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ABSTRACT

ONLINE LEARNING WITH RECURRENT NEURAL
NETWORKS

Tolga Ergen

M.S. in Electrical and Electronics Engineering

Advisor: Süleyman Serdar Kozat

July, 2018

In this thesis, we study online learning with Recurrent Neural Networks (RNNs).

Particularly, in Chapter 2, we investigate online nonlinear regression and intro-

duce novel regression structures based on the Long Short Term Memory (LSTM)

network, i.e., is an advanced RNN architecture. To train these novel LSTM

based structures, we introduce highly efficient and effective Particle Filtering

(PF) based updates. We also provide Stochastic Gradient Descent (SGD) and

Extended Kalman Filter (EKF) based updates. Our PF based training method

guarantees convergence to the optimal parameter estimation in the Mean Square

Error (MSE) sense. In Chapter 3, we investigate online training of LSTM archi-

tectures in a distributed network of nodes, where each node employs an LSTM

based structure for online regression. We first provide a generic LSTM based re-

gression structure for each node. In order to train this structure, we introduce a

highly effective and efficient Distributed PF (DPF) based training algorithm. We

also introduce a Distributed EKF (DEKF) based training algorithm. Here, our

DPF based training algorithm guarantees convergence to the performance of the

optimal centralized LSTM parameters in the MSE sense. In Chapter 4, we inves-

tigate variable length data regression in an online setting and introduce an energy

efficient regression structure build on LSTM networks. To reduce the complexity

of this structure, we first replace the regular multiplication operations with an

energy efficient operator. We then apply factorizations to the weight matrices so

that the total number of parameters to be trained is significantly reduced. We

then introduce online training algorithms. Through a set of experiments, we il-

lustrate significant performance gains and complexity reductions achieved by the

introduced algorithms with respect to the state of the art methods.

Keywords: Online learning, recurrent neural network (RNN), extended Kalman

filtering (EKF), particle filtering (PF), stochastic gradient descent (SGD).
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ÖZET

YİNELENEN SİNİR AĞLARI İLE ÇEVRİMİÇİ
ÖĞRENİM

Tolga Ergen

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Süleyman Serdar Kozat

Temmuz, 2018

Bu tezde, Yinelenen Sinir Ağları (YSA) ile çevrimiçi öğrenim problemini

çalışmaktayız. Ayrıntılı olarak, ikinci bölümde, doğrusal olmayan çevrimiçi

bağlanım problemini incelemekteyiz ve gelişmiş bir YSA olan Uzun Kısa Soluklu

Bellek (UKSB) ağları tabanlı özgün bağlanım yapıları sunmaktayız. Bu yapıları

eğitmek için, oldukça verimli ve etkili Parçacık Süzme (PS) tabanlı güncellemeler

sunmaktayız. Buna ek olarak, Olasılıksal Gradyan İnişi (OGİ) ve Genişletilmiş

Kalman Süzgeci (GKS) tabanlı güncellemeler sunmaktayız. PS tabanlı algorit-

mamız Ortalama Karesel Hata (OKH) performansı bakımından en iyi parametre

tahminine yakınsamayı garanti etmektedir. Üçüncü bölümde, her bir düğümün

çevrimiçi bağlanım için UKSB yapısını kullandığı dağınık ağlarda UKSB yapısının

eğitimini incelemekteyiz. Öncelikle, her bir düğüm için genel bir UKSB yapısı

sağlamaktayız. Bu yapıyı eğitmek için oldukça verimli ve etkili olan Dağınık

PS (DPS) tabanlı eğitim algoritması sunmaktayız. Buna ek olarak, Dağınık

GKS (DGKS) tabanlı eğitim algoritması sunmaktayız. Burada, DPS eğitim al-

goritmamız OKH performansı bakımından en iyi merkezi UKSB parametrelerine

yakınsamayı garanti etmektedir. Dördüncü bölümde, değişken uzunluklu veri

bağlanımını çevrimiçi bir düzende incelemekteyiz ve enerji tasarruflu bir UKSB

yapısı sunmaktayız. Bu yapının karmaşıklığını düşürebilmek için öncelikle çarpım

işlemlerini enerji tasarruflu bir işlem ile değiştirmekteyiz. Daha sonra ağırlık ma-

trislerine faktorizasyon uygulayarak toplam parametre sayısını ciddi bir miktarda

azaltmaktayız. Bundan sonra ise çevrimiçi eğitim algoritmaları sunmaktayız. Bir

takım deneyler aracılığıyla, algoritmalarımız tarafından en gelişkin metotlara göre

elde edilen performans kazançlarını ve karmaşıklık eksiltmelerini göstermekteyiz.

Anahtar sözcükler : Çevrimiçi öğrenim, yinelenen sinir ağı (YSA), genişletilmiş

Kalman süzme (GKS), parçacık süzme (PS), olasılıksal gradyan inişi (OGİ).
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arship Programme.

v



Contents

1 Introduction 1

2 Online Learning Algorithms Based on LSTM Networks 10

2.1 Novel Learning Algorithms based on LSTM Neural Networks . . . 12

2.1.1 Different Regression Architectures . . . . . . . . . . . . . . 12

2.1.2 Conventional Online Training Algorithms . . . . . . . . . 13

2.1.3 Online Training based on the PF Algorithm . . . . . . . . 20

2.2 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.1 Real Life Datasets . . . . . . . . . . . . . . . . . . . . . . 25

2.2.2 Financial Datasets . . . . . . . . . . . . . . . . . . . . . . 29

2.2.3 LSTM and GRU Networks . . . . . . . . . . . . . . . . . . 30

2.2.4 Different Regression Architectures . . . . . . . . . . . . . . 32

3 Online Training of LSTM Networks in Distributed Systems 34

3.1 Online Distributed Training Algorithms . . . . . . . . . . . . . . . 36

vi



CONTENTS vii

3.1.1 Online Training Using the DEKF Algorithm . . . . . . . . 37

3.1.2 Online Training Using the DPF Algorithm . . . . . . . . . 40

3.2 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4 Energy Efficient LSTM Networks for Online Learning 52

4.1 Online Learning with Energy Efficient RNN Architectures . . . . 55

4.1.1 RNN with ef-operator . . . . . . . . . . . . . . . . . . . . 55

4.1.2 LSTM with ef-operator . . . . . . . . . . . . . . . . . . . . 56

4.1.3 Energy Efficient RNN with Weight Matrix Factorization . 57

4.1.4 Energy Efficient LSTM with Weight Matrix Factorization . 59

4.1.5 Online Training Algorithms . . . . . . . . . . . . . . . . . 60

4.2 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2.1 Financial Dataset . . . . . . . . . . . . . . . . . . . . . . . 68

4.2.2 Real Life Datasets . . . . . . . . . . . . . . . . . . . . . . 69

4.2.3 Rank Effect on WMF . . . . . . . . . . . . . . . . . . . . . 72

4.2.4 LSTM and GRU Neural Networks . . . . . . . . . . . . . . 73

4.2.5 Training Times and Structural Complexity . . . . . . . . . 75

5 Conclusion 78



List of Figures

2.1 Detailed schematic of the proposed architecture in (2.11) for the

regression tasks. Note that for the summations before the gate and

h(·) functions, we multiply xt and yt−1 by W (.) and R(.), respec-

tively and also we add the weight vector b(.) to these summations.

We omit these operations for presentation simplicity. . . . . . . . 14

2.2 Sequential prediction performances of the algorithms for the kine-

matic dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3 Comparison of the PF based algorithm with different number of

particles for the kinematic dataset. . . . . . . . . . . . . . . . . . 28

2.4 Comparison of the PF based algorithm with different N -m combi-

nations for the kinematic dataset. Note that all the combinations

in this figure has the same computation time. . . . . . . . . . . . 29

2.5 Future price prediction performances of the algorithms for the Al-

coa stock price dataset. . . . . . . . . . . . . . . . . . . . . . . . . 31

2.6 Exchange rate prediction performances of the algorithms for the

Hong Kong exchange rate dataset. . . . . . . . . . . . . . . . . . . 31

2.7 Comparison of the LSTM and GRU architectures in terms of re-

gression error performance for (a) the PF based algorithm, (b) the

EKF based algorithm and (c) the SGD based algorithm. . . . . . 33

viii



LIST OF FIGURES ix

3.1 Detailed schematic of each node k in our network. . . . . . . . . . 35

3.2 Error performances over the Hong Kong exchange rate dataset. . 46

3.3 Error performances for different N and s combinations of the DPF

based algorithm. Here, we also provide computation times of the

combinations (in seconds), i.e., denoted as T , where a computer

with i5-6400 processor, 2.7 GHz CPU and 16 GB RAM is used. . 47

3.4 Error performances over the sentence dataset. . . . . . . . . . . . 48

3.5 Sequential prediction performance of the algorithms for the tem-

perature dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.1 Detailed schematic of Energy Efficient LSTM based architecture. . 54

4.2 Detailed schematic of energy efficient LSTM block at time t. Note

that solid lines represent direct connections while dotted lines rep-

resent time lagged connections. For the sake of simplicity, bias

terms are not shown in the figure. . . . . . . . . . . . . . . . . . . 58

4.3 Daily stock price prediction performances of the algorithms with

the SGD updates on the Alcoa Corporation stock price dataset. . 67

4.4 Daily stock price prediction performances of the algorithms with

the EG updates on the Alcoa Corporation stock price dataset. . . 67

4.5 Comparison of all the algorithms with the SGD and EG updates

on the Alcoa Corporation stock price dataset. . . . . . . . . . . . 68

4.6 Distance prediction performances of the algorithms with the SGD

updates on the kinematic dataset. . . . . . . . . . . . . . . . . . . 70

4.7 Distance prediction performances of the algorithms with the EG

updates on the kinematic dataset. . . . . . . . . . . . . . . . . . . 71



LIST OF FIGURES x

4.8 Comparison of sequential prediction performances of the algo-

rithms on the kinematic dataset. . . . . . . . . . . . . . . . . . . . 71

4.9 Movement prediction performances of the algorithms on the eleva-

tors dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.10 Comparison of energy efficient LSTM and GRU networks on the

Alcoa Corporation dataset. . . . . . . . . . . . . . . . . . . . . . . 74

4.11 Comparison of energy efficient LSTM and GRU networks on the

kinematic dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.12 Comparison of energy efficient LSTM and GRU networks on the

elevators dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . . 75



List of Tables

2.1 Comparison of the computational complexities of the proposed on-

line training methods. In the table, p represents the dimensionality

of the input space, m represents the dimensionality of the network’s

output space, and N represents the number of particles for the PF

algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 Time accumulated errors and the corresponding training times (in

seconds) of the LSTM based algorithms for the elevators, pumadyn

and bank datasets. Note that here, we use a computer with i5-6400

processor, 2.7 GHz CPU and 16 GB RAM. . . . . . . . . . . . . . 30

2.3 Time accumulated errors of the LSTM based regression algorithms

described in (2.10), (2.11) and (2.12) for each algorithm. . . . . . 33

3.1 Comparison of the computational complexities of the introduced

training algorithms for each node k. In this table, we also calculate

the computational complexity of the SGD based algorithm by de-

riving exact gradient equations, however, we omit these calculations. 45

3.2 Time accumulated errors the algorithms for the speech, elevators,

pumadyn and bank datasets. . . . . . . . . . . . . . . . . . . . . . 50

xi



LIST OF TABLES xii

4.1 Training times (in seconds) and time accumulated errors for the

WMF algorithms using different rank weight matrices on the Al-

coa Corporation stock price dataset. Note that this experiment is

performed with a computer that has i5-6400 processor, 2.7 GHz

CPU and 16 GB RAM. . . . . . . . . . . . . . . . . . . . . . . . . 73

4.2 Relative energy consumptions (in pJ) of the introduced RNN net-

works at each time step. Here, we use the energy consumption

data of arithmetic operations for a 45nm CMOS process. . . . . . 76

4.3 Training times (in seconds) of the introduced energy efficient

LSTM networks. . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.4 Time accumulated errors of the introduced algorithms. . . . . . . 76

4.5 Total number of parameters to be learnt for the introduced networks. 77



Chapter 1

Introduction

The problem of estimating an unknown desired signal is one of the main sub-

jects of interest in contemporary online learning literature, where we sequentially

receive a data sequence related to a desired signal to predict the signal’s next

value [1]. This problem is known as online regression and it is extensively studied

in the neural network [2], machine learning [1] and signal processing literatures [3],

especially for prediction tasks [4]. In these studies, nonlinear approaches are gen-

erally employed because for certain applications, linear modeling is inadequate

due to the constraints on linearity [3]. In this thesis, in particular, we study the

nonlinear regression in an online setting, where we sequentially observe a data

sequence and its label to find a nonlinear relation between them to predict the

future labels.

There exists a wide range of nonlinear modeling approaches in the machine

learning and signal processing literatures for regression [1, 3]. However, most of

these approaches usually suffer from high computational complexity and they may

provide inadequate performance due to stability and overfitting issues [3]. Neural

network based regression algorithms are also introduced for nonlinear modeling

since neural networks are capable of modeling highly nonlinear and complex struc-

tures [2, 4, 5]. However, they are also shown to be prone to overfitting problems

and demonstrate less than adequate performance in certain applications [6, 7].
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To remedy these issues and further enhance their performance, neural networks

composed of multiple layers, i.e., known as Deep Neural Networks (DNNs), are

recently introduced [8]. In DNNs, a layered structure is employed so that each

layer performs a feature extraction based on the previous layers [8]. With this

mechanism, DNNs are able to model highly nonlinear and complex structures [9].

However, this layered structure poorly performs in capturing time dependencies

in the data so that DNNs can only provide limited performance in modeling time

series and processing temporal data [10]. As a remedy, basic Recurrent Neural

Networks (RNNs) are introduced since these networks have inherent memory that

can store the past information [5]. However, basic RNNs lack control structures

so that the long term components cause either an exponential growth or decay in

the norm of gradients during training, which are the well known exploding and

vanishing gradient problems respectively [6, 11]. Hence, they are insufficient to

capture long term dependencies on the data, which significantly restricts their

performance in real life tasks [12]. In order to resolve this issue, a novel RNN ar-

chitecture with several control structures, i.e., Long Short Term Memory (LSTM)

network [12,13], is introduced. However, in the classical LSTM structures, we do

not have the direct contribution of the regression vector to the output, i.e., the

desired signal is regressed only using the state vector [4]. Hence, in Chapter 2, we

introduce LSTM based online regression architectures, where we also incorporate

the direct contribution of the regression vectors inspired from the well known

ARMA models [14].

After the neural network structure is fixed, then there exists a wide range of

different methods to train the corresponding parameters in an online manner.

Especially the first order gradient based approaches are widely used due to their

efficiency in training because of the well known back propagation recursion [4,15].

However, these techniques provide poorer performance compared to the second

order gradient based techniques [5,16]. As an example, the Real Time Recurrent

Learning (RTRL) algorithm is highly efficient in calculating gradients [15, 16].

However, since the RTRL algorithm only exploits the first order gradient infor-

mation, it performs poorly on ill-conditioned problems [17]. On the other side,
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although the second order gradient based techniques provide much better perfor-

mance, they are highly complex compared to the first order methods [5, 16, 18].

As an example, the well known Extended Kalman Filter (EKF) method also uses

the second order information to boost its performance, which requires to update

the error covariance matrix of the parameter estimate and brings an additional

complexity accordingly [19]. Furthermore, the second order gradient based meth-

ods provide limited training performance due to an abundance of saddle points

in neural network based applications [20]. To alleviate the training issues, in

Chapter 2, we introduce Particle Filtering (PF) [21] based online updates for the

LSTM architecture. In particular, we first put the LSTM architecture in a nonlin-

ear state space form and formulate the parameter learning problem in this setup.

Based on this form, we introduce a PF based estimation algorithm to effectively

learn the parameters. Here, our training method guarantees convergence to the

optimal parameter estimation performance in an online manner provided that we

have sufficiently many particles and satisfy certain technical conditions. Further-

more, by controlling the amount of particles in our experiments, we demonstrate

that we can significantly reduce the computational complexity while providing a

superior performance compared to the conventional second order methods. Here,

our training approach is generic such that we also put the recently introduced

Gated Recurrent Unit (GRU) architecture [22] in a nonlinear state space form

and then apply our algorithms to learn its parameters. Through an extensive set

of simulations, we illustrate significant performance improvements achieved by

our algorithms compared to the conventional methods [18,23,24].

The main contributions of Chapter 2 are as follows: 1) As the first time in the

literature, we introduce online learning algorithms based on the LSTM architec-

ture for data regression, where we efficiently train the LSTM architecture in an

online manner using our PF based approach; 2) We propose novel LSTM based

regression structures to compute the final estimate, where we introduce an addi-

tional gate to the classical LSTM architecture to incorporate the direct contribu-

tion of the input regressor inspired from the ARMA models; 3) We put the LSTM

equations in a nonlinear state space form and then derive online updates based

on the state of the art state estimation techniques [21, 25] for each parameter.

3



Here, our PF based method achieves a substantial performance improvement in

online parameter training with respect to the conventional second and first order

methods [18, 23]; 4) We achieve this substantial improvement with a computa-

tional complexity in the order of the first order gradient based methods [18, 23]

by controlling the number of particles in our method. In our simulations, we

also illustrate that by controlling the number of particles, we can achieve the

same complexity with the first order gradient based methods while providing a

far superior performance compared to the both first and second order methods;

5) Through an extensive set of simulations involving real life and financial data,

we illustrate performance improvements achieved by our algorithms with respect

to the conventional methods [18,23]. Furthermore, since our approach is generic,

we also introduce GRU based algorithms by directly applying our approach to

the GRU architecture, i.e., also a complex RNN, in our simulation section.

In Chapter 3, we consider online training of the parameters of an LSTM struc-

ture in a distributed network of nodes. Here, we have a network of nodes, where

each node has a set of neighboring nodes and can only exchange information with

these neighbors. In particular, each node sequentially receives a variable length

data sequence with its label and trains the parameters of the LSTM network.

Each node can also communicate with its neighbors to share information in order

to enhance the training performance since the goal is to train one set of LSTM co-

efficients using all the available data. As an example application, suppose that we

have a database of labelled tweets and our aim is to train an emotion recognition

engine based on an LSTM structure, where the training is performed in an on-

line and distributed manner using several processing units. Words in each tweet

are represented by word2vec vectors [26] and tweets are distributed to several

processing units in an online manner.

The LSTM architectures are usually trained in a batch setting in the litera-

ture, where all data instances are present and processed together [5]. However,

for applications involving big data, storage issues may arise due to keeping all

the data in one place [27]. Additionally, in certain frameworks, all data instances

are not available beforehand since instances are received in a sequential manner,

which precludes batch training [27]. Hence, we consider online training, where
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we sequentially receive the data to train the LSTM architecture without stor-

ing the previous data instances. Note that even though we work in an online

setting, we may still suffer from computational power and storage issues due to

large amount of data [28–30]. As an example, in tweet emotion recognition ap-

plications, the systems are usually trained using an enormous amount of data

to achieve sufficient performance, especially for agglutinative languages [26]. For

such tasks distributed architectures are used. In this basic distributed architec-

tures, commonly named as centralized approach [28], the whole data is distributed

to different nodes and trained parameters are merged later at a central node [5].

However, this centralized approach requires high storage capacity and computa-

tional power at the central node [28]. Additionally, centralized strategies have

a potential risk of failure at the central node. To circumvent these issues, we

distribute both the processing as well as the data to all the nodes and allow

communication only between neighboring nodes, hence, we remove the need for

a central node. In particular, each node sequentially receives a variable length

data sequence with its label and exchanges information only with its neighboring

nodes to train the common LSTM parameters.

For online training of the LSTM architecture in a distributed manner, one can

employ one of the first order gradient based algorithms at each node due to their

efficiency [5]. In the distributed implementation of the first order gradient based

methods, each node exchanges either its estimate or its first order gradient with

its neighboring nodes in order to compute the final estimate, e.g., [31] directly

shares the estimates at each node with its neighbors and then updates the lin-

ear combination of the estimates to get the final estimate. However, since these

training methods only exploit the first order gradient information, they suffer

from poor performance and convergence issues. As an example, the Stochas-

tic Gradient Descent (SGD) based algorithms usually have slower convergence

compared to the second order methods [5, 31]. On the other hand, the second

order gradient based methods require much higher computational complexity and

communication load while providing superior performance compared to the first

order methods [5]. Following the distributed implementation of the first order

methods, one can implement the second order training methods in a distributed

5



manner, where we share not only the estimates but also the Jacobian matrix, e.g.,

the Distributed Extended Kalman Filtering (DEKF) algorithm [19,32]. However,

as in the first order case, these sharing and combining the information at each

node is adhoc, which does not provide the optimal training performance [32]. In

addition to the EKF algorithm, the Hessian-Free (HF) [33] and Quasi-Newton

(QN) [34] algorithms are also employed as the second order training methods

for training RNNs. The HF algorithm avoids the direct Hessian computations,

i.e., highly complex computations, so that it significantly reduces its computa-

tional complexity while enjoying high performance provided by a second order

method [33]. Similarly, the QN algorithm approximately computes Hessian to

save computational resources [34]. However, both of these algorithms provide re-

stricted performances in online tasks [5,18]. In this chapter, to provide improved

performance with respect to the second order methods while preserving both

communication and computational complexity similar to the first order methods,

we introduce a highly effective distributed online training method based on the

particle filtering algorithm [35]. We first propose an LSTM based model for vari-

able length data regression. We then put this model in a nonlinear state space

form to train the model in an online and optimal manner [36].

The main contributions of Chapter 3 include: 1) We introduce distributed

LSTM training methods in an online setting for variable length data sequences.

Our Distributed Particle Filtering (DPF) based training algorithm guarantees

convergence to the optimal centralized training performance in the Mean Square

Error (MSE) sense; 2) We achieve this performance with a computational com-

plexity and a communication load in the order of the first order gradient based

methods; 3) Through simulations involving real life and financial data, we illus-

trate significant performance improvements with respect to the state of the art

methods [18,23].

In Chapter 4, we investigate efficient training of LSTM networks for data re-

gression. In the literature, LSTM networks are usually trained in a batch setting,

where all data sequences are available and processed together for training [15,16].

However, in big data applications, such approaches might cause storage problems

due to need to store all data sequences at one place [5, 16, 23]. Furthermore, in
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certain settings, we sequentially receive data instances, which prevents training in

a batch setting [16]. Hence, we investigate efficient training of the LSTM network

in an online setting, where we sequentially receive a data sequence with its label

to train the parameters of the LSTM network and forget the data sequence after

using it.

In the current literature, there exist several online training methods for the

LSTM network [4, 5, 18, 23, 37]. Among these methods, the first order gradient

based algorithms are generally employed due to their computational efficiency in

training the LSTM network [4, 23, 38, 39]. The first order gradient based train-

ing algorithms usually perform additive updates, i.e., each parameter is updated

through an addition operation, e.g., the SGD algorithm [4, 5, 23]. However, such

algorithms suffer from slow convergence rate and poor performance, especially

when only few components of the input data is related to the desired label [40]. To

circumvent these issues, a first order training method with multiplicative updates,

i.e., the Exponentiated Gradient (EG) algorithm, is introduced [40,41]. However,

since the EG algorithm employs multiplicative updates, it requires more compu-

tational resources compared to additive updates, especially for implementations

on FPGAs [42,43], which restricts its usage in real-life applications [40,44,45]. To

be more precise, [43] shows that a multiplication operation consumes more than

four times of the energy required by an addition operation. Furthermore, since the

classical LSTM network has numerous vector matrix multiplications and several

parameters to be trained, it requires high amount of energy and computational

resources to provide an adequate performance [4, 44,46,47].

In order to address these issues, we introduce a novel energy efficient LSTM

network and training methods based on the EG [40] and SGD [23] algorithms.

Particularly, we first introduce an LSTM based regression structure to process

variable length input sequences. We then introduce an energy efficient LSTM

network, which has significantly smaller number of the regular multiplication op-

erations (only required for certain scaling operations) compared to the classical

LSTM network. In order to further reduce the complexity, we also apply a ma-

trix factorization method [48] to the LSTM parameters such that the number of

parameters that needs to be learnt is significantly reduced. For this structure,
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we also introduce online training algorithms based on the EG and SGD algo-

rithms. Thus, unlike the methods in the literature [23, 49], we enjoy not only

high performance provided by the LSTM network but also achieve low computa-

tional complexity in training. Here, thanks our generic approach, we also apply

this approach to the GRU network [22] in our experiments. Through an exten-

sive set of simulations, we illustrate significant performance gains and complexity

reductions with respect to the conventional methods [23].

Our main contributions in Chapter 4 are as follows: 1) As the first time in

the literature, we introduce an energy efficient LSTM network, where we apply a

matrix factorization method to reduce the computational complexity of our net-

work. Here, we also replace each regular multiplication operation with an energy

efficient operator that only requires sign multiplication and addition to further

reduce the computational complexity; 2) We introduce online training methods

based on the EG and SGD algorithms to train our energy efficient LSTM archi-

tecture, where we derive online updates for each parameter. Here, the energy

efficient LSTM network trained with our algorithms achieve substantial perfor-

mance gains with respect to the classical LSTM architecture [12] trained with the

conventional training methods [23]; 3) We achieve these substantial performance

gains with a computational complexity that is significantly less than the con-

ventional methods in the current literature [23]; 4) Through an extensive set of

simulations, we demonstrate significant performance improvements achieved by

the introduced methods with respect to the conventional methods [23]. Moreover,

since our approach is generic, we also introduce an energy efficient GRU network

in our simulation section.

Notation: In this thesis, all vectors are column vectors and denoted by bold-

face lower case letters. Matrices are represented by boldface upper case letters.

For a matrix U (or a vector u), UT (or uT ) is its ordinary transpose. The time

index is given as subscript, e.g., ut is the vector at time t. For a vector u, |u|
and ||u|| =

√
uTu are its `1-norm and `2-norm, respectively. For a vector ut, ut,i

is the ith element of that vector. Similarly, for a matrix U , uij is the entry at the

ith row and jth column of U . Given a vector u, diag(u) is the diagonal matrix

with the entries of u at its diagonal. Moreover, 1 is a vector or matrix of all ones,

8



0 is a vector or matrix of all zeros and I is the identity matrix, where the sizes

are understood from the context.
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Chapter 2

Online Learning Algorithms

Based on LSTM Networks

In this chapter, we sequentially receive {dt}t≥1, dt ∈ R and regression vectors,

{xt}t≥1, xt ∈ Rp such that our goal is to estimate dt based on our current and

past observations {. . . ,xt−1,xt}. Given our estimate d̂t, which can only be a

function of {. . . ,xt−1,xt} and {. . . , dt−2, dt−1}, we suffer the loss l(dt, d̂t). This

framework models a wide range of machine learning problems including financial

analysis [50], tracking [51] and state estimation [19]. As an example, in one step

ahead data prediction under the square error loss, where we sequentially receive

data and predict the next sample, we receive xt = [xt, xt−1 . . . , xt−p+1]T and then

generate d̂t, after dt = xt+1 is observed, we suffer l(dt, d̂t) = (dt − d̂t)2.

Here, to generate the sequential estimates d̂t, we use RNNs. The basic RNN

structure is described by the following set of equations [16]:

ht = κ
(
W (h)xt +R(h)ht−1

)
(2.1)

yt = u
(
R(y)ht

)
, (2.2)

where ht ∈ Rm is the state vector, xt ∈ Rp is the input and yt ∈ Rm is the

output. The functions κ(·) and u(·) apply to vectors pointwise and commonly

set to tanh(·). For the coefficient matrices, we have W (h) ∈ Rm×p, R(h) ∈ Rm×m

10



and R(y) ∈ Rm×m.

As a special case of RNNs, we use the LSTM neural network [12] with only

one hidden layer. Although, there exists a wide range of different implementa-

tions of the LSTM network, we use the most widely used extension, where the

nonlinearities are set to the hyperbolic tangent function and the peephole con-

nections are eliminated. This LSTM architecture is defined by the following set

of equations [12]

zt = h
(
W (z)xt +R(z)yt−1 + b(z)

)
(2.3)

it = σ
(
W (i)xt +R(i)yt−1 + b(i)

)
(2.4)

f t = σ
(
W (f)xt +R(f)yt−1 + b(f)

)
(2.5)

ct = Λ
(i)
t zt + Λ

(f)
t ct−1 (2.6)

ot = σ
(
W (o)xt +R(o)yt−1 + b(o)

)
(2.7)

yt = Λ
(o)
t h (ct) , (2.8)

where Λ
(f)
t = diag(f t), Λ

(i)
t = diag(it) and Λ

(o)
t = diag(ot). Furthermore, ct ∈

Rm is the state vector, xt ∈ Rp is the input vector, yt ∈ Rm is the output vector.

Here, it, f t and ot are the input, forget and output gates, respectively. The

functions g(·) and h(·) apply to vectors pointwise and commonly set to tanh(·).
Similarly, the sigmoid function σ(·) applies pointwise to the vector elements. For

the coefficient matrices and the weight vectors, we have W (z) ∈ Rm×p, R(z) ∈
Rm×m, b(z) ∈ Rm, W (i) ∈ Rm×p, R(i) ∈ Rm×m, b(i) ∈ Rm, W (f) ∈ Rm×p,

R(f) ∈ Rm×m, b(f) ∈ Rm, W (o) ∈ Rm×p, R(o) ∈ Rm×m and b(o) ∈ Rm. Given the

output yt, we generate the final estimate as:

d̂t = wT
t yt, (2.9)

where the final regression coefficients wt will be trained in an online manner in

the following. Our goal is to design the system parameters so that
∑n

t=1 l(dt, d̂t)

or E[l(dt, d̂t)] is minimized.

Remark 2.0.1. The basic LSTM network can be extended by including last s

outputs in the recursion, e.g., {yt−s, . . . ,yt−1}, however this case corresponds to

11



an extended output definition, i.e., an extended super output vector consisting of

all {yt−s, . . . ,yt−1}. We use only yt−1 for notational simplicity.

In the following section, we first introduce novel LSTM network based regres-

sion architectures inspired from the ARMA models. Then, we develop review

and extend the conventional methods [18, 23] to learn the parameters of LSTM

in an online manner. Finally, we provide our novel PF based training method.

2.1 Novel Learning Algorithms based on LSTM

Neural Networks

In this section, we first introduce our novel contributions for data regression. For

these contributions, we also derive online updates based on the SGD, EKF and

PF algorithms.

2.1.1 Different Regression Architectures

We first consider the direct linear combination of the output yt with the weight

vector wt. In this case, given (2.8), we generate the final estimate as

d̂
(1)
t = wT

t yt

= wT
t Λ

(o)
t h (ct) , (2.10)

where wt ∈ Rm. In (2.10), the final estimate of the system does not directly

depend on xt. However, in generic nonlinear regression tasks, the final estimate

usually depends on the current regression vector also [52]. For this purpose, we

introduce a linear term to incorporate the effects of the input vector, i.e., the

regression vector, to the final estimate as shown in Fig. 2.1. Hence, we introduce

the second regression architecture as

d̂
(2)
t = wT

t Λ
(o)
t h (ct) + vTt Λ

(α)
t h (xt) , (2.11)
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vt ∈ Rp, in accordance with (2.10), where Λ
(α)
t = diag(αt) and

αt = σ
(
W (α)xt +R(α)Λ

(o)
t−1h(ct−1) + b(α)

)
.

Here, the final estimate directly depends on xt and also the dependence is con-

trolled by the control gate, i.e., αt.

In (2.10) and (2.11), the effects of the input and state vectors are controlled

by the control and output gates, respectively. Thus, these gates may restrict the

exposure of the state and input contents in nonlinear regression problems. To

expose the full content of the state and input vectors, we remove the control and

output gates in (2.11) and introduce the third regression architecture as follows

d̂
(3)
t = wT

t h (ct) + vTt h (xt) . (2.12)

Note that d̂
(2)
t is our most general architecture to compute the final estimate since

the updates for d̂
(1)
t is a special case when Λ

(α)
t = 0 and the updates for d̂

(3)
t is a

special case when Λ
(o)
t = I and Λ

(α)
t = I. In the following sections, we provide

the full derivations for d̂
(1)
t for notational and presentation simplicity, and also

provide the required updates to extend these basic derivations to d̂
(2)
t and d̂

(3)
t .

2.1.2 Conventional Online Training Algorithms

In this subsection, we introduce methods to learn the corresponding parameters

of the introduced architectures in an online manner. We first derive the online

updates based on the SGD algorithm [17], i.e., also known as the RTRL algo-

rithm [23] in the neural network literature, where we derive the recursive gradient

formulations to obtain the online updates for the LSTM architecture.

The SGD algorithm only exploits the first order gradient information so that it

usually converges slower compared to the second order gradient based techniques

and performs poorly on ill-conditioned problems [17]. To mitigate these problems,

we next consider the second order gradient based techniques, which have faster

convergence rate and are more robust against ill-conditioned problems [5]. We

first put the LSTM equations in a nonlinear state space form so that we can
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Figure 2.1: Detailed schematic of the proposed architecture in (2.11) for the regression tasks.
Note that for the summations before the gate and h(·) functions, we multiply xt and yt−1 by

W (.) and R(.), respectively and also we add the weight vector b(.) to these summations. We
omit these operations for presentation simplicity.

consider the EKF algorithm [19] to train the parameters in an online manner.

However, the EKF algorithm requires the first order Taylor series expansion to

linearize the nonlinear network equations and this degrades its performance [5,19].

Additionally, Table 2.1 shows that the EKF algorithm has high computational

complexity compared to the SGD algorithm.

In the following sections, we derive both the SGD and EKF based training

methods and extend these derivations to the regression architectures in (2.10),

(2.11) and (2.12).
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Algorithm Computational Complexity
SGD O (m4 +m2p2)
EKF O (m8 +m4p4)
PF O (N(m2 +mp))

Table 2.1: Comparison of the computational complexities of the proposed online training
methods. In the table, p represents the dimensionality of the input space, m represents the
dimensionality of the network’s output space, and N represents the number of particles for the
PF algorithm.

2.1.2.1 Online Learning with the SGD Algorithm

For each parameter set, we next derive the stochastic gradient updates, i.e., also

known as the RTRL algorithm [23], to minimize the instantaneous loss, i.e.,

l(dt, d̂t) = (dt−d̂t)2, and extend these calculations to the introduced architectures.

For the weight vector, we use

wt+1 = wt − µt∇wtl(dt, d̂t)

= wt + 2µt(dt − d̂t)Λ(o)
t h (ct) , (2.13)

where for the learning rate µt, we have µt → 0 as t → ∞ and
∑t

k=1 µk → ∞ as

t→∞, e.g., µt = 1/t. For the parameter W (z), we have the following update

W (z) = W (z) − µt∇W (z)l(dt, d̂t).

For notational simplicity, we derive the updates for each entry ofW (z) separately.

We denote the entry in the ith row and jth column of W (z) as w
(z)
ij . We have the

following update for each entry of W (z)

w
(z)
ij = w

(z)
ij + 2µt(dt − d̂t)wT

t

∂
(
Λ

(o)
t h (ct)

)
∂w

(z)
ij

. (2.14)

We write the partial derivative in (2.14) as

∂
(
Λ

(o)
t h (ct)

)
∂w

(z)
ij

= Λ

(
∂o

∂w
(z)
ij

)
t h (ct) + Λ

(o)
t Λ

(
h′(c)
)

t

∂ct

∂w
(z)
ij

, (2.15)
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where h′(·) denotes the differential of h(·) with respect to its argument, Λ

(
h′(c)
)

t =

diag
(
h′ (ct)

)
and

Λ

(
∂o

∂w
(z)
ij

)
t = diag

(
∂ot

∂w
(z)
ij

)
.

Now, we compute the partial derivatives of ot and ct with respect to w
(z)
ij . Taking

derivative of (2.7) gives

∂ot

∂w
(z)
ij

= Λ

(
σ′(ζ(o))

)
t

[
R(o)Λ

(o)
t−1Λ

(
h′(c)
)

t−1 ψ
(z)
ij,t−1 +R(o)Λ

(
∂o

∂w
(z)
ij

)
t−1 h (ct−1)

]
, (2.16)

where

ζ
(o)
t = W (o)xt +R(o)Λ

(o)
t−1h (ct−1) + b(o) (2.17)

and

ψ
(z)
ij,t−1 =

∂ct−1

∂w
(z)
ij

. (2.18)

To get (2.15), we also compute the partial derivative of ct with respect to w
(z)
ij .

Using (2.18), we write the following recursive equation

ψ
(z)
ij,t = Λ

(z)
t

∂it

∂w
(z)
ij

+ Λ
(i)
t

∂zt

∂w
(z)
ij

+ Λ
(c)
t−1

∂f t

∂w
(z)
ij

+ Λ
(f)
t ψ

(z)
ij,t−1. (2.19)

To obtain (2.19), we compute the partial derivatives of (2.3), (2.4) and (2.5) with

respect to w
(z)
ij as follows

∂it

∂w
(z)
ij

= Λ

(
σ′(ζ(i))

)
t

[
R(i)Λ

(o)
t−1Λ

(
h′(c)
)

t−1 ψ
(z)
ij,t−1 +R(i)Λ

(
∂o

∂w
(z)
ij

)
t−1 h (ct−1)

]
(2.20)

∂f t

∂w
(z)
ij

= Λ

(
σ′(ζ(f))

)
t

[
R(f)Λ

(o)
t−1Λ

(
h′(c)
)

t−1 ψ
(z)
ij,t−1 +R(f)Λ

(
∂o

∂w
(z)
ij

)
t−1 h (ct−1)

]
(2.21)

∂zt

∂w
(z)
ij

= Λ

(
h′(ζ(z))

)
t

[
δijxt +R(z)Λ

(o)
t−1Λ

(
h′(c)
)

t−1 ψ
(z)
ij,t−1 +R(z)Λ

(
∂o

∂w
(z)
ij

)
t−1 h (ct−1)

]
,

(2.22)
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where δij is a m× p matrix with all entries zeros, except a 1 in the ijth position.

With these equations, we can compute (2.19) and then obtain (2.15) using (2.19)

and (2.16). By this, we have all the required equations for the SGD update in

(2.14).

Remark 2.1.1. Here, we derive the updates just for the entries of W (z). When

we take the partial derivative of d̂t with respect to the entries of the other param-

eters as in (2.14), the equations (2.15), (2.18) and (2.19) still hold with a change

of the derivative variable. For (2.16) and (2.20)–(2.22), we have also a change in

the form and location of the δijxt term. In particular, as in (2.22), when we take

the derivative of W (.), R(.), and b(.) with respect to their entries, respectively,

additional δijxt, δijyt−1 and δij terms appear in the derivative equation of the

corresponding structure, i.e., one of (2.16), (2.20), (2.21) and (2.22). Here, the

size of δij changes accordingly.

Remark 2.1.2. In case of d̂
(2)
t , instead of (2.14), we have the following update

w
(z)
ij = w

(z)
ij + 2µt(dt − d̂t)

[
wT
t

∂
(
Λ

(o)
t h (ct)

)
∂w

(z)
ij

+ vTt Λ

(
∂α

∂w
(z)
ij

)
t h (xt)

]
, (2.23)

where the introduced partial derivative term ∂αt/∂w
(z)
ij is computed in the same

manner with (2.16). Furthermore, we have an additional update for vt as follows

vt+1 = vt + 2µt(dt − d̂t)Λ(α)
t h (xt) . (2.24)

Then, we follow the derivations in (2.13), (2.15), (2.16), (2.19), (2.20), (2.21) and

(2.22). For d̂
(3)
t , we just set Λ

(o)
t = I and Λ

(α)
t = I and then all the derivations

in (2.13), (2.15), (2.16) and (2.19)–(2.24) follow as in d̂
(2)
t .

According to the update equations in (2.15), (2.16) and (2.19), update of an

entry of a parameter has a computational complexity O(m2 + mp) due to the

matrix vector multiplications in (2.17). Since we have mp, m2 and m entries

for W (.), R(.) and b(.) respectively, this results in O(m4 + m2p2) computational

complexity to update the entries of all parameters as given in Table 2.1.
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2.1.2.2 Online Learning with the EKF Algorithm

We next provide the updates based on the EKF algorithm in order to train the

parameters of the system described in (2.3)–(2.8) and (2.10). In the literature,

there are certain EKF based methods to train LSTM, e.g., [18,37], however, these

methods only estimate the parameters, i.e., θt. However, in our case, we also

estimate the state and the output vector of LSTM, i.e., ct and yt, respectively.

In the following, we derive the updates for our approach and extend these to the

introduced architectures.

The EKF algorithm assumes that the posterior density function of the states

given the observations is Gaussian [19]. This assumption can be satisfied by

introducing perturbations to the system equations via Gaussian noise [53]. Hence,

we first write the LSTM system in a nonlinear state space form and then introduce

Gaussian noise terms to be able to use the EKF updates. For convenience, we

group the parameters {w,W (z),R(z), b(z),W (i),R(i), b(i),W (f),R(f), b(f),W (o),

R(o), b(o)} together into a vector θ, θ ∈ Rnθ , where nθ = 4m(m + p) + 5m. By

this, we write the LSTM system as

yt = τ(ct,xt,yt−1) + εt (2.25)

ct = Ω(ct−1,xt,yt−1) + vt (2.26)

θt = θt−1 + et (2.27)

dt = wT
t yt + εt, (2.28)

where τ(·) and Ω(·) are the nonlinear functions in (2.8) and (2.6) respectively,

and εt, et, vt and εt are zero mean Gaussian random variables. Additionally,

[εTt ,v
T
t , e

T
t ]T and εt are with variances Qt and Rt, respectively. Here, we assume

that Qt and Rt are known or can be estimated from the data as detailed later in

the chapter. We write (2.25), (2.26) and (2.27) in a compact form as
yt

ct

θt

 =


τ(ct,xt,yt−1)

Ω(ct−1,xt,yt−1)

θt−1

+


εt

vt

et

 (2.29)

dt = wT
t yt + εt. (2.30)
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In the system described in (2.29) and (2.30), we are able to observe only dt and

we can estimate yt, ct and θt based on the observed dt values. Thus, we directly

apply the EKF algorithm [19] to estimate yt, ct and θt as follows
yt|t

ct|t

θt|t

 =


yt|t−1

ct|t−1

θt|t−1

+Lt(dt −wT
t|t−1yt|t−1) (2.31)

yt|t−1 = τ(ct|t−1,xt,yt−1|t−1) (2.32)

ct|t−1 = Ω(ct−1|t−1,xt,yt−1|t−1) (2.33)

θt|t−1 = θt−1|t−1 (2.34)

Lt = Σt|t−1H t(H
T
t Σt|t−1H t +Rt)

−1 (2.35)

Σt|t = Σt|t−1 −LtHT
t Σt|t−1 (2.36)

Σt|t−1 = F t−1Σt−1|t−1F
T
t−1 +Qt−1, (2.37)

where Σ ∈ R(2m+nθ)×(2m+nθ) is the error covariance matrix, Lt ∈ R(2m+nθ) is the

Kalman gain, Qt ∈ R(2m+nθ)×(2m+nθ) is the process noise covariance and Rt ∈ R
is the measurement noise variance. We compute H t and F t as follows

HT
t =

[
∂d̂t
∂y

∂d̂t
∂c

∂d̂t
∂θ

]∣∣∣y=yt|t−1

c=ct|t−1

θ=θt|t−1

(2.38)

and

F t =


∂τ(c,xt,y)

∂y
∂τ(c,xt,y)

∂c
∂τ(c,xt,y)

∂θ
∂Ω(c,xt,y)

∂y
∂Ω(c,xt,y)

∂c
∂Ω(c,xt,y)

∂θ
0 0 I


∣∣∣∣∣y=yt|t
c=ct|t
θ=θt|t

,

where F t ∈ R(2m+nθ)×(2m+nθ) and H t ∈ R(2m+nθ). For (2.35) and (2.37), we use

Qt and Rt, however, these may not be known in advance. To estimate Rt, we

can use exponential smoothing as follows

Rt = (1− α)Rt−1 + αλ2
t ,

where 0 < α < 1 is the smoothing constant and

λt = (dt −wT
t|t−1yt|t−1). (2.39)
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For the estimation of Qt, we cannot use the exponential smoothing technique due

to our inability to observe the states at each time instance. Although there exists

a wide variety of techniques to estimate Qt, we use the algorithm in [54], which

provides a highly effective estimate of Qt.

Remark 2.1.3. For the EKF derivations of d̂
(2)
t , we change the observation model

in (2.30), the update in (2.31), the Jacobian computation in (2.38) and the def-

inition in (2.39) according to the definition of the architecture in (2.11). Addi-

tionally, we also extend the parameter vector θt by adding vt, W
(α), R(α) and

b(α). Hence, we have θt ∈ Rnθ , where nθ = (4m+ p)(m+ p) + 5m+ 2p. For the

EKF derivations of d̂
(3)
t , we change the observation model in (2.30), the update

in (2.31), the Jacobian computation in (2.38) and the definition in (2.39) ac-

cording to (2.12). Moreover, we modify θt by removing W (α), R(α), b(α), W (o),

R(o) and b(o) from its definition for d̂
(2)
t . Hence, we obtain θt ∈ Rnθ , where

nθ = 3m(m+ p) + 4m+ p.

According to the update equations in (2.31), (2.32), (2.33), (2.35), (2.36) and

(2.37), the computational complexity of the updates based on the EKF algorithm

results in O(m8 + m4p4) due to the matrix multiplications in (2.35), (2.36) and

(2.37).

2.1.3 Online Training based on the PF Algorithm

Since the conventional training methods [18, 23] provide restricted performance

as explained in the previous section, we introduce a novel PF based method that

provides superior performance compared to the second order training methods.

Furthermore, we achieve this performance with a computational complexity in

the order of the first order methods depending on the choice of N as shown in

Table 2.1. In the following, we derive the updates for our PF based training

method and extend these calculations to the introduced architectures.

The PF algorithm [21] requires no assumptions other than the independence

of noise samples in (2.29) and (2.30). Hence, we modify the system in (2.29) and
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(2.30) as follows

at = ϕ(at−1,xt) + ηt (2.40)

dt = wT
t yt + ξt, (2.41)

where ηt and ξt are independent noise samples, ϕ(·, ·) is the nonlinear mapping

in (2.29) and

at =


yt

ct

θt

 .
For (2.40) and (2.41), we seek to obtain E[at|d1:t], i.e., the optimal state estimate

in the mean square error (MSE) sense. For this purpose, we first find the posterior

probability density function p(at|d1:t). We then calculate the conditional mean

of the state vector based on the posterior density function. To obtain the density

function, we employ the PF algorithm [21] as follows.

Let {ait, ωit}Ni=1 denote the samples and the associated weights of the desired

distribution, i.e., p(at|d1:t). Then, we obtain the desired distribution from its

samples as follows

p(at|d1:t) ≈
N∑
i=1

ωitδ(at − ait), (2.42)

where δ(·) represents the Dirac delta function. Since obtaining the samples from

the desired distribution is intractable in most cases [21], an intermediate function

is introduced to obtain the samples {ait}Ni=1, which is called as importance function

[21]. Hence, we first obtain the samples from the importance function and then

estimate the desired density function based on these samples as follows. As an

example, in order to calculate Ep[at|d1:t], we use the following trick

Ep[at|d1:t] = Eq

[
at
p(at|d1:t)

q(at|d1:t)

∣∣∣∣d1:t

]
,

where Ef represents an expectation operation with respect to a certain density

function f(·). Hence, we observe that we can use q(·), i.e., called as importance

function, when direct sampling from the desired distribution p(·) is intractable.
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Here, we use q(at|d1:t) as our importance function to obtain the samples and the

corresponding weights are calculated follows

ωit ∝
p(ait|d1:t)

q(ait|d1:t)
, (2.43)

where the weights are normalized such that

N∑
i=1

ωit = 1.

To simplify the weight calculation, we can factorize (2.43) to obtain a recursive

formulation for the update of the weights as follows [25]

ωit ∝
p(dt|ait)p(ait|ait−1)

q(ait|ait−1, dt)
ωit−1. (2.44)

In (2.44), we aim to choose the importance function such that the variance of the

weights is minimized. Thus, we can guarantee that all the particles have non-

negligible weights and contribute considerably to (2.42) [55]. In this sense, the

optimal choice of the importance function is p(at|ait−1, dt), however, this requires

an integration that does not have an analytic form in most cases [56]. Thus, we

choose p(at|ait−1) as the importance function, which provides a small variance for

the weights but not zero as the optimal importance function does [21, 56]. This

simplifies (2.44) as follows

ωit ∝ p(dt|ait)ωit−1. (2.45)

We can now get the desired distribution to compute the conditional mean of

the augmented state vector at using (2.42) and (2.45). By this, we obtain the

conditional mean for at as follows

E[at|d1:t] =

∫
atp(at|d1:t)dat

≈
∫
at

N∑
i=1

ωitδ(at − ait)dat

=
N∑
i=1

ωita
i
t. (2.46)
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While applying the PF algorithm, the variance of the weights inevitably in-

creases over time so that after a few time steps, all but one of the weights get

values that are very close to zero [55]. Due to this reason, although particles with

very small weights have almost no contribution to our estimate in (2.46), we have

to update them using (2.40) and (2.45). Hence, most of our computational effort

is used for the particles with negligible weights, which is known as the degeneracy

problem [21]. To measure degeneracy, we use the effective sample size introduced

in [57], which is calculated as follows

Neff =
1∑N

i=1(ωit)
2
. (2.47)

Note that a small Neff value indicates that the variance of the weights is high, i.e.,

the degeneracy problem. If Neff is smaller than a certain threshold [55], then we

apply the resampling algorithm introduced in [25], which eliminates the particles

with negligible weights and focuses on the particles with large weights to avoid

degeneracy. By this, we obtain an online training method (See Algorithm 1 for

the pseudocode) that converges to E[at|d1:t], where the convergence is guaranteed

under certain conditions as follows.

Remark 2.1.4. For the PF derivations of d̂
(2)
t , we change the observation model

in (2.41) according to the definition in (2.11). We also modify at by adding vt,

W (α), R(α) and b(α) to θt. For the PF derivations of d̂
(3)
t , we modify (2.41)

according to the definition in (2.12). Furthermore, we modify θt by removing

W (α), R(α), b(α), W (o), R(o) and b(o) from its definition for d̂
(2)
t .

Theorem 2.1.1. Let at be the state vector such that

sup
at
|at|4p(dt|at) < Kt, (2.48)

where Kt is a finite constant independent of N . Then we have the following

convergence result

N∑
i=1

ωita
i
t → E[at|d1:t] as N →∞.

Proof of Theorem 2.1.1. From [58], we have

E

[∣∣E[π(at)|d1:t]−
N∑
i=1

ωitπ(ait)
∣∣4] ≤ Ct

||π||4t,4
N2

, (2.49)
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where

||π||t,4 , max {1,
(
E[|π(at′)|4|d1:t′ ]

) 1
4 , t′ = 1, 2, . . . , t},

π ∈ B4
t , i.e., a class of functions with certain properties described in [58], and Ct

represents a finite constant independent of N . With (2.48), π(at) = at satisfies

the conditions ofB4
t . Therefore, applying π(at) = at to (2.49) and then evaluating

(2.49) as N goes to infinity concludes our proof.

This theorem provides a convergence result under (2.48). The inequality in

(2.48) implies that the conditional distribution of the observations, i.e., p(dt|at),
decays faster than at increases [58]. Since generic distributions usually decrease

exponentially, e.g., Gaussian distribution, or they are nonzero only for bounded

intervals, (2.48) is not a strict assumption for at. Hence, we can conclude that

Theorem 2.1.1 can be employed for most cases.

According to update equations in (2.40), (2.41), (2.45) and (2.46), each par-

ticles cost O(m2 + mp) due to the matrix vector multiplications in (2.40) and

(2.41), and this results in O(N(m2 + mp)) computational complexity to update

all particles.

Algorithm 1 Online Training based on the PF Algorithm

1: for i = 1 : N do
2: Draw ait ∼ p(at|ait−1)
3: Assign wit according to (2.45)

4: end for
5: Calculate total weight: S =

∑N
j=1w

j
t

6: for i = 1 : N do
7: Normalize: wit = wit/S

8: end for
9: Calculate Neff according to (2.47)

10: if Neff < NT then %NT is a threshold for Neff

11: Apply the resampling algorithm in [25]
12: Obtain new pairs {āit, ω̄it}Ni=1, where w̄it = 1/N,∀i
13: end if
14: Using {āit, ω̄it}Ni=1, compute the estimate according to (2.46)
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2.2 Simulations

In this section, we illustrate the performances of our algorithms on different

benchmark real datasets under various scenarios. We first consider the regression

performance for real life datasets such as kinematic [59], elevators [60], bank [61]

and pumadyn [60]. We then the consider the regression performance for financial

datasets, e.g., Alcoa stock price [62] and Hong Kong exchange rate data [63]. We

then compare the performances of the algorithms based on two different neural

networks, i.e., the LSTM and GRU networks [22]. Finally, we comparatively illus-

trate the merits of our LSTM based regression architectures described in (2.10),

(2.11) and (2.12).

Throughout this section, “Architecture 1” represents the LSTM network with

(2.10) as the final estimate equation, similarly “Architecture 2” represents the

LSTM network with (2.11) and “Architecture 3” represents the LSTM network

with (2.12).

2.2.1 Real Life Datasets

In this subsection, we evaluate the performances of the algorithms for the real life

datasets. We first evaluate the performances of the algorithms for the kinematic

dataset [59]. We then examine the effect of the number of particles on the con-

vergence rate of the PF based algorithm using the same dataset. Furthermore, in

order to illustrate the effects of model size while keeping the computation time

same, we perform another experiment on the same dataset for the PF based al-

gorithm. Finally, we consider three benchmark real datasets, i.e., elevators [60],

bank [61] and pumadyn [60], to evaluate the regression performances of our al-

gorithms.

We first consider the kinematic dataset [59], i.e., a simulation of 8 link all-

revolute robotic arm. Our aim is to predict the distance of the effector from

a target. We first select a fixed architecture. For this purpose, we can choose
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any one of three architectures since the algorithm with the best performance is

the same for all three architectures as detailed later in this section. Here, we

choose Architecture 1. Furthermore, we choose the parameters such that all the

introduced algorithms reaches their maximum performance for fair comparison.

To provide this fair setup, we have the following parameters. For this dataset, the

input vector is xt ∈ R8 and we set the output dimension of the neural network

as m = 8. For the PF based algorithm, the crucial parameter is the number of

particles, we set this parameter as N = 1500. Additionally, we choose ηt and ξt

as zero mean Gaussian random variables with the covariance Cov[ηt] = 0.01I and

the variance Var[ξt] = 0.25, respectively. For the EKF based algorithm, we choose

the initial error covariance as Σ0|0 = 0.01I. Moreover, we choose Qt = 0.01I and

Rt = 0.25. For the SGD based algorithm, we set the learning rate as µ = 0.03.

As seen in Fig. 2.2, the PF based algorithm converges to a much smaller final

MSE level, hence significantly outperforms the other algorithms.

In order to illustrate the effect of the number of particles on the convergence

rate, we perform a new experiment on the kinematic dataset, where we use the

same setup except the number of particles. In Fig. 2.3, we observe that as

the number of particles increases, the PF based algorithm achieves a lower MSE

value with a faster convergence rate. Furthermore, as N increases, the marginal

performance improvement achieved becomes smaller compared to the previous

N values. As an example, we observed that even though there is a significant

improvement between N = 50 and N = 100 cases, there is a slight improvement

between N = 500 and N = 1500 cases. Hence, if we further increase N , the

marginal performance improvement may not worth the increase in the computa-

tional complexity for our case. Thus, we illustrate that N = 1500 is a reasonable

choice for our simulations.

In addition to the simulation for the convergence rate, we perform another

experiment on the same dataset in order to observe the effects of model size

while keeping the computation time the same. To provide this setup, we choose

four different the output dimension, i.e., m, and the number of particles, i.e.,

N , combinations so that each combination consumes the same amount of the

computation time. In Fig. 2.4, we observed that as the model size increases, the
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performance of the PF based algorithm decreases. Since the PF based algorithm

approximates a density function based on the particles, as the number of particles

decreases, we expect to obtain worse approximations for the density function.

Hence, Fig. 2.4 matches with our interpretation for the PF based algorithm.

Other than the kinematic dataset, we also consider the elevators [60], bank

[61] and pumadyn [60] datasets. For all of these datasets, we again select a

fixed architecture, i.e., Architecture 1. Additionally, we choose the performance

maximizing parameters while forcing the PF based algorithm to consume less

training time than the other algorithms by controlling N . With this setup, we

have the following parameter selection for each dataset. The elevators dataset

is obtained from the procedure that is related to controlling a F16 aircraft and

our aim is to predict the variable that expresses the actions of the aircraft. For

this dataset, we have xt ∈ R18 and we set the output dimension of the neural

network as m = 18. For the other parameters, we use the same settings with

the kinematic dataset case except that we choose N = 100, Qt = 0.0016I,

Cov[ηt] = 0.0016I and µ = 0.7. Moreover, the pumadyn dataset is obtained

from the simulation of Unimation Puma 560 robotic arm and our goal is to

predict the angular acceleration of the arm. We have xt ∈ R32 and we set the

output dimension of the neural network as m = 32. Additionally, we set the

learning rate as µ = 0.4 and the number of particles as N = 170. For the other

parameters, we use the same settings with the elevators dataset case. Finally, the

bank dataset is generated from a simulator that simulates the queues in banks

and our aim is to predict the fraction of the customers that leave the bank due to

full queues. In this case, we have xt ∈ R32 and we set the output dimension of the

neural network as m = 32. Moreover, we set the learning rate as µ = 0.07 and

the number of particles as N = 150. For the other parameters, we use the same

settings with the elevators dataset case. As shown in Table 2.2, the PF based

algorithm achieves a smaller time accumulated error value while consuming less

training time compared to its competitors, therefore, it has superior performance

compared to the other algorithms in these real life tasks.
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Figure 2.2: Sequential prediction performances of the algorithms for the kinematic dataset.
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Figure 2.3: Comparison of the PF based algorithm with different number of particles for the
kinematic dataset.
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Figure 2.4: Comparison of the PF based algorithm with different N -m combinations for the
kinematic dataset. Note that all the combinations in this figure has the same computation
time.

2.2.2 Financial Datasets

In this subsection, we evaluate the performances of the algorithms under two

different financial scenarios. We first consider the Alcoa stock price dataset [62],

which contains the daily stock price values. Our goal is to predict the future prices

by examining the past prices. As in the previous subsection, we first choose a fixed

architecture. Since for all architectures, we obtain the best performance from the

same algorithm as detailed later in this section, we can choose any architecture.

Hence, we again choose Architecture 1. Moreover, we set the parameters such that

all the introduced algorithms converge to the same steady state error level. To

provide this fair setup, we choose the parameters as follows. For the Alcoa stock

price dataset, we choose to examine the price of the previous five days, so that we

have the input xt ∈ R5 and we set the output dimension of the neural network as

m = 5. For the PF based algorithm, we set the number of particles as N = 2000.

Additionally, we choose ηt and ξt as zero mean Gaussian random variables with

Cov[ηt] = 0.0036I and Var[ξt] = 0.01. For the EKF based algorithm, we choose
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PPPPPPPPPDatasets

Algorithms
PF EKF SGD

Error Time Error Time Error Time

Elevators 5.26× 10−4 5.5s 6.61× 10−4 12.12s 6.84× 10−4 6.16s
Pumadyn 0.0010 9.64s 0.0013 20.17s 0.0015 10.97s

Bank 0.016 2.48s 0.018 5.50s 0.022 2.78s

Table 2.2: Time accumulated errors and the corresponding training times (in seconds) of the
LSTM based algorithms for the elevators, pumadyn and bank datasets. Note that here, we use
a computer with i5-6400 processor, 2.7 GHz CPU and 16 GB RAM.

Σ0|0 = 0.0036I, Qt = 0.0036I and Rt = 0.01. For the SGD based algorithm, we

set the learning rate as µ = 0.1. With these fair settings, Fig. 2.5 illustrates that

the PF based algorithm converges much faster.

Aside from the Alcoa stock price dataset, we also consider the Hong Kong

exchange rate dataset [63], for which we have the amount of Hong Kong dollars

that one is able to buy for one U.S. dollar on a daily basis. Our aim is to

predict the future exchange rates by exploiting the data of the previous five days.

We again choose Architecture 1 and then we select the parameter such that the

convergence rate of the algorithms are the same. We use the same parameters with

the Alcoa stock price dataset case except Qt = 0.0004I and Cov[ηt] = 0.0004I.

In this case, Fig. 2.6 shows that the PF based algorithm converges to a much

smaller steady state error value.

2.2.3 LSTM and GRU Networks

In this subsection, we consider the regression performances of the algorithms

based on two different RNNs, i.e., the LSTM and GRU networks. In the previ-

ous sections, we use the LSTM architecture. Since our approach is generic, we

also apply our approach to the recently introduced GRU architecture, which is
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Figure 2.5: Future price prediction performances of the algorithms for the Alcoa stock price
dataset.
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described by the following set of equations [22]:

z̃t = σ
(
W (z̃)xt +R(z̃)yt−1

)
(2.50)

rt = σ
(
W (r)xt +R(r)yt−1

)
(2.51)

ỹt = g
(
W (y)xt + rt � (R(y)yt−1)

)
(2.52)

yt = ỹt � z̃t + yt−1 � (1− z̃t), (2.53)

where xt ∈ Rp is the input vector and yt ∈ Rm is the output vector. The

functions g(.) and σ(.) are set to the hyperbolic tangent and sigmoid functions,

respectively. For the coefficient matrices, we have W (z̃) ∈ Rm×p, R(z̃) ∈ Rm×m,

W (r) ∈ Rm×p, R(r) ∈ Rm×m, W (y) ∈ Rm×p, R(y) ∈ Rm×m. Here, z̃t and rt are

the update and reset gates, respectively. To obtain GRU based algorithms, we

directly replace the LSTM equations with the GRU equations and then apply our

regression and training approaches. However, the GRU network lacks the output

gate, which controls the amount of the incoming memory content. Furthermore,

these networks differ in the location of the forget gates or the corresponding

reset gates. Hence, they have significant differences. To compare them, we use

the Hong Kong exchange rate dataset as in the previous subsection. For a fair

comparison, we again select a fixed architecture. Here, since we compare the

performances of the networks rather than the algorithms, we arbitrarily choose

one of the architectures. We select Architecture 1. Moreover, we choose the

same parameters with the previous subsection so that convergence rate of the

algorithms are the same. With this fair setup, Fig. 2.7a, 2.7b and 2.7c show

that the LSTM network based approach achieves a smaller steady state error,

therefore, it is superior to the GRU architecture based approach in the sequential

prediction task in our experiments.

2.2.4 Different Regression Architectures

In this subsection, we compare the performances of different LSTM based regres-

sion architectures. For this purpose, we use the Hong Kong exchange rate dataset

as in the previous subsection. For a fair comparison, we select the parameters
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Figure 2.7: Comparison of the LSTM and GRU architectures in terms of regression error
performance for (a) the PF based algorithm, (b) the EKF based algorithm and (c) the SGD
based algorithm.

XXXXXXXXXXXX
Algorithms

Architectures
Architecture 1 Architecture 2 Architecture 3

PF 0.03590 0.03489 0.03600
EKF 0.03824 0.03744 0.03825
SGD 0.03708 0.03988 0.04090

Table 2.3: Time accumulated errors of the LSTM based regression algorithms described in
(2.10), (2.11) and (2.12) for each algorithm.

such that the convergence rate of the algorithms are the same. We choose the

same parameter with the previous subsection except Σ0|0 = 0.01I. Under this

fair setup, Table 2.3 shows that for the PF and EKF based algorithms, Archi-

tecture 2 achieves a smaller time accumulated error thanks to the contribution

of the regression vector with the control gate αt. Due to the lack of the control

and output gates, although Architecture 3 has also the direct contribution of

the regression vector, it has a greater error value compared to its competitors.

For the SGD based algorithm, the direct contribution of the regression vector

does not provide improvement on the error performance. Hence, Architecture

1 achieves a smaller time accumulated error. However, overall Architecture 2

trained with the PF based algorithm achieves the smallest time accumulated er-

ror among our alternatives, hence, it significantly outperforms its competitors in

these simulations.
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Chapter 3

Online Training of LSTM

Networks in Distributed Systems

In this chapter, we consider a network of K nodes. In this network, we declare two

nodes that can exchange information as neighbors and denote the neighborhood

of each node k as Nk that also includes the node k, i.e., k ∈ Nk. At each node

k, we sequentially receive {dk,t}t≥1, dk,t ∈ R and matrices, {Xk,t}t≥1, defined as

Xk,t = [x
(1)
k,t x

(2)
k,t . . .x

(mt)
k,t ], where x

(l)
k,t ∈ Rp, ∀l ∈ {1, 2, . . . ,mt} and mt ∈ Z+

is the number of columns in Xk,t, which can change with respect to t. In our

network, each node k aims to learn a certain relation between the desired value

dk,t and matrix Xk,t. After observing Xk,t and dk,t, each node k first updates

its belief about the relation and then exchanges an updated information with its

neighbors. After receiving Xk,t+1, each node k estimates the next signal dk,t+1 as

d̂k,t+1. Based on dk,t+1, each node k suffers the loss l(dk,t+1, d̂k,t+1) at time instance

t+1. This framework models a wide range of applications in the machine learning

and signal processing literatures, e.g., sentiment analysis [26]. As an example, in

tweet emotion recognition application [26], each Xk,t corresponds to a tweet, i.e.,

the tth tweet at the node (processing unit) k. For the tth tweet at the node k, one

can construct Xk,t by finding word2vec representation of each word, i.e., x
(l)
k,t for

the lth word. After receiving dk,t, i.e., the desired emotion label for the tth tweet

at the node k, each node k first updates its belief about the relation between the
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Figure 3.1: Detailed schematic of each node k in our network.

tweet and its emotion label, and then exchanges information, e.g., the trained

system parameters, with its neighboring units to estimate the next label.

Here, each node k generates an estimate d̂k,t using the LSTM architecture.

Although there exist different variants of LSTM, we use the most widely used

variant [12], i.e., the LSTM architecture without peephole connections. The

input Xk,t is first fed to the LSTM architecture as illustrated in Fig. 3.1, where

the internal equations are given as [12]:

i
(l)
k,t = σ(W

(i)
k x

(l)
k,t +R

(i)
k y

(l−1)
k,t + b

(i)
k ) (3.1)

f
(l)
k,t = σ(W

(f)
k x

(l)
k,t +R

(f)
k y

(l−1)
k,t + b

(f)
k ) (3.2)

c
(l)
k,t = i

(l)
k,t � g(W

(z)
k x

(l)
k,t +R

(z)
k y

(l−1)
k,t + b

(z)
k ) + f

(l)
k,t � c

(l−1)
k,t (3.3)

o
(l)
k,t = σ(W

(o)
k x

(l)
k,t +R

(o)
k y

(l−1)
k,t + b

(o)
k ) (3.4)

y
(l)
k,t = o

(l)
k,t � h(c

(l)
k,t), (3.5)

where x
(l)
k,t ∈ Rp is the input vector, y

(l)
k,t ∈ Rn is the output vector and c

(l)
k,t ∈ Rn is

the state vector for the lth LSTM unit. Moreover, o
(l)
k,t, f

(l)
k,t and i

(l)
k,t represent the

output, forget and input gates, respectively. g(·) and h(·) are set to the hyperbolic

tangent function and apply vectors pointwise. Likewise, σ(·) is the pointwise

sigmoid function. The operation � represents the elementwise multiplication of

two vectors of the same size. As the coefficient matrices and the weight vectors
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of the LSTM architecture, we have W
(.)
k , R

(.)
k and b

(.)
k , where the sizes are chosen

according to the input and output vectors. Given the outputs of LSTM for each

column of Xk,t as seen in Fig. 3.1, we generate the estimate for each node k as

follows

d̂k,t = wT
k,tȳk,t, (3.6)

where wk,t ∈ Rn is a vector of the regression coefficients and ȳk,t ∈ Rn is a vector

obtained by taking average of the LSTM outputs for each column of Xk,t, i.e.,

known as the mean pooling method, as described in Fig. 3.1.

Remark 3.0.1. In (3.6), we use the mean pooling method to generate ȳk,t. One

can also use the other pooling methods by changing the calculation of ȳk,t and

then generate the estimate as in (3.6). As an example, for the max and last

pooling methods, we use ȳk,t = maxi y
(i)
k,t and ȳk,t = y

(mt)
k,t , respectively. All our

derivations hold for these pooling methods and the other LSTM architectures. We

provide the required updates for different LSTM architectures in the next section.

3.1 Online Distributed Training Algorithms

In this section, we first give the LSTM equations for each node in a nonlinear state

space form. Based on this form, we then introduce our distributed algorithms to

train the LSTM parameters in an online manner.

Considering our model in Fig. 3.1 and the LSTM equations in (3.1)–(3.5), we

have the following nonlinear state space form for each node k

c̄k,t = Ω(c̄k,t−1,Xk,t, ȳk,t−1) (3.7)

ȳk,t = Θ(c̄k,t,Xk,t, ȳk,t−1) (3.8)

θk,t = θk,t−1 (3.9)

dk,t = wT
k,tȳk,t + εk,t, (3.10)

where Ω(·) and Θ(·) represent the nonlinear mappings performed by the con-

secutive LSTM units and the mean pooling operation as illustrated in Fig. 3.1,
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and θk,t ∈ Rnθ is a parameter vector consisting of {wk,W
(z)
k ,R

(z)
k , b

(z)
k ,W

(i)
k ,

R
(i)
k , b

(i)
k ,W

(f)
k ,R

(f)
k , b

(f)
k ,W

(o)
k ,R

(o)
k , b

(o)
k }, where nθ = 4n(n+ p) + 5n. Since the

LSTM parameters are the states of the network to be estimated, we also include

the static equation (3.9) as our state. Furthermore, εk,t represents the error in

observations and it is a zero mean Gaussian random variable with variance Rk,t.

Remark 3.1.1. We can also apply the introduced algorithms to different im-

plementations of the LSTM architecture [12]. For this purpose, we modify the

function Ω(·) and Θ(·) in (3.7) and (3.8) according to the chosen LSTM archi-

tecture. We also alter θk,t in (3.9) by adding or removing certain parameters

according to the chosen LSTM architecture.

3.1.1 Online Training Using the DEKF Algorithm

In this subsection, we first derive our training method based on the EKF algo-

rithm, where each node trains its LSTM parameters without any communication

with its neighbors. We then introduce our training method based on the DEKF

algorithm in order to train the LSTM architecture when we allow communication

between the neighbors.

The EKF algorithm is based on the assumption that the state distribution

given the observations is Gaussian [19]. To meet this assumption, we introduce

Gaussian noise to (3.7), (3.8) and (3.9). By this, we have the following model for

each node k 
c̄k,t

ȳk,t

θk,t

 =


Ω(c̄k,t−1,Xk,t, ȳk,t−1)

Θ(c̄k,t,Xk,t, ȳk,t−1)

θk,t−1

+


ek,t

εk,t

υk,t

 (3.11)

dk,t = wT
k,tȳk,t + εk,t, (3.12)

where [eTk,t, ε
T
k,t,υ

T
k,t]

T is zero mean Gaussian process with covariance Qk,t. Here,

each node k is able to observe only dk,t to estimate c̄k,t, ȳk,t and θk,t. Hence,

we group c̄k,t, ȳk,t and θk,t together into a vector as the hidden states to be

estimated.

37



3.1.1.1 Online Training with the EKF Algorithm

In this subsection, we derive the online training method based on the EKF al-

gorithm when we do not allow communication between the neighbors. Since the

system in (3.11) and (3.12) is already in a nonlinear state space form, we can

directly apply the EKF algorithm [19] as follows

Time Update:

c̄k,t|t−1 = Ω(c̄k,t−1|t−1,Xk,t, ȳk,t−1|t−1) (3.13)

ȳk,t|t−1 = Θ(c̄t|t−1,Xk,t, ȳk,t−1|t−1) (3.14)

θk,t|t−1 = θk,t−1|t−1 (3.15)

Σk,t|t−1 = F k,t−1Σk,t−1|t−1F
T
k,t−1 +Qk,t−1 (3.16)

Measurement Update:

R = HT
k,tΣk,t|t−1Hk,t +Rk,t

c̄k,t|t

ȳk,t|t

θk,t|t

 =


c̄k,t|t−1

ȳk,t|t−1

θk,t|t−1

+ Σk,t|t−1Hk,tR
−1(dk,t − d̂k,t)

Σk,t|t = Σk,t|t−1 −Σk,t|t−1Hk,tR
−1HT

k,tΣk,t|t−1,

where Σ ∈ R(2n+nθ)×(2n+nθ) is the error covariance matrix, Qk,t ∈ R(2n+nθ)×(2n+nθ)

is the state noise covariance and Rk,t ∈ R is the measurement noise variance.

Additionally, we assume that Rk,t and Qk,t are known terms. We compute Hk,t

and F k,t as follows

HT
k,t =

[
∂d̂k,t
∂c̄

∂d̂k,t
∂ȳ

∂d̂k,t

∂θ

]∣∣∣ c̄=c̄k,t|t−1

ȳ=ȳk,t|t−1

θ=θk,t|t−1

(3.17)

and

F k,t =


∂Ω(c̄,Xk,t,ȳ)

∂c̄
∂Ω(c̄,Xk,t,ȳ)

∂ȳ
∂Ω(c̄,Xk,t,ȳ)

∂θ
∂Θ(c̄,Xk,t,ȳ)

∂c̄
∂Θ(c̄,Xk,t,ȳ)

∂ȳ
∂Θ(c̄,Xk,t,ȳ)

∂θ
0 0 I


∣∣∣∣∣ c̄=c̄k,t|t
ȳ=ȳk,t|t
θ=θk,t|t

, (3.18)

where F k,t ∈ R(2n+nθ)×(2n+nθ) and Hk,t ∈ R(2n+nθ).
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3.1.1.2 Online Training with the DEKF Algorithm

In this subsection, we introduce our online training method based on the DEKF

algorithm for the network described by (3.11) and (3.12). In our network of K

nodes, we denote the number of neighbors for the node k as ηk, i.e., also called

as the degree of the node k [32]. With this structure, the time update equations

in (3.13)–(3.16) still hold for each node k. However, since we have information

exchange between the neighbors, the measurement update equations of each node

k adopt the iterative scheme [32] as the following.

For the node k at time t:

φk,t ←− [c̄Tk,t|t−1 ȳ
T
k,t|t−1 θ

T
k,t|t−1]T

Φk,t ←− Σk,t|t−1

For each l ∈ Nk repeat:

R←−HT
l,tΦk,tH l,t +Rl,t

φk,t ←− φk,t + Φk,tH l,tR
−1(dl,t −wT

k,t|t−1ȳk,t|t−1)

Φk,t ←− Φk,t −Φk,tH l,tR
−1HT

l,tΦk,t.

Now, we update the state and covariance matrix estimate as

Σk,t|t = Φk,t

[c̄Tk,t|t ȳ
T
k,t|t θ

T
k,t|t]

T =
∑
l∈Nk

c(k, l)φl,t,

where c(k, l) is the weight between the node k and l and we compute these weights

using the Metropolis rule as follows

c(k, l) =


1/max(ηk, ηl) if l ∈ Nk/k

1−
∑

l∈Nk/k c(k, l) if k = l

0 if l /∈ Nk

. (3.19)

With these steps, we can update all the nodes in our network as illustrated in

Algorithm 2.

According to the procedure in Algorithm 2, the computational complexity of

our training method results in O(ηk(n
8 +n4p4)) computations at each node k due

to matrix and vector multiplications on lines 8 and 19 as shown in Table 3.1.
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Algorithm 2 Training based on the DEKF Algorithm

1: According to (3.17), compute Hk,t, ∀k ∈ {1, 2, . . . , K}
2: for k = 1 : K do
3: φk,t ←− [c̄Tk,t|t−1 ȳ

T
k,t|t−1 θ

T
k,t|t−1]T

4: Φk,t ←− Σk,t|t−1

5: for l ∈ Nk do
6: R←−HT

l,tΦk,tH l,t +Rl,t

7: φk,t ←− φk,t + Φk,tH l,tR
−1(dl,t −wT

k,t|t−1ȳk,t|t−1)

8: Φk,t ←− Φk,t −Φk,tH l,tR
−1HT

l,tΦk,t

9: end for
10: end for
11: for k = 1 : K do
12: Using (3.19), calculate c(k, l), ∀l ∈ Nk
13: [c̄Tk,t|t ȳ

T
k,t|t θ

T
k,t|t]

T ←−
∑

l∈Nk c(k, l)φl,t
14: Σk,t|t ←− Φk,t

15: According to (3.18), compute F k,t

16: c̄k,t+1|t ←− Ω(c̄k,t|t,Xk,t, ȳk,t|t)
17: ȳk,t+1|t ←− Θ(c̄k,t+1|t,Xk,t, ȳk,t|t)
18: θk,t+1|t ←− θk,t|t
19: Σk,t+1|t ←− F k,tΣk,t|tF

T
k,t +Qk,t

20: end for

3.1.2 Online Training Using the DPF Algorithm

In this subsection, we first derive our training method based on the PF algorithm

when we do not allow communication between the nodes. We then introduce

our online training method based on the DPF algorithm when the nodes share

information with their neighbors.

The PF algorithm only requires the independence of the noise samples in (3.11)

and (3.12). Thus, we modify our system in (3.11) and (3.12) for the node k as

follows

ak,t = ϕ(ak,t−1,Xk,t) + γk,t (3.20)

dk,t = wT
k,tȳk,t + εk,t, (3.21)

where γk,t and εk,t are independent state and measurement noise samples, respec-

tively, ϕ(·, ·) is the nonlinear mapping in (3.11) and ak,t , [c̄Tk,t ȳ
T
k,t θ

T
k,t]

T .
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3.1.2.1 Online Training with the PF Algorithm

For the system in (3.20) and (3.21), our aim is to obtain E[ak,t|dk,1:t], i.e., the

optimal estimate for the hidden state in the MSE sense. To achieve this, we

first obtain posterior distribution of the states, i.e., p(ak,t|dk,1:t). Based on the

posterior density function, we then calculate the conditional mean estimate. In

order to obtain the posterior distribution, we apply the PF algorithm [21].

In this algorithm, we have the samples and the corresponding weights of

p(ak,t|dk,1:t), i.e., denoted as {aik,t, ωik,t}Ni=1. Based on the samples, we obtain

the posterior distribution as follows

p(ak,t|dk,1:t) ≈
N∑
i=1

ωik,tδ(ak,t − aik,t). (3.22)

Sampling from the desired distribution p(ak,t|dk,1:t) is intractable in general so

that we obtain the samples from q(ak,t|dk,1:t), which is called as importance func-

tion [21]. To calculate the weights in (3.22), we use the following formula

wik,t ∝
p(aik,t|dk,1:t)

q(aik,t|dk,1:t)
, where

N∑
i=1

ωik,t = 1. (3.23)

We can factorize (3.23) such that we obtain the following recursive formula [21]

ωik,t ∝
p(dk,t|aik,t)p(aik,t|aik,t−1)

q(aik,t|aik,t−1, dk,t)
ωik,t−1. (3.24)

In (3.24), we choose the importance function so that the variance of the weights

is minimized. By this, we obtain particles that have nonnegligible weights and

significantly contribute to (3.22) [21]. In this sense, since p(aik,t|aik,t−1) provides

a small variance for the weights [21], we choose it as our importance function.

With this choice, we alter (3.24) as follows

ωik,t ∝ p(dk,t|aik,t)ωik,t−1. (3.25)
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By (3.22) and (3.25), we obtain the state estimate as follows

E[ak,t|dk,1:t] =

∫
ak,tp(ak,t|dk,1:t)dak,t

≈
∫
ak,t

N∑
i=1

ωik,tδ(ak,t − aik,t)dak,t

=
N∑
i=1

ωik,ta
i
k,t.

Although we choose the importance function to reduce the variance of the weights,

the variance inevitably increases over time [21]. Hence, we apply the resam-

pling algorithm introduced in [21] such that we eliminate the particles with small

weights and prevent the variance from increasing.

3.1.2.2 Online Training with the DPF Algorithm

In this subsection, we introduce our online training method based on the DPF

algorithm when the nodes share information with their neighbors. We employ

the Markov Chain Distributed Particle Filter (MCDPF) algorithm [35] to train

our distributed system. In the MCDPF algorithm, particles move around the

network according to the network topology. In every step, each particle can

randomly move to another node in the neighborhood of its current node. While

randomly moving, the weight of each particle is updated using p(dk,t|ak,t) at the

node k, hence, particles use the observations at different nodes.

Suppose we consider our network as a graph G = (V,E), where the vertices

V represent the nodes in our network and the edges E represent the connections

between the nodes. In addition to this, we denote the number of visits to each

node k in s steps by each particle i as M i(k, s). Here, each particle moves to

one of its neighboring nodes with a certain probability, where the movement

probabilities of each node to the other nodes are represented by the adjacency

matrix, i.e., denoted as A. In this framework, at each visit to each node k, each

particle multiplies its weight with p(dk,t|ak,t)
2|E(G)|
sηk in a run of s steps [35], where

|E(G)| is the number of edges in G and ηk is the degree of the node k. From
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(3.25), we have the following update for each particle i at the node k after s steps

wik,t = wik,t−1

K∏
j=1

p(dj,t|aik,t)
2|E(G)|
sηj

M i(j,s)
. (3.26)

We then calculate the posterior distribution at the node k as

p(ak,t|Ok,t) ≈
N(k)∑
i=1

wik,tδ(ak,t − aik,t), (3.27)

where Ok,t represents the observations seen by the particles at the node k until t

and wik,t is obtained from (3.26). After we obtain (3.27), we calculate our estimate

for ak,t as follows

E[ak,t|Ok,t] =

∫
ak,tp(ak,t|Ok,t)dak,t

≈
∫
ak,t

N(k)∑
i=1

ωik,tδ(ak,t − aik,t)dak,t

=

N(k)∑
i=1

ωik,ta
i
k,t. (3.28)

We can obtain the estimate for each node using the same procedure as illustrated

in Algorithm 3. In Algorithm 3, N(j) represents the number of particles at the

node j and Ii→j represents the indices of the particles that move from the node i

to the node j. Thus, we obtain a distributed training algorithm that guarantees

convergence to the optimal centralized parameter estimation as illustrated in

Theorem 1.

Theorem 3.1.1. For each node k, let ak,t be the bounded state vector with a

measurement density function that satisfies the following inequality

0 < p0 ≤ p(dk,t|ak,t) ≤ ||p||∞ <∞, (3.29)

where p0 is a constant and

||p||∞ = sup
dk,t

p(dk,t|ak,t).

Then, we have the following convergence results in the MSE sense

N∑
i=1

ωik,ta
i
k,t → E[ak,t|{dj,1:t}Kj=1] as N →∞ and s→∞.
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Proof of Theorem 3.1.1. Using (3.29), from [35], we obtain

E
[(

E[π(at)|{dj,1:t}Kj=1]−
N∑
i=1

ωik,tπ(aik,t)
)2] ≤ ||π||2∞(Ct√U(s, υ) +

√
ςt
N

)2

,

(3.30)

where π is a bounded function, υ is the second largest eigenvalue modulus of A,

ςt and Ct are time dependent constants and U(s, υ) is a function of s as described

in [35] such that U(s, υ) goes to zero as s goes to infinity. Since the state vector

ak,t is bounded, we can choose π(ak,t) = ak,t. With this choice, evaluating (3.30)

as N and s go to infinity yields the results. This concludes our proof.

According to the update procedure illustrated in Algorithm 3, the computa-

tional complexity of our training method results in O(N(k)(n2 + np)) computa-

tions at each node k due to matrix vector multiplications in (3.20) and (3.21) as

shown in Table 3.1.

Algorithm 3 Training based on the DPF Algorithm

1: Sample {aij,t}
N(j)
i=1 from p(at|{aij,t−1}

N(j)
i=1 ), ∀j

2: Set {wij,t}
N(j)
i=1 = 1, ∀j

3: for s steps do
4: Move the particles according to A
5: for j = 1 : K do
6: {aij,t}

N(j)
i=1 ←

⋃
l∈Nj{a

i
l,t}i∈Il→j

7: {wij,t}
N(j)
i=1 ←

⋃
l∈Nj{w

i
l,t}i∈Il→j

8: {wij,t}
N(j)
i=1 ← {wij,t}

N(j)
i=1 p(dj,t|{aij,t}

N(j)
i=1 )

2|E(G)|
sηj

9: end for
10: end for
11: for j=1:K do
12: Resample {aij,t, wij,t}

N(j)
i=1

13: Compute the estimate for node j using (3.28)

14: end for
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Algorithm Computational Complexity
SGD O(n4 + n2p2)

DEKF O(ηk(n
8 + n4p4))

DPF O(N(k)(n2 + np))

Table 3.1: Comparison of the computational complexities of the introduced training algorithms
for each node k. In this table, we also calculate the computational complexity of the SGD based
algorithm by deriving exact gradient equations, however, we omit these calculations.

3.2 Simulations

We evaluate the performance of the introduced algorithms on different bench-

mark real datasets. We first consider the prediction performance on Hong Kong

exchange rate dataset [63]. We then evaluate the regression performance on emo-

tion labelled sentence dataset [64]. For these experiments, to observe the effects

of communication among nodes, we also consider the EKF and PF based algo-

rithms without communication over a network of multiple nodes, where each node

trains LSTM based on only its observations. Throughout this section, we denote

the EKF and PF based algorithms without communication over a network of

multiple nodes as “EKF” and “PF”, respectively. Moreover, we denote the EKF

and PF based algorithms with communication over a network of multiple nodes

as “DEKF” and “DPF”, respectively. We also consider the SGD based algo-

rithm without communication over a network of multiple nodes as a benchmark

algorithm and denote it by “SGD”.

We first consider the Hong Kong exchange rate dataset [63]. For this dataset,

we have the amount of Hong Kong dollars that can buy one United States dollar

on certain days. Our aim is to estimate future exchange rate by using the values

in the previous two days. In online applications, one can demand a small steady

state error or fast convergence rate based on the requirements of application [17].

In this experiment, we evaluate the convergence rates of the algorithms. For this

purpose, we select the parameters such that the algorithms converge to the same

steady state error level. In this setup, we choose the parameters for each node k

as follows. Since Xk,t ∈ R2 is our input, we set the output dimension as n = 2.
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Figure 3.2: Error performances over the Hong Kong exchange rate dataset.

In addition to this, we consider a network of four nodes.

For the PF based algorithms, we choose N(k) = 80 as the number of particles.

Additionally, we select γk,t and εk,t as zero mean Gaussian random variables

with Cov[γk,t] = 0.0004I and Var[εk,t] = 0.01, respectively. For the DPF based

algorithm, we choose s = 3 and A = [0 1
2

0 1
2
; 1

2
0 1

2
0; 0 1

2
0 1

2
; 1

2
0 1

2
0].

For the EKF based algorithms, we select Σk,0|0 = 0.0004I, Qk,t = 0.0004I

and Rk,t = 0.01. Moreover, according to (3.19), the weights between nodes are

calculated as 1/3.

For the SGD based algorithm, we set the learning rate as µ = 0.1.

In Fig. 3.2, we illustrate the prediction performance of the algorithms. Due to

the highly nonlinear structure of our model, the EKF and DEKF based algorithms

have slower convergence compared to the other algorithms. Moreover, due to only

exploiting the first order gradient information, the SGD based algorithm has also

slower convergence compared to the PF based algorithms. Unlike the SGD and

EKF based methods, the PF based algorithms perform parameter estimation
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Figure 3.3: Error performances for different N and s combinations of the DPF based algo-
rithm. Here, we also provide computation times of the combinations (in seconds), i.e., denoted
as T , where a computer with i5-6400 processor, 2.7 GHz CPU and 16 GB RAM is used.

through a high performance gradient free density estimation technique, hence,

they converge much faster to the final MSE level, i.e., defined as 1
T

∑T
t=1(dt− d̂t)2

for a sequence of length T . Among the PF based methods, due to its distributed

structure the DPF based algorithm has the fastest convergence rate.

In order to demonstrate the effects of the number of particlesN and the number

of Markov steps s, we perform another experiment using the Hong Kong exchange

rate dataset. In this experiment, we use the same setting with the previous case

except Cov[γk,t] = 0.0001I, Σk,0|0 = 0.0001I and Qk,t = 0.0001I. In Fig. 3.3,

we observe that as s and N increase, the DPF based algorithm obtains a faster

convergence rate and a lower final MSE value. However, as s and N increase, the

marginal performance improvement becomes smaller with respect to the previous

s and N values. Furthermore, the computation time of the algorithm increases

with increasing s and N values. Thus, after a certain selection, a further increase

does not worth the additional computational load. Therefore, we use N(k) = 80

and s = 3 in our previous simulation.
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Figure 3.4: Error performances over the sentence dataset.

Other than the Hong Kong exchange rate dataset, we consider the emotion

labelled sentence dataset [64]. In this dataset, we have the vector representation

of each word in an emotion labelled sentence. In this experiment, we evaluate

the steady state error performance of the algorithms. Thus, we choose the pa-

rameters such that the convergence rate of the algorithms are similar. To provide

this setup, we select the parameters for each node k as follows. Since the number

of words varies from sentence to sentence in this case, we have a variable length

input regressor, i.e., defined as Xk,t ∈ R2×mt , where mt represents the number

of words in a sentence. For the other parameters, we use the same setting with

the Hong Kong exchange rate dataset except N(k) = 50, Cov[γk,t] = (0.025)2I,

Σk,0|0 = (0.025)2I, Qk,t = (0.025)2I and µ = 0.055. In Fig. 3.4, we illustrate

the label prediction performance of the algorithms. Again due to the highly non-

linear structure of our model, the EKF based algorithm has the highest steady

state error value. Additionally, the SGD based algorithm also has a high final

MSE value compared to the other algorithms. Furthermore, the DEKF based

algorithm achieves a lower final MSE value than the PF based method thanks

to its distributed structure. However, since the DPF based method utilizes a
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powerful gradient free density estimation method while effectively sharing infor-

mation between the neighboring nodes, it achieves a much smaller steady state

error value.

We also perform another experiment that includes a larger dataset, where

we include two additional algorithms, namely the Hessian-free [33] and quasi-

Newton [34] algorithms to illustrate their performances. For this purpose, we use

the temperature dataset [65] and in this dataset, we have temperature data that

was collected from 2006 to 2013 by a weather station in Amherst, Massachusetts.

Our aim is to predict tomorrow’s temperature value by examining the tempera-

ture of the previous four days. Since we aim to compare the convergence rates

of the algorithms, we select the parameters such that all the algorithms con-

verge to the same steady state error level. Here, we use the same setting with

the Hong Kong exchange rate dataset except N(k) = 80, Cov[γk,t] = 0.0004I,

Σk,0|0 = 0.0004I, Qk,t = 0.0004I and µ = 0.001. Furthermore, we set the learn-

ing rate of the quasi-Newton algorithm as 0.0003 and for the other parameters of

the Hessian-free and quasi-Newton algorithms, we follow [33,34]. Here, we denote

the Hessian-free and quasi-Newton algorithms as “HF” and “QN”, respectively.

In Fig. 3.5, we demonstrate the temperature prediction performances of the al-

gorithms. Since the SGD based algorithm only exploits the first order gradient

information, it has the slowest convergence rate compared to the others. The

QN and HF algorithms perform similarly and achieve slightly slower convergence

rate compared to the EKF based algorithm. The PF based algorithm achieves the

fastest rate among the algorithms that lack communication thanks to its powerful

gradient free density estimation technique. However, overall the distributed algo-

rithms achieves much faster rates due to their communication capability, among

which the DPF based algorithm converges to the final MSE level in a much faster

manner.

In addition to the temperature dataset, we also perform experiments on four

different large datasets. For these datasets, we select the parameters such that all

the algorithms have similar convergence rates. We first consider the CMU ARC-

TIC dataset [66], where an English male speaker reads 1132 different utterances

and it contains 4× 105 samples. Our aim is to predict the next sample based on
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Figure 3.5: Sequential prediction performance of the algorithms for the temperature dataset.

PPPPPPPPPDatasets

Algorithms
PF DPF EKF DEKF SGD

Speech 0.01121 0.01087 0.01648 0.01621 0.02063
Elevators 5.5489× 10−4 5.1489× 10−4 6.5240× 10−4 5.9140× 10−4 6.6899× 10−4

Pumadyn 0.0011 0.0008 0.0012 0.0010 0.0015
Bank 0.0156 0.0121 0.01759 0.0158 0.0170

Table 3.2: Time accumulated errors the algorithms for the speech, elevators, pumadyn and
bank datasets.

the previous four samples. For this experiments, we use the same setting with the

temperature dataset except N(k) = 50, Cov[γk,t] = 0.0001I, Σk,0|0 = 0.0001I,

Qk,t = 0.0001I and µ = 0.003. We then perform another experiment on the bank

dataset [61], where we have feature vectors related to the queues in banks and we

aim to estimate the fraction of the people that leaves the bank because of the full

queues. This dataset contains 8192 samples. For this experiment, we use the same

setting with the speech dataset except n = 32, N(k) = 150, Cov[γk,t] = 0.0016I,

Var[εk,t] = 0.25, Σk,0|0 = 0.0016I, Qk,t = 0.0016I, Rk,t = 0.25 and µ = 0.07.

As the third dataset, we use the elevator dataset [60], where we have feature

vectors related to an F16 aircraft and our aim is to predict a certain variable that

explains the aircraft’s actions. This dataset contains 16000 samples and we use

the same setting with the bank dataset except n = 18, N(k) = 100 and µ = 0.7.
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Finally, we perform an experiment on the pumadyn dataset [60], where we have

feature vectors related to the action of a robotic arm and we aim to predict its

angular acceleration. Here, we have 8192 samples and we use the same setting

with the bank dataset except N(k) = 170 and µ = 0.4. As seen in Table 3.2, in all

experiments, the DPF based algorithm achieves much smaller time accumulated

error thanks to its distributed architecture and high performance gradient free

density estimation technique.
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Chapter 4

Energy Efficient LSTM Networks

for Online Learning

In this chapter, we sequentially receive {dt}t≥1, dt ∈ R and matrices {X t}t≥1,

i.e., defined as X t = [xt,1,xt,2 . . . ,xt,nt ], where xt,j ∈ Rp,∀j ∈ {1, 2, . . . , nt}
and nt ∈ Z+ is the number of columns in X t that may vary with respect to

time t. Here, we aim to find a relation between the desired label dt and the

corresponding input vector sequence X t. To find this relation, after receiving

each X t, we generate an estimate d̂t based on the current and past observations.

We then receive the desired value dt and suffer the loss L(d̂t, dt) based on our

estimate. This framework can be encountered in several machine learning and

signal processing applications [67]. As an example, in sequential prediction under

the square loss, at each time t, we receive a set of features, i.e., X t in our case,

related to the desired label dt. We then generate the estimate through a function,

i.e., d̂t = κ(X t). After the desired label dt is observed, we suffer the square loss

L(d̂t, dt) = (dt − d̂t)2.

Here, we use RNNs to obtain the final estimate d̂t. Since we have variable

length data sequences, we use a structure as in Fig. 4.1 to obtain fixed length
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sequences. The basic RNN architecture is defined by the following equations [16]:

ht,j = f(Wxt,j +Rht,j−1) (4.1)

zt,j = g(Uht,j), (4.2)

where xt,j ∈ Rp is the input vector, ht,j ∈ Rm is the state vector and zt,j ∈ Rm

is the output vector for the jth RNN unit. Here, f(·) and g(·) usually set to the

hyperbolic tangent function and they apply to vectors pointwise. Moreover, W ,

R and U are the parameters of the basic RNN architecture, where the sizes are

chosen according to the size of the input and output vectors.

We use the LSTM network as a special variant of RNNs to obtain the final

estimate d̂t. Among different implementations of LSTM network, we choose the

most widely used one, i.e., the LSTM network without peephole connections [4].

Since we receive variable length data sequence X t at time t, we apply the LSTM

network to each column of X t as illustrated in Fig. 4.1, where the internal LSTM

equations for the jth unit are as follows [4, 12]:

c̃t,j = g
(
W (c̃)xt,j +R(c̃)ht,j−1 + b(c̃)

)
(4.3)

it,j = σ
(
W (i)xt,j +R(i)ht,j−1 + b(i)

)
(4.4)

f t,j = σ
(
W (f)xt,j +R(f)ht,j−1 + b(f)

)
(4.5)

ct,j = D
(i)
t,j c̃t,j +D

(f)
t,j ct,j−1 (4.6)

ot,j = σ
(
W (o)xt,j +R(o)ht,j−1 + b(o)

)
(4.7)

ht,j = D
(o)
t,j g(ct,j), (4.8)

where ct,j ∈ Rm is the state vector, xt,j ∈ Rp is the input vector, ht,j ∈ Rm is

the output vector. Here, it,j, f t,j and ot,j are the input, forget and output gates,

respectively. The function g(·) applies to vectors pointwise and commonly set to

tanh(·). Similarly, the sigmoid function σ(·) applies to vectors pointwise. More-

over, D
(i)
t,j = diag(it,j), D

(f)
t,j = diag(f t,j) and D

(o)
t,j = diag(ot,j). The sizes of the

other matrices and vectors are determined according to the size of the input and

output vectors. After the consecutive applications of the LSTM network to each

column as in Fig. 4.1, we take the average of the outputs of the LSTM networks,

i.e., the mean pooling method, in order to obtain a fixed length representation,
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Figure 4.1: Detailed schematic of Energy Efficient LSTM based architecture.

i.e., denoted as ht ∈ Rm at time t. Using the fixed length vectors, we generate

the final estimate as

d̂t = wT
t ht, (4.9)

where wt ∈ Rm represents a vector of the regression coefficients at time t. In

this framework, we aim to train the system parameters such that the total loss

at time t, i.e.,
∑t

i=1 L(d̂i, di), is minimized.

For the pooling operation in Fig. 4.1, we use the mean pooling method to

obtain fixed length output vectors as ht = 1
nt

∑nt
j=1 ht,j. However, there are certain

other pooling methods in the literature and we can also employ them in our

approach. As an example, we can apply the max and last pooling methods in our

case by using ht = maxj ht,j and ht = ht,nt , respectively. With such changes, our

derivations can be extended to the other pooling methods.
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4.1 Online Learning with Energy Efficient RNN

Architectures

In this section, we first apply the ef-operator to the basic RNN and LSTM archi-

tectures. We then introduce our energy efficient RNN and LSTM architectures

using the matrix factorization method along with the ef-operator. Finally, we in-

troduce online training algorithms based on the SGD and EG algorithms, where

we provide the required updates for each parameter.

4.1.1 RNN with ef-operator

In this subsection, we study a modified version of the basic RNN architecture,

where we replace the regular multiplication operations with the ef-operator.

Let a, b ∈ Rp, the ef-operator [44] on a and b is defined as

a � b :=

p∑
i=1

sign(ai × bi)(|ai|+ |bi|), (4.10)

where the sign(·) function returns the sign of its input. (4.10) can also be written

as

a � b :=

p∑
i=1

sign(ai)bi + sign(bi)ai. (4.11)

From the above definition, it is obvious that the ef-operator only uses addition

and sign multiplications, which are all energy efficient operators.

By applying the ef-operator, (4.1) can be written as

ht,j = f
(
ah � (W � xt,j) + bh � (R � ht,j−1)

)
, (4.12)

where ah ∈ Rm and bh ∈ Rm are the scaling coefficients introduced in [46, 47]

and � is the element by element multiplication of two vectors of the same size.

In (4.12), W � xt,j and R � ht,j−1 are given as follows

W � xt.j = [w1 � xt,j w2 � xt,j . . . wm � xt,j]T ,
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where wi represents the transpose of the ith row of W and wi � xt,j is given as

wi � xt,j =

p∑
k=1

sign(xt,jk)wik + sign(wik)xt,jk,

where xt,jk is the kth element of xt,j. Similarly,

R � ht,j−1 = [r1 � ht,j−1 r2 � ht,j−1 . . . rm � ht,j−1]T ,

where ri represents the transpose of the ith row of R and ri � ht,j is given as

ri � ht,j =
m∑
k=1

sign(ht,jk)rik + sign(rik)ht,jk,

where ht,jk is the kth element of ht,j. Likewise, (4.2) is modified as follows

zt,j = g
(
bz � (U � ht,j)

)
, (4.13)

where bz is the scaling coefficient.

4.1.2 LSTM with ef-operator

In this subsection, we replace the regular multiplication operators in the classical

LSTM architecture with the ef-operator. Based on this modification, (4.3)–(4.8)

are written as follows

c̃t,j = g
(
ac̃ � (W (c̃) � xt,j) + bc̃ � (R(c̃) � ht,j−1) + b(c̃)

)
(4.14)

it,j = σ
(
ai � (W (i) � xt,j) + bi � (R(i) � ht,j−1) + b(i)

)
(4.15)

f t,j = σ
(
af � (W (f) � xt,j) + bf � (R(f) � ht,j−1) + b(f)

)
(4.16)

ct,j = it,j�c̃t,j + f t,j�ct,j−1 (4.17)

ot,j = σ
(
ao � (W (o) � xt,j) + bo � (R(o) � ht,j−1) + b(o)

)
(4.18)

ht,j = ot,j�g(ct.j), (4.19)

where a(·), b(·) ∈ Rm are the scaling coefficients and the � operation is defined as

follows

a�b := [a1 � b1 a2 � b2 . . . ap � bp]T

:= sign(a)� b+ sign(b)� a.
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In (4.14), W (c̃) � xt,j is written as

W (c̃) � xt,j = [w
(c̃)
1 � xt,j w

(c̃)
2 � xt,j . . .w(c̃)

m � xt,j]T , (4.20)

where w
(c̃)
i � xt,j is given as

w
(c̃)
i � xt,j =

p∑
k=1

sign(xt,jk)w
(c̃)
ik + sign(w

(c̃)
ik )xt,jk

and

R(c̃) � ht,j−1 = [r
(c̃)
1 � ht,j−1 r

(c̃)
2 � ht,j−1 . . . r

(c̃)
m � ht,j−1]T , (4.21)

where r
(c̃)
i � ht,j is given as

r
(c̃)
i � ht,j =

m∑
k=1

sign(ht,jk)r
(c̃)
ik + sign(r

(c̃)
ik )ht,jk,

where w
(c̃)
i and r

(c̃)
i are the ith row of W (c̃) and R(c̃) respectively.

For the other multiplications, we change the parameters in either (4.20) or

(4.21) according to the chosen coefficient matrix. Other than that, we follow the

same procedures in (4.20) and (4.21).

Remark 4.1.1. Compared to the original LSTM network in (4.3)–(4.8), we con-

vert 4m(m + p) + 3m regular multiplication operations into sign multiplication

and addition operations thanks to the ef-operator. However, due to the scaling

factors introduced in (4.14)–(4.16) and (4.18), we have 8m additional regular mul-

tiplications. Overall, since for large m and p values 8m� 4m(m + p) + 3m, we

significantly reduce the number of regular multiplications, which provides substan-

tial decrease in the computational complexity and energy consumption compared

to the classical LSTM network.

4.1.3 Energy Efficient RNN with Weight Matrix Factor-

ization

In this subsection, we apply the matrix factorization method [48] to the weight

matrices of the basic RNN architecture in order to reduce the number of param-

eters to be trained.
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Figure 4.2: Detailed schematic of energy efficient LSTM block at time t. Note that solid lines
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of simplicity, bias terms are not shown in the figure.

We first factorize the weight matrices in (4.12) as W ≈MN and R ≈ PQ,

where W ∈ Rm×p,M ∈ Rm×d,N ∈ Rd×p,R ∈ Rm×m,P ∈ Rm×f and Q ∈
Rf×m.

Remark 4.1.2. We factorize the RNN weight matrices into two smaller matrices.

The rank of these two smaller matrices are selected such that d, f � min(m, p).

Thus, we significantly reduce the number of parameters that needs to be learnt,

e.g., W has mp entries while M and N have d(m+ p)� mp.

The energy efficient RNN with weight matrix factorization can be written as

ht,j = f
(
ah � (M �N � xt,j) + bh � (P �Q � ht,j−1)

)
. (4.22)
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In (4.22), M �N � xt,j is given as follows

M �N � xt,j = [µ1 � xt,j µ2 � xt,j . . .µm � xt,j]T ,

where µi ∈ Rp is the ith row of M �N and µi � xt,j is given as

µi � xt,j =

p∑
k=1

sign(xt,jk)µik + sign(µik)xt,jk (4.23)

and

P �Q � ht,j−1 = [ν1 � ht,j−1 ν2 � ht,j−1 . . .νm � ht,j−1]T ,

where νi ∈ Rm is the ith row of P �Q and νi � ht,j is given as

νi � ht,j =
m∑
k=1

sign(ht,jk)νik + sign(νik)ht,jk. (4.24)

In a similar manner, (4.13) is modified as follows

zt,j = g
(
bz � (S � T � ht,j)

)
, (4.25)

where we factorize the U matrix as U ≈ ST so that the number of columns in

S (or the number of rows in T ) is significantly smaller than the number of rows

in S (or the number of columns in T ).

4.1.4 Energy Efficient LSTM with Weight Matrix Factor-

ization

In this subsection, we apply the matrix factorization method [48] to the weight

matrices of the LSTM network to diminish the number of parameters in the

network.

We factorize the LSTM neural network weight matrices into two sub-matrices

of lower rank as W (·) ≈ M (·)N (·) and R(·) ≈ P (·)Q(·), where W (·) ∈
Rm×p,M (·) ∈ Rm×d,N (·) ∈ Rd×p,R(·) ∈ Rm×m,P (·) ∈ Rm×f and Q(·) ∈ Rf×m

such that d, f � min(p,m). We then apply this factorization to the LSTM neural
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network in (4.14)–(4.19) by replacing the weight matrices with their factorized

forms. The modifications for the jth LSTM unit in Fig. 4.1 are as in the following.

Here, M (c̃) �N (c̃) � xt,j is given as follows

M (c̃) �N (c̃) � xt,j = [µ
(c̃)
1 � xt,j µ

(c̃)
2 � xt,j . . .µ(c̃)

m � xt,j]T , (4.26)

where µi
(c̃) ∈ Rp is the ith row of M (c̃) �N (c̃) and µ

(c̃)
i � xt,j is given as

µ
(c̃)
i � xt,j =

p∑
k=1

sign(xt,jk)µ
(c̃)
ik + sign(µ

(c̃)
ik )xt,jk.

and

P (c̃) �Q(c̃) � ht,j−1 = [ν
(c̃)
1 � ht,j−1 ν

(c̃)
2 � ht,j−1 . . .ν

(c̃)
m � ht,j−1]T , (4.27)

where ν
(c̃)
i ∈ Rm is the ith row of P (c̃) �Q(c̃) and ν

(c̃)
i � ht,j is given as

ν
(c̃)
i � ht,j =

m∑
k=1

sign(ht,jk)ν
(c̃)
ik + sign(ν

(c̃)
ik )ht,jk.

For the other weight matrices, we use the factorized form of the chosen weight

matrix in (4.26) and (4.27). Then, we follow the same operations in (4.26) and

(4.27).

Remark 4.1.3. We reduce the total number of LSTM network parameters by

applying weight matrix factorization. In the original LSTM equations in (4.3)–

(4.8), we have 4m(m+ p) scalar parameter in the weight matrices, i.e., W (·) and

R(·). However, in our energy efficient LSTM network, we have 4d(m+p) + 8mf ,

which is significantly less than 4m(m+ p) provided that d, f � min(m, p).

4.1.5 Online Training Algorithms

In this subsection, we derive the online updates to train the parameters of the

introduced energy efficient networks. We first derive the online updates based

on the SGD algorithm. We then derive the online updates based on the EG

algorithm.
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We first employ the SGD algorithm [23] to obtain the online updates for each

parameter. For wt, the SGD update is computed as follows

wt+1 = wt − ηt∇wtL, (4.28)

where ∇wt represent the gradient of a certain function with respect to wt and

ηt is the learning rate. Here, L is the instantaneous loss, i.e., the squared error

(dt − d̂t)2, and we denote it as L rather than L(d̂t, dt) for notational simplicity.

Note that SGD updates, e.g., (4.28), are additive updates since the gradient

information is being added at each time step.

On the other hand, for wt, the EG update [40] is computed as follows

wt+1,i =
wt,irt,i∑m
j=1wt,jrt,j

, (4.29)

where

rt,i = exp(−ηt L
′

wt,i
),

and wt,i is the ith component of wt and L
′
wt,i

is the partial derivative of the in-

stantaneous loss function with respect to wt,i. As seen in (4.29), EG updates

are multiplicative updates since the gradient information is encapsulated in the

exponent part and multiplied at each time step. In order to eliminate the multipli-

cation and exponentiation in (4.29), we use the first order Taylor series expansion

along with the ef operator as follows

wt+1,i =
wt,i � r̂t,i∑m

j=1(wt,j � r̂t,j)
, (4.30)

where

r̂t,i = 1− ηt L
′

wt,i
.

Note that since the division in (4.30) is the same for all possible i values, it is

just a scaling factor in the implementation of the algorithm. Thus, this operation

does not require high amount of energy and computational resources unlike the

regular multiplication operation.
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Remark 4.1.4. Since the weight vector wt might contain negative components,

we use the slightly modified version of the original EG algorithms, i.e., the EG+
−

algorithm [40], that uses a weight vector w+
t −w−t . In this algorithm, the weight

vector is updated as follows

w+
t+1,i =

w+
t,i � r̂+

t,i∑m
j=1(w+

t,j � r̂+
t,j + w−t,j � r̂−t,j)

,

w−t+1,i =
w−t,i � r̂−t,i∑m

j=1(w+
t,j � r̂+

t,j + w−t,j � r̂−t,j)
,

where

r̂+
t,i = 1− ηt L

′

w+
t,i
,

r̂−t,i = 1 + ηt L
′

w−t,i
.

In the following subsection, we derive the updates for the parameters of the

proposed energy efficient RNN and LSTM networks.

4.1.5.1 Online Training of Energy Efficient RNN

We compute the first order gradient of the loss function with respect to each

parameter in order to perform SGD and EG updates.

In the basic RNN architecture, we have zt =
∑nt

j=1 zt,j/nt as the output at

time t. Although our structure in Fig. 4.1 is generic in the sense that it can

process variable length data sequences, here, we only derive the equations for

nt = 1 for notational and presentation simplicity. However, at the end of this

section we also provide required extensions to obtain the equations for generic nt

values. With this modification, we have zt = zt,1, thus, we generate the estimate

as d̂t = wT
t zt,1.
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Under the square loss, we compute the first order derivative of the loss function

with respect to bzi, i.e., the ith element of bz, as follows

∂L

∂bzi
=
∂L

∂d̂t

∂d̂t
∂zt,1

∂zt,1
∂bzi

= −2(dt − d̂t)wT
t

[
g′(ϕt)�

(
(ui � ht,1)ei + bz � λ(Uh)

t

)]
,

(4.31)

where g′ is the derivative of g(·) with respect to its argument, ei is a vector of

zeros except a 1 at the ith index and

ϕt = bz � (U � ht,1).

Moreover, for the ith element of λ
(Uh)
t = ∂(U � ht,1)/∂bzi, we use the following

formula in (4.31)

λ
(Uh)
t,i =

m∑
j=1

(uij2δ(ht,1j)γ
(bz)
t,ij + sign(uij)γ

(bz)
t,ij ), (4.32)

where δ(·) is the dirac delta function, we compute the derivative of the sign

function as d(sign(x))/dx = 2δ(x) [68] and

γ
(bz)
t,ij =

∂ht,1j
∂bzi

= f ′j(θt)bhjλ
(Rh)
t−1,j, (4.33)

where f ′i is the derivative of the ith element of f(·) with respect to its argument

and

θt = ah � (W � xt,1) + bh � (R � ht−1,1).

Similarly, we have the following derivative for uik

∂L

∂uik
=
∂L

∂d̂t

∂d̂t
∂zt,1

∂zt,1
∂uik

= −2(dt − d̂t)wT
t

[
g′(ϕt)�(

bzi(sign(ht,1k) + 2δ(uik)ht,1k)ei + bz �α(Uh)
t

)]
, (4.34)

where

α
(Uh)
t,i =

m∑
j=1

(uij2δ(ht,1j)γ
(uik)
t,ij + sign(uij)γ

(uik)
t,ij ), (4.35)

and

γ
(uik)
t,ij =

∂ht,1j
∂uik

= f ′j(θt)bhjα
(Rh)
t−1,j.
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Remark 4.1.5. When we take the derivative of L with respect to the other param-

eters, the position of the term with ei changes. As an example, for the derivative

of L with respect bhi, ri � ht−1,1 term appears in (4.33) when j = i, otherwise,

(4.33) does not change. If we write (4.33) in a vector form, the contribution of

ri � ht−1,1 can be written as (R � ht−1,1)ei. As seen in this case, for the other

derivatives, the position and form of the term with ei slightly changes, other than

that we follow the same procedure in (4.31)–(4.35).

Remark 4.1.6. For the other nt values, i.e., nt 6= 1, the recursion in (4.33) is

performed through the outputs of the different RNN blocks at a certain time t as

in Fig. 4.1. Thus, rather than having t−1 in (4.33), we have multiple recursions

based on another index at time t. Besides this slight change, all of our derivations

hold for generic nt values.

Remark 4.1.7. For the energy efficient RNN architecture with weight matrix

factorization, we take the derivative of the loss function with respect to the param-

eters of each factorized matrix. As an example, in (4.34), instead of only taking

the derivative with respect to the parameters of U , we compute the derivatives of

the loss with respect to the entries of both S and T , i.e., the factorized versions

of U . Other than such changes, we follow the same procedures in (4.31)–(4.35).

With the derived gradients, we can update each parameter of the basic RNN

architecture as in (4.28) and (4.30).

4.1.5.2 Online Training of Energy Efficient LSTM

Here, we derive the first order gradient of the loss function with respect to each

LSTM parameter to obtain the online updates based on the SGD and EG al-

gorithms. We again derive the derivatives for the nt = 1 case for notational

and presentation simplicity. However, at the end of this section we also pro-

vide required extensions to obtain the equations for generic nt values. With this

modification, we have ht = ht,1, hence, we generate the estimate d̂t = wT
t ht,1.

We first compute the derivative of L with respect to w
(c̃)
ij , i.e., the element at
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the ith row and the jth column of W (c̃), as follows

∂L

∂w
(c̃)
ij

=
∂L

∂d̂t

∂d̂t
∂ht,1

∂ht,1

∂w
(c̃)
ij

= −2(dt − d̂t)wT
t

∂
(
ot,1�g(ct,1)

)
∂w

(c̃)
ij

. (4.36)

In (4.36), we calculate the partial derivative as

∂
(
ot,1�g(ct,1)

)
∂w

(c̃)
ij

=
∂ot,1

∂w
(c̃)
ij

� sign(g(ct,1)) + ot,1 � 2δ(g(ct,1))� g′(ct,1)� ∂ct,1

∂w
(c̃)
ij

+ 2δ(ot,1)� ∂ot,1

∂w
(c̃)
ij

� g(ct,1) + sign(ot,1)� g′(ct,1)� ∂ct,1

∂w
(c̃)
ij

.

(4.37)

For (4.37), we now compute the derivatives of ot,1 and ct,1 with respect to w
(c̃)
ij .

With λ
(R(o)h)
t−1 = ∂(R(o) � ht−1,1)/∂w

(c̃)
ij as in (4.32), the derivative of (4.18) is as

follows

∂ot,1

∂w
(c̃)
ij

=D

(
σ′(ζ(o))

)
t,1

(
bo � λ(R(o)h)

t−1

)
, (4.38)

where

ζ
(o)
t,1 = ao � (W (o) � xt,1) + bo � (R(o) � ht−1,1) + b(o). (4.39)

In order to calculate (4.37), we also compute the derivative of ct,1 with respect

to w
(c̃)
ij . For this derivative, we obtain the following recursive relation from (4.17)

∂ct,1

∂w
(c̃)
ij

= sign(c̃t,1)� ∂it,1

∂w
(c̃)
ij

+ 2δ(c̃t,1)� ∂c̃t,1

∂w
(c̃)
ij

� it,1

+ sign(it,1)� ∂c̃t,1

∂w
(c̃)
ij

+ 2δ(it,1)� ∂it,1

∂w
(c̃)
ij

� c̃t,1

+ sign(ct−1,1)�
∂f t,1

∂w
(c̃)
ij

+ 2δ(ct−1,1)� ∂ct−1,1

∂w
(c̃)
ij

� f t,1

+ sign(f t,1)� ∂ct−1,1

∂w
(c̃)
ij

+ 2δ(f t,1)�
∂f t,1

∂w
(c̃)
ij

� ct−1,1. (4.40)

For (4.40), we compute the derivatives of (4.14), (4.15) and (4.16) with respect
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to w
(c̃)
ij as in the following

∂it,1

∂w
(c̃)
ij

= D

(
σ′(ζ(i))

)
t,1

(
bi � λ(R(i)h)

t−1

)
(4.41)

∂f t,1

∂w
(c̃)
ij

= D

(
σ′(ζ(f))

)
t,1

(
bf � λ(R(f)h)

t−1

)
(4.42)

∂c̃t,1

∂w
(c̃)
ij

= D

(
g′(ζ(c̃))

)
t,1

(
(sign(xt,1j) + 2δ(w

(c̃)
ij )xt,1j)ei + bc̃ � λ(R(c̃)h)

t−1

)
. (4.43)

Using (4.41)–(4.43), we compute (4.40). Then, we compute (4.37) using (4.40)

and (4.38) in order to calculate (4.36). After obtaining (4.36), we update the

parameter using the SGD and EG based algorithms as in (4.28) and (4.30).

As in Remark 4.1.5, when we take the derivative with respect to the other

parameters, only the location of the term with ei changes. Similar to the RNN

case, when nt 6= 1, the recursion in (4.33) and (4.40) is performed through the

outputs of the different LSTM blocks at a certain time t as in Fig. 4.1. Moreover,

for the factorized LSTM network, we compute the derivatives of the loss function

with respect to each factorized matrix parameter as in Remark 4.1.7.

With the derived gradients, we can update each parameter of the energy effi-

cient LSTM architecture as in (4.28) and (4.30).

4.2 Simulations

In this section, we illustrate the performances of our algorithms on various

datasets under different scenarios. We first compare the regression performances

of our algorithms on a financial dataset, i.e., the Alcoa Corporation stock price

rate dataset [62]. We then evaluate the regression performances on real-life

datasets, i.e., the kinematic [59] and elevators [60] datasets. Since our approach

is generic, we also compare the performances of our training algorithms on two

different recurrent neural networks, i.e., the LSTM and GRU neural networks.

We then compare the structural complexity of our energy efficient algorithms

with the conventional structures.
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Figure 4.3: Daily stock price prediction performances of the algorithms with the SGD updates
on the Alcoa Corporation stock price dataset.
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Figure 4.4: Daily stock price prediction performances of the algorithms with the EG updates
on the Alcoa Corporation stock price dataset.
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Figure 4.5: Comparison of all the algorithms with the SGD and EG updates on the Alcoa
Corporation stock price dataset.

Throughout this section, “Model 1” represents the conventional LSTM network

(LSTM). Similarly, “Model 2” represents the introduced LSTM network with the

ef-operator (ef-LSTM) and “Model 3” represents the introduced LSTM network

with the ef-operator and weight matrix factorization (ef-WMF-LSTM).

4.2.1 Financial Dataset

In this subsection, we compare the performances of our algorithms on a financial

dataset. We consider the Alcoa Corporation stock price dataset [62], for which

we have the daily stock price values. In this case, our aim is to predict future

stock prices based on the past prices, where we examine the past five days for

prediction. Here, we evaluate the regression performance of Model 1 and consider

this performance to be a benchmark for our proposed models, i.e., Model 2 and

Model 3. To provide a fair setup, we select the same values for the common

parameters of all the models. Additionally, for Model 3, we set the rank of

factorized LSTM weight matrices as 2 based on our observations in the next
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sections. For all these experiments, we set the learning rate as η = 0.1. Moreover,

we have X t ∈ R5 and set the output dimensionality as m = 5.

Since Model 2 and Model 3 have a multiplication free structure, the gradient

of each parameter becomes more robust against the vanishing and exploding

gradient problems. Thus, in Fig. 4.3, Model 2 and Model 3 outperform Model

1 in terms of the error performance. Although both models, i.e., Model 2 and

Model 3, perform similarly, we consider Model 3 as superior due to less operational

complexity and smaller number of network parameters to be trained (see details

in the next sections). Likewise, in Fig. 4.4, Model 2 and Model 3 have smaller

error than Model 1. In Fig. 4.5, we evaluate the combined results of all the

models with both SGD and EG updates. Model 2 and Model 3 with SGD updates

provide slightly smaller steady state errors compared to all other models. Overall,

Model 3 with the SGD updates outperforms its competitors in terms of both error

performance and complexity issues.

4.2.2 Real Life Datasets

In this subsection, we compare the performances of our algorithms using two

real-life datasets, i.e., the kinematic [59] and elevators [60] datasets. We first

evaluate the performances of the models on the kinematic dataset [59], which

contains data related to a realistic simulation of the forward dynamics of an 8

link all-revolute robot arm. Our aim is to predict the distance of the end-effector

from a target. In order to provide a fair experimental environment, we select

the common parameters in all models to be same, e.g., the learning rate η. For

this dataset, the input vector is X t ∈ R8, m = 8 and the learning rate for all

the models is η = 0.1. For Model 3, we select the rank of network matrices as

2. As seen in Fig. 4.6, all the models perform similarly. However, in terms of

computational complexity and the total number of network parameters, Model

3 has the lowest operational complexity and the total number of parameters. In

Fig. 4.7, Model 3 outperforms all other models thanks to having smaller number

of parameters and less complicated optimization problem for the parameters. In
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Figure 4.6: Distance prediction performances of the algorithms with the SGD updates on the
kinematic dataset.

Fig. 4.8, we compare the models with both the SGD and EG updates. We observe

that Model 1 with the SGD updates achieves a slightly smaller time accumulated

error compared to Model 2 and Model 3.

In addition to the kinematic dataset, we also evaluate the performances on the

elevators dataset [60], which is obtained from the movements of an F16 aircraft

and we aim to predict the variable that expresses the movements of the aircraft.

In this case, we have X t ∈ R18, m = 18 and select the learning rate as η = 0.1.

The rank for Model 3 is 2. In Fig. 4.9, all the models using the EG updates

outperform the models using the SGD updates, which arises from the sparseness

ofX t unlike the previous experiments. Among the models with the SGD updates,

Model 3 has the smallest error and for the EG updates, all the models provide

comparable performances. Although all the models perform similarly, Model 3 is

the ideal choice due to having less operational complexity and smaller number of

network parameters compared to the other models.
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Figure 4.7: Distance prediction performances of the algorithms with the EG updates on the
kinematic dataset.
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Figure 4.8: Comparison of sequential prediction performances of the algorithms on the kine-
matic dataset.
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Figure 4.9: Movement prediction performances of the algorithms on the elevators dataset.

4.2.3 Rank Effect on WMF

In this subsection, we illustrate the effects of the rank on the performances of

the introduced models. For this purpose, we use the Alcoa Corporation stock

price dataset. In Table 4.1, we observe that as the rank decreases, the training

time also decreases for the LSTM based WMF models with both SGD and EG

updates and the time accumulated errors stay approximately the same. From this

fact, we conclude that we can use lower rank weight matrices for our proposed

models and still get the same performance in less amount of time. Thus, with our

approach, one can significantly reduce the number of parameters to be trained in

an LSTM network while enjoying high performance. Based on this observations,

in all experiments, we select the rank as 2. Note that we do not reduce the rank

to 1 since WMF significantly degrades the performance in that case.
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Rank=2 Rank=3
Error Time Error Time

WMF-SGD-LSTM 4.1× 10−3 103.15 4× 10−3 120.31
WMF-EG-LSTM 4.2× 10−3 115.38 4.1× 10−3 138.2

Table 4.1: Training times (in seconds) and time accumulated errors for the WMF algorithms
using different rank weight matrices on the Alcoa Corporation stock price dataset. Note that
this experiment is performed with a computer that has i5-6400 processor, 2.7 GHz CPU and
16 GB RAM.

4.2.4 LSTM and GRU Neural Networks

In this subsection, we evaluate performances of the algorithms on the real-life

and financial datasets. Since our approach is generic in the sense that it can

be applied to any RNN structure, we also include GRU based algorithms to

provide comparative analysis. The GRU network is defined by the following

equations [22]:

z̃t,j = σ
(
W (z̃)xt,j +R(z̃)ht,j−1

)
(4.44)

rt,j = σ
(
W (r)xt,j +R(r)ht,j−1

)
(4.45)

ỹt,j = g
(
W (y)xt,j + rt,j � (R(y)ht,j−1)

)
(4.46)

yt,j = ỹt,j � z̃t,j + yt,j−1 � (1− z̃t,j), (4.47)

where xt,j ∈ Rp is the input vector, yt,j ∈ Rm is the output vector. Here, z̃t,j

and rt,j are the update and reset gates, respectively. The functions g(·) and σ(·)
apply to vectors pointwise and commonly set to the tanh(·) and sigmoid functions,

respectively. In order to obtain energy efficient version of the GRU network, we

apply the matrix factorization method and ef-operator as in the LSTM case.

Here, we select the same parameters with the previous subsections. Since

Model 3 provides the best performance in the previous sections, we compare the

LSTM and GRU Networks on three datasets using Model 3. For the Alcoa Cor-

poration stock price dataset, the LSTM based algorithm with the SGD updates

achieves the smallest steady state error as shown in Fig. 4.10. In Fig. 4.11,

the GRU based algorithm with the SGD updates outperforms the other network
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Figure 4.10: Comparison of energy efficient LSTM and GRU networks on the Alcoa Corpo-
ration dataset.
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Figure 4.11: Comparison of energy efficient LSTM and GRU networks on the kinematic
dataset.
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Figure 4.12: Comparison of energy efficient LSTM and GRU networks on the elevators
dataset.

models. For the elevators dataset, the LSTM based algorithm with the EG up-

dates achieves the smallest steady state error among all the network models as

illustrated in Fig 4.12. Overall, since the LSTM architecture has an output gate

to control its memory content unlike the GRU network, it generally outperforms

the GRU network on various real-life scenarios.

Moreover, in order to illustrate the energy efficiency of the introduced architec-

tures, we provide energy consumption data [69] for each dataset in Table 4.2. We

observe that our approach almost halves the energy consumption for each case

and as the dimensionality of the dataset increases, the provided energy efficiency

even further increases.

4.2.5 Training Times and Structural Complexity

In this subsection, we first provide the training times (in seconds) of all the LSTM

network based models with both the SGD and EG updates. We then give the

total number of network parameters for each model, i.e., the structural complexity
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PPPPPPPPPDatasets
Networks

LSTM GRU

LSTM ef-LSTM GRU ef-GRU
Alcoa 980 526 741 390
Kinematic 2451.2 1187.2 1848 883.2
Elevators 12139 5263.2 9126 3931.2

Table 4.2: Relative energy consumptions (in pJ) of the introduced RNN networks at each time
step. Here, we use the energy consumption data of arithmetic operations for a 45nm CMOS
process.

PPPPPPPPPDatasets

Algorithms
SGD-LSTM ef-SGD-LSTM ef-WMF-SGD-LSTM EG-LSTM ef-EG-LSTM ef-WMF-EG-LSTM

Alcoa 55.71 144.98 103.15 66.43 155.07 115.38
Kinematic 99.84 181.10 167.50 117.01 200.61 178.17
Elevators 545.97 1052.59 384.57 676.73 1185.97 404.44

Table 4.3: Training times (in seconds) of the introduced energy efficient LSTM networks.

of the corresponding model. Finally, we compare all the models based on both

training times, the number of network parameters and error performance.

In Table 4.3, we provide the training times of all the network models for each

dataset. Note that all the experiments are performed with a computer that

has i5-6400 processor, 2.7 GHz CPU and 16 GB RAM. Among all the network

models, Model 1 has the fastest training performance when the data size is small,

however, it does not have the smallest cumulative errors as stated in Table 4.4.

Model 3 achieves intermediate training times (and the fastest training when the

data size is large as in the elevators dataset) and the smallest cumulative errors as

shown in Table 4.3 and Table 4.4 respectively. In Table 4.5, we provide the total

number of network parameters for each model. We observe that Model 3 has the

smallest number of network parameters among all other models thanks to the

weight matrix factorization. Overall, based on training times, error performances

and the number of network parameters, Model 3 is the best choice among all the

PPPPPPPPPDatasets

Algorithms
SGD-LSTM ef-SGD-LSTM ef-WMF-SGD-LSTM EG-LSTM ef-EG-LSTM ef-WMF-EG-LSTM

Alcoa 0.0084 0.0041 0.0041 0.0069 0.0042 0.0042
Kinematic 0.3595 0.3621 0.3629 0.6139 0.6171 0.5975
Elevators 1.5607 1.367 1.2478 0.9587 0.9611 0.9564

Table 4.4: Time accumulated errors of the introduced algorithms.
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PPPPPPPPPDatasets

Algorithms
LSTM ef-LSTM ef-WMF-LSTM GRU ef-GRU ef-WMF-GRU

Alcoa 220 260 220 150 180 150
Kinematic 544 608 352 384 432 240
Elevators 2664 2808 792 1944 2052 540

Table 4.5: Total number of parameters to be learnt for the introduced networks.

models.
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Chapter 5

Conclusion

In this thesis, we investigate online learning with RNNs. Particularly, in Chapter

2, we study the nonlinear regression problem in an online setting and introduce

novel LSTM, i.e., an advanced RNN architecture, based online algorithms for

data regression. We then introduce low complexity and effective online training

methods for these algorithms. We achieve these by first proposing novel regres-

sion algorithms to compute the final estimate, where we introduce an additional

gate to the classical LSTM architecture. We then put the LSTM system in a

state space form and then based on this form we derived online updates based on

the SGD, EKF and PF algorithms [17,19,25] to train the LSTM architecture. By

this way, we obtain an effective online training method, which guarantees con-

vergence to the optimal parameter estimation provided that we have a sufficient

number of particles and satisfy certain technical conditions. We achieve this per-

formance with a computational complexity in the order of the first order gradient

based methods [5, 16] by controlling the number of particles. In our simulation

section, thanks to the generic structure of our approach, we also introduce a GRU

architecture based approach by directly replacing the LSTM equations with the

GRU architecture and observed that our LSTM based approach is superior to the

GRU based approach in the sequential prediction tasks studied in this chapter.

Furthermore, we demonstrate significant performance improvements achieved by

the introduced algorithms with respect to the conventional methods [18,23] over
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several different datasets (used in this chapter).

In Chapter 3, we study online training of the LSTM architecture in a dis-

tributed network of nodes for regression and introduce online distributed training

algorithms for variable length data sequences. We first propose a generic LSTM

based model for variable length data inputs. In order to train this model, we

put the model equations in a nonlinear state space form. Based on this form,

we introduce distributed extended Kalman and particle filtering based online

training algorithms. In this way, we obtain effective training algorithms for our

LSTM based model. Here, our distributed particle filtering algorithm guarantees

convergence to the optimal centralized parameter estimation in the MSE sense

under certain conditions. We achieve this performance with communication and

computational complexity in the order of the first order methods [5]. Through

simulations involving real life and financial data, we illustrate significant perfor-

mance improvements with respect to the state of the art methods [18,23].

In Chapter 4, we study variable length data regression in an online framework

and introduce an energy efficient regression structure based on the LSTM net-

work. In particular, we introduce a generic LSTM based regression structure to

obtain fixed length representations from variable length data sequences. In order

to reduce the complexity of this structure, we first eliminate the regular multipli-

cations by replacing them with an energy efficient operator, i.e., the ef-operator.

We then apply a factorization method to all the matrices in the classical LSTM

network in order to diminish the total number of parameters. For this energy

efficient and factorized LSTM network, we introduce online training algorithms

based on the SGD [23] and EG [40] algorithms. Hence, we obtain highly efficient

and effective online learning algorithms based on the LSTM network. Thanks

to the generic structure of our approach, we also introduce an energy efficient

GRU network in our simulations. Through several experiments involving real

and financial data, we demonstrate significant performance improvements and

complexity reductions achieved by the introduced algorithms with respect to the

conventional methods.
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