experienced by the feed cables, and the current on these wires does

not contribute to the magnetic field in the z-direction.
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Figure 6.4: Sequence diagrams for 3 cases. Each has 3 apodized sinc pulses (3
spokes) with slice selection in the y-direction. Slice selection is always performed
with a positive gradient (flyback trajectory). Between the RF pulses, other linear
and nonlinear gradients are used for the multi-dimensional excitation trajectory.
For all cases, the phase and amplitude of the RF pulses as well as gradient blips
are optimized. The proposed technique in this study is the simultaneous use of
linear and nonlinear gradients (3rd row).

Considering the experimental procedure in Fig. 6.3b, some pre-scans are re-

quired at the beginning of the experiment. First, a B0 map is acquired using the

phase difference between two GRE images with different echo times. A custom-

built RF transmit and receive coil with rectangular shape is tuned and matched

with distributed capacitors. The B+
1 map of the RF coil is acquired with a

Bloch-Siegert-shift based sequence [93]. The magnetic field profile of the nonlin-

ear gradient coil is measured from the phase difference between a reference GRE

image and another GRE image with the same echo time and small blip of current

applied to the nonlinear gradient coil during the phase encoding. Alternatively,

if the object location relative to the coil is known, the spatial dependency of the

magnetic field produced by the nonlinear gradient coil can be calculated using

the Biot-Savart law. After obtaining the required B0, B1 and gradient coil field

maps, the RF and spoke parameters are optimized. The amplitudes and phases

of the RF pulses, together with the linear gradient moments for spoke locations,

are used by the scanner. The control circuit of the external gradient amplifiers

is programmed according to the required nonlinear gradient waveform, which is

determined by the ku component of the spoke locations.
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For the comparison of the three different cases, corresponding pulse sequences

in Fig. 6.4 are used. Between the RF pulses, x, z and u gradients are used to

realize the required spoke locations. As in previous work [94], the slice selection

gradients are always positive during the RF pulse, orienting the spokes in the

same direction and making the excitation robust to B0 inhomogeneity and eddy

current effects during the RF pulses. The duration of each RF pulse is 1.5 ms,

and the time between the RF peaks is 2.94 ms. All input maps and resulting

sequence maps are acquired with 128 x 128 resolution in a 2.5-mm-thick coronal

slice with a FOV of 25 cm for both dimensions. Flip angle maps are obtained by

using the double angle method with average flip angles of 35◦ and 70◦ and a TR

of 2.5 seconds.

6.4 Results

The results of this study are presented in subcategories: 1D simulations, 2D

simulations and experimental results. Detailed information about the standard

deviation of the resulting excitation profiles, P, k-space locations and RF param-

eters are provided in Table 1 for all of the simulations and the experiment.

6.4.1 1D Simulations

In Fig. 6.5f, the yellow plot shows an example B1 inhomogeneity profile in one

dimension. An ideal excitation profile with perfect homogeneity is shown with the

dashed line. After optimization for 3 different cases, corrected excitation profiles

are also provided in Fig. 6.5f. As previously explained, the u-x plane approach

can provide another interpretation of the results. The target excitation profile,

which is the inverse of the B1 profile, is mapped onto δ(u − x2) in Fig. 6.5a.

All other values except the parabola in the u − x plane are not constrained by

the actual problem. However, using only L-SEMs or the N-SEM leads to spoke

locations only at the kx line or the ku line, respectively, as shown in Fig. 6.5e. This

situation causes one-dimensional variations in the u− x plane for the respective
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Table 6.1: The standard deviation (σ), P , optimized RF parameters and k-space
locations for all spokes are provided. S1, S2 and S3 represent the first, second
and third spokes, respectively.
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Figure 6.5: 1D Simulation Results (a) 1D Target excitation profile is mapped onto
δ(u− x2). N.S stands for ”Not Specified”. (b-d): The resulting distributions in
the u−x plane after optimization for only linear, only nonlinear and simultaneous
use of both, respectively. Only the values on the dashed parabolas correspond
to actual correction. (e) Spoke locations for three different cases, including the
central spoke for each case. (f) Uncorrected excitation profile due to B1 inhomo-
geneity (yellow), ideal perfectly homogeneous excitation profile (black-dashed),
corrected with only L-SEMs (red), corrected with only the N-SEM (green), and
corrected with simultaneous use of L-SEMs and the N-SEM (blue).

cases in Fig. 6.5b and Fig. 6.5c, which is possibly suboptimal. In contrast, the

simultaneous use of L-SEM and N-SEM allows arbitrary variation in the entire

u−x plane, as in Fig. 6.5d. Another approach using the same degrees of freedom

is shown in Fig. 6.5e, where spoke locations for the simultaneous L-SEM/N-SEM

excitation can be placed over the entire two-dimensional kx − ku plane.

In the 1D simulations, the standard deviations of the excitation profile from

unity are 0.14, 0.021, 0.128, and 0.005 for uncorrected, corrected with only L-

SEMs, only N-SEM and simultaneous use, respectively. Using only L-SEMs pro-

vides an 85% reduction in the flip angle inhomogeneity. Because optimization

with only L-SEMs results in a higher spoke location, a high-frequency oscillatory

excitation profile is observed in Fig. 6.5f. The use of only N-SEM yields poor
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performance with an insignificant (7%) reduction in the inhomogeneity. The rea-

son for such a poor improvement is that the x2 field profile can only perform

symmetrical correction around 0, which does not match with the inverse of the

B+
1 profile. Simultaneous use almost ideally corrects the B+

1 inhomogeneity, with

a 96% reduction in the inhomogeneity.

In this example, using only the N-SEM provides almost no correction. Using

only L-SEMs significantly corrects the excitation profile; however, simultaneous

use leads to a 4-times lower standard deviation of the excitation profile with

almost perfect correction.

6.4.2 2D Simulations

2D simulations aim to demonstrate that the advantage of simultaneously using

L-SEMs and N-SEM is also valid for a more realistic scenario involving B1 in-

homogeneity correction as well as slice selection. Example B1 inhomogeneity is

assumed as in Fig. 6.6a. Fig. 6.6b-6.6d shows the resulting corrected excitation

profiles for only L-SEMs, only the N-SEM and simultaneous use, respectively.

Furthermore, for the same B1 inhomogeneity, RF power limited simulations have

been performed, and the P value is upper bounded by 1, which corresponds to

1-spoke or uncorrected excitation. Resulting homogeneity and RF power levels

as well as spoke locations are shown in Table 6.1. Simultaneous use performed

better than only L-SEMs and only the N-SEM for both RF power-limited and RF

power-unlimited sets. Similar to the 1D simulation, the use of only the N-SEM

provides poor correction of the excitation profile. For both RF power-limited and

power-unlimited cases, although the excitation profiles differ slightly, standard

deviations inside the ROI are the same if only L-SEMs or only the N-SEM are

considered. For simultaneous use, a limitation on the RF power causes a slight

increase in the inhomogeneity of the excitation profile. However, the RF power

limitation does not affect the homogeneity correction performance significantly

while decreasing the RF amplitudes for each case. In 2D simulations, the stan-

dard deviation of B+
1 inhomogeneity was 45%. For both the RF power-unlimited
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Figure 6.6: 2D simulation results. Available gradients are x, y, x2 + y2. (a)
Example B1 inhomogeneity (uncorrected excitation profile) (b-d): Comparison
of resulting excitation profiles corrected with only L-SEM, only N-SEM and si-
multaneous use of both. RF power-limited solutions are presented in this figure.

and RF power-limited sets, the standard deviations are reduced by 78% and 27%

for only L-SEMs and only the N-SEM, respectively. For simultaneous use, the

standard deviation decreased by 95% and 92% for the RF power-unlimited and

RF power-limited cases. Although the RF power-limited and RF power-unlimited

cases result in different spoke locations and RF amplitudes, the final standard

deviations are almost the same for only L-SEMs or only the N-SEM. This is an

indication that there might be multiple optimal solutions for each case. All three

cases show that when P is included in the optimization, there can still be solu-

tions that provide near-optimal standard deviations. For the RF power-unlimited

case, P is increased to 1.1, 15.2 and 2.5 for only L-SEMs, only the N-SEM and

simultaneous use, respectively. When the P values are limited by 1, each case

resulted in a P value of 1. Expectedly, the solution of the optimization problem

resulted in the highest possible P value since an increase in the RF power can re-

sult in decreased inhomogeneity [95]. Alternatively, a P criterion can be inserted

into the cost function with an adaptable weighting to provide a tradeoff between

RF power and homogeneity.

To give a sense of understanding regarding the required computational power

for the optimization problems, the details are provided for 2D RF power-unlimited

cases as an example. For each method, generation and analyses of 1000 trial

points are accomplished in 410, 614 and 462 seconds for only L-SEMS, only the

N-SEM and simultaneous use, respectively. The global search algorithm does

not always run local solvers at the trial points. The trial points can be rejected
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according to basin, score and constraint filters. Therefore, the number of local

solver calls are 67, 60 and 57 for only L-SEMS, only the N-SEM and simultaneous

use, respectively. Furthermore, the first local solution at the initial guess resulted

in the best score among all trial points for only the L-SEM case. Therefore, other

trials points could not improve the results, although most of the optimization

times are dedicated to generation and analyses of the trial points. For only N-

SEMs, the best score is found among the first 200 trial points, and it resulted

in an insignificant decrease of 1.5% of the local minimization at the initial guess.

However, the solution for simultaneous use is improved several times in the first

671 trial points, and the cost function value of the local minimizer at the initial

guess decreased to 99.7% at the end of the optimization.

Fig. 6.7 shows the advantage of simultaneously using L-SEMs and the N-SEM

with the resulting u−x−y distributions for the same data as Fig. 6.6. In Eq. 6.5,

u(r) is considered as x2 + y2. The inverse of the B1(x, y) distribution is called

the target correction profile, and it is used to obtain the homogenous excitation

profile after the correction. In the u− x− y volume approach, the target profile

is mapped onto δ(u− x2 − y2), and only the first quadrant is shown in Fig. 6.7a.

In Fig. 6.7a, only the values on δ(u − x2 − y2) are the design criterion, and the

entire volume except for δ(u− x2 − y2) can be filled freely without affecting the

excitation. However, the excitation k-space can be completely different depending

on how the free space is filled. In Fig. 6.7b, spoke locations are restricted to

the kx − ky plane for only L-SEMs. Fig. 6.7c shows the resulting u − x − y

volume distribution, which is also the Fourier transform of the excitation k-space

in three dimensions. Only the values on the paraboloid correspond to the actual

excitation. However, there is no variation in the u-direction due to the restriction

of spokes to the kx − ky plane, which limits the flexibility of the excitation. In

Fig. 6.7d, optimized spoke locations are on the ku line for the correction with

only the N-SEM. In Fig. 6.7e, there is no variation in the x- or y-direction, which

limits the correction to being equal at each circle. In Fig. 6.7f, spokes are located

in the entire three-dimensional volume, defined by kx − ky − ku, by using the

L-SEMs and N-SEM together. Therefore, in the corresponding u− x− y volume

distribution, variations in all directions are visible, as in Fig. 6.7g, and the actual
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correction on the paraboloid is a better approximation to the target correction in

Fig. 6.7a.

6.4.3 Experiments

In the experiments, the spatial dependency of the custom nonlinear gradient

coil and the B0 and B1 maps at the slice location are required as input for the

optimization solver. Corresponding distributions are provided in Fig. 6.8.

Optimizations results are presented in Fig. 6.9. The normalized B+
1 map has

a standard deviation of 0.148. If the expected normalized flip angle distributions

in the first row of Fig. 6.9 are considered, the standard deviations decrease to

0.119, 0.142 and 0.095 for only L-SEMs, only N-SEMs and simultaneous use,

respectively. In the second row of Fig. 6.9, normalized measured flip angle maps

are provided. The standard deviations for the measured flip angle maps are 0.143,

0.158 and 0.121 for only linear, only nonlinear and simultaneous use. In Figure

9i, simultaneous use of L-SEMs and N-SEM yields a much narrower distribution

centered on 1, which is an indication of more uniform excitation.

In the experiment, although the profiles of the expected and measured normal-

ized flip angle maps are similar, due to a practical reason that will be explained

later, expected and measured normalized flip angle maps have slightly different

standard deviations. The root mean square error (RMSE) between the expected

and measured flip angle maps is 0.09 for all three cases. The standard deviations

are decreased by 20%, 4% and 46% for only the N-SEM, only L-SEMs and si-

multaneous use, respectively. The profiles of the corrected map using only the

N-SEM are very similar to the B+
1 profile, and the very small decrease in the

standard deviation suggests that the N-SEM alone is inadequate to correct inho-

mogeneity. The use of L-SEMs alone performed better than the N-SEM alone;

however, it provides almost half of the correction provided by simultaneous use.

Both in Fig. 6.9c and Fig. 6.9f, the final excitation profiles have almost ideal

uniformity except the regions close to edges. One possible reason might be that

the algorithm suffers from relatively higher B0 inhomogeneity at the edges.
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Figure 6.7: Results for 2D simulations. U − X − Y Volume distributions show
the realized corrections and Fourier transform of the spokes. Distributions on
δ(u− x2 − y2) are shown. (a) Inverse of the B1(x, y) distribution in Fig. 6.6a is
mapped onto δ(u − x2 − y2). (b) Optimized spoke locations are on the ku = 0
plane by using only L-SEMs. (c) In the U −X − Y Volume, no variation in the
u-direction is observed. (d) Optimized spoke locations are on the (kx, ky) = (0,0)
line by using only the N-SEM. (e) In the U −X −Y Volume, no variation in the
x- or y-direction is observed. (f) Optimized spoke locations are in 3D space by
using both L-SEMs and the N-SEM. (g) In the U − X − Y Volume, there are
variations in all directions.
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Figure 6.8: Input distributions for optimization. (a) Normalized B+
1 map of the

single-channel transmit coil such that the average of the B+
1 over ROI is 1. (b)

Spatial dependency of the nonlinear gradient coil over ROI given in arbitrary
units (A.U.). (c) Spatially nonlinear distribution of the coil after subtraction of
spatially constant term and LSEM terms from the actual profile of the NSEM coil.
(d) Deviation of the static magnetic field from the magnetic field corresponding
to the adjusted frequency.

Figure 6.9: Normalized flip angle maps after correction using only L-SEMs, only
the N-SEM and the combination of L-SEMs and the N-SEM. (a-c): Normalized
expected flip angle distributions after the optimizations for only L-SEMs, only the
N-SEM and simultaneous use of both. (d-f): Normalized flip angle distributions
measured with the Double Angle method for each case. (g-i): Histogram of
the pixels in the normalized measured flip angle distribution over the ROI. The
standard deviation from the average is provided for each case.
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6.5 Discussion and Conclusion

6.5.1 Freedom of the Simultaneous Use of L-SEMs and

N-SEMs

Although the simultaneous use of L-SEMs and N-SEMs is harder to interpret and

requires more complicated design strategies, driving them with independent time

waveforms is the most flexible design for a given target transverse magnetization.

For a design framework and better intuition, the excitation k-space is formulated

in Eq. 6.5 with an increase from three dimensions to four through the inclusion

of the N-SEM. According to this formulation, infinitely many different excitation

k-spaces can lead to the same excitation profile in space. This is demonstrated in

Fig. 6.2 with Fig. 6.4 different examples, resulting in a rectangular 1D excitation

profile originating from completely different excitation k-spaces that differ in total

energy, dimensionality and length of the required trajectory. A dual approach

would be for the u − x plane to be freely filled (except for the points lying

on δ(u(r) − u)) while altering the excitation k-space. However, in Figs. 6.2f,

6.2g, 6.5b, and 6.5c, the use of only L-SEMs or only the N-SEM leads to only

1D variation in the u − x plane, which results in suboptimal solutions. As a

result of this flexibility, simultaneous use leads to more homogenous excitation

profiles than the use of only L-SEMs or only N-SEMs, as in Figures 6.5, 6.6, 6.6

and Table 6.1. Especially for the same RF power limit, simultaneous use still

performs better than using only L-SEMs. Without this result, one might suspect

that homogeneity improvement might be obtained at the expense of increased

SAR when L-SEMs and N-SEMs are simultaneously used. However, it is shown

that the better performance of simultaneous use is not due to an increase in the

SAR but to an increase in the degrees of freedom. Because the simultaneous

use of L-SEMs and the N-SEM is the generalized case of using only L-SEMs or

N-SEMs, improvement in the performance is enabled at the expense of hardware

and design complexity.

Although the experimentally measured and simulated flip angle profiles are
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in agreement, the measured standard deviations of the flip angles are slightly

higher than the simulated ones in Fig. 6.9. However, the RMSEs between the

measured and simulated flip angle maps are 9% for all cases, which still allows fair

comparison between the cases. There are two main reasons for this in addition

to experimental imperfections. First, the double angle method assumes a linear

relationship between the transmit field and flip angle. This linear relation starts

to break down after the small tip angle regime, which is 30◦ for spatially selective

excitation pulses [88]. However, small tip angle pulses still work reasonably well

up to 90◦ pulses [88], and deviations from the linear relation in the double angle

method can be neglected up to 140◦ [96]. Therefore, the error of the double

angle method in spoke excitation is neglected. Another possible reason for the

higher standard deviation in the experiments is that noise is present during the

experiments, and nonlinear computation of the double angle method amplifies

the noise [97]. However, simultaneous use also provides better homogeneity in

the measured flip angle maps.

Contrary to orthogonal L-SEMs, N-SEMs can be written as a summation of a

spatially constant term, L-SEMs and a remaining spatially nonlinear term, which

is very similar to terminology in [89]. In the spoke excitation with simultaneous

use of L-SEMs and N-SEM, a spatially constant term causes a spatially constant

phase term for the magnetization that can be provided with the phase of the RF

pulse. L-SEM terms in the N-SEM profile can already be provided by the actual

L-SEM coils. The remaining spatially nonlinear term is the actual cause of the

increase in the degrees of freedom. For our example N-SEM coil, the remaining

spatially nonlinear term is shown in Fig. 6.8c.

In this work, different example B+
1 distributions for each case are used. In the

case of a general B+
1 , all possible B+

1 inhomogeneities can be corrected with only

L-SEMs theoretically if there is no strict limit on the spoke number. In such a

scenario, the freedom resulting from the addition of an N-SEM channel might be

used to decrease the RF power or pulse duration. If there is a limit on the spoke

number, the remaining spatially nonlinear distribution of the N-SEM channel has

a significant impact on the final flip angle homogeneity performance. The increase

in the performance is more explicit when the spatial harmonics of the inverse B+
1
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profile can be expressed as a superposition of different combinations of L-SEM and

N-SEM profiles. For example, flip angle inhomogeneity is decreased to 96% of the

uncorrected case in Fig. 6.5 because the inverse of the B1 profile has mostly second

and first order variations that can be corrected with the simultaneous use of L-

SEM (x) and N-SEM (x2). However, the increase in the performance can vary for

different B+
1 inhomogeneity profiles. For instance, the increase in the performance

by adding an additional N-SEM channel is higher for 2D simulations compared

to the experiments because the simulated B+
1 profile can be better expressed

with the available channels in Fig. 6.6. In experiments, the B+
1 inhomogeneity

profile has more variation along the x-direction compared to the z-direction in

Fig. 6.8a, and the remaining spatially nonlinear term has more variation along z

and less variation along the x-direction as in Fig. 6.8c. However, simultaneous

use of L-SEMs and N-SEM could increase the performance in all cases.

Furthermore, static field heterogeneity is not formulated in the excitation k-

space formulation because it is always present during the RF pulse and cannot be

controlled. There are two main drawbacks to B0 inhomogeneity in spoke excita-

tion. First, if spokes are in the reverse direction, the effects of B0 inhomogeneity

for even and odd spokes are different, which can disturb the expected spoke exci-

tation profile. Therefore, the flyback trajectory is used to avoid this effect as in

Fig. 6.4. In the flyback trajectory, even if the slice profiles are disturbed, they are

in-phase for all spokes; therefore, the expected spoke excitation can be obtained.

To decrease this effect, N-SEM coils can be used as shim coils during the RF

pulses if the N-SEM profile can correct some portion of the B0 inhomogeneity.

The second effect is the probably unwanted phase accumulation due to B0 inho-

mogeneity between the RF pulses, and it is already included in the optimization

in Eq. 6.6 for correction as much as possible by the N-SEM profile.

6.5.2 Related Works

In a conference abstract [98], Grissom showed that for a specific transmit array

B+
1 profile, the simultaneous use of L-SEMs and N-SEMs in combination with
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parallel transmission can result in better uniformity, which can be exchanged

for a lower number of spokes or a lower number of transmit channels. As an

extension to Grissom’s work, our study provides a theoretical perspective for

understanding the increase in the degrees of freedom when additional N-SEMs

are included, which is the first experimental validation of the concept with spoke

numbers higher than two and considerations of RF power limitations and static

field heterogeneity.

Kopanoglu et al. has also introduced the excitation k-space variables for N-

SEMs [91]. These authors used a coordinate transformation from linear spatial

variables to nonlinear spatial variables by assuming that encoding fields are bi-

jective, which is generally not the case for higher order spherical harmonics. In

their work, the coordinate transformation does not consider the simultaneous use

of L-SEMs together with N-SEMs. Furthermore, in [98], the general phase term

during the excitation is expressed as a summation of the static nonlinear terms,

the dynamic nonlinear terms and the terms that can be interpreted as commonly

known excitation k-space variables for L-SEMs. Similarly, Haas has used parallel

transmission together with only N-SEMs and expressed the total phase term as

a summation of independent gradient channels that can have independent time

evolutions or space dependencies [90]. Both studies [90, 98] have used the direct

phase evolution approach in the RF pulse design.

Other works aiming to conduct B+
1 correction via N-SEMs have used 2-

spoke excitation with a specific combination of N-SEMs and L-SEMs [99, 100].

In [99, 100], the best spatial phase profile that can be generated between the

two spokes is analytically derived by assuming the same amplitude and phase for

each spoke. The analytical expression is advantageous in terms of computation

time, but the fixed number of spokes with the same amplitude and phase can

limit the performance of the B+
1 correction. Later, the required phase profiles

are estimated by using L-SEMs and N-SEMs with either second-order static shim

coils [99] or 48-channel dynamic MC hardware [100]. Another study [35] has pro-

posed creating the spatial profile as a superposition of the first- and second-order

gradients, which should be similar to the inverse profile of B+
1 , to correct B+

1

inhomogeneity in simulations. In such a scenario, the single excitation k-space
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variable for the superposition of the first- and second-order gradients is defined.

Furthermore, it is assumed that the desired target magnetization profile can be

parameterized by the gradient encoding fields, which leads to a Fourier trans-

formation relation in a lower dimension between single excitation k-space and

transverse magnetization. As an extension of this work, our excitation k-space

formulation defines independent variables for each N-SEM channel, and a Fourier

transform relationship is still re-established in the increased dimension without

requiring the parameterization of the target distribution. Later, this work has

been extended to parallel transmission with a similar design principle for a spatial

phase profile [36]. Although the number of spokes is greater than 2, the approach

is also suboptimal since it uses the same combination of N-SEMs and L-SEMs for

all spokes; in other words, the phase profiles created between the spokes are only

linearly scaled versions of each other. Previous methods [35, 36, 99, 100] might

be extremely effective for correcting even highly variant B+
1 inhomogeneities in

space if there are a high number of independent N-SEM channels to implement

the required phase profile at the expense of hardware complexity. However, the

approaches are still suboptimal because the required phase profile might not be

created by the available hardware; therefore, an optimization that considers the

available field profiles at the first stage can still be useful.

6.5.3 Pulse Design

In this paper, the term B+
1 inhomogeneity correction is referred since it is referred

in the original paper and a common name in the literature [35]. Actually, B+
1

profile cannot be altered using the pulse design or gradients. It is originated

from the wavelength effect of the RF coil. In this study, flip angle inhomogeneity

originated from B+
1 inhomogeneity is corrected simultaneously using L-SEMs and

N-SEM in the pulse design.

Although the addition of a single channel N-SEM coil improves the flip angle

uniformity, the pulse design problem becomes computationally more expensive

due to spoke placement in higher dimension and an increased number of local
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minima resulting from the possibility of infinitely many trajectories for the same

excitation pattern. The best solution for L-SEMs and N-SEMs would have been

obtained if fewer trial points were specified as a stopping criterion. However,

the value of the objective function for simultaneous use is still less than that

for the use of only L-SEMs or N-SEMs for the first 200 trial points. Therefore,

increases in the number of local minima and the number of variables lead to a

more complex optimization procedure for simultaneous use of L-SEMs and the N-

SEM; however, simultaneous use might still have superior performance in terms

of local solutions in comparison with using only L-SEMs or the N-SEM.

Global optimization can also be used to minimize the cost function under

the linear or nonlinear inequality constraints such as maximum distance in the

excitation k-space, maximum RF average power or peak power. Furthermore,

computation is parallelized, and the computation time can be limited as applied

in the optimizations in the experiments. However, finding the global optimum

for a much higher number of N-SEM channels is still a challenging problem,

although the scatter search algorithm can find global solutions to the problem of

over 100 variables and 100 constraints in one or two local solver calls for most

of the nonlinear programming applications [92]. In a practical case with a time

limitation, some algorithms for finding the local solutions instead of the global

solution can result in a better performance. However, the built-in “GlobalSearch”

function in MATLAB is used to demonstrate that the global solution of the

simultaneous use of L-SEMs and the N-SEMs can provide more homogeneous

excitations than the use of only L-SEMs or N-SEMs.

The pulse design techniques in the literature, which use only L-SEMs, can be

utilized to accelerate the computation time or to obtain a better solution in a

limited time, although they are not studied for N-SEMs. For instance, it can

be shown that the analytical minimum to obtain the most homogenous flip an-

gle distribution for given spoke locations in local gradient-based algorithms [101]

is still applicable when L-SEMs and N-SEMs are simultaneously used. A spar-

sity enforced method can also be adapted to the simultaneous use of L-SEMs

and N-SEMs to decrease the spoke numbers [33]. However, the gradient based

methods and the sparsity enforced methods do not consider the B0 effect at the
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beginning and require retuning after the spoke placement. They can be used for

a given target excitation phase distribution, which makes them suboptimal for

optimizing only the amplitude distribution. Grissom et. al. [102] proposes an

interleaved greedy and local optimization method including target phase opti-

mization. Although his pulse design technique is closer to the global optimum

than the abovementioned two methods for the amplitude excitation profile op-

timization at the expense of computation time, sequential placement of spokes

avoids the global optimality. In the “GlobalSearch” optimization, the target ex-

citation phase is not fixed, and the spokes are not placed sequentially for global

optimality with a fixed number of spokes. Lastly, the pulse design process can

be extremely accelerated and better homogeneity performance can be managed

with fewer spokes if there are numerous channels for obtaining the optimal phase

distribution between two spokes at the expense of hardware complexity [99,100].

Another important consideration for the RF pulse design is the three-

dimensional spatial dependency of the N-SEM channel. Due to the zero Laplacian

property of static magnetic fields, nonlinear deviation in one direction is likely

to cause nonlinear deviation in another direction. Therefore, the field profile

of N-SEM channels has through-plane deviations. Under thin slice approxima-

tion, this dependency can be approximated as two-dimensional, and Eq. 6.6 can

be valid. If the thin slice approximation fails, two related drawbacks might oc-

cur. First, the transverse excitation profile can be changed because through-slice

phase accumulation is not uniform in the transverse plane. Second, if there is

still through-slice phase dependency after the excitation, signal dephasing inside

the pixel will decrease the image intensity. Even if the B+
1 inhomogeneity is

two-dimensional, three-dimensional considerations should be included to correct

B+
1 inhomogeneity in thicker slices or slabs with N-SEMs. In the prototype coil,

simulations suggest that the field profile can deviate from 1% to 2% in the slice

direction for each pixel. For the field measurement, one reference GRE image

and another GRE image with a blip current applied to the N-SEM channel are

obtained. Due to signal dephasing not only in the slice direction but also in

all three-dimensional pixel volumes, the average amplitude was 3% lower in the

GRE image with blip current. During field measurements, the maximum phase
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deviation was lower than π, and during the spoke excitation, the most distant

spoke location was -0.65, as in Table 6.1, which suggest that 2% in-slice phase

deviation of the total 0.65π phase is present during the excitation in a worst-case

scenario. Such a phase distribution is negligible in our case, which is consistent

with the match between measured and expected flip angle maps in Fig 6.9; how-

ever, the in-slice dependency of N-SEM channels must be carefully considered in

other applications.

6.5.4 Practical Considerations

Although coil and amplifier design is beyond the scope of this chapter, a prototype

N-SEM coil is manufactured as proof of concept with a diameter of 20 cm to fit

inside the scanner, and it is torque balanced due to angular symmetry. However,

the pulse design techniques and theoretical formulations would have been valid

if a human-size N-SEM coil had been available. The switching times of N-SEM

coils must be further investigated when they are simultaneously used with L-

SEMs in a human experiment. From the hardware perspective, switching times

are mostly determined by the voltage of the amplifier; however, physiological

factors, such as PNS, generally determine the limits. Depending on the vector

E-field distributions of the N-SEMs and L-SEMs, new PNS limitations should be

determined considering the superposition of the fields during simultaneous use.

In spoke excitation, the optimal phase distribution is generally smooth between

the RF pulses to correct slowly varying transmit heterogeneity. The dead space

between the RF pulses due to the rise and fall times of the slice select gradient is

generally enough to switch the required small current values of N-SEM coils. Even

if the dead space is insufficient, the excitation k-space is designed in this work,

and realizing a specific excitation k-space with RF and gradient waveforms can be

solved by including slew rate considerations. However, the VERSE excitation [82]

or receive purposes are generally more demanding in terms of slew rate, and the

simultaneous use of N-SEMs and L-SEMs requires further investigations.

Because the custom coil system does not have a shield, the eddy current and
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the coupling issues are also considered. Coupling from our coil to system gradi-

ents is neglected since the shield of the system gradients almost cancels the net

effect. More importantly, the coupling from system gradients to the custom coil is

stronger. When the custom coil is placed at the isocenter of the scanner, the x and

y gradients do not cause any coupling problems since the net flux passing through

the custom coil is 0; however, such symmetry does not exist for the z gradient.

Thus, the slew rate is minimized for all system gradient waveforms. The eddy

current effects are considered in two classes: short- and long-time constant eddy

currents. For the short-time constant eddy currents, most of the effect exists in

the same duration as the current applied to the custom coil. In the measurement

of the field profile on the slice of interest and spoke sequences, a triangular current

waveform that is exactly the same except for the amplitude is used. Therefore,

fast decaying eddy current effects are considered in the field profile and should be

the same for the spoke sequence assuming that the eddy current effects are linear.

As mentioned in previous works [103], for long-lasting eddy current effects, if the

duration of the current waveform is very small compared to the time constant,

the eddy currents caused by rising and falling edges tend to cancel each other out.

Therefore, a very fast triangular current waveform is used to drive the custom

coil. As a result, eddy current and coupling effects for the custom coil are mostly

counteracted.

6.5.5 Possible Enhancements

In this chapter, defining an independent excitation k-space for N-SEMs is shown

to provide freedom and improvements in correcting the B+
1 inhomogeneity. Very

similar techniques can be used for FOV reduction and slice selection. Addition-

ally, the excitation k-space can be designed in such a way that shorter trajectories

or lower SAR RF pulses can lead to the same excitation profiles. Furthermore,

although spoke excitation is used in this study, in principle, time-varying gra-

dient waveforms can be played during the RF pulse to traverse curved k-space

trajectories and allow more freedom to optimize the solution.
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The independent excitation k-space formulation trivially allows for increasing

the number of N-SEMs. Although computationally more expensive, it might

provide a dramatic improvement in the performance. Instead of using multiple N-

SEMs, it is shown that the addition of each N-SEM increases the dimension of the

degrees of freedom in the RF excitation problem. Existing gradient coil arrays in

[7,99,100,104] and dynamic second-order coils can be utilized under the proposed

technique. Furthermore, alternative linear gradient coil designs [79,105,106] can

be used to generate nonlinear gradients, although they have been designed for

flexible linear gradient systems. Further, parallel excitation techniques [30, 31]

can be combined with the proposed method if the formulation is generalized.

Lastly, although this study only considers the small tip angle excitation regime,

the formulation might be extended in a similar manner to large tip angle pulses

since the excitation k-space concept is still present for Cayley-Klein parameters

in the small excitation solution of large tip angle pulses [107].

111



Chapter 7

Discussion and Conclusion

In the first part of Chapter 2, nine channel z-gradient coil array is physically

described. Simulations and field profiles measurements confirms that coil is man-

ufactured with a reasonably well accuracy. Continuous winding of array elements

enables to generate highly flexible field profiles that are angularly symmetric.

In other words, any continuous current density required for a target field [84]

as a function z coordinate can be sampled with a z-gradient array by applying

independent currents to each channel. The main limitation of the manufactured

z-gradient coil array is that diameter of the coil is not suitable for human ap-

plications. The design of a human-size gradient coil array should consider many

practical issues such as inductance, DC and AC resistance, force, torque, available

physical space in the scanner, heat exchange, mechanical design, patient comfort

and shielding. Furthermore, coil should be able to create enough field variation

and slew rate considering the current and voltage limitations of the amplifier,

respectively, and the power requirements of the gradient amplifiers are propor-

tional to the fifth power of the coil dimensions [108]. Moreover, coil is designed

as unshielded. In future applications, a shield can be designed for each element

separately or an array of shield coils can be driven to minimize the magnetic flux

outside of the shield.

In the second part of Chapter 2, some amplifier and driver challenges together
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with their solutions are proposed. The mutual coupling between the channels is

a main challenge to drive the gradient coil arrays. Although mutual coupling can

be avoided in the design process, any effort to decrease the mutual coupling also

decreases the degree of freedom in the coil design. Additionally, it is impractical

to completely avoid mutual coupling for high number of channels. A simple first

order circuit model is proposed and validated with impedance meter measure-

ments, current measurements and MRI experiments. First order model enables

an analytical expression to calculate the minimum rise time for a given current

vector, mutual impedance parameters and amplifier limitations. As a result, it is

verified in Chapter 2 that z-gradient array system is operational and can provide

high time fidelity current to be used in imaging.

In chapter 3, linear gradient fields with different specifications and performance

parameters are optimized using the z-gradient array. This chapter is studied

to prove that gradient array coil can generate dynamically arrangeable linear

gradient profiles in contrast to conventional linear gradient coils. Therefore, linear

gradient fields optimized for only target VOIs with maximum tolerable linearity

error can be used to increase the performance of the gradient fields without any

change in the pulse design and image reconstruction techniques which are all

developed for linear gradient fields.

Expectedly, It is shown that peak linearity error of the gradient fields can

be reduced significantly by optimizing the field profiles only in the target VOIs.

Moreover, optimization problems are formulated for maximum gradient strength,

maximum slew rate, minimum current norm and minimum peak B-field. One

advantage of this optimization problems is that they are all convex problem and

can be solved using fast local solvers. In all of the optimization problems lin-

earity error is constrained. The results of the sweep for LV OI and α shows that

all optimization problems have similar characteristics in terms of LV OI and α.

In all cases, increased α or decreased LV OI results in increased performance pa-

rameters. Therefore, decisions on these parameters can significantly affect the

performance. One can also construct a look-up table similar to Fig. 3.3 to de-

termine the minimum linearity error for a given performance metrics. As part of

this thesis, only the slew rate limits in terms of hardware are investigated. There
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is no single slew rate limitation in terms of PNS since the E-field distributions of

the coil elements are superposed with dynamically changing current weightings.

However, this effect should be analyzed in future studies of gradient coil arrays

for human applications. Although results for shifted VOIs are not presented in

this chapter, results might be extended for VOIs with shifted central locations.

In Chapter 4, the concepts in Chapter 3 is applied to DWI to reduce the diffu-

sion gradient duration and echo time to increase the SNR. Performance increase

of the gradient strength per unit current due to increased linearity error or de-

creased VOI size is utilized to obtain higher gradient strength if the gradients

are dynamically optimized for each slice instead of optimization over the entire

volume. Surely, method is not limited for slices only, any VOI can be determined

and gradient strengths can be maximized only inside the VOI. Moreover, allow-

ing some nonlinearity also helps to increase the gradient strength which results in

non-uniform b-value maps. In such a case, b-value should be calculated at each

pixel together with a direction which should be used in the post-processing while

calculating the ADC maps. Similar to decreased diffusion gradients, dynamically

optimized gradient fields can also be used in the readout part to further decrease

the TE, especially for in-slice diffusion directions.

In addition to dynamic optimization of linear gradient fields, novel applications

of nonlinear gradients are studied since gradient array system can generate various

different nonlinear gradient field profiles. The nonlinear gradients are already

shown to provide additional degrees of freedom to improve the efficiency of both

the reception and excitation phases of an imaging sequence. In the reception h n

phase of a pulse sequence, the N-SEMs are utilized in accelerating the scan [2–5],

reducing the FOV [6], reducing the peripheral nerve stimulation and increasing

the resolution at the periphery of the object [7–9]. For the excitation part of a

pulse sequence, it has been shown that the N-SEMs can be used to excite curved

slices [4, 10, 11], reduce the FOV with localized excitation [12–14, 94], reduce the

SAR [91] in addition to the B1+ inhomogeneity correction . Additionally, the

dynamic shimming methods using time-varying higher-order spatial field terms

[54, 56, 104] can be considered as an application for the N-SEMs. Therefore,

gradient array system is not only useful for the applications in this thesis, it can
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also be used in other applications of nonlinear gradients and might even advance

those methods.

In Chapter 5, gradient array is used to encode multiple slice locations to the

same frequency. This enables excitation of multiple slices or slabs with a sin-

gle band RF pulse without increasing the SAR. Simultaneous multi-slice (SMS)

imaging is a technique to speed up the MRI data acquisition. However, increase

in the SAR of the RF pulse might limit the decrease in the MRI data acquisition.

Moreover, duration of the RF pulse can be shortened for increased robustness to

B0 inhomogeneity or decreased TE since SAR and peak RF power is decreased

using the proposed technique. In most challenging sequences in terms of SAR

such as Turbo Spin Echo, this technique might even be more useful to combine

them with SMS. There are two limitations of this study. Firstly, center location

of the slices and slice thickness as function of radial direction might vary inside

the slice. Secondly, slice separations cannot be decreased below 5 cm without

compromising dramatic performance decrease. However, it is shown that both

limitations do not prevent to cover entire 3D volume by shifting slice locations

appropriately.

In Chapter 6, single nonlinear gradient is used simultaneously with linear gra-

dients to compensate the B+
1 inhomogeneity. Although nonlinear gradient field

is not generated by gradient array, gradient array is fully capable of generating

such gradient and might even optimize the required nonlinear gradient profile.

Simultaneous use of linear and nonlinear gradients during the RF excitation is

formulated as excitation k-space with increased dimension. Although this formu-

lation does not directly solve inverse problem of designing gradient waveforms at

all cases, it clearly emphasizes the increased degree of freedom when nonlinear

gradients are simultaneously used with linear gradients. As a results, it is shown

with both simulations and experiments that simultaneous use of linear and non-

linear gradients can provide more uniform excitation patterns compared to using

only nonlinear gradients or linear gradients alone.

In this PhD thesis, design and applications of a gradient array are studied.
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Due to the fact that spatial distribution of gradient fields encodes the spin loca-

tions, gradient systems are significant part of the magnetic resonance scanners.

As discusses in the thesis, transforming conventional gradient coils into an array

system requires some hardware challenges in return of tremendous increase in the

gradient field design flexibility. Some hardware challenges and solutions of a gra-

dient array system is addressed as part of this thesis. Capability of dynamically

designing gradient fields enables optimization of encoding the spin locations. The

advantage of increased degree of freedom in the gradient field design is utilized

in two ways. Firstly, it is shown that some performance parameters and target

VOI can be modulated for linear gradient fields. As an example application of

this, diffusion encoding gradient duration for a fixed b-value is decreased to in-

crease SNR by maximizing the gradient strength only inside the target VOI and

allowing more linearity error. Secondly, gradient array can generate nonlinear

gradients. Example and novel applications of nonlinear gradients are presented

such as multi-slice excitation with a single band RF pulse and simultaneous use

of linear and nonlinear gradients for improved B+
1 inhomogeneity correction. In

summary, feasibility and advantage of the gradient array system is demonstrated

with both simulations and experiments to further motivate the studies in this

field and expedite the clinical use of this technology.
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Appendix A

Spatiotemporal Magnetic Field

Monitoring with Hall Effect

Sensors

This study is related to measure both temporal and spatial dependency of the

gradient fields during the MRI scan. Although proposed technique is appropriate

for gradient fields generated by gradient arrays as well as conventional gradi-

ents, conventional gradients are used for the proof of concept studies. Therefore,

this study is presented in the Appendix. This chapter uses some content from

previously presented conference abstract [109].

A.1 Introduction

Due to hardware imperfections and physical limitations, magnetic fields during an

imaging sequence is never exactly same as it is expected by a pulse programmer.

The imperfections cause artifacts in the image, however, as long as they are pre-

cisely measured, resulting artifacts and image distortions can be corrected. NMR

probes have already been used to monitor both spatial and temporal dependency
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of the magnetic fields which leads to estimation of the correct k-space trajectory

to be used in the image reconstruction [110]. Later dynamic field camera has

been developed to measure field dynamics up to third order spherical harmonics

including 16 NMR probes [111]. Although, NMR is a very suitable way of field

monitoring, requirement of spectrometer for the NMR probes, transmit and low

noise RX chain for all probes as well as demanding constructing process of the

NMR probes [112] might lead to a significant cost increase.

As an alternative, we propose to use Hall effect sensors to monitor the spa-

tiotemporal field dynamics. However, measurement of the z component of the

magnetic field (Bz) requires very large dynamic range for the Hall effect sensors

due to superposition of encoding fields with main magnetic field (B0). Instead,

we propose to measure the transverse components of the magnetic field in sev-

eral spatial positions to reconstruct spatiotemporal dependency of Bz using the

Maxwell equations with the spherical harmonics order dependent on the number

of sensors.

A.2 Methods

A.2.1 Reconstruction Technique

Hall effect sensors might be used to measure directly Bz inside the MRI scanner;

however, field deviations on the order of ppms of the (B0) can be effective in the

images and should be monitored. Such a dynamic range is not practical and will

result in either very low sensitivity or saturation of the sensor. Ideally, when Hall

elements are aligned to measure concomitant fields, there will be no interference

with the main magnetic fields which will not cause saturation and high sensitivity

can be maintained. Additionally, if the direction of the current in Hall element

is aligned with the z-direction inside the MR scanner, Maxwell equation can be
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written in the form which directly leads to the following Eq. A.1a.

∇×B = âx

(
∂Bz

∂y
− ∂By

∂z

)
+ ây

(
∂Bz

∂x
− ∂Bx

∂z

)
+ âz

(
∂By

∂x
− ∂Bx

∂y

)
= âzµ0J

(A.1a)
∂Bz

∂y
=
∂By

∂z
(A.1b)

∂Bz

∂x
=
∂Bx

∂z
(A.1c)

where J is the current density on the Hall elements, µ0 is the free space permeabil-

ity. Eq. A.1a directly implies Eqs. A.1b-c using simple algebraic steps. Therefore

measuring the z-derivative of the transverse fields is enough to determine the x

and y derivatives of the z-directed magnetic field.

Furthermore, remaining partial derivative of theBz can be determined from the

zero divergence condition as in Eq. A.2. Therefore, knowledge of transverse fields

is adequate to determine the all partial derivatives of the Bz, in other words ∇Bz.

However, spatial DC component cannot be determined with this formulation.

Since DC term is not used to calculate Bz, measurement at three point is adequate

to measure first order spherical harmonics of Bx and By. Afterwards, by using

Eq. A.1 and Eq. A.2, Bz can be calculated up to same order spherical harmonics

with Bx and By.

∇ ·B =
∂Bx

∂x
+
∂By

∂y
+
∂Bz

∂z
= 0 (A.2a)

∂Bz

∂z
= −∂Bx

∂x
− ∂By

∂y
(A.2b)

A.2.2 Experiments

Two commercially available Hall effect sensors (DRV5053, Texas Instruments)

with 20 kHz bandwidth and 23 mV/mT sensitivity are used to measure mag-

netic field in x and -y directions. Fig. A.1 shows the image of the experimental

setup.Sensors are manually aligned perpendicular to z-axis by adjusting the sen-

sor output to 0 Volts. There is also support structure holding the sensor in a fixed
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Figure A.1: Experimental Setup including two Hall effect sensors, and support
structure. One of them is aligned to measure the field in the –y direction and
other one is aligned to measure the field in +x direction.

position so that after initial calibration, sensors will stay perpendicular to z po-

sition when they are moved to other position. There is also additional apparatus

connected to holder in order to determine the exact position of the sensors.

Data is digitized with the ADC of an oscilloscope (Ds07104B, Agilent Technolo-

gies). Experiments are performed with a 3T MRI Scanner (Tim Trio, Siemens).

To demonstrate the proof of concept, sensors are placed at 3 different positions in

3 different scans due to insufficient number of sensors. At each scan, y-gradient is

applied with strength of 20mT/m, rise and fall times of 2ms and flat top duration

of 12ms.
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A.3 Results

Magnetic field in x and y directions are measured in 3 different spatial locations

as in Fig. A.2. By using the magnetic field levels at each time and inverse of

the probing matrix1, spatiotemporal dependency of Bx and By are constructed

up to first order spherical harmonics as in Fig. A.2a and Fig. A.2b. After Bx

and By are determined, Bz is determined using the Eq. A.1 and A.2 and it is

shown in Fig. A.2c. In Fig. A.2c, red plot shows the applied y-gradient during

sequence with reasonably consistent timing and amplitude. This three plots is

enough to determine the first order spatial variations of the magnetic field as well

as temporal dynamics.

A.4 Discussion and Conclusion

Proposed technique cannot measure the spatial DC component. Only one channel

NMR probe can be used as a reference point to estimate the DC component. Our

method requires double number of sensors compared to NMR probes because

field is measured in two directions in our case which leads to an advantage of

measuring concomitant field directly without any processing. Alignment and

measuring the position of the sensors are extremely important in the precision.

As a conclusioin, feasibility of measuring the three-dimensional spatiotemporal

dependency of magnetic field during an MRI scanner with Hall effect sensors are

demonstrated with preliminary experiments.

135



0 2 4 6 8 10 12 14 16 18 20

Time (ms)
(a)

-4

-2

0

2

4

M
ea

su
re

d
 M

ag
n

et
ic

 F
ie

ld
(m

T
) B

x

P1
P2
P3

0 2 4 6 8 10 12 14 16 18 20

Time (ms)
(b)

-4

-2

0

2

4

M
ea

su
re

d
 M

ag
n

et
ic

 F
ie

ld
(m

T
) B

y

P1
P2
P3

Figure A.2: Measured sensor output voltages are converted to magnetic field.
(a) Bx, x component of the magnetic field (b) By, y component of the magnetic
field. Measurements are obtained at 3 different spatial positions to be able to
reconstruct first order spherical harmonics.
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Figure A.3: Reconstructed first order spherical harmonic coefficients in 3 axes for
(a) Bx, x component of the magnetic field, (b) By, y component of the magnetic
field, (c) Bz, z component of the magnetic field.
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