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ABSTRACT

IDENTIFICATION, STABILITY ANALYSIS AND
CONTROL OF LINEAR TIME PERIODIC SYSTEMS

VIA HARMONIC TRANSFER FUNCTIONS

Elvan Kuzucu Hıdır

M.S. in Electrical and Electronics Engineering

Advisor: Ömer Morgül

August 2017

Many important systems encountered in nature such as wind turbines, heli-

copter rotors, power networks or nonlinear systems which are linearized around

periodic orbit can be modeled as linear time periodic (LTP) systems. Such sys-

tems have been analyzed and discussed from analytical viewpoint extensively in

the literature. However, only a few method are available in the literature for the

identification of LTP systems which utilize input/output measurements. Espe-

cially, due to obtaining analytical solutions for LTP systems are quite challenging,

utilization of experimental data to identify, analyze and stabilize such systems

may be preferable. To achieve this aim, the utilization of harmonic transfer func-

tions (HTFs) of LTP systems can be quite helpful.

In the first part of this thesis, we aim to obtain harmonic transfer functions

(HTFs) of LTP systems via data-driven approach by using only input and output

data of the system. In this respect, we first present the identification procedure of

HTFs by using single cosine input signal with a specific frequency. However, be-

cause of the fact that this method requires multiple experiments in order to cover

desired frequency range, we propose a formula for the sum of cosine input signal

including different frequencies which their output components do not coincide.

Then, we present the prediction performance of the estimated HTFs by using

single cosine and sum of cosine input signals according to analytical solution of

HTFs.

In the second part of the thesis, our goal is to utilize harmonic transfer func-

tions in order to analyze and design controllers which stabilize and enhance the

performance of LTP systems. In this regard, we implement well known Nyquist
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stability criterion which is based on eigenloci of HTFs. As an illustrative exam-

ple, we consider the well-known (unstable) damped Mathieu equation and design

P, PD and PID controllers by using obtained Nyquist diagram.

Finally, for the unknown LTP systems whose state space model may not be

available, we seek to design a novel methodology, where we can obtain Nyquist

plots of unknown LTP systems via input-output data analysis using the concept

of HTFs. Then, we design PD controllers for the unknown LTP system by using

Nyquist diagram in order to enhance the performance and increase the robust-

ness. We illustrate the performance results of these controllers in time domain

simulations.

Keywords: Linear Time Periodic Systems, Harmonic Transfer Functions, Stability

Analysis, PD Controllers, Nyquist Diagrams.



ÖZET

DOĞRUSAL VE ZAMANLA PERİYODİK OLARAK
DEĞİŞEN SİSTEMLERİN HARMONİK TRANSFER

FONKSİYONLAR YOLUYLA TANILANMASI,
KARARLILIK ANALİZİ VE KONTROLÜ

Elvan Kuzucu Hıdır

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Ömer Morgül

Ağustos 2017

Rüzgar türbinleri, helikopter rotorları, güç ağları veya periyodik yörünge

çevresinde doğrusallaştırılmış doğrusal olmayan sistemler gibi doğada karşılaşılan

birçok önemli sistem doğrusal ve zamanla periyodik değişen (DZPD) sistemler

olarak modellenebilir. Bu tür sistemler literatürde analitik bakış açısıyla yoğun

bir şekilde analiz edilmiş ve tartışılmıştır. Ancak, literatürde LTP sistemlerin

tanımlanması için giriş / çıkış ölçümlerini kullanan sadece birkaç yöntem mev-

cuttur. Özellikle, LTP sistemleri için analitik çözümler elde etmek zor olduğu için,

bu tür sistemleri tanılamak, analiz etmek ve kararlı hale getirmek için deneysel

verilerin kullanılması tercih edilebilir olmaktadır. Bu amaca ulaşmak için, LTP

sistemlere ait harmonik transfer fonksiyonlarının kullanılması oldukça yararlı ola-

bilmektedir.

Bu tezin ilk bölümünde, sistemin sadece girdi ve çıktı verilerini kullanarak

veri odaklı yaklaşımla DZPD sistemlerin harmonik transfer fonksiyonlarının

elde edilmesi amaçlanmıştır. Bu bağlamda, önce belirli bir frekansa sahip tek

kosinüs giriş sinyalini kullanarak HTF’lerin tanımlama prosedürünü sunulmuştur.

Bununla birlikte, bu yöntem, istenen frekans aralığını karşılamak için çoklu

deney yapılmasını gerektirdiği için, çıkış bileşenleri birbirine denk gelmeyen farklı

frekansları içeren kosinüs giriş sinyalinin toplamı için bir formül önerilmiştir.

Daha sonra, teorik HTF’lere göre tekli kosinüs ve kosinüs giriş sinyalleri toplam

formülü kullanılarak tahmin edilen HTF’lerin tahmin performansını sunulmuştur.
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Tezin ikinci bölümünde ise, DZPD sistemleri incelemek amacıyla ve perfor-

manslarını geliştirecek ve de sistemleri kararlı hale getirecek kontrolcüler tasarla-

mak için harmonik transfer fonksiyonlarından yararlanılmıştır. Bu bağlamda,

kararsız sönümlü Mathieu denklemi için HTF özniteliklerine dayanarak elde

edilen Nyquist kararlılık kriteri uygulanmış ve de Nyquist diyagramı kullanılarak

P, PD ve PID kontrolcüler tasarlanmıştır.

Son olarak, durum uzayı modeli bulunmayan ve bilinmeyen DZPD sistemler

için, HTF kavramını kullanarak girdi-çıktı veri analizi yoluyla bilinmeyen DZPD

sistemlerin Nyquist grafiklerinin elde edebileceği yeni bir metodoloji tasarlanmaya

çalışılmıştır. Ardından performansı geliştirmek ve gürbüzlüğü artırmak amacıyla

Nyquist diyagramı kullanılarak bilinmeyen bir DZPD sistem için PD kontrolcüler

tasarlanmıştır. Bu kontrolcülerin performans sonuçları zaman bölgesi benzetim

ortamı testleriyle gösterilmiştir.

Anahtar sözcükler : DZPD Sistemler, Harmonik Transfer Fonksiyonları, Kararlılık

Analizi, PD Kontrölcüler, Nyquist Diagramları.
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Chapter 1

Introduction

1.1 Motivation and Background

Many significant systems should be modeled with linear time periodic equations

of motion in order to provide successful stability analysis and control tools for

these systems. Examples of such systems include wind turbines [1–3], helicopter

rotors [4–7] and some nonlinear systems linearized around a periodic trajectory

[8–11]. Note that the modeling of these systems as linear time invariant (LTI)

generally does not represents the behavior of the systems correctly. For instance;

switching nature of power networks results with harmonics. For traditional power

systems which include a few harmonics, it is stated that harmonics does not

affect the stability of network. However, with the increasing number of switched

components, harmonics have to be considered in order to guarantee stability

of power networks which requires consideration of linear time periodic systems

analysis methods [12].

In order to model and describe input output relation of linear time periodic

(LTP) systems, a linear operator based method (Harmonic Transfer Functions) is
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developed in [13]. For LTP systems, many different system identification meth-

ods are proposed in time domain and frequency domain. State space identifica-

tion and discrete-time identification methods are proposed in [14–18]. However,

sometimes frequency domain identification methods can be more preferable to

understand the structure of sophisticated LTP systems [19]. In this respect, the

identification methodology in frequency domain is established by using power and

cross spectral density functions in [6]. Also, in [5], a similar strategy is developed

by adding a noise signal to the input and output signals. As a result of the identi-

fication procedure in frequency domain, the harmonic transfer functions consists

of multiple modulated LTI transfer functions which describe the relation between

any harmonics of LTP system in the output signal and input signal. This is be-

cause, unlike LTI systems, if sinusoidal input with a specific frequency is applied

to the LTP system, the system generates an output signal which includes different

harmonics of frequencies of the system.

On the other hand, in addition to the identification problem, harmonic transfer

functions can be utilized in various aspects of LTP systems. Because of the fact

that LTI systems can be represented with a single transfer function, modeling,

stability analysis or control of these systems is simple in frequency domain via

estimated transfer function. However, with these techniques it is usually difficult

to perform a parametric stability analysis. In this respect, Nyquist stability

criterion based on eigenloci of harmonic transfer functions is developed in order

to analyze stability of LTP systems in frequency domain [20] which is similar to

the stability criterion of multi-input multi-output systems via transfer function.

Stability of LTP systems can be investigated via Floquet theory by examining

the eigenvalues of their corresponding monodromy matrix which can be hard to

find or Lyapunov theory can be also used. However, these techniques has suffered

from similar restriction which is to give yes or no answer to the stability question

of LTP systems when all parameters of the system are fixed [21]. If there is a

feedback in the system, closed loop stability analysis requires effort with these

methods since stability is determined for a single value of feedback. However,

thanks to the Nyquist diagram which is obtained by using eigenloci of HTF,

closed loop stability analysis can be specified for a gain parameter family.

2



Another purpose of the use of HTFs is the control of LTP systems in fre-

quency domain in order to stabilize and enhance the performance. Many con-

troller design methodologies for LTP systems are developed based on state space

model. Linear quadratic regulator (LQR) is a well known controller which is

used in control of many LTP systems; especially for attenuating helicopter vibra-

tions [7, 22, 23]. The objective of LQR problem is to design a full state feedback

law which minimizes the quadratic cost function. LQR gain is obtained by using

the solution of a differential Riccati equation. It is an optimal controller and pro-

vides periodic feedback gains which improve the robustness of the system while

guaranteeing the closed loop stability. However, to obtain optimal feedback gain,

solution of differential Riccati equation requires the knowledge of state matrices

of LTP system. In the case where state space model of LTP is unknown and

only harmonic transfer functions are known, designing a controller can become a

challenging problem. Using the Nyquist criterion which is based on eigenloci of

HTFs, a static feedback gain controller can be designed that guarantees closed

loop stability. On the other hand, designing constant feedback controller may not

be sufficient the specific stability robustness properties such as gain and phase

margins. For this purpose, as integrating harmonic transfer function structure

of proportional derivative (PD) controller to the harmonic transfer function of

plant, Nyquist criterion can be applied. Then, considering robustness and stabil-

ity issues, parameters of the controller can be designed to obtain a closed loop

system, which is stable and has acceptable performance.

Motivated by these problems, we primarily present a methodology for system

identification of LTP systems which may identify the system correctly by using

only input and output data. We first use single cosine input signal to excite the

system and by investigating input-output relation for each frequencies separately,

we perform the identification procedure. Since covering all frequencies requires

multiple experiments, we develop a formula for sum of cosine input signal, which

includes many different cosine signals at various frequencies which their outputs

do not coincide. After we obtain harmonic transfer functions of LTP systems,

we analyze the stability of the system via Nyquist criterion which is based on

eigenloci of HTFs. In order to stabilize and enhance the performance of these

3



systems, we design feedback gain and PD, PID controllers by using theoretically

derived and estimated harmonic transfer functions. After that, we show how

to enhance the performance and stability robustness of LTP system by using

estimated HTFs in the case where only input and output data of the system is

known.

1.2 Existing Work

A linear operator that defines the relation between input and output of LTP

systems is presented as harmonic transfer functions in [13]. Identification of har-

monic transfer functions of the systems plays a crucial role in order to analyze

stability and control of LTP systems. Many of these methods characterize the

LTP systems analytically and making system identification based on measure-

ments take less attention accordingly. Existing studies on experimental system

identification of LTP systems is developed in [6] by using power and cross spectral

density functions. The strategy which is analogous to [6] is developed in [5] to

identify harmonic transfer functions by considering the noise in input and output

measurements. Another identification method is used in [8] for identifying mod-

els of nonlinear systems by using linearization around their periodic orbits and

approximating the system as LTP. For this purpose, lifting method is used with

the Algorithm of Mode Isolation.

For the stability analysis of LTP systems, Floquet theory is available [24]. The

theory consists of examining the eigenvalues of fundamental monodromy matrix of

LTP systems. Stability analysis can also be achieved with Lyapunov theory [25]

or Hill determinant methodology [26]. However, these techniques suffer from

answering closed loop stability question of LTP systems for only a specific value

of feedback gain. Nyquist criterion based on eigenloci, which consists of circuits

of eigenvalues of harmonic transfer functions, is developed in [20]. When the

feedback gain is applied to the output of LTP systems, Nyquist stability criterion

provides determination of closed loop stability for a family of gain parameters.

Another advantage of Nyquist criterion is that even if one does not know the state

4



space model of the LTP systems, stability analysis can be achieved via Nyquist

diagram of estimated harmonic transfer functions.

For the control of LTP systems, many different methodologies are developed.

One of the most significant control strategy among these is linear quadratic reg-

ulator (LQR) controller because of providing periodic feedback gain which guar-

antees stability and robustness [27,28]. LQR controller is favorable especially for

the control of active vibrations in LTP systems such as wind turbines, helicopter

rotors or turbo-machinery [7, 22]. In order to design optimal state feedback gain

via LQR, we have to know the state space model of the LTP system. However, for

the case which the system is unknown, control of LTP systems can be provided

by Nyquist criterion via harmonic transfer functions. To control LTP systems,

static feedback gain controller is designed by using Nyquist diagram in [13]. Also,

stability analysis and control of power network systems is achieved in [29–31] by

using theoretically derived harmonic transfer functions.

1.3 Methodology and Contribution

In addition to the stability analysis and control of the LTP systems, analytical

and experimental identification play a crucial role in order to characterize them

properly. Although there are many different system identification strategies in

time domain, frequency domain identification approaches can be preferred in

many times when it is difficult to model complex LTP systems. In this respect,

we first develop an identification procedure by using single cosine input signal

with a specific frequency and measuring its corresponding output signal. By

dividing Fourier transform of the output to the Fourier transform of input signal,

transfer function is obtained at the input frequency. However, in order to recover

desired frequency range, multiple experiment has to be done. For this reason,

we first design an input signal which consists of sum of cosine input signal at

various frequencies which their corresponding output harmonic components do

not coincide. Hence, we provide frequency domain system identification procedure

with a few experiments in a systematic way.
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In the second part, we investigate the methodology for stability analysis and

control of LTP systems by using harmonic transfer functions. In this regard, we

implement the well known Nyquist stability criterion which is based on eigenloci

of harmonic transfer functions in order to analyze the stability of LTP systems.

For the case in which a feedback gain is applied to the output of LTP systems,

stability analysis can be performed for a family of gain parameters. To demon-

strate these ideas, we consider the well known damped Mathieu example which

exhibits both stable and unstable behaviors in certain parameter ranges. Hence,

for the unstable LTP example, the range for the feedback gain which stabilize the

system is obtained by using Nyquist stability test. Even though static feedback is

sufficient to stabilize unstable LTP system, it does not enhance the performance

of the systems in terms of robustness issue which is very significant to obtain

successful controllers especially for unmodeled systems. Because of that reason,

we design a PD and PID controllers in order to both stabilize and enhance the

performance of the system. In designing Kp parameters of these controllers as

feedback gain and integrating harmonic transfer functions of these controllers to

the harmonic transfer function of the plant, we plot Nyquist diagram and apply

Nyquist stability criterion. As a result of this criterion, we obtain the stability

range for family of Kp parameter instead of analyzing the stability for only a

single value of Kp. By obtaining gain and phase margins of the close loop system

from the Nyquist diagram, we design a robust and stabilized controllers.

In the final part, without knowing state space model of the LTP systems,

we first achieve system identification and obtain harmonic transfer function of

the system by using only input and output data. An important point here is

that we assume the stability of this system in order to use input and output

data, otherwise output data will be meaningless. Then, in order to enhance the

performance of LTP system, we design a robust and stable controller by using

Nyquist diagram of estimated harmonic transfer function via sum of cosine input

signal and its corresponding outputs.
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1.4 Organization of Thesis

In the first part of the thesis, we give preliminary information about linear time

periodic systems in order to understand the structure of them. After providing

significant results of Floquet theory, analytical solution of harmonic transfer func-

tions is illustrated which present input and output relation of LTP systems. In

Chapter 3, we illustrate data-driven approaches in order to identify LTP systems

in frequency domain. In this respect, we give the identification methodology of [6]

which uses chirp input signal to excite the system. Then, we show the identifi-

cation procedure for the single cosine input signal and we propose a formula for

the input signal which includes sum of different cosine signals and we guarantee

that their corresponding outputs do not coincide. Finally, we compare the esti-

mation performance of these methods with theoretical harmonic transfer function

for simple legged robot model.

In Chapter 4, we illustrate the use of harmonic transfer functions for the

stability analysis and control of LTP systems. We illustrate the Nyquist diagram

of LTP systems via eigenloci of harmonic transfer functions. Then, analysis of

stability from the Nyquist diagram is demonstrated. Use of estimated harmonic

transfer functions in order to obtain Nyquist diagram is also explained. After we

give the algorithm for the controller design based on harmonic transfer functions,

for unstable lossy Mathieu example P, PD and PID controllers are designed.

Robustness properties of the closed loop system with controller are plotted in

terms of gain and phase margins by using Nyquist diagram. By using the designed

controller, time domain simulations are presented and performance of the system

is investigated in terms of percentage overshoot, settling time and etc. Finally,

we apply the Nyquist criterion by using estimated harmonic transfer function and

design controllers which enhance the performance for the stable lossy Mathieu

equation.

We conclude the thesis with Chapter 5 which includes final remarks and future

extensions of this study.
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Chapter 2

Linear Time Periodic Systems

Time-dependent periodic system dynamics are frequently confronted in nature

and in engineering applications. Wind turbines [3], rotor tilt systems [32], power

distribution networks [31], and walking / running behaviors of human and ani-

mals [14,33] are examples of periodic systems that are frequently confronted and

increasingly used. The increase in the rate of use of periodic systems has also

led to development in the analysis, system identification and control of such sys-

tems [13, 14, 34, 35]. The main objective of this chapter is firstly to give some

mathematical preliminaries about Linear Time Periodic (LTP) Systems which is

required for the study of these systems. Secondly, we explain the Floquet theory

and its analysis tools which have been widely used in the study of LTP systems.

Finally, we provide information about Harmonic Transfer Functions (HTF) de-

scribing transfer properties of LTP systems, which is analogous to LTI transfer

functions [36].

8



2.1 Mathematical Preliminaries

2.1.1 Overview of Linear Time Invariant (LTI) Systems

State-space representations of LTI systems are shown as

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)
(2.1)

where x ∈ IRn is the state vector, u ∈ IRm is the input vector and y ∈ IRp is the

output vector. A ∈ IRn×n, B ∈ IRn×m, C ∈ IRp×n and D ∈ IRm×p are constant

matrices.

By taking Laplace transform of (2.1) with x(0) = 0 and by eliminating the

state variable we obtain

Y (s) = G(s)U(s) (2.2)

where the transfer function G(s) is given as

G(s) = C(sI − A)−1B +D. (2.3)

where I represents the identity matrix with appropriate dimension.

2.1.2 Linear Time Periodic (LTP) Systems

Characterization of LTP systems is more difficult than LTI systems since differ-

ential equation’s coefficients which define the system dynamics of LTP systems

are periodic and time-varying. State space representation of an LTP system is in

the form

ẋ(t) = A(t)x(t) +B(t)u(t)

y(t) = C(t)x(t) +D(t)u(t)
(2.4)

where for each t ∈ IR+, A(t) ∈ IRn×n, state matrix, B(t) ∈ IRn×m, C(t) ∈ IRp×n

and D(t) ∈ IRn×n are all T periodic, i.e.,

A(t+NT ) = A(t), (2.5)
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for any integer value of N and it is similar for B,C and D. Here T > 0 is the

minimum constant real number satisfying (2.5), which is called as fundamental

period. x(t) ∈ IRn is state vector, u(t) ∈ IRm is control vector and y(t) ∈ IRm

is the output vector. A brief notation of the state space model, S, of the LTP

system is given in [36] as,

S =

 A(t) B(t)

C(t) D(t)

. (2.6)

If D(t) ≡ 0 ∀t, S will be called as strictly proper. The fundamental frequency or

pumping frequency of LTP system is defined by

ω0 = 2π/T (2.7)

If we apply a complex exponential or a sinusoidal input signal with a specific

frequency, ω, to excite the LTP system, then the output generates superposition

of input signals at input frequency, ω, and also at other frequencies, ω+nω0 with

possibly different magnitude and phase [36]. Here, nω0 represents the harmonics

of the fundamental frequency and the frequencies, ω+nω0, are generally referred

to as harmonics.

2.2 Floquet Theory

Floquet theory has played an important role in studying the LTP systems and

provides several significant results [24]. The Floquet theory has been used in

many different areas such as stability analysis of helicopter rotor blade dynamics

and power systems [12, 37] or identification of legged locomotion systems [38].

The main objective of Floquet analysis is to transform the LTP system given by

(2.4) to an equivalent LTP system (with a T-periodic linear transformation) the

state matrix A of which becomes a constant matrix.

Let Φ(t, τ) be the state transition matrix of (2.4). The fundamental mon-

odromy matrix of (2.4) is denoted as Φ(T, 0).
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Theorem 2.2.1. [24] If fundamental monodromy matrix, Φ(T, 0), of tan LTP

system defined is nonsingular, then following results hold:

1. State transition matrix: State transition matrix of LTP system in (2.6)

can be expressed as [40]:

Φ(t, 0) = P (t)eĀt

where P (t) ∈ IRn×n is a T-periodic matrix: P (t) = P (t+ T ) and Ā ∈ IRn×n

is constant matrix (possibly with complex entries).

2. Similarity Transform: The transformation x = P (t)z transforms (2.6)

to the following equivalent as

ż(t) = Āz(t) + B̄(t)u(t)

y(t) = C̄(t)z(t) + D̄(t)u(t)
(2.8)

where

Ā = P−1(t)(A(t)P (t)− Ṗ (t))

B̄(t) = P−1(t)B(t)

C̄(t) = C(t)P (t)

(2.9)

3. Stability Analysis: The LTP system given by (2.4) is stable if and only

if all eigen values of the fundamental monodromy matrix are strictly inside

the open unit disc, i.e. when the following holds:

λ
{

Φ(T, 0)
}
∈ Do (2.10)

where Do =
{
z| |z| < 1

}
.

2.3 Harmonic Transfer Functions

In literature, there are many different system identification methods for the stable

LTI systems due to one-to-one mapping between characteristics of input and
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output signal’s frequency response at steady state [14]. Hence, we can easily

obtain frequency response functions of LTI systems including magnitude and

phase diagrams of output signal with respect to input signal. However, in LTP

systems because of time dependency of system matrices, if one applies sinusoidal

inputs, the response of the system contain multiple harmonics possibly each with

different magnitude and phase. In order to obtain one-to-one mapping as in LTI

systems, ignoring all of the high order harmonics in the output can cause incorrect

results.

As a remedy to this problem, Wereley developed an alternative approach by

transforming input and output signals of LTP systems to exponentially modu-

lated periodic (EMP) signals [13]. To describe input-output relations of LTP

systems, EMP signals are suitable which provide one-to-one mapping for modu-

lated Fourier Series coefficients for EMP signals of input and output signals of

LTP system. Thus, by using EMP signals, it is possible to obtain an input/output

relation which is called as harmonic transfer functions.

2.3.1 Representation of Input-Output Relation of LTP

Systems via Exponentially Modulated Signals

The results given in [13] shows that if an exponentially modulated periodic (EMP)

signal is applied to the LTP system , the output and the state responses are also

EMP signals at steady state. Hence, the output response represents transfer

function concept for LTP system by providing a one-to-one mapping between

EMP input signal and EMP output signal.

To represent relationship between input and output of LTP system, let us

assume that the input signal is given as an EMP signal as given below:

u(t) =
∑
n∈Z

une
snt. (2.11)
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Then, the state vector can also be written as an EMP signal as given below,

x(t) =
∑
n∈Z

xne
snt,

ẋ(t) =
∑
n∈Z

snxne
snt.

(2.12)

Similarly the output signal, y(t) can also be written as an EMP signal as given

below,

y(t) =
∑
n∈Z

yne
snt, (2.13)

where sn = s+ jnw0; ∀n ∈ Z; s ∈ C. The system matrices of LTP systems can

be written in terms of complex Fourier series as,

A(t) =
∑
n∈Z

Ane
jnω0t, (2.14)

Other matrices, B(t), C(t) and D(t) can be written in a similar way as given

below:

B(t) =
∑
n∈Z

Bne
jnω0t, (2.15)

C(t) =
∑
n∈Z

Cne
jnω0t, (2.16)

D(t) =
∑
n∈Z

Dne
jnω0t. (2.17)

Then, by using these expansions in the (2.4), we obtain:

∞∑
n=−∞

snxne
snt =

∞∑
n=−∞

Ane
jnω0t

∞∑
m=−∞

xme
smt +

∞∑
n=−∞

Bne
jnω0t

∞∑
m=−∞

ume
smt

=
∞∑

n,m=−∞

An−mxme
snt +

∞∑
n,m=−∞

Bn−mume
snt.

(2.18)

For the output in (2.4), similarly we obtain:

∞∑
n=−∞

yne
snt =

∞∑
n,m=−∞

Cn−mxme
snt +

∞∑
n,m=−∞

Dn−mume
snt. (2.19)

13



By simplifying (2.18) and (2.19), we obtain:

0 =
∞∑

n=−∞

snxn −
∞∑

m=−∞

An−mxm −
∞∑

m=−∞

Bn−mum

︸ ︷︷ ︸
0

esnt,

0 =
∞∑

n=−∞

yn −
∞∑

m=−∞

Cn−mxm −
∞∑

m=−∞

Dn−mum

︸ ︷︷ ︸
0

esnt,

(2.20)

The complex exponential terms in (2.20) form an orthonormal basis in L2[0, T ]

and hence, in order to satisfy (2.20), the terms inside the curl brackets in (2.20)

should be equal to zero ∀n ∈ Z. Thus, we obtain the following equations:

snxn =
∞∑

m=−∞

An−mxm −
∞∑

m=−∞

Bn−mum,

yn =
∞∑

m=−∞

Cn−mxm −
∞∑

m=−∞

Dn−mum.

(2.21)

We note that this is also called as harmonic balance in [13].

2.3.2 Toeplitz Transform of System Matrices

The equations in (2.21) provides comprehensible representation between Fourier

coefficients of input-output signals. Alternatively, the infinite sum representation

given by (2.21) can also be represented by a Toeplitz notation to represent infinite

summations via matrix operations. Thus, the system equations in (2.21) can be

written as doubly infinite matrix equation as follows

sX = (A−N )X + BU ,

Y = CX +DU ,
(2.22)

Here, U(s), Y(s) and X (s) are input, output and state doubly infinite vectors

respectively given in below:

U(s) = [..., uT
−1 (s), uT

0 (s), uT
1 (s), ...]T , (2.23)

Y(s) = [..., yT
−1 (s), yT

0 (s), yT
1 (s), ...]T , (2.24)

X (s) = [..., xT
−1 (s), xT

0 (s), xT
1 (s), ...]T . (2.25)
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where un(s), yn(s), xn(s) corresponds to nth harmonic component of u(t), y(t)

and x(t) respectively, and the superscript T represents the transpose.

T-periodic state matrix, A(t) can be represented as doubly infinite block

Toeplitz matrix in terms of its complex Fourier coefficients as the following

Toeplitz form,

A =



. . .
...

...
...

...

. . . A0 A−1 A−2 A−3 . . .

. . . A1 A0 A−1 A−2 . . .

. . . A2 A1 A0 A−1 . . .

. . . A3 A2 A1 A0 . . .
...

...
...

...
. . .


, (2.26)

B(t), C(t) and D(t) matrices can be expressed as a doubly infinite Toeplitz matrix

in terms of their corresponding complex Fourier coefficients similarly as follows:

B =



. . .
...

...
...

...

. . . B0 B−1 B−2 B−3 . . .

. . . B1 B0 B−1 B−2 . . .

. . . B2 B1 B0 B−1 . . .

. . . B3 B2 B1 B0 . . .
...

...
...

...
. . .


, (2.27)

C =



. . .
...

...
...

...

. . . C0 C−1 C−2 C−3 . . .

. . . C1 C0 C−1 C−2 . . .

. . . C2 C1 C0 C−1 . . .

. . . C3 C2 C1 C0 . . .
...

...
...

...
. . .


, (2.28)
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D =



. . .
...

...
...

...

. . . D0 D−1 D−2 D−3 . . .

. . . D1 D0 D−1 D−2 . . .

. . . D2 D1 D0 D−1 . . .

. . . D3 D2 D1 D0 . . .
...

...
...

...
. . .


. (2.29)

Another doubly infinite Toeplitz form matrix in (2.22) N is the modulation fre-

quency matrix defined as follows:

N =



. . .
...

...
...

. . . −jω0I 0 0 . . .

. . . 0 0 0 . . .

. . . 0 0 jω0I . . .
...

...
...

. . .


(2.30)

where I is identity matrix with same dimension as in the state matrix A(t).

2.3.3 Harmonic State Space Model

The doubly infinite matrix equations in (2.22) is called as harmonic state space

model and is expressed with S̃ as:

S̃ =

 A−N B

C D

. (2.31)

In order to describe LTP systems, the harmonic state space model is very useful

since it provides explicit relationship between Fourier coefficients of input and

output. This relationship is achieved by the infinite dimensional matrix called as

harmonic transfer functions (HTF), H(s), such that

Y(s) = H(s)U(s). (2.32)

At this point, HTFs can be obtained in terms of doubly infinite Toeplitz form of

system matrices by isolating the terms input and output signals from (2.31) as:

H(s) = C[sI − (A−N )]−1B +D, (2.33)
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As a result, H(s) has doubly infinite dimensional matrix structure as given below:

H(s) =



. . .
...

...
...

. . . H0 (s − jω0 ) H−1 (s) H−2 (s + jω0 ) . . .

. . . H1 (s − jω0 ) H0 (s) H−1 (s + jω0 ) . . .

. . . H2 (s − jω0 ) H1 (s) H0 (s + jω0 ) . . .
...

...
...

. . .


. (2.34)

As H0(s) is LTI transfer function which relates the input u0(s) to the dc output

part of LTP system y0(s), Hn(s) is also LTI transfer function that relates the

input u0(s) at dc level to the nth harmonic yn(s) of the output for ∀n ∈ Z.

Thus, it shows us that the LTP harmonic transfer function is analogous to the

LTI transfer function. However, the matrices shown in (2.22) are infinite di-

mensional. For computer simulations, we can truncate HTF. Generally, when

number of harmonics increase, their values become smaller with respect to their

order. Therefore, first few harmonics can be sufficient to describe LTP system

with reasonable accuracy.
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Chapter 3

System Identification of LTP

Systems via Data-Driven

Methods

In this chapter, we aim to present different methods to provide data-driven identi-

fication of LTP systems. In order to analyze and control LTP systems, harmonic

transfer functions (HTFs) are one of the most significant tools. As frequency

response of LTI systems produces an output at a specific frequency where input

signal is applied, LTP systems generate output at frequencies seperated by a mul-

tiple of the fundamental frequency, ω0, of the system. That is, there is coupling

which can be described by HTFs between input and different harmonics of the

output. Therefore, standard identification techniques of LTI systems cannot be

applied to determine transfer functions of LTP systems. In this respect, we first

overview the system identification of LTI systems. Then, we present identification

strategy of [6] in order to estimate HTFs of LTP systems via exciting the system

with chirp signals and using power and cross spectral density functions. Secondly,

we show the single cosine method to identify HTFs of LTP system which requires

multiple experiments to cover desired frequency range. Then, to estimate HTFs

of LTP system, we propose a formula for exciting input signal which consists of

sum of different cosine signals where harmonics of its outputs do not coincide.
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Finally, we use these techniques in order to estimate HTFs of simplified vertical

hopping robot model which is developed in [41] and compare estimation results

of these methods with theoretical derivation of HTFs of this model.

3.1 Overview of System Identification of LTI

Systems

Before we give the system identification method of [6], we review system identifi-

cation and show empirical transfer function estimates of LTI systems [42]. In LTI

systems, estimated transfer function, Ĝ(jω), is the ratio of Fourier transform of

input and output such that,

Ĝ(jω) =
F
{
y(t)

}
F
{
u(t)

} , (3.1)

where F represents the Fourier transform.

If there is a noise, e(t), output will be in time domain as follows:

y(t) = ĝ(t) ∗ u(t) + e(t), (3.2)

where ĝ(t) represents the estimated impulse response and ∗ denotes the convolu-

tion operation.

For stationary process, cross correlation between input and output, Ruy(t), is

given as:

Ruy(t) = E[u(t)y(t+ τ)]

=

∫ ∞
0

g(r)E[u(t)u(t+ τ − r)]dr +

∫ ∞
0

E[u(t)e(t+ τ − r)]dr
(3.3)

If we assume that the noise, e, and input, u are independent random processes

and have mean zero, second integral term in (3.3) is equal to zero and following

holds:

Ruy(t) =

∫ ∞
0

g(r)Ruu(τ − r)dr

= g(τ) ∗Ruu(τ)

(3.4)
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Then, if we take Fourier transform of this relation and convert it to frequency

domain, we obtain the following:

Suy(ω) = Ĝ(jω)Suu(ω) (3.5)

where Suy(ω) and Suu(ω) are cross and power spectral density respectively. Then,

estimated transfer function is equal to:

Ĝ(jω) =
Suy(ω)

Suu(ω)
(3.6)

3.2 Overview of System Identification of LTP

Systems

In LTP systems, if one can provide state space representation or impulse response

function of the system, theoretical derivation of harmonic transfer functions can

be obtained by using the steps defined in Section 2.3. However, when the state

space model of LTP system is unknown, the estimation of HTFs has great im-

portance. Because of the fact that an input sinusoidal signal at single frequency

produces an output as a superposition of sinusoids at different frequencies of di-

verse magnitudes and phases for LTP system, classical methods for identification

of LTI systems are not adequate. Therefore, in this section, we introduce system

identification methods for LTP systems.

3.2.1 System Identification with Chirp Input Signal

In this section, we review system identification method of [6] via chirp input sig-

nal. Before we illustrate this approach, initially some of the harmonic components

at the output of LTP systems should be truncated. The reason for this is that the

structure of HTF has infinite number of harmonics that can cause a problem for

implementations on computer. Therefore, [6] suggests truncation of harmonics

beyond a certain order and consider merely three frequencies at the output. Fun-

damental frequency of the system is ω0 and output at any frequency ω consists of
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linear combinations of the responses at frequencies, ω, ω + ω0 and ω− ω0 results

with three harmonic transfer functions, Ĥ0, Ĥ1, and Ĥ−1 respectively. Then, the

estimated output, Ŷ can be represented as:

Ŷ (jω) := Ĥ0(jω)U(jω)

+ Ĥ1(jω)U(jω − jω0)

+ Ĥ−1(jω)U(jω + jω0)

(3.7)

Here, a component with ˆ is used in order to represent estimated version of

harmonic transfer functions. The estimation problem of Ĥ0, Ĥ1, and Ĥ−1 can be

formulated as the minimization of the difference between estimated and measured

output of the system.

For identification process, selection of input signal plays an important role

since there are three unknowns and only one equation. To solve this problem, [6]

suggests to apply three identical inputs which are evenly spread out over system

period and measure their corresponding outputs. In this respect, chirp signals can

be used in order to obtain the frequency response of the system over a specific

range of frequencies [6, 43]. The input chirp signal comprise of phase shifted

replicas of original chirp signal which provides to be sure from evenly excitation

of system throughout system period. An example for input chirp signal is shown

in Fig. 3.1. The sample formula for chirp signal can be written as:

u(t) = Asin(at2) (3.8)

where A is amplitude the chirp signal.
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Figure 3.1: Chirp signal to be used excite the system for system identification

As given in Section 3.1, we can obtain extended power spectral density, SUU(ω),

and extended cross spectral density, SUY (ω) of LTP systems by using input and
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output pairs. However, they are different from the spectral density functions of

LTI system due to matrix properties. Spectral density functions of LTP system

can be defined as follows:

SUU = U∗TU

SUY = U∗TY
(3.9)

Then, we can write the following equality which expresses the estimated harmonic

transfer functions of LTP system as follows:

Ĥ(ω) :=


Ĥ1

Ĥ0

Ĥ−1

 = (SUU)−1SUY (3.10)

which is analogous to transfer function expression of LTI system in (3.6).

After we obtain the extended spectral density functions, we have same relation

with estimation of transfer function of LTI systems. However, such a calculation

for estimation of HTFs cannot provide accurate results since we truncate the

number of harmonics beyond a certain order which may cause an error. Therefore,

in order to increase prediction performance of harmonic transfer functions, [6]

adds an unmodeled part as an error, E(jω), to the output response which can be

expressed as

Y (jω) =
1∑

n=−1

U(jω − njω0)Ĥn + E(jω)

= UT Ĥ + E(jω)

= Ŷ (jω) + E(jω),

(3.11)

where Y and Ŷ represents measured and estimated outputs respectively.

Here, the error expresses difference between the predicted hramonic transfer

functions and measured system response. Then, [6] defines a cost function in

order to reduce error term and formulate the problem as a minimization of a cost

function, J , which penalizes the curvature of HTFs and quadratic error which is

given as,

J = minĤ [(Y − UT Ĥ)2 + α(D2Ĥ)2] (3.12)
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Here α is a constant and D2 represents second order differential operator in order

to tune smoothness of predicted transfer functions. Then, we take the derivative

of the cost function, J , with respect to Ĥ in (3.12), and we find the minimizing

Ĥ as:

Ĥ(jω) = (SUU + αD4)−1SUY . (3.13)

The results of equation (3.13) provides a formula to identify harmonic transfer

function of LTP system via input-output pairs.

3.2.2 System Identification with Single Cosine Input Sig-

nal

The goal of this section is to develop a procedure in order to predict harmonic

transfer function of LTP systems. In order to achieve this goal successfully, excita-

tion input signal plays a crucial role. In Section 3.2.1, we illustrate the frequency

domain system identification methodology of [6] by using chirp excitation signals.

Among various types of excitation signals the frequency sweep input is a favor-

able choice for frequency domain identification. However, there is a problem in

using the chirp signal as an excitation input signal since if one excite the LTP

system at its fundamental frequency, ω0, the output response generates incorrect

signals around pumping frequency of the system. In order to avoid this problem,

the input signal should not include a component at pumping frequency but chirp

input signal does not satisfy this requirement. In Section 2.3.1, the test signal is

exponentially modulated periodic signal and spectral functions are obtained via

modulated complex Fourier series expansion of EMP signals. From this point of

view, in [5] , a different excitation input signal by using complex exponentially

modulated periodic signal to describe transfer functions of LTP system is devel-

oped. To create a complex exponentially modulated periodic signal at frequency,

ωf , sine and cosine signals can be summed as follows:

u(jωf , t) = |u| (cosωf t+ jsinωf t)

= |u| ejωf t
(3.14)
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Another approach to excite LTP systems is to use single sine or cosine input

signal at a specific frequency, ωf . Since this type of excitation input signals are

generally used to identify LTI system, it can be adopted to identify LTP systems

easily. The excitation of an LTI system with a single cosine input is shown in the

diagram given by Fig. 3.2.

HHhhhhh

  

 

      

Figure 3.2: Input-output relation of LTI systems when single cosine signal is
applied

According to this diagram, if we apply cosine signal at a specific frequency,

ωf , the system generates an output at that frequency with different magnitude

and phase. Transfer function identification of LTI system is achieved by following

computation.

Ĥ(ωf ) =
U∗(ωf )Y (ωf )

U∗(ωf )U(ωf )
(3.15)

In order to complete identification of LTI systems, the test procedure should

continue until desired frequency range is swept.

LTP systems differ from LTI systems regarding output response since if one

apply cosine signal input with a specific frequency to the LTP system, output

includes multiple harmonics with different magnitudes and phases at harmonic

frequencies of fundamental frequency within itself. The example diagram of input

output relation of LTP system with single cosine input signal is illustrated in

Fig. 3.3.
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Figure 3.3: Input-output relation of LTP systems when single cosine signal is

applied

Harmonic transfer function identification of this system is given in following

equation.

Ĥ∓n(ωf ∓ nω0) =
U∗(ωf )Y (ωf ∓ nω0)

U∗(ωf )U(ωf )
(3.16)

where U and Y represent Fourier transform of input, u(t) and output, y(t). Input

and output of LTP system can be defined as follows in time domain:

Input: u(t) = cos(ωf t)

Output: y(t) =
∑M

n=−M Ancos((ωf + nω0)t+ φn)

Here, M corresponds to the number of harmonics and An = A∗−n and φn belongs

to the phase of nth harmonic.

In order to complete system identification of LTP systems via this way, identi-

fication process defined in (3.16) should be repeated for different values of specific

frequency, ωf . After finishing all test process, one can obtain the following struc-

ture of estimated HTFs.

Ĥ(s) =



. . .
...

...
...

. . . Ĥ0 (s − jω0 ) Ĥ−1 (s) Ĥ−2 (s + jω0 ) . . .

. . . Ĥ1 (s − jω0 ) Ĥ0 (s) Ĥ−1 (s + jω0 ) . . .

. . . Ĥ2 (s − jω0 ) Ĥ1 (s) Ĥ0 (s + jω0 ) . . .
...

...
...

. . .


. (3.17)
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3.2.3 System Identification with Sum of Cosine Input Sig-

nal

In previous section, we examined system identification of LTP systems via single

cosine input signal. As exciting the system with single cosine signal with a spe-

cific frequency creates an output which is the superposition of cosine signals at

different frequencies with diverse magnitudes and phases. By using (3.16), one

can obtain the estimated harmonic transfer function at that excitation frequency

of the input. However, using single cosine input signal requires multiple experi-

ments in order to cover the frequency range which we are interested in our study.

In order to handle this problem, summation of cosine input can be used rather

than single cosine signal which is proposed by [44,45]. Since the output of single

cosine signal at a specific frequency consists of multiple harmonics, in order to use

sum of cosine signals as an input, it should be guaranteed that the harmonics of

the different frequency cosine signals do not coincide. Hence, the main objective

of this section is to compose a formula for input signal which consists of sum of

different cosine signals where their outputs do not coincide. Before we give the

formula for sum of cosine signal, first define certain terms which will be used in

the sequel.
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Table 3.1: Table of Definition in the Formula of Sum of Cosine

f0 , Fundamental frequency of LTP system

fr , Frequency resolution in frequency domain

fdr , Desired frequency resolution in input signal.

fmax , Maximum value of frequency range of input signal.

Nst , Number of frequency contained in a test

Nfb , Number of band

Nbt , Number of tests that can be performed in a band

Formulas for some definitions

Nst = f0
2fdr

Nfb = fmax

f0

Nbt = Nst

Nfb

  .......   .......... .     ......... 

  .......   ........... .     ......... 

  .......   ...........  ......... 

  .......   ...........  .......... 

   

1st 

band 

2nd 

band 

3th 

band 

20th 

band 

  

  

  

 

0.01 0.02 0.03 

2.02 2.01 2.03 

4.01 4.02 4.03 

38.01 38.02 38.03 

 

38.20 

Figure 3.4: Locations of the frequencies included in Sum of Cosine input signal.

Sum of cosine input signal includes only one of the frequencies which are same

color.

In Table 3.1, definitions of some terms used in the sum of cosine and formulas

for some of the terms are given. The first rule for the sum of cosine input signal is
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0.01 0.02 0.03 

2.02 2.01 2.03 
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Figure 3.5: Locations of the frequencies included in Sum of Cosine input signal.

that the harmonics of the output of separated cosine signals should not coincide.

Since every cosine signal with a frequency, ω, produces an output at frequencies

ω ∓ nω0. In order to prevent this issue, we first separate the frequency range

that we are interested in the study as the frequency bands. The length of one

frequency band should be equal to pumping frequency, f0, of LTP system. Thus,

number of frequency bands required is obtained by division of maximum value of

frequency range, fmax, of input with the pumping frequency, f0. For the sake of

clarity, proposed procedure is illustrated in Fig. 3.4. In Fig. 3.4, sum of cosine

input signal should contain only one of the frequencies which are of the same

color. The reason behind of this is to prevent coincide issue of the harmonics

of the input frequencies. For instance; when the sum of cosine signal includes a

cosine signal with frequency f1 = 0.01, the LTP system will produce an output

at frequencies f1 ± nf0 where n ∈ Z. So, if the sum of cosine input also include

cosine signal at the frequency f2 = f1 +f0, its corresponding output also produces

harmonics at frequencies f2 ± nf0. That is, the outputs of these cosine input

signals will coincide. Therefore, in order to avoid this issue, the input frequencies

of these signals should not be in the locations which are illustrated with same

color in Fig. 3.4. In Fig. 3.5, different from Fig. 3.4 there is a new red box with

frequencies f = 0.21. The first sliding frequency process is completed and the

new sliding frequency for the input frequencies of sum of cosine input signals is
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started. This process is continued to until first half of the first band is ended up.

In the light of these information, sum of cosine input signal formula is developed

for the first and second halves of the frequency bands in equation (3.18).

u(t) =

Nfb∑
l=1

Nbt−1∑
k=0

cos(2π(fr + (l − 1)× (fp + fdr) +Nfbfdrk)t),

u(t) =

Nfb∑
l=1

Nbt−1∑
k=0

cos(2π(fr + (l − 1)× (fp + fdr) +Nfbfdrk +
f0

2
)t).

(3.18)

3.3 Application Example: Simplified Legged

Locomotion Models

In this section, we use a simple, vertically constrained spring–mass–damper sys-

tem model as our test example. Actually, in the literature there are more general

legged locomotion models, which can represent planar legged robot platforms with

a high accuracy [46]. However, we constrain our model to a vertical motion only

to ensure analytical derivation of harmonic transfer functions as a ground truth

for our data-driven system identification methodology. Such simplified models

has also been used in the literature to evaluate the prediction performance of

HTFs for legged locomotor systems [41] even in the presence of input and mea-

surement noise [47] using chirp input excitations. Different than these works, we

aim to increase system identification performance using sum of cosine inputs. We

also provide comparative results to demonstrate the efficiency of proposed system

identification strategy.

3.3.1 System Dynamics of Simplified Legged Locomotion

Model

Simplified vertical leg model is illustrated in Fig. 3.6. This system includes a mass

connected to a leg and spring mass damper mechanism with force transducer.

There are two phases which are stance and flight phase where damper is turned
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off and that behavior provides periodicity for this system. Force transducer is

used both for energy supply and system identification purposes. In [8], there is

also a similar model but it uses additional nonlinear spring differently from this

system.

Figure 3.6: Simplified leg model with spring mass damper system including linear

force transducer.

Equations of motion of simplified legged model are presented in [41] as:

mẍ =

−mg − cẋ− k(x− x0) + f(t), if ẋ > 0

−mg − k(x− x0) + f(t), otherwise
(3.19)

where f(t) is an external force. Parameters of this system are chosen as k = 200,

g = 9.81, c = 2, x0 = 0.2 and m = 1 in [48]. Linear actuator input is f(t) =

f0(t) + u(t) where f0(t) is used to compensate energy losses and u(t) is used to

perturb the system for system identification purpose.

3.3.2 Theoretical Computation of HTFs of Simplified

Legged Locomotion Model

In this section, we aim to obtain harmonic transfer functions of spring mass

damper model around its limit cycle. To accomplish this, we first acquire system

dynamics of error trajectories which is computed by subtracting output response
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of this system from the measured limit cycle. In order to induce the system to

a stable limit cycle, in [41] f0(t) is chosen as cos(2πt). Here, x̄(t) represents the

state vector in limit cycle. By choosing error vector as ξ(t) = x(t)− x̄(t) and by

substituting it into the equation of motion in above, we obtain:

ξ̈(t) =

−kξ − cξ̇, if ξ̇ + ˙̄x(t) > 0

−kξ, otherwise
(3.20)

Then, we obtain state space representation of equation (3.20) as, ξ̇1

ξ̇2

 =

 0, 1

−k − cr(t)

 ξ1

ξ2

+

 0

1

u(t),

y =
[

1, 0
] ξ1

ξ2

 .
(3.21)

where ξ̇1 = ξ2 and ξ̇2 := ξ̈1 = ξ̈. Also, r(t) = 1, if ξ̇ + ˙̄x(t) > 0 and r(t) = 0

otherwise which provides periodicity. Now, we obtain the state space representa-

tion of error around limit cycle of legged model. Placing these matrices into the

theoretical computation part as given in Section 2.3, we can obtain the analyti-

cal solution of harmonic transfer functions of this model. We use the results of

theoretical computation of HTFs in order to compare prediction performance of

system identification methods in the sequel.

Estimation of HTFs of Legged Model via Chirp Input Signal

In this section, we aim to predict harmonic transfer function of linearized dynam-

ics of legged model presented in (3.21). An important point is we do not have any

knowledge about state space dynamics of the model and only use input output

data to estimate HTFs. We first need to measure limit cycle data during 30 cycles

without perturbing the system and choose f0(t) = cos(2πt) and u(t) = 0. Then,

in order to perturb the system, input signal is computed by using chirp command

of Matlab environment. The magnitude of this input chirp signal, u(t), is chosen

as 0.001 with linearly increasing frequency range between (0, 20] Hz. After that
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output of the system is subtracted from the measured limit cycle data and we

obtain error data, ξ1. By using input chirp signal, u(t), and error trajectory,

ξ1, we obtain harmonic transfer function of the system by using the methodol-

ogy represented in [6, 41] through the equation from (3.8) to (3.13). Estimation

results will be given after explaining the all system identification techniques in

Section 3.2.1, Section 3.2.2 and Section 3.2.3.

Estimation of HTFs of Legged Model via Single Cosine Input Signal

Differently from previous section, here we perturb the system by using single

cosine signal with magnitude of 10−4. That is, the input signal is determined

as u(t) = 10−4cos(2πfct) where desired frequency range to be recovered, fc ∈
(0, 20]Hz with 0.01 Hz resolution. In order to recover desired frequency range,

we make 2000 different experiment with single cosine input signals.

Estimation of HTFs of Legged Model via Sum of Cosine Input Signal

In this section, we repeat same identification method of single cosine signal input

by using the formula of sum of cosine signal we developed. The terms in Table 3.1

is determined as following:

f0 fr fdr Nst ( f0
2fdr

) Nfb (fmax

f0
) Nbt (Nst

Nfb
)

2 0.01 0.01 100 20 5

Table 3.2: Values of Parameters in Sum of Cosine Formula

Number of frequency included in sum of cosine input signal, Nst, is equal to

100. That is, we can recover 100 different frequencies in one test. Total number

of frequencies should be recovered is equal to 2000. Hence, we can recover all

frequencies and complete estimation of harmonic transfer functions with 20 tests

and decrease the number of required tests by 100 times.
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Figure 3.7: Prediction results of fundamental harmonic transfer functions.

Now, we will show the estimation performances of three different system iden-

tification methods with theoretical computation of harmonic transfer function of

this model. Fig. 3.7 shows the estimation performance of proposed system identi-

fication methods with respect to theoretical derivation of fundamental harmonic

transfer function. As red dot-line corresponds to prediction result of Siddiqi’s

identification method with chirp input signal, blue line and magenta dot-line

show estimation results of identification methods with single cosine and sum of

cosine input signal respectively. The graph illustrates that all of the methods

works well to estimate HTFs of simple legged model. It is also valid for the es-

timation of first harmonics. However, for higher harmonics such as second and

third, it is seen that Siddiqi’s method could not estimate HTFs in some regions,

especially G2 and G−2. Fortunately, the estimation performance of single sine

and sum of cosine signal inputs seem to work well even in the some frequency

regions where Siddiqi’s method could not correctly predict HTFs. The estimation

results are shown in Fig. 3.8, Fig. 3.9 and Fig. 3.10.
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Figure 3.8: Prediction results for the higher order harmonics. The magnitude

plots of the first harmonics are represented as a comparison of theoretical com-

putation and data driven identification methods with chirp, single cosine and sum

of cosine input signals.
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Figure 3.9: Prediction results for the higher order harmonics. The magnitude

plots of the second harmonics are represented as a comparison of theoretical

computation and data driven identification methods with chirp, single cosine and

sum of cosine input signals.
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Figure 3.10: Prediction results for the higher order harmonics. The magnitude

plots of the third harmonics are represented as a comparison of theoretical com-

putation and data driven identification methods with chirp, single cosine and sum

of cosine input signals.

As a result, we illustrate the prediction performance of estimated harmonic

transfer functions via three different data driven identification methods. In some

frequency regions, identification results of chirp input signal provides incorrect

results. Fortunately, single cosine input signal can predict the HTFs even in

these regions. However, this method requires multiple experiments in order to re-

cover desired frequency range. The sum of cosine input signal provides successful

prediction performance beside decrease the computational time by f0/2fdr times

where f0 is pumping frequency and fdr is the desired frequency resolution.
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Chapter 4

Stability Analysis and Control of

LTP Systems via Nyquist

Criterion with HTFs

The goal of this chapter is to investigate the stability characteristics of LTP sys-

tems and design controllers to increase stability and/or enhance performance.

The stability of LTI systems can be simply analyzed via the well-known Nyquist

stability test. This chapter focuses on how the Nyquist stability test can be

applied to understand stability characteristics of LTP systems. The main idea

here is that LTP systems can be represented with equivalent MIMO LTI systems,

hence we should be able to use Nyquist test for stability analysis of LTP systems

as well. Nyquist diagram of linear time periodic system is constructed via eigen-

loci of harmonic transfer functions. In this chapter, Nyquist criterion is used for

two purposes which are to determine closed loop stability of LTP systems and in

order to design P, PD and PID controllers to stabilize and enhance system per-

formance of LTP systems based on Nyquist graphs. In this respect we first show

the construction of Nyquist diagram of linear time periodic systems via eigenloci

of theoretical harmonic transfer functions and usability of Nyquist stability cri-

terion in order to assess the stability characteristics of these systems. Then, we

illustrate how to obtain Nyquist diagram of LTP systems by using input-output
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data without having any knowledge about state space model the system. After

giving some preliminary knowledge about HTF representation of LTI controller,

we design P, PD and PID controllers based on Nyquist diagrams.

4.1 Stability Analysis of LTP Systems via

Nyquist Criterion with Theoretical HTFs

One of the pioneering and most significant studies on the stability analysis of

periodic systems is the Floquet theory [24, 49], especially for examining stability

of rotating machinery such that wind turbines [3,50], helicopter rotors [4,37,51],

and so on. Stability analysis of linear time periodic systems also can be achieved

via Lyapunov theory [25] or Hill determinant technique [26]. However, these

techniques answer the stability question of LTP systems for only a specific value

of gain. However, the ability to identify feedback gain ranges that can stabi-

lize a periodic system and to use these values that optimize system performance

among them in controller design will undoubtedly make a significant contribu-

tion to the control of periodic systems. As a result of this motivation, stability

analysis of LTP systems via Nyquist criterion provides closed loop stability for

a function of feedback gain. In control theory, classical Nyquist stability crite-

rion is developed for Single Input Single Output (SISO) systems [52]. Then, this

notation is extended to the Multi Input Multi Output (MIMO) systems in dif-

ferent ways [53,54]. Finally, MIMO Nyquist stability criterion which depends on

eigenloci of transfer function matrix is developed by [55].

Since as seen from Section 2.3.3, LTP systems can be treated as a LTI system

with infinitely multi inputs and multi outputs [9], a Nyquist criterion for LTP

system based on Nyquist criterion of MIMO systems is presented in [20]. Thus,

when feedback is applied, instead of deciding closed loop stability of LTP system

for a single value of feedback gain, plotting eigenloci of LTP harmonic transfer

function provides determination of stability for a family of gain parameters. In

this part, we illustrate how to apply Nyquist criterion in order to analyze stability
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Figure 4.1: Closed Loop Feedback System.

of the closed loop system illustrated in Fig. 4.1. In LTI system, closed loop

stability analysis with feedback gain k can be examined by plotting Nyquist

contour of transfer function H0(jω) for frequency range −∞ < ω < ∞ and

counting encirclements of the point −1/k. In LTP systems, in order to obtain

eigenloci of harmonic transfer functions, it is proposed in [20] that using standard

eigenvalue computations of HTFs produces number of closed curves and stability

can be determined by counting encirclements of the point −1/k which is given in

following Theorem 4.1.1.

Theorem 4.1.1. [20] Assume that there is a linear, periodic input output relation

from r to y shown in Fig. 4.1. Denote the eigenvalues of the doubly infinite

Toeplitz form matrix H(s) given in (4.1) for s varying through the dotted contour

in Fig. 4.2, which is denoted as the fundamental strip as
{
λi(s)

}∞
i=−∞. These

eigenvalues generate a number of closed curves in the complex plane which is called

as eigenloci of the harmonic transfer functions. The feedback system illustrated

in Fig. 4.1 is stable from input, r, to the output, y if and only if the total number

of counterclockwise encirclements of the point −1/k of these closed curves equals

to the number of right half plane poles of open loop harmonic transfer function,

H(s) in the fundamental strip.
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Figure 4.2: The contour for Nyquist Criterion with Harmonic Transfer Functions
in s Plane which is denoted by N̄f . The notation ”×” corresponds to the poles
of H(s).

H(s) =



. . .
...

...
...

. . . H0 (s − jω0 ) H−1 (s) H−2 (s + jω0 ) . . .

. . . H1 (s − jω0 ) H0 (s) H−1 (s + jω0 ) . . .

. . . H2 (s − jω0 ) H1 (s) H0 (s + jω0 ) . . .
...

...
...

. . .


. (4.1)

In [13], eigenloci of HTFs is parametrized by s ∈ N̄f and Hill determinant is
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expressed as
∣∣I + kH(s)

∣∣ regarding eigenvalues of HTFs as∣∣I + kH(s)
∣∣ =

∞∏
n=−∞

(1 + kλn(s)). (4.2)

Here, the product formulation is infinite due to the doubly infinite transfer func-

tionH(s). In order to implement this formula on computer, it has to be truncated,

so, we separate the equation (4.2) into the two parts as following:∣∣I + kH(s)
∣∣ =

M∏
n=−M

(1 + kλn(s))
∏

n/∈[−M,M ]

(1 + kλn(s)) (4.3)

The first M harmonics of the HTFs can be treated as significant parts and others

cannot be considered as necessary since they do not contribute to the encirclement

of the point −1/k. This is because, the eigenvalues which indices greater than M

remain inside the unit disk, Dc. So, number of eigenvalues of first M harmonic

transfer function given in (4.3) can be counted as encirclements. As a result,

eigenloci of truncated harmonic transfer functions are obtained by computing

eigenvalues of these HTFs through the Nyquist path, N̄f illustrated in Fig. 4.2

and plotted to the complex plane. The closed loop stability of the system is

provided if and only if the point, −1/k is encircled counterclockwise direction np

times which is equal to the number of right half plane poles of truncated HTFs

in fundamental strip.

Poles of LTP Systems in s plane

The places where the harmonic transfer function is not analytical give the poles

of the LTP systems in the complex plane. As it is seen in equation (4.1), the poles

of the system consists of the poles of LTI transfer functions, Hk(s). In complex s

plane, the solution of following eigenvalue problem gives the poles of LTP system,{
sI − (A−N )

}
V = 0. (4.4)

The solution gives infinite poles however, in order to obtain the right half plane

poles of the LTP systems figured in Theorem 4.1.1 we look at the poles which are

placed in fundamental strip whose range given by,

Im(s) ∈ (−ω0

2
,
ω0

2
].
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4.1.1 Wereley Example: Stability Analysis of Mathieu

Equation

In this section, we aim to illustrate numerical example for closed loop stability

analysis of Mathieu equation’s parameters by using Nyquist criterion. In order

to achieve that, we use the example given in [13]. Stability of Mathieu example

was investigated in many different studies [56–58]. Equation of lossy Mathieu

equation is given by,

ẍ(t) + 2ζẋ(t) + (a− 2qcos(ω0t))x(t) = 0 (4.5)

The fundamental frequency of this equation is given as ω0 = π in [13]. State

variables of the Mathieu equation defined as:

x1(t) := x(t)

x2(t) := ẋ1(t) = ẋ(t)

ẋ2(t) := ẍ1(t) = ẍ(t)
(4.6)

Using these state variables, (4.6), in equation (4.5) gives the following state space

model:

ẋ(t) = A(t)x(t) +B(t)u(t)

y(t) = C(t)x(t) +D(t)u(t)
(4.7)

where

A(t) =

 0 1

−(a− 2qcosω0t) −2ζ

 ,
B =

0

1

 C =
[
1 0

]
, (4.8)

D =
[
0
]
.

Examining stability of the Mathieu equation with respect to system parameters,

(q, a) is achieved by Floquet theory in [13]. Therefore, to analyze stability of

Mathieu equation we first compute the fundamental monodromy matrix, φ(T, 0),
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of the system shown in (4.8) for each (q, a) pair by solving following first order

differential equation and and obtaining the value of Φ(t, 0) at time T :

Φ̇ = AΦ. (4.9)

Here, we solve the equation (4.9) by using ode45 function of Matlab which in-

tegrates the system of differential equations. At each point of (q, a), we solve

the differential equation and compute the monodromy matrix, Φ(T, 0). If the

maximum absolute value of eigenvalue of Φ(T, 0) is inside the unit disc, that is

less than 1, the system is saved as stable for this value of (q, a) pair. According

to the results of this stability test, following graph is obtained with respect to

value of (q, a). Fig. 4.3 illustrates stable and unstable regions of lossy Mathieu

Figure 4.3: Stability analysis of lossy Mathieu equation with respect to (q, a) by
using Floquet theory. As red regions corresponds to the value of (q, a) which
makes system unstable, green regions belong to the stable regions.

equation with respect to the value of (q, a). In order to obtain this graph, first
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order differential equation is solved and maximum absolute value of eigenvalues

of this equation is investigated for each value of (q, a) which was the disadvan-

tage of Floquet theory. Here, in order to show advantage of Nyquist stability

test, Wereley illustrate the application of Nyquist criterion on this example in

the following.

Stability Analysis with Nyquist Criterion

In order to apply Nyquist criterion on lossy Mathieu equation, a new parameter

β = q/a is defined in [13] and equation (4.5) can be written as

ẍ(t) + 2ζẋ(t) + a[1− 2βcos(ω0t)]x(t) = 0 (4.10)

β is related with the periodic effects on this example such that if β � 1, system

does not behave as time periodic but for the larger values of β, periodicity of

the system will increase. If we design system parameter as feedback gain, we

can apply Nyquist criterion in order to analyze stability of the system in terms

of variations of q and a. As a result of this motivation, feedback control law is

defined in [13] as,

u(t) = −ax(t) (4.11)

Substituting equation (4.11) into the equation (4.10) gives:

ẍ(t) + 2ζẋ(t) + [1− 2βcos(ω0t)]u(t) = 0 (4.12)

In [13], the modified equation (4.10) is represented as in the Fig. 4.4. In this

figure, LTI transfer function, Hp(s) is:

Hp(s) =
1

s(s+ 2ζ)
(4.13)

In Fig. 4.4, a parameter can be examined as feedback gain k. System matrices

after modification of state space model in (4.7) are given as following,

A(t) =

0 1

0 −2ζ

 ,
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Figure 4.4: Block diagram of lossy Mathieu equation with feedback gain law.
Input of the LTI transfer function, Hp(s), is modulated with time periodic signal.

B =

 0

(1− 2βcosω0t)

 C =
[
1 0

]
, (4.14)

D =
[
0
]
.

Since the input, u(t) is modulated with time periodic signal, here only B matrix

is time periodic. We can express B matrix as complex Fourier series in terms of

its harmonics as

B(t) =

 . . . , 0,

 0

−β

 ,
 0

1

 ,
 0

β

 , 0, . . .
 (4.15)

If system matrices are examined, only unknown parameter is β. So, for different

values of β, harmonic transfer function, H(s), of the system is computed by using

following formula:

H(s) = C[sI − (A−N )]−1B +D, (4.16)

According to the obtained harmonic transfer function, Nyquist diagram is plotted.

Here, we show the results of Nyquist stability test for the values of β = [0, 0.5, 0.7].

Open loop poles of the system are computed as s1 = 0 and s2 = −2ζ. There

is a single right half plane pole at s = 0. Therefore, to provide stability of the

system, −k point should be encircled in one times in counterclockwise direction.

The reason of the encirclement of point −k instead of point −1/k, is plotting

inverse Nyquist diagram for the sake of clarity. Note that the point k represents

the value of a in the lossy Mathieu equation. That is, the obtained range for point
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k after applying Nyquist stability test corresponds to the range for the value of

a.

Inverse Nyquist diagram of the system for the value of β = 0 is illustrated in

Fig. 4.5 and stability diagram obtained by using Floquet theorem with the line

whose slope corresponds to the value of β = 0 is shown in Fig. 4.6. According to

Nyquist stability criterion, to satisfy stability, point −k has to be CCW encircled

in one times. If we investigate the Fig. 4.5, in the range of k > 0 point −k is

encircled in one times. Hence, we can conclude that k > 0 provides closed loop

stability of the LTP system as k < 0 produces unstable configurations. When we

compare the results of Nyquist stability test with stability diagram of Floquet

theorem illustrated in Fig. 4.6, along the line of β = 0 on Fig. 4.6 it does not meet

with unstable regions which was shown as red region. It shows that the stability

results of the Nyquist test is compatible with stability diagram of Floquet theory.

For the value of β = 0.5, many closed CCW circuit which are symmetrical

around the real axis are formed. The points encircled by a CCW circuit generates

stable solutions for the Mathieu equation as the points not encircled with a CCW

circuit corresponds to the unstable solutions. In Fig. 4.7, the values of feedback

gain k = a which provides stable solutions for the lossy Mathieu equation is illus-

trated with green dot-lines, while the values that results with unstable solutions

shown with red dot-lines. The line with slope of β = 0.5 is plotted on the stability

diagram of Floquet theory. If we compare the limit points of the ranges of value

of k which provides stable solution obtained by Nyquist diagram illustrated in

Fig. 4.7 with the intersect points of the β = 0.5 line on the stability diagram of

Floquet theory shown in Fig. 4.8, we can conclude that stability boundaries are

same both on Nyquist stability test and on Floquet theory. Similar results can be

concluded from the Fig. 4.9 and Fig. 4.10. The ranges of the red and green dotted

lines shown on the Nyquist diagrams consist perfectly with the intersect points

boundaries of their corresponding lines on Floquet stability diagram. As a result,

we show that the stability boundaries of lossy Mathieu equation can be provided

by both of Nyquist diagram and Floquet theory. In Floquet theory, we compute

maximum absolute value of eigenvalues of monodromy matrix of LTP system for

each point in (q, a) plane. The values which are greater than one are saved as
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unstable points while the others registered as stable points. However, in Nyquist

stability test, as designing one of the parameter, a, of the system as feedback

gain, we find the stability boundaries by looking to the real axis crossings of the

closed CCW contours in Nyquist diagram for the line β = q/a. Stability bound-

aries obtained by both methods are observed as same. The important point here

is that while Floquet theory provides stability analysis for merely single point in

the (q, a) plane, Nyquist stability test enables us to analysis stability of LTP sys-

tem for a line β = q/a in the (q, a) plane. In this way, two dimensional stability

problem is reduced to the one dimensional stability analysis problem.
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Figure 4.5: Inverse Nyquist diagram of lossy Mathieu equation for β = 0. Green

dot lines shows the stable regions for the value of k = a.

Figure 4.6: Stability diagram obtained by Floquet Theorem of lossy Mathieu

equation with the line its slope is β = q/a.
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Figure 4.7: Inverse Nyquist diagram for β = 0.5. Green dot lines shows the stable

regions and red lines corresponds to unstable regions for the value of k = a.

Figure 4.8: Stability diagram obtained by Floquet Theorem of lossy Mathieu

equation with the line its slope is β = q/a.
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Figure 4.9: Inverse Nyquist diagram for β = 0.7. Green dot lines shows the stable

regions and red lines corresponds to unstable regions for the value of k = a.

Figure 4.10: Stability diagram obtained by Floquet Theorem of lossy Mathieu

equation with the line its slope is β = q/a.
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4.2 Stability Analysis of LTP Systems via

Nyquist Criterion with Estimated HTFs

with Data-Driven Approach

When we have the state space representation, we can obtain the Nyquist plots,

and design controllers accordingly. However, our problem of interest is the un-

known LTP systems for which a state space representation may not be available.

Therefore, we seek to design a novel methodology, where we can obtain Nyquist

plots of unknown LTP systems via input–output data analysis using the con-

cept of harmonic transfer functions. In this section, we show the application of

stability analysis with Nyquist criterion by using estimated harmonic transfer

functions which is obtained via data-driven system identification method inves-

tigated in Section 3.2. In order to obtain Nyquist diagram of LTP systems, we

compute the eigenloci of harmonic transfer function by using standard eigen-

value problem on computer. However, there is a difference between the structure

of harmonic transfer function which is used in Nyquist diagram and estimated

harmonic transfer functions via data-driven system identification approach. Esti-

mated harmonic transfer functions are included in the harmonic transfer function

structure which was the source of Nyquist diagram. The relation between esti-

mated HTFs (Ĥ±n(ωf )) and required HTF structure to obtain Nyquist diagram

is shown in Fig. 4.11.
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Figure 4.11: The relation between estimated harmonic transfer functions and

required harmonic transfer function to plot Nyquist diagram.

Nyquist diagram is plotted based on the eigenloci of the doubly infinite ma-

trix structure illustrated in Fig. 4.11. However, when we apply data-driven

system identification methods by using only input-output data in order to ob-

tain estimated harmonic transfer functions of LTP systems, the predicted HTFs,

(Ĥ±n(ωf )), will be as the middle structure taken with a dotted rectangular frame

of the doubly infinite HTF matrix as seen in Fig. 4.11. In Nyquist diagram pro-

cess, the eigenloci of doubly infinite matrix, H(s), which is truncated to the order

of N to be implementable on computer is computed for s = jω and ω varying

through −ω0/2 < s < ω0/2.

If we look at the structure of HTF matrix shown in Fig. 4.11 which corresponds

to the Nyquist diagram, this HTF structure, Ĥ(s), includes LTI transfer functions

from Ĥ±n(−ω0/2−Nω0) to the Ĥ±n(ω0/2+Nω0). However, if we accomplish sys-

tem identification for s = jω and ω varying through−ω0/2 < s < ω0/2, estimated

harmonic transfer function consists of LTI transfer functions from Ĥ±n(−ω0/2)

to the Ĥ±n(ω0/2). Therefore, in order to make estimated HTFS suitable for
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drawing Nyquist diagram as it will has same structure with Ĥ(s), we perform

system identification methods for s = jω and ω varying through (−ω0

2
−Nω0) to

(ω0

2
+ Nω0). Then, as placing estimated harmonic transfer functions in this fre-

quency range to their corresponding locations into the HTF structure required in

order to obtain Nyquist diagram, we can successfully plot Nyquist diagram with

estimated harmonic transfer functions by using input and output data. The main

advantage of this procedure is that even if one does not have information about

state space model of the LTP systems, one can obtain Nyquist diagram of the

system by using estimated harmonic transfer functions via data-driven approach.

4.3 Algorithm for Controller Design Based On

HTFs

In this section, our goal is to analyze the stability of LTP systems including con-

troller type of P, PD and PID via Nyquist stability criterion. Here, the main

contribution is to design Kp parameter of these controllers as feedback gain and

determine range of Kp parameter which stabilizes the system with only one ap-

plication of Nyquist stability test.

4.3.1 HTF Representation of Controllers

Before we apply Nyquist criterion on the LTP systems including controller, we

have to obtain harmonic transfer function of the controller by applying similar

approaches to get Toeplitz form of the system matrices of LTP system. However,

the controllers designed in this thesis does not have time periodic elements so,

they are naturally LTI. For this reason, there is no spectral interactions and

harmonic transfer function form of controller can be obtained as [29,30]:
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HC(s) =



. . .
...

...
...

. . . C (s − jω0 ) 0 0 . . .

. . . 0 C (s) 0 . . .

. . . 0 0 C (s + jω0 ) . . .
...

...
...

. . .


(4.17)

where C(s) is transfer function of LTI form controller. In order to apply Nyquist

stability analysis which is proposed in Theorem 4.1.1 for LTP systems contained

LTI form controller, we have to examine the eigenvalues of multiplication of

harmonic transfer function of the plant and HTF of controller which are illustrated

in Fig. 4.1. That is, to analyze closed loop stability of the LTP system, eigenvalues

of open loop harmonic transfer function of the system including controller,H(s) =

HC(s)HP (s), are investigated. The closed loop system is stable from input, r, to

the output, y if and only if total number of encirclement of point −1/k around

counterclockwise (CCW) direction is equal to the number of right half plane poles

of open loop system, HC(s)HP (s).

4.4 Application of Nyquist Criterion with The-

oretical HTFs in Controller Design for Un-

stable Mathieu Example

In this section, our goal is to investigate stability analysis of LTP systems includ-

ing P, PD and PID controller respectively by using Nyquist stability criterion.

According to the results of stability analysis of LTP systems with controller, we

will acquire gain margin (GM) and phase margin (PM) of the system with respect

to parameters of controllers. As a results of these measurements, we determine

some controllers which enhance the performance of the system and we make sim-

ulation with chosen controllers in order to show the performance of the controllers

in time domain.

In order to implement these procedures, we use the lossy Mathieu example
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whose system matrices are given in the sequel.

A(t) =

 0 1

−(5− 8cosω0t) −2ζ

 ,
B =

0

1

 , C =
[
1 0

]
. (4.18)

The parameters of this system are chosen as ω0 = 2 and ζ = 0.2. The poles of

open loop system in s plane are obtained as s1 = 0.3931 and s2 = −0.7931 by

computing eigenvalues of A−N in fundamental strip. This system has one pole

at right half plane.

4.4.1 P type Controller

The lossy Mathieu equation in (4.18) is unstable with the parameters given above

since it includes one pole at right half plane. In order to make system stable, P

type controller can be designed by using Nyquist criterion. According to Theo-

rem 4.1.1, since the system has one pole at right half plane, the closed loop system

is stable if and only if −1/k point is encircled in one times around CCW direc-

tion. In order to calculate Kp values of P controller which stabilizes the system,

harmonic transfer function of the LTP system, Hp is computed as in equation

(2.33) and Nyquist diagram of Hp is obtained as in the Fig. 4.12.
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Figure 4.12: Nyquist diagram of open loop harmonic transfer function, Hp .

In the nyquist diagram of lossy Mathieu equation shown in Fig. 4.12, nega-

tive real axis is encircled counterclockwise one times for the values of −1/k ∈
[−0.58, 0]. Hence, the range of Kp values which stabilize the closed loop system

is computed as [1.71,∞).

According to the values of Kp that stabilizes the system, gain and phase margin

graphics of the closed loop system is given in Fig. 4.13 with A and B respectively.

Gain margin for the closed loop system can be defined by how much gain can be

applied without destabilizing the closed loop system. In order to calculate phase

margin of the system with respect to Kp value, we first draw a circle centered

at origin with −1/Kp radius. Then, we found the point, p0, which intersects the

Nyquist plot with the circle. The angle from the negative real axis to the intersect

point, p0, gives us the phase margin. If we investigate gain and phase margins

of the closed loop system with respect to Kp, as gain margin changes between

(0.01, 1], phase margin varies between (2◦, 13◦]. However, the phase margin of
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the closed loop system does not vary much and as it can be seen from Fig. 4.13-B

the phase margin is not sufficiently high. Therefore, in order to both enhance

the performance and stabilize the system, alternative controllers can be designed

and the performances of these controllers on the system can be investigated.
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Figure 4.13: Gain (A) and Phase (B) margin graphs with respect to the Kp values

which stabilize the system.

4.4.2 PD type Controller

The main objective of this section is to design a PD controller which stabilize

the unstable LTP system and enhance the performance of the system in terms of

phase and gain margins. Primarily, we illustrate how to adapt structure of PD

controller into the closed loop feedback system which is shown in Fig. 4.1.
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PD controller structure is given as:

Cpd(s) = Kp +Kds

= Kp (1 + αs)︸ ︷︷ ︸
C(s)

(4.19)

where α = Kd/Kp. By using LTI C(s), HTF form of the controller is obtained

as illustrated in (4.17). Here, the reason behind extracting Kp parameter from

the HTF form of controller is to design Kp parameter as feedback gain as it

is shown in Fig. 4.1 and thus, for different values of α, by applying Nyquist

stability test to compute the range of Kp which stabilizes the closed loop system.

The important point is as designing Kp parameter of PD controller as feedback

gain and applying Nyquist stability test provides stability analysis along the line

α = Kd/Kp with one test instead of making stability analysis for the single point

in (Kp, Kd) plane. Hence, two dimensional stability problem which depends on

the points in (Kp, Kd) plane can be reduced successfully to the one dimensional

stability analysis problem as investigating stability along the line of α = Kd/Kp.

4.4.2.1 Stability Analysis and Performance of the System with respect

to Kp and Kd Parameters

In this section, we first analyze the stability of LTP unstable Mathieu example

given in Section 4.4 with respect to (Kp, Kd) controller parameters via Nyquist

stability criterion. We then obtain gain and phase margin graphs of closed loop

system according to the (Kp, Kd) parameters which stabilize the unstable system.

For the different values of α = Kd/Kp between [0.01, 100] changing with 0.01

steps, we apply Nyquist stability test and the value range of Kp that stabilize

the closed loop system. By using Kd = αKp equity, we also calculate the value

range of Kd. According to this, we obtain the Fig. 4.14 which includes stable and

unstable regions with respect to (Kp, Kd) via Nyquist stability criterion.
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Figure 4.14: Stable and unstable regions of closed loop system with respect to the

value of Kp and Kd. Red (horizontally dashed) lines illustrate unstable regions

and blue (vertically dashed) lines include stable regions of closed loop system.

In Fig. 4.14, blue (vertically dashed) lines illustrate the region where closed

loop system is stable for corresponding (Kp, Kd) and red (horizontally dashed)

lines includes the controller parameters which leave the system as unstable. An

significant point is that closed loop stability analysis of LTP system with con-

troller is achieved along the line α = Kd/Kp changing α between [0.01, 100] by

designing Kp parameter as feedback gain instead of a single point in (Kp, Kd)

plane. After determining (Kp, Kd) values which make the closed loop system sta-

ble, for the purpose of investigating the performance of the system, we compute

the gain and phase margins of the system with controller by using Nyquist dia-

grams. Thus, we aim to test a PD controller having (Kp, Kd) parameters which

may provide a possible performance improvement for the system given by damped
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Mathieu equation. In this respect, the three dimensional (3D) graphs of gain and

phase margins of the closed loop system with respect to the value of (Kp, Kd)

parameters that stabilize the system are given in Fig. 4.15 and Fig. 4.16 accord-

ingly. In these figures, while x axis corresponds to Kp values, y axes belongs to

Kd values of PD controller. The gain and phase margin values are shown via

color map. The red regions illustrated in Fig. 4.15 and Fig. 4.16 belongs to the

unstable regions which are shown in Fig. 4.14.

If we examine the Fig. 4.15, the gain margin has high values in the locations

where Kp and Kd close to the origin. However, phase margin increases in the

regions where Kd also increases. According to this, it can be concluded that

there is a trade-off between gain and phase margin.

Figure 4.15: Gain margin of closed loop system with respect to Kp and Kd values.
Red region illustrates the unstable regions.
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Figure 4.16: Phase margin of closed loop system with respect to Kp and Kd

values. Red region illustrates the unstable regions.

When gain and phase margins are taken into consideration, as gain margin

and phase margin will be between [0.25, 0.6] and [40◦, 90◦] respectively, we design

two different PD controllers which yield phase and gain margins close to the

boundaries of these ranges.

The first controller is given as:

CPD1(s) = 2.3 + 0.75s (4.20)

where resulting gain and phase margin are obtained as:

Gain Margin:(GM) 0.55 Phase Margin:(PM) 43◦
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The second controller is given as:

CPD2(s) = 1.6 + 3s (4.21)

where resulting gain and phase margin are obtained as:

Gain Margin:(GM) 0.27 Phase Margin:(PM) 87◦

4.4.2.2 Time Domain Simulations with CPD1 and CPD2

In this section, we evaluate the performance of PD controllers which are designed

in (4.20) and (4.21) in terms of percentage overshoot (PO), rising time (Tr) and

settling time (Ts) criterion. In these simulations, the input is equal to the zero

and corresponding output is x. Time domain simulation results of CPD1 and

CPD2 which are designed regarding gain and phase margin graphs are illustrated

in Fig. 4.17 and Fig. 4.18 accordingly.

Controller (PD) GM PM(◦) PO(%) Tr(sn) Ts(sn)

2.3 + 0.75s 0.55 43 29 1.5 9.33

1.6 + 3s 0.25 87 2 1.7 2.3

Table 4.1: The performance of CPD1 and CPD2 in time domain simulations
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Figure 4.17: Output response of closed loop unstable system including
CPD1 = 2.3 + 0.75s controller in time domain.
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Figure 4.18: Output response of closed loop unstable system including

CPD2 = 1.6 + 3s controller in time domain.

62



We observe that when the Kd increases, the phase margin increases and the

time domain simulations show that the percentage overshoot and settling time

also decreases. However, as a trade off, the gain margin decreases. We design two

different PD controllers which successfully stabilize and enhance the performance

of LTP systems. However, if there is a external disturbance in the LTP system,

PD controller cannot be sufficient in order to reject the disturbance and provide

zero tracking error. In order to test the behavior of the system with PD controller

in the existence of disturbance, we insert external step input disturbance at 20th

seconds. The output of the LTP system with CPD2 is illustrated in Fig. 4.19.

As it is seen in Fig. 4.19, PD controller cannot be sufficient in order to reject
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Figure 4.19: Output response of LTP System with CPD2 in the existence of step
input disturbance which is applied at 20th seconds.

step input disturbance and make tracking as zero. After we apply step input

disturbance, output response of the system behaves as periodic signal.
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4.4.3 PID type Controller

In this section, we aim to design PID controller in order to stabilize and enhance

the performance of LTP systems. Besides, by adding integrator to a controller

we can achieve both zero tracking error and constant disturbance rejection [59,

60]. Hence, using PID controller to stabilize the LTP system provides constant

disturbance rejection in the existence of any external disturbance. The structure

of the PID controller is as given below:

Cpid(s) = Kp +
Ki

s
+Kds

= Kp (1 +
α1

s
+ α2s)︸ ︷︷ ︸

C(s)

(4.22)

where α1 = Ki/Kp and α2 = Kd/Kp.

To investigate stability of the LTP system with PID controller, we can ap-

ply similar procedure with PD controller. Here by designing Kp parameter as

feedback gain, for different values of (α1, α2), we can apply Nyquist stability test

and find the range for Kp, Ki and Kd parameters which stabilize the system.

We illustrate the time domain simulation results of sample PID controller on

the lossy Mathieu example given in equation (4.18) with and without step input

disturbance. A sample PID controller is given below:

Cpid(s) = 5(1 +
1

s
+ 1.8s). (4.23)

We note that with this controller, the closed-loop system is stable. The response

of the system with this controller without disturbance is shown in Fig. 4.20. As

percentage overshoot, PO, of the closed loop system is equal to 9%, settling time,

Tr is observed as 4.5 sec.
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Figure 4.20: Output response of LTP System with CPID = 5(1 + 1
s

+ 1.8s).

Time domain simulation of PID and PD controller provide similar results in

terms of percentage overshoot, PO, and settling time, Tr. In order to demonstrate

the advantage of PID controller, we repeat the time domain simulation of the

system in the existence of step input disturbance. The Fig. 4.21 shows the output

response of the system with PID controller under the presence of step input

disturbance. As expected, PID controller can successfully reject the step input

disturbance and yield steady state error zero.
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Figure 4.21: Output response of LTP System with CPID = 5(1 + 1
s

+ 1.8s) in the
existence of step input disturbance which is applied at 20th seconds.

4.5 Application of Nyquist Criterion with Esti-

mated HTFs in Controller Design for Stable

Mathieu Example

In this section, we illustrate the design of controller in order to enhance the per-

formance of stable Mathieu example by using the Nyquist diagram of estimated

harmonic transfer functions which is obtained with sum of cosine input signal and

its corresponding data. The system matrices of stable lossy Mathieu equation is

given in the sequel:

A(t) =

 0 1

−(5− 4cosω0t) −2ζ

 ,
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B =

0

1

 C =
[
1 0

]
, (4.24)

The parameters of this system are chosen as ω0 = 2π and ζ = 0.2. The poles

of open loop system in s plane are obtained as s1 = −0.2 − 2.2271i and s2 =

−0.2 + 2.2271i by computing eigenvalues of A − N in fundamental strip. Note

that this system is stable since it has no pole at right half plane.

Since this system is stable, we can estimate the harmonic transfer function

by using data-driven system identification methods. For this example, we first

estimate the HTFs of the system, then we modify it in order to obtain HTF

structure illustrated in Fig. 4.11 which is required to obtain Nyquist diagram.

The important point here is that we do not have any information about the state

space model of the example, we only have the exciting input signal and their

corresponding outputs. Here, the Nyquist diagram of stable Mathieu example

which is obtained from eigenloci of estimated harmonic transfer functions by

using input output data is shown in Fig. 4.22.
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Figure 4.22: Nyquist diagram of stable Mathieu equation which is obtained from

eigenloci of estimated harmonic transfer function.
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When we investigate the Nyquist diagram of stable Mathieu example, there

are two points cross the real axis at left half plane where −0.3062 and −0.1569.

According to Theorem 4.1.1, in order to satisfy stability, −1/k point should not

be encircled in CCW since it has no pole at right half plane. Regarding this,

stabilizing feedback gain values are obtained as below:

0 < k < 3.33 and 6.37 < k <∞ (4.25)

The open loop output response of stable Mathieu equation is illustrated in

Fig. 4.23.
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Figure 4.23: Output response of open loop stable Mathieu equation

in time domain with input zero.

If we investigate the time domain performance of open loop stable Mathieu

equation, as percentage overshoot is obtained as PO = 108%, settling time is

acquired as Ts = 24 sec.. In order to enhance the performance of this system, we

also design PD controllers by using the procedure explained in (4.19) by using
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corresponding Nyquist diagram. To investigate the robustness and performance

of the system, we obtain the gain and phase margins of the system via Nyquist

diagram which is plotted according to estimated harmonic transfer function with

respect to parameters of PD controller. The three dimensional (3D) graphs of

gain and phase margins of the closed loop system with respect to the value of

(Kp, Kd) parameters is illustrated in Fig. 4.24 and Fig. 4.25 respectively.

Figure 4.24: Gain margin of closed loop stable Mathieu system with respect to

Kp and Kd values.
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Figure 4.25: Phase margin of closed loop stable Mathieu system with respect to

Kp and Kd values.

According to the obtained gain and phase margin graphs, gain margin and

phase margin will be between [0.6,� 1] and [40◦, 90◦] respectively. Then, we

design two different PD controllers which yield phase and gain margins close to

the boundaries of these ranges. The first controller is chosen as:

CPD1(s) = 5 + 3s (4.26)

where resulting gain and phase margin are obtained as:

Gain Margin:(GM) 80 Phase Margin:(PM) 75◦

The second controller is chosen as:

CPD2(s) = 2.4 + 5s (4.27)

where resulting gain and phase margin are obtained as:
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Gain Margin:(GM) > 106 Phase Margin:(PM) 89◦

Here, we evaluate the performance of PD controllers which are designed in (4.26)

and (4.27) in terms of percentage overshoot (PO), rising time (Tr) and settling

time (Ts) criterion. Time domain simulation results of CPD1 and CPD2 which are

designed regarding gain and phase margin graphs are illustrated in Fig. 4.26-A

and Fig. 4.26-B respectively.
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Figure 4.26: Output response of CPD1 and CPD2 in time domain simulations.

Controller (PD) GM PM(◦) PO(%) Tr(sn) Ts(sn)

5 + 3s � 1 75 19 0.8 3.5

2.4 + 5s ≫ 1 89 5 0.9 1.9

Table 4.2: The performance of CPD1 and CPD2 in time domain simulations.

If we compare the closed loop time domain simulation results of stable Mathieu

example including PD controller with time domain simulation of open loop stable
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Mathieu example, we can conclude that thanks to controllers stability robustness

and performance of the system is enhanced regarding percentage overshoot and

settling time criterion. As a result, by using only input and output data of stable

Mathieu example, we obtain the harmonic transfer function. Then, by applying

Nyquist test via estimated harmonic transfer function, we design two different PD

controllers which can achieve successful results about increasing the robustness

and enhancing the performance of stable system.
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Chapter 5

Conclusion

Many important systems encountered in nature such as wind turbines, helicopter

rotors, power networks or nonlinear systems which are linearized around their

periodic orbits can be modeled as linear time periodic (LTP) systems. Such

systems have been intensively analyzed and discussed in the literature with an

analytical point of view. However, there are only a few methods in the literature

to identify LTP systems using input/output measurements. In particular, due

to acquiring analytical solutions for LTP systems are considerably challenging

the utilization of experimental data may be preferable regarding identification,

analysis and stabilization of such systems . In order to achieve this goal, the use

of harmonic transfer functions (HTFs) may be quite helpful.

In this respect, in the first part of this thesis, we aim to obtain harmonic trans-

fer functions of LTP systems via data-driven approach by using only input and

output data. In order to achieve that we first explain the frequency domain iden-

tification method of [6] which used chirp signal as an input data and estimate

the harmonic transfer function via power and cross spectral density functions.

Because of the fact that this methodology provides incorrect results in some fre-

quency regions illustrated in [41], we secondly show the identification procedure

of HTFs by using single cosine input signal with a specific frequency. However, it
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requires multiple experiments in order to cover desired frequency range. There-

fore, we lastly propose a formula for the sum of cosine input signal including

different frequencies which their output components do not coincide. Finally,

we compare the prediction performance of these three identification procedure

with the theoretical HTFs for a simple legged model. We showed that prediction

performance of single cosine and sum of cosine input signals are similar to the

theoretical HTFs even in the frequency ranges where the chirp input signal gives

incorrect results.

In the second part of this thesis, we considered the stability analysis and con-

trol of LTP systems via harmonic transfer functions. In this regard, we initially,

investigate the Nyquist stability criterion of LTP systems which is obtained from

eigenloci of HTFs. By using this criterion, we implement the lossy Mathieu equa-

tion example given in [20] and analyze the stability of this example with respect

to system parameters. Thanks to this criterion, by designing one of the parame-

ters of the system as a feedback gain, we can analyze the stability for a family of

gain parameters instead of a single value of gain parameter. From this point of

view, we design P, PD and PID controllers which stabilize and enhance the per-

formance of the unstable LTP system by using Nyquist diagram of HTFs. Finally,

for the stable LTP system, we estimate the harmonic transfer function by using

only input and output data and design PD controllers in order to enhance the

performance and increase the robustness. We illustrate the performance results

of these controllers in time domain simulations.

As a future work, data driven system identification techniques presented in

the thesis can be applied for the analysis and control of various physical systems

such as legged robots to improve various performance measures. We believe that

the techniques proposed in this thesis will pave the way towards identification

of different kind of LTP systems including some physical systems such as legged

robots as well as biological rhythmic locomotor systems. Especially, our method-

ology for designing controllers based on data-driven Nyquist plots allow controller

design for performance enhancement in unknown stable LTP systems. One close

future application would be identification of harmonic transfer functions for a

legged robotic systems such as the one in [38] and ensure optimal convergence to
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limit cycle by optimizing performance metrics via data-driven Nyquist plots even

if we have do not know its state space structure.
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