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ABSTRACT

The longitudinal, z, component of the electric field is investigated
for the pixelated and flat liquid crystal displays (LCDs) for mono-
chromatic case. The pixelation process is assumed to occur in free
space. The z component is computed in the Fourier domain by
using Gauss’s Law from the x and y components of the output
electric field. The effect of the display parameters are discussed
for a y polarized display in a phase only operation. It is found that,
in the low frequency regions, the size of the region of the large
magnitudes becomes smaller as the width of the active region in-
creases. Moreover, the validity of the scalar theory for a single
pixel is evaluated for varying pixel sizes. It is shown that, when
the ratio of the width of the active region to wavelength is between
1.5 and 5, the error decays with oscillations between 43% and 5%.
When that ratio is larger than 15, the error does not exceed 3%.

Index Terms — liquid crystal displays, longitudinal compo-
nent, validity of the scalar theory

1. INTRODUCTION

The liquid crystal displays (LCDs) are widely used both in com-
mercial devices and research related purposes including 3DTV ap-
plications. Amplitude only and phase only spatial light modula-
tors (SLMs) can be counted among those devices.

In the literature, the electromagnetic wave propagation in a
LC medium in the in-line illumination case is usually treated as
the propagation of an infinite extent plane wave which only has
transverse field components [1, 2, 3]. Then, as a consequence of
diffraction, plane wave components with oblique propagation an-
gles arise and propagate in free space [2, 3]. Furthermore, such
diffraction effects are desirable for a display with large viewing
angle. As the pixel size decreases, the relative power in larger an-
gles increases, as well [4]. On the other hand, due to the transver-
sality condition of the plane wave components, the longitudinal,
z, component of the electric field exists at the oblique angles [5].
Since the z component can be seen as the cause of error in the
scalar approximation to the optical field, a trade-off between the
use of the scalar theory and having large diffraction angles emerges.

In this paper, we compute the z component of the mono-
chromatic electric field produced by a flat panel pixelated LCD
on the display surface and make a quantitative analysis on the er-
ror of using the scalar theory in such a display. We assume that
the x and y components are generated as desired by the display
within possible technical limitations as imposed by various types
of LCDs. We also formulate the pixelation process as the multi-
plication of the x and y components by a regular rectangular grid
and use Gauss’s Law to find the z component.

2. PIXELATED TRANSVERSE FIELD IN THE SPACE
DOMAIN AND ITS FOURIER TRANSFORM

Since we assume that the field is monochromatic, the time depen-
dence of the field is omitted. We also assume that the pixel con-
figuration is regular rectangular and the phase and amplitude vari-
ations on the surface of the active region of a pixel are constant.
At the z = 0 plane, we write the continuous x and y components
of the electric field generated by a single pixel as

Êx,y [n,m] rect
(
x− nP

∆

)
rect

(
y −mP

∆

)
, (1)

where Êx,y [n,m] ∈ C denote either the x or y component of the
electric field produced at the pixel whose location is determined
by the integers n and m, P ∈ R+ is the pixel period, ∆ ∈ (0, P )
is the width of the active region of the pixel and

rect (r) =

{
1 if |r| ≤ 1

2

0 otherwise ,
(2)

for r ∈ R. The ratio Ar = ∆/P is called the fill factor or the
aperture ratio.

Then, the sum of the x and y components of the field produced
at the LCD exit can be written as

Ex,y (x, y) =

N−1∑
n=0

M−1∑
m=0

Êx,y [n,m]×

rect
(
x− nP

∆

)
rect

(
y −mP

∆

)
, (3)

where N and M are the number of columns and rows of the dis-
play, respectively and so, the display size is M × N pixels. We
assume that the top-left corner pixel of the display corresponds to
pixel index n = m = 0.

Here we use the following definition of the two dimensional
(2D) Fourier transform (FT) of a 2D function f (x, y):

F (kx, ky) =

∞∫∫
−∞

f (x, y) e−j(kxx+kyy)dxdy , (4)

where kx, ky ∈ R are the frequency variables with the units of
radians per unit length and j =

√
−1. Then, the 2D FTs of the x

and y components at the z = 0 plane that are given in Equation 3
become

Ex,y (kx, ky) =
4 sin

(
kx∆

2

)
sin
(
ky∆

2

)
kxky

DP,N,Mx,y (kx, ky) ,

(5)
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where

DP,N,Mx,y (kx, ky) =

N−1∑
n=0

M−1∑
m=0

Êx,y [n,m] e−jP(kxn+kym) .

(6)

Please note that, the only parameter of the display that does not
have an effect on DP,N,Mx,y (kx, ky) is the width of the active re-
gion, ∆. It can be verified that DP,N,Mx,y (kx, ky) are periodic by
2π/P radians per unit length along both kx and ky directions.

3. FOURIER TRANSFORM OF THE Z COMPONENT OF
THE PIXELATED FIELD

We assume that the pixelation process occurs in free space, which
is an isotropic medium. With this assumption, the 2D FT of the
z component, Ez (kx, ky), over the display surface can be found
using Gauss’s Law as [5]:

Ez (kx, ky) =
−kxEx (kx, ky)− kyEy (kx, ky)

kz
. (7)

Since we assume that the field is monochromatic and we choose
the z component of the propagation (and decaying in the case
of evanescent waves) direction is always positive for each plane
wave component, kz equals to

√
k2 − k2

x − k2
y , where k is the

wave number and equals to 2π/λ , where λ is the wavelength of
the monochromatic field. We also assume that, Ex (kx, ky) =
Ey (kx, ky) = Ez (kx, ky) = 0 for kz = 0. This assumption leads
to the restriction that DP,N,Mx,y (kx, ky) are 0 when

√
k2
x + k2

y

= 2π/λ .
If we insert Equation 5 into Equation 7, we find

Ez (kx, ky) = −∆2

kz
sinc

(
kx∆

2π

)
sinc

(
ky∆

2π

)
×(

kxDP,N,Mx (kx, ky) + kyDP,N,My (kx, ky)
)

, (8)

where

sinc (r) =
sin (πr)

πr
for r ∈ R . (9)

The 2D FT of the z component of the electric field over all
types of flat LCD surfaces can be computed using Equation 8.
Different configurations may impose some restrictions on the x
and y components, Êx,y [n,m]. For example, a phase only SLM

may require Êx [n,m] = 0 and
∣∣∣Êy [n,m]

∣∣∣ = C for all n and m,
whereC is a constant [6, 7]. Or a twisted nematic (TN) LCD with-

out analyzing polarizer requires
∣∣∣Êx [n,m]

∣∣∣2+
∣∣∣Êy [n,m]

∣∣∣2 = C,
where C is again constant [1]. Moreover, in a TN-LCD without
the analyzing polarizer, as a direct consequence of the linear po-
larization, the phases of the x and y components at each pixel are
either equal or π radians apart depending on the LC configuration.

4. EFFECT OF THE DISPLAY PARAMETERS ON THE
MAGNITUDE OF THE Z COMPONENT

Here, we investigate the effect of the display parameters on the
magnitude of the z component at different spatial frequencies.
Since in some of the display applications, the field is assumed to
be linearly polarized, in this section, we assume that the x compo-
nent of the field is zero; so, Êx [n,m] = 0 for all n and m. In this
case, the magnitude of Ez (kx, ky) given by Equation 8 becomes

|Ez (kx, ky)| =
∣∣∣∣2∆

kz
sinc

(
kx∆

2π

)
sin

(
ky∆

2

)
DP,N,My (kx, ky)

∣∣∣∣ .

(10)

Firstly, it can be verified that, the rate of change of 1/kz with
respect to kx and ky is much larger than the rate of change of
sinc

(
kx∆
2π

)
sin
(
ky∆

2

)
term in the high frequency regions and

much smaller in the low frequency regions. Therefore, the vari-
ation in the result of Equation 10 for different kx and ky values
is mainly caused by Dy/kz andDysinc

(
kx∆
2π

)
sin
(
ky∆

2

)
in the

high frequency and low frequency regions, respectively, whereDy
is short for DP,N,My (kx, ky). Moreover, if P and ∆ values are
comparable and the rate of change ofDy is much smaller than the
rate of change of sinc

(
kx∆
2π

)
, due to the decaying characteristics

of the sinc term, the periodic structure of Dy along the kx direc-
tion may not be seen in |Ez (kx, ky)| in the low frequency regions.
As opposed to this, if the rate of change ofDy is much larger than
the rate of change of the sinc term, then, the sinc pattern may not
be seen in the low frequency regions. The rate of change relation
between DP,N,My and 1/kz is also similar in the high frequency
regions.

In Figure 1, we present a simulation of Equation 10. In the
simulation we assume that Êy [n,m] is ejφ[n,m], where φ [n,m]
is generated randomly for each n and m from an independent and
uniform distribution between 0 and 2π with 8-bit precision. The
reason of this choice is to excite the system at all frequency lo-
cations, as the power spectral density of the generated Êy [n,m]
is flat. We also choose N = 1920 and M = 1080. In sum-
mary, our analysis covers a y polarized display with a size of
1080 × 1920 pixels in a phase-only operation. Then, by using
the generated Êy [n,m] and assuming λ = 500 nm, we compute∣∣DP,N,My (kx, ky)

∣∣ in a 512 × 512 frequency grid for kx, ky ∈
[−k, k) and for two pixel period values, P = 8 µm and P = 20
µm. Note that, since we assume that the pixel count is always
the same, different pixel periods yield different display sizes in
terms of width and height. Finally, we compute three different
Ez (kx, ky)s using Equation 10 for the pairs (P,∆) = (8, 7),
(8, 2) and (20, 2), where all the units are in µm.

In Figures 1a, 1b and 1c, the computed |Ez (kx, ky)|s are shown
in log scale for better illustration. Since Ez (kx, ky) can also be
seen as the multiplication of Ey (kx, ky), which is computed using
Equation 5, and −ky/kz , some higher order lobes along the ver-
tical direction appears in |Ez (kx, ky)| pattern. Please note that,
although it is not shown here, it can be said that these higher order
lobes are not so strong in |Ey (kx, ky)| pattern. The width of these
lobes along both the horizontal and vertical directions mainly de-
pend on ∆ rather than P . Also the size of the lobes gets larger as
∆ gets smaller. In all three cases, in most of the high frequency
regions, the magnitude of the z component increases sharply by
virtue of the 1/kz multiplier. Also, although it is not clear from
the figures due to the log scale illustration, these high frequency
regions are the locations with the largest magnitude by far. Finally,
if the display was x polarized instead of a y polarized one, then,
the spectrums of the z component would be 90 degree rotated ver-
sions of the ones shown in Figure 1 since the x component would
be multiplied by −kx/kz instead of −ky/kz .

In (P,∆) = (20, 2) case, since P is much larger than ∆, it is
possible to observe an approximate periodic structure in the low
frequency region along both kx and ky directions. In this respect,
in Figures 2a and 2b, we present 1D horizontal and vertical cross
sections of Ez (kx, ky) for ky = k/8 and kx = 0, respectively. It
can be seen from Figure 2a that, in the low frequency region, only
two periods of

∣∣DP,N,My (kx, ky)
∣∣ do not vanish and the rest of the

signal decays due to the sinc term. In Figure 2b, on the other hand,
due to the sin term, |Ez (kx, ky)| shows a quasi-periodic structure
and increases in the high frequency regions due to the 1/kz term.



5. VALIDITY OF THE SCALAR APPROXIMATION IN
THE DISPLAYS

In the amplitude and phase only applications, the light field is gen-
erally treated as a scalar quantity. If the output field is linearly
polarized, the scalar field can be assumed as the field produced
by that linearly polarized electric field. However, for intensity
recording mediums, such as charged coupled device (CCD) cam-
eras or the human eye, the z component affects the recorded data
and recorded intensity becomes the sum of the magnitude squares
of the assumed scalar field and the z component. Therefore, the
z component can be seen as the source of the error of the scalar
theory when the intensity of the field is recorded.

In order to compute the amount of error in the scalar approx-
imation, we define the ratio of the energy of the z component to
the total energy of the electric field at the z = 0 plane as the error
measure, ε. This ratio can be written as

ε =

∞∫∫
−∞
|Ez (kx, ky)|2 dkxdky

∞∫∫
−∞

(
|Ex (kx, ky)|2 + |Ey (kx, ky)|2 + |Ez (kx, ky)|2

)
dkxdky

(11)

For the linearly polarized case with zero phase difference between
the x and y components, these components can be written as
Êx [n,m] = cÊ [n,m] and Êy [n,m] = sÊ [n,m], respectively,
where c and s are some nonnegative real numbers such that c2 +
s2 = 1 and Ê [·, ·] ∈ C. The values of c and s depend on the
design configuration of the LCD. If, for example, the output field
is y polarized, then, c = 0, s = 1, or in the case of diagonally lin-
early polarized case, c = s = 1

/√
2 . Then, for the propagating

fields, Equation 11 becomes

ε =

∫∫
P

sinc2
(
kx∆
2π

)
sinc2

(
ky∆

2π

)
|D|2

(
ckx+sky

kz

)2

dkxdky

∫∫
P

sinc2
(
kx∆
2π

)
sinc2

(
ky∆

2π

)
|D|2

[
1 +

(
ckx+sky

kz

)2
]

dkxdky

(12)

where, D is assumed to be computed using Ê [n,m] and a func-
tion of kx and ky . Also, the subscript of the integral symbols,
P , indicates that the integration is computed in the propagating
region.

In a single pixel analysis, in which |D| becomes constant for
all kx and ky values, it can be shown that, the result of Equation 12
is independent from c and s values. Moreover, the terms within the
integrands can be written as a function of ∆/λ . In Figure 3, we
show the percent error on the scalar theory for a single pixel, ε, as
a function of ∆/λ which is assumed to vary between 1.5 and 25
for λ = 500 nm. We compute the integrals in Equation 12 by us-
ing a numeric method. In the figure, although the error decreases
as ∆/λ increases in general trend, this decrease is not monotonic
and there are some local oscillations, especially for the small val-
ues of ∆/λ . For example, when 1.5 ≤ ∆/λ ≤ 5, the error os-
cillates between 43% and 5%. At these locations, smaller errors
can be obtained even if ∆/λ decreases. For example, when ∆/λ
is 2.5, the introduced error is 27%. However, when ∆/λ is 2,
the introduced error is 12%. For the large values of ∆/λ , on the
other hand, there is almost no oscillation and when ∆/λ > 15,
the error percentage is at most 3%.

As opposed to the single pixel analysis, if |D (kx, ky)| shows
an unequal distribution over the frequency domain, then the error
on the scalar theory may depend on the values of c and s. In order

to show this, we consider two cases, that are c = 1, s = 0 and
c = 0, s = 1. In these cases, in the computation of the energy of
the z component, as shown in Equation 12, |D (kx, ky)|2 is mul-
tiplied by k2

x and k2
y , respectively. If, for example, |D (kx, ky)| is

large for the large values of kx, then the error in the c = 1, s = 0
case becomes larger than the c = 0, s = 1 case. This means that,
if the LCD configuration is such that the output is linearly po-
larized along the x direction, then the scalar theory becomes more
erroneous for the electric fields whose propagation direction along
the x direction is larger than the propagation direction along the
y direction. The inverse is also valid. Moreover, this fact can be
generalized for arbitrary directions as follows: If the propagation
direction of the scalar wave is dominant along a certain direction
at the x-y plane, then the scalar theory becomes more accurate
if the direction of the linear polarization of the outgoing wave is
vertical to the dominant direction of the scalar wave.

6. CONCLUSIONS

In this work, the z component of a monochromatic electric field
produced by a flat and pixelated LCD is analyzed. For a phase
only y polarized display, a simulation is presented in order to in-
vestigate the effect of different parameters of the display on the
magnitude of the 2D Fourier transform of the z component. In
addition to these, the validity of the scalar approximation in the
LCDs are quantitatively evaluated. We found that, for a single
pixel, the validity of the scalar approximation decreases as the
width of the active region of the pixel decreases as well. More-
over, when the output field is generated through multiple pixels,
and if the propagation direction of plane wave components of an
electric field are confined in a narrow band in kx-ky plane, then,
the error in the scalar approximation is minimized if the output
linear polarization direction becomes vertical to the propagation
direction of the plane waves.
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(a) P = 8 µm, ∆ = 7 µm (b) P = 8 µm, ∆ = 2 µm (c) P = 20 µm, ∆ = 2 µm

Figure 1: The |Ez (kx, ky)| of Equation 10 are shown as gray scale images in three cases for a display size of 1080 × 1920 pixel.
Êy [n,m] is the same for all three cases and equals to ejφ[n,m], where φ [n,m] is generated randomly for each n and m independently
from a uniform distribution between 0 and 2π with 8-bit precision. In these figures, the frequency axes are along the spatial frequency
variables kx and ky that correspond to the horizontal and vertical axes, respectively and kx, ky ∈ [−k, k). The centers of the images
correspond to (kx, ky) = (0, 0) point. The frequency increases along the horizontal axis from left to right, and along the vertical axis
from top to bottom. The colormap is in log scale for better illustration. The horizontal and vertical lines in Figure 1c indicate the locations
of 1D cross sections shown in Figure 2.

(a) Horizontal profile of Figure 1c at ky = k/8 (b) Vertical profile of Figure 1c at kx = 0

Figure 2

Figure 3: The error in the scalar approximation, ε, is shown for a single pixel as a function of the normalized width of the active region
with respect to the wavelength, which is assumed as λ = 500 nm.


