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ABSTRACT

ON THE NERON-SEVERI LATTICE OF DELSARTE
SURFACES

Mehmet Kigioglu
M.S. in Mathematics
Advisor: Alexander DEGTYAREV
September 2016

The Néron-Severi group, NS(X), of a given (non-singular projective) variety,
X, is defined in only algebro-geometric terms, however it is also known to be
an arithmetic invariant. So it is an important study that helps understanding
the geometry of the variety. However, there is no known method to compute
it in general. For this reason, one first computes the Picard number p(X) =
rnk NS(X) of the variety. There has been many studies which elevated the
understanding of p(X) in special cases. Yet the difficulty of the computation in
the general case still remains.

On the other hand, in the case of Delsarte surfaces, an explicit algorithm to
compute p(X) is given by Shioda [I], and Degtyarev [2] showed that a generating
set for the Néron-Severi group, NS(X) can be computed in some cases. Moreover,
Heijne [3] gives a classification of all Delsarte surfaces with only isolated ADE
singularities. We give an introduction to Delsarte surfaces, and determine which
of the Delsarte surfaces given in [3] fit in the descriptions given in [2].

Keywords: Néron-Severi group, Delsarte surface, Smith normal form.
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OZET

DELSARTE YUZEYLERININ NERON-SEVERI LATISI
UZERINE

Mehmet Kisioglu
Matematik, Yiiksek Lisans
Tez Danigmani: Alexander DEGTYAREV
Eylil 2016

Verilen bir (tekilsiz izdiigiimsel) ¢esitlemin (X), Néron-Severi grubu (NS(X)),
sadece cebirsel geometriye ait terimlerle tarif edilir, ancak aritmetik bir degismez
olarak da bilinir. Bu yilizden cegitlemin geometrisini anlamaya yardimci olan
onemli bir ¢calisma alanm olusturur. Ancak, bu grubu hesaplamak icin genel gecer
bir yontem bulunmamaktadir. Bu sebeple 6nce Néron-Severi grubunun mertebesi
olan Picard sayist (p(X)) hesaplanir. Ozel durumlarda p(X)’in anlagilmasim
artiran cok sayida caligma yapildi. Yine de bu hesaplamay1 yapmanin zorlugu
hala gecerliligini koruyor.

Ote yandan, Shioda [I] Delsarte yiizeyleri iizerinde cahisan, p(X)’i hesaplayan
acgik bir algoritma tretmistir, ve Degtyarev [2] bazi durumlarda Néron-Severi
grubu igin acik bir iiretici kiime hesaplanabildigini gostermigtir. Bunun yam
sira, Heijne [3] sadece ayrik ADE tekillikleri igeren Delsarte yiizeyleri igin bir
siiflandirma yapmistir. Biz Delsarte yiizeylerini tanitip Heijne tarafindan ver-

ilen yiizeylerden hangilerinin Degtyarev’in caligmasindaki durumlara uydugunu

belirledik.

Anahtar sozciikler: Néron-Severi grubu, Delsarte ylizeyleri, Smith normal formu.
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Chapter 1

Introduction

In this thesis, we will be mainly working on complex Delsarte surfaces. A Delsarte
surface is an algebraic surface X4 in P3, defined by a sum of four monomials
with properties given in Definition [3.1.1 One can regard these surfaces as a
generalization of Delsarte curves (as introduced by Shioda in [1]). Likewise, one
can consider Fermat surfaces which are of the form X, := {zJ"+ 2" +20"+25" = 0}

as covering spaces of X4 (q.v. Chapter [3)).

The Néron-Severi group of a nonsingular projective variety X is defined as the
group consisting of divisors on X up to algebraic equivalence. It is a desirable
work area, on any given algebraic variety, to understand its Picard and/or Néron-
Severi groups because of their close relation to many mathematical problems, like
calculation of Brauer groups. The Picard number (also called Picard rank) p(X)
of a given algebraic variety is defined as the rank of its Néron-Severi group,
NS(X) (q.v. Chapter [2). The Picard number is not a birational invariant, hence
one can prefer to work with the Lefschetz number A(X) := by(X) — p(X) where
b2(X) is the second Betti number of X. The Lefschetz number is, on the other
hand, a birational invariant of the surface [I]. Main reason for us to work with

birational invariants is to extend our reach to the singular Delsarte surfaces.

In general, there is no known method for calculating the Picard number of a



given algebraic variety, even when one works over C. However, in the case of
Delsarte surfaces, Shioda gives an explicit algorithm to compute p(X), using the
Lefschetz number [I] for fields with arbitrary characteristic. Moreover, Degtyarev
also shows that, in some cases, one can compute the generating set for NS(X)

of a Delsarte surface [2] explicitly.

There is another useful method for defining Delsarte surfaces. Let G = Z3 be a
multiplicative abelian group with generating set {t;};,—0.12.3. We have the relation
H?:o t; = 1 between these generators. Then every epimorphism « : G — G where
|G| is finite has a corresponding Delsarte surface X, (q.v. Definition[3.1.2). When
one is interested only in birational invariants, this description helps to focus only

on the epimorphism between abelian groups above.

1.1 Main Problem

Let @ : G — G be an epimorphism with |G| finite and let X, be the corresponding
Delsarte surface. We consider the Néron-Severi group, NS(X,), as a subgroup of
the homology group Hs(X,)/Tors(Hs(X,)) as a consequence of Poincaré duality.
This allows one to represent a divisor D C X, by its fundamental class [D].
With this in mind, we consider a certain ‘obvious’ divisor V,, and define S, to be
the subgroup of NS(X,) generated by the irreducible components of the divisor
V.. Hence if we consider the inclusion ¢ : V, — X,, we can also state that
Sa = Im[e, : Hy(V,) — Ha(X,)/Tors(Hs(X,))]. Shioda [4] shows that in some
cases we have

NS(X.)®Q=8,®Q. (1.1)

This means that components of the divisor V,, generate the Néron-Severi lattice
NS(X,) over Q. This statement is shown by independently calculating the Picard
rank of the surface and the rank of the S,,. An interesting question is to find cases
in which this property extends to hold over Z. This question leads one to inspect
cases which satisfy T, := Tors(NS(X,)/Sa) = 0 which gives an answer for the
question. However, the calculation of this torsion is a valid question even when we
do not have . Although showing that in general we do not have this desired

2



property, Degtyarev reveals some of these special cases in [2] in a theorem. We

will state this theorem because it is of vital importance to our work.

Theorem 1.1.1 ( [2], Theorem 1.7 ). We have T, = 0 in each of the following

cases:

1. Fermat surfaces X,, with « = G — G/mG;
2. Delsarte surfaces X, that are unramified at oo, with a(ty) =1 ;

3. cyclic Delsarte surfaces X,, with « = G — G where G is cyclic.

We will be studying Delsarte surfaces from point of view of singularities. As
with other algebraic varieties with rational double points, there are useful classi-
fications that one can consider for Delsarte surfaces. For this purpose we relate
to a work of Heijne [3], in the Appendix of which all Delsarte surfaces with only
isolated ADE singularities are listed, along with their calculated Picard numbers.
We take the information on corresponding matrices of these surfaces, only. Our
main goal is to determine the special cases with T, = 0, especially the cyclic Del-
sarte surfaces out of these surfaces. We intend to construct an explicit relation
between these matrices and the latter definition of Delsarte surfaces (q.v.
by calculating a kernel in the matrix form for each surface and using the Smith
normal form (q.v. Chapter . Next theorem can be seen as the main result of

this work.

Theorem 1.1.2. The Delsarte surfaces marked with * in Appendiz |A| are the
Delsarte surfaces with only isolated ADE singularities satisfying T, = 0.

The groups G and G are paired with modules in order to be compatible with
our calculations(cf. Shioda [I]), then we calculate the Smith normal forms to

discern which surfaces in Appendix [A] are the cases that we are interested in.



1.2 Contents of the Thesis

In chapter [2| we give information and definitions about ADE singularities and
the Picard number of surface. Moreover, we recall how one calculates and uses
the Smith normal form of a matrix for our purposes. In chapter 3| we give
some properties of the Delsarte surfaces while making connection between the
two definitions mentioned above. We also introduce the ‘obvious’ divisor V.
In chapter [4, we prove our main result and give an example to depict how this

method works. The explicit results for all 83 surfaces are given in Appendix [A]



Chapter 2

Preliminaries

In this thesis we only consider algebraic varieties defined over the field C. As a

result we assume the surfaces are oriented with the canonical complex orientation.

2.1 Singularities

There are different ways to define ADE singularities, however we will be using

the same definition Heijne used in [3].

Definition 2.1.1. An ADE singularity is a singular point P on a complex surface

S which is locally isomorphic to one of the following types of singularities:

o 2t 224 22 ie of type A, n > 1,

o 207 4 222 + 22 ie of type D, n > 4,
o 23+ 2] + 23; i.e of type Fg,

o 23+ 2923 + 23; i.e of type Fr,

o 23+ 27 + 22; i.e of type Fs.



Using this definition, Heijne manages to reduce the number of Delsarte surfaces

with only isolated ADE singularities to 83.

2.2 The Néron-Severi Group

Our main interest revolves around the Néron-Severi group of an algebraic variety
(i.e. a Delsarte surface in our case), which can be described as the group of
algebraic equivalence classes of divisors in X. This group is closely related to the
Picard group of the algebraic variety which can be seen as subgroup of Div X
under linear equivalence. Here Div X is the group of all divisors on X, which
can be regarded as the free abelian group on the prime divisors on X, and we say
two divisors are linearly equivalent if the difference of the divisors is a principal
divisor. We will also denote the subgroup of Pic X that consists of divisor classes
algebraically equivalent to zero by Pic® X so that Pic X/Pic’ X is a finitely
generated abelian group which is the Néron-Severi group, NS(X). The fact that
the Picard rank p(X) of the surface (i.e. rank of the N.S(X)) is finite comes from
the Néron-Severi theorem|[5]. Hence we can observe this relation between Pic X

and NS(X) in the form of an exact sequence
1 — Pic® X — Pic X — NS(X) — 0.

Moreover, when we reduce the case to the field of complex numbers, C, the

exponential function exp yields an exact sequence of abelian groups
0=-Z—-CZBC =0

where one considers C as additive group and C* as multiplicative group. From

this sequence we derive the exponential exact sequence
07— O0x 22 0% =0

where Z is the constant sheaf, Oy is the sheaf of holomorphic functions on X (i.e.
structure sheaf), and O% is the subsheaf consisting of the non-vanishing holo-

morphic functions(i.e. invertible elements of Ox under multiplication). This
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sequence gives rise to an exact sequence of cohomology groups

0— H'(X,,Z) — H'(X,,0x,) & H'(X,,0%,) = H*( X, Z) — ... (21)
where X, is a complex analytic space associated with X. We recall the fact that

H'(X),,0%,) = Pic X,
(for details cf. [5]). Now Serre’s theorem on coherent sheaves implies
Pic X, = H'(X,,0%,) = H'(X, 0%) = Pic X.
Hence the exact sequence [2.1| can be revised into
0— HYX,,Z) — HY (X, 0x,) =% Pic X — H*(Xp,Z) — ... (2.2)

Notice that X}, are compact complex manifolds which indicates that H*(X},, Z) are
finitely generated abelian groups. Moreover, one can see that Im ¢; is isomorphic
to Pic X/Pic® X = NS(X). Thus NS(X) is a subgroup of H?(X},Z) which

makes it a finitely generated group.

2.3 Smith Normal Form

In order to understand the structures of modules that we obtain in our work,
we will use Smith normal forms of the relation matrices for the corresponding

epimorphisms.

Definition 2.3.1. Let R be a principal ideal domain and let A be a k x [ matrix
with entries in R. We say that A is in Smith normal form if A is a diagonal
matrix with only nonzero elements aq,...,a,, € R lying in the first m entries of

the diagonal and satisfy a;|a; 1 for each i < m. That is, A is of the form

aq 0 0
0 (05} 0
0o 0 . 0
A—
am
0 . 0




It is of immediate concern whether one has a corresponding Smith normal form

of any given matrix or not. We give an existence theorem that fits our needs.

Theorem 2.3.2 ( [6], Theorem 2.1, p.7). If M is a matriz with entries in a
principal ideal domain R, then there are invertible matrices P and ) over R such
that PMQ is in Smith normal form.

The proof of this theorem is a well-known algorithm which calculates unit
matrices P and () by elementary row and column operations while relying on

Bézout’s identity.

At this point, we also define the so called determinantal divisors which will be

useful later.

Definition 2.3.3. The i-th determinantal divisor of a matrix A € My, d;(A),
is defined as the gcd of all the ¢-th minors of A.

Here ged is considered among the non-zero minors only, if all -th minors are
zero than d;(A) is considered zero. It is also worth mentioning that these divisors

have this following property.

Corollary 2.3.4. For given 1 < i < min(k,!), d;(A) = d;(B) if A= PBQ i.e.

if A and B are equivalent matrices.

Indeed, each k£ x k& minor of A can be written as a linear combination of k x k
minors of B and vice versa [7], giving us the equivalence of greatest common

divisors.

If A is the Smith normal form of M € My, by Theorem [2.3.2] A is related to
M,ie. A= PMQ@, hence Corollary 2.3.4]suggests that we can calculate entries of
A by using d;(M). Let us fix do(M) = 1, then we can define a; with the relation
d;(M) = a;d;_1(M) for i > 1. Notice that, this also shows that there exists a

unique matrix in Smith normal form, equivalent to a given matrix M.

Remark 2.3.5. Note that this way of calculation is not efficient when working

with big matrices, however it is efficient enough for small matrices such as the

8



ones that we work on. For bigger matrices most computer algortihms employ the

algorithm used in proving Theorem [2.3.2]

Smith normal form is useful for our work since one can easily determine the
structure of a given module with its help. This connection comes with the relation

matrices which correspond to the kernel of the R-module homomorphism « :
R™ — M (cf. [6]).

Proposition 2.3.6. Let M be an R-module. Suppose that A is a relation matrix
for M. If there exist unit matrices P and QQ with PAQ a diagonal matriz with
entries a;, then M = @ R/(a;).

Proof. Notice that PA(Q is also a relation matrix for the same module, being
eqivalent to A. Let {m;}! , be a generating set for M. We have the corresponding
homomorphism « : R" — M defined as (rq,...,r,) — Y ., r;m;. Notice that
the relation submodule is the kernel of «, giving us M = R/Ker a. Moreover, the
relation submodule for PAQ), being diagonal, also corresponds to the kernel of
the surjection R" — @ R/(a;) defined as (r1,...,7,) = (ri+(an), ..., 7+ (an)).
Hence R/Kera = @ R/(a;), i.e. M =P R/(a;). O

Now, considering Theorem [2.3.2 along with Proposition [2.3.6| we get the inter-

esting result stated below.

Corollary 2.3.7 ( [6], Corollary 2.2, p.8). If M is a finitely generated module
over a principal ideal domain R, then there are elements aq,...,a,, € R such
that a;|la;41 for each i = 1,...,m — 1, and an integer t > 0 such that M =
R/(a1)®...® R/(ay,) ® R".



Chapter 3
Delsarte Surfaces

In this chapter we give information about our main study objects, Delsarte sur-

faces.

3.1 Definitions

Definition 3.1.1. A Delsarte surface is a zero set X, C P3 of a homogeneous

polynomial of the form

IS (3.1)

j=0

Mw

I
=)

7
We represent this polynomial with A := [a;;], the exponent matrix which satisfies

the following conditions:

1. each entry a;; , 0 < 4,7 < 3, is a non-negative integer;
2. each column of A has at least one zero;
3. (1,1,1,1)" is an eigenvector of A, i.e.,Z?ZU a;; = A = const(i);

4. A is non-degenerate, i.e., detA # 0.

10



Notice that a Delsarte surface cannot contain any of the coordinate planes,
seen by (2). The polynomial defining the surface is homogeneous, as desired,
(3) also confirms that the degree of this polynomial is A, the eigenvalue of the

representing matrix A corresponding to (1,1, 1,1)".

Shioda defines the cofactor matrix corresponding to a given Delsarte surface

X in [1] as A* := (detA)A™" | and
d = ged(a;;), m:=|detA| B = mA™t = +d ' A* (3.2)

by using these, one can define the projection mappings

g (2) — (Hzf“) & ma:(z)— (

of the desired diagram

H) 33

Jj=0

X 22 X4 ™ X=X, (3.4)

The covering mappings, 74 and mgoma : (2;) — (2I"), both are ramified coverings,
and the ramification points lies in coordinate planes. These points gives us the
ramification locus R := Ry + Ry + Ry + R3 C X, where R, := X N {z; = 0}.

Hence X ~\ R is unramified.

Moreover, the fundamental group (X ~\ R) is known to be abelian which
means it is isomorphic to H;(X ~\ R) by Hurewicz theorem. Hence, using the
Poincaré-Lefschetz duality we get H;(X \ R) = H?(X, D). This means one can
obtain the following [2];

(X N R)=H*R)/H*(X)=G

where G = Z3 is a multiplicative abelian group generated by four generators,
say, to,t1, s, t3 with the relation tgt1tot3 = 1. Additionally each generator t; € G
can be assessed on fundamental classes of R; as d;;, the Kronecker delta. We see
that the topological covering 74 is unramified outside any neighbourhood of the
ramification locus and is determined uniquely by a subgroup of G of finite index.

We can identify this subgroup with kernel of an epimorphism a : G — G.

11



Homogeneity property of Delsarte surfaces allows us to consider mappings
related to A and B as endomorphisms of G, inducing endomorphisms
A, B © G/mG — G/mG. Specifically, a generator t; € G/mG acts on X,
by multiplication of the i-th coordinate with a fixed m-th root of unity. Hence

we deduce;
mG C Ker «, T :=Ker a/mG = Ker B,, =Im A4,,, Im B,, = Ker A,

these imply that X4 is birationally isomorphic to X, /I.

At this point we can give another definition for Delsarte surfaces, relying only

on « [2];

Definition 3.1.2. For a given o : G — G with finite |G|, the corresponding
Delsarte surface X, can be defined as (any) smooth analytic compactification of

the (unramified) covering of the complement X \ R.

3.2 Divisors

Initially, we consider the Fermat surface X, as a covering, via choosing an m that
satisfies mG C Ker a. Now considering the straight lines in X,, as components

of pull-backs of L; := X N {z + 2z; = 0}, we obtain m? lines for each i. Namely;

Li(¢,m) :(r:wlr :s:wns)
Lo(¢,m) :(r 2 s:wlr:wns)

L3(¢,m) :(r:s:wns:wlr)

where both ¢ and 7 are m-th roots of unity, w := exp(wi/m), and (r : s) € P'.

In order to introduce V,, we first fix an epimorphism a : G — G, along with
the covering projection mapping 7 : X, — X. Then we consider the ramification
locus Ry := Ro + Ry + Ry + R3 where R; := X N {z; = 0}. Recalling that the
3m? straight lines in Fermat surface (which is itself a Delsarte surface, but also

a covering space of X, for our purposes) comes from the pre-image of the lines

12



L; for + = 1,2,3, we also define Ly := L; + Ly + L3 so that we can define the

divisors on X,;
R.a] :=7"R., La]:=7n"L,, V,:= Rsla]+ Ls[a]
where ¢ can be any one of the indexes {0, 1,2,3, %} except for the undefined Ly.

Hence we see that the divisor V,, consists of the components of ramification
locus of the above covering, images of straight lines in the covering Fermat surface

X, and the exceptional divisors (coming from the resolution of singularities)[2].

13



Chapter 4

Main Results

We are interested in the epimorphism B, : G/mG — G C G/mG where
G/mG := G,, is generated by < to,...,t3|t" = 1 >. On this setting, we can
replace each t; with an m-th root of unity, via fixing a primitive root ( and

taking ¢; = (*. Hence we have;

t; .
Zi Z > CFiz

wBl |

by |
H?:o 2, —— H?:O (ij Zj)

Following this diagram, we can explicitly write the kernel of the epimorphism

as

3
D= {[¢": ¢k i ¢h (M) € Gl [T ¢ = const(i)}

j=0

where const () is a constant w.r.t i.

14



4.1 The Relation Matrix

We want to translate G,, into a module in order to be able to employ Smith

normal form method in our work. In order to do so, we use the identification of
[CRo o ¢Fr o ¢ o (] with (Ko, ki, ke, k3), following Shioda [I]. This enables us to

see G,,, as a module

Mm = {<k07 kla k27 k3) S (Zm)4‘ Zkl =0 mod m}

and the image of the endomorphism B,, : M,, — M,, becomes
LA = {(k(b kl; k27 k3)B|(k07 k17 k27 k3> € Mm}

Now we can consider calculating Smith normal forms of the corresponding relation

matrices to determine the structure of these modules.

Lemma 4.1.1. We have Ly = M,, /T, where I" is generated by (1,1,1,1) and the
rows of A.
Proof. We need to show that

I' = Ker Bm D) {(]{70, ]{71, ]{72, kg)A|(]€0, ]{71, kg, kg) S Mm}

Using the relation AB = BA = m1, where 1, is the 4 x 4 identity matrix, we see
that any element a € M,, of the form (ko, k1, ko, k3) A with a;; € A gives us

(k?(), k?h k?g, k?g)AB = (km k?h k?g, k?g)m = (0, O, O, 0) mod m.

Hence elements of the form (ko, k1, ks, k3)A are in I'. Now, take an element from
I, say k := (ko, k1, k2, k3), so that kB = §(1,1,1,1) mod m for some 6 € Z. So

we get;

kB = ((5 + mﬁo, 5 + mﬂl, (5 + mﬁg, (5 + mﬁ3)
kB = (8,0,6,6) + (B0, 51, B2, B3) AB.

15



Since A and B are both non-degenerate, there exists a unique k s.t.
kB = (1,1,1,1)8 + (Bo, 81, B2, B3)AB. If we consider each row of A, ri =
(aio, i1, i, a;3), we see that gt B = (m,0,0,0) and similarly for other i’s. Hence

we can write an element of T as (1,1,1,1)B710 + Borg + Barit + Borg + B3rsl. O

Thus one can build a relation matrix corresponding to B,, using (generators
of) I'. For each B we define;

apo  Gop1 Ap2 Qo3
ajp a11 ai2 aig
Relp = | as ao1 as as3 (4~ 1)
aszp @13 dag23 a33
1 1 1 1

the relation matrix corresponding to L4. This completes the proof Theorem[I.1.2]

4.2 An Example

We give an example, in order to illustrate how we use Smith normal form on the

relation matrix [4.1| to determine if a Delsarte surface is cyclic or not.
Example 4.2.1. Take the singular Delsarte surface defined as the zero set of
z3_22123 + z?_222z3 + 25 + zgzg_l =0.

This is the Delsarte surface with index 9 in the Appendix of [3]. It has the

corresponding matrices

[n—2 1 0 1
A — 0 n—2 1 1
0 0 n 0
. 0 0 1 n—1
[ n(n—1)(n—2) —n(n-1) 2(n — 2) —n(n —3)
0 0 (n—1)(n —2)? 0
L 0 0 —(TL—2)2 n(n_2)2

16



with m = n(n — 1)(n — 2)%. So we see that the module L, consists of elements

of the form;

(n(n—1)(n — 2)ko, . ..

—n(n—1ky+n(n—1)(n —2)ki,...

2(n — ko — (n — 2)%k1 + (n — 1)(n — 2)%ky — (n — 2)%ks, . ..
—n(n —3)ko — n(n —2)k; +n(n — 2)%ks).

We see that these elements (hence L4) are generated by
a=(nn—1)(n-2),—n(n—1)%2n—2),n)
which has order (n — 1)(n — 2)?, giving us La = Z,—1)(n—2)2.

However, if we build the relation matrix for L4 as in 4.1} calculating its Smith

normal form gives us the same information but in a more efficient way;

(n—2 1 0 1 ] [100 0 |

0 n-2 1 010 0

Relg=| 0 n 0 |=]l0o01 0
0 I n—1 000 (n—1)(n—2)>
|1 1 1 1 | |oo0o0 0 |

here = used to imply that the right-hand side matrix is the Smith normal form

of left-hand side matrix. This matrix implies, by Corollary [2.3.7, that L, =
L(n—1)(n—2)?-

Calculating all the Smith normal forms corresponding to each Delsarte surface

with only ADE singularities gives us:

51 out of 83 resulted in a Smith normal form of the form;

0
0
1
0

—~- O O O

0
1
0
0

o O O =

17



where f|m, f < m, these are the cyclic Delsarte surfaces with L, = Z;.
16 out of 83 resulted in a Smith normal form of the form;

0

0

1

0

0 0
1 0
0 0
0 m

o O O =

these are cyclic with maximum possible order m, i.e Ly = Z,,.

15 out of 83 resulted in a Smith normal form of the form;

_ O O O

0 0
10
0 p
0 0

o O O

where p|m and ¢|m but possibly ¢ = m, these are the cases with Ly = Z, ® Z,.

last case results in a Smith normal form of the form;

o o O

which is the Fermat surface of degree m, with Ly = M,, = Z2 . Again, explicit

results are in the Appendix [A]
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Appendix A

Data

In the below table, we give explicit results for calculated Delsarte surfaces. All
surfaces in this list are taken from [3]. To the left is just an index, as in [3] with
the slight change that the ones marked with * are the cyclic Delsarte surfaces,
in the middle are the polynomials that generate the surface and to the right are
the corresponding modules L4. Notice that 83-th case (Fermat case) has a mark

too, because it is also one of cases mentioned in [2].

20



n—1 AT n—2)2+41)
n—o n ((TL 1)(
1* 28—22122 + 21 722223 + Zi + Zoiifl Z((an)(”2*3n+1))
n—2 P22 + 25 + 2025 (n
3% | 20 “z122 + 2027 22 2 T Li((n—1)(n?—4n+3)+1)
— n722 4 2D+ Z0%g ((n
4% | 207 220 + ZOZ}L_Z 3 721+ v Li((n—1)(n?—4n+3)—(n—2))
5* z3‘221Z2 + 2021 "2t 2 ! 5 Li((n—1)(n?—4n+3))
= n=2, 4 204 2923 ((n
6% | 20 “z120 + 203_12 3 i g Li((n—1)(n—2)2—(n—3))
T* 261—22123 + Z? 2Z2Z3 + Zi Ozi—l Z((n—Z)(n2—3"+1))
8* 28—22123 + Z{L_2ZQZS + Zgl + leifl Z((n—l)(n*2)2)
9 | 20 %223 + 2?775323 + Z% j: 2221731,1 Zi((n—1)(n?—4n+3)—(n—3))
10* 261*22123 + 202711_223 + ZEL — Zozi—l Ty ® Z((n_l)(n2_4n+3)/2)
11 28_2212’3 + 20121 23:_ 2 ;1—32 L((n—1)2(n—2))
0% Zg_lzl + z?_lzg + Zi + Zozlzi_2 L((n—1)?(n—2))
13* Zg—lzl + Z{L_IZQ + Zi + 2022;)1_2 Z((n—1)2(n—2))
14%* 28_121 + Z{l 122 + Zi + leQZi_Q Z((n—l)(n2—3”+1)+1)
15% 28_121 + z?ilzg + Zi + Zozlzi*Q Zi((n—1)2(n—2)+1)
16* Z(T)L*Izl + 2?7123 + Zi + 2o 22172 Z((nfl)(n2*3”+1))
17% Z(r)ﬁlzl + ZIL f;i + Zi + 21222:;_2 Z(n72) D Z(n(nf2))
18 | 25 'z + %02 B zozlzi—Q Li(n(n—2)?)
20 zg—lzg + 27 122 + Zi + 2 12?1_2 Li((n—1)(n2—3n+1))
21* 261—122 + Z;l_lzg + Zi + Zozlzi_Q Z((nf1)2(n72))
29% Z(Y)L—Izg + Z{L 123 + Zi + 29 2;;72 Z((nfl)(n2*3n+l))
23% | 20 Tz + Z?:lz?) + 2 * Zl?;’ﬁz Z(n(n—1)(n—3))
4% 261*12;3 -+ ZIL 123 + Z9 -+ 2021;;_2 Z((n_l)(n2_3n+1))
n— n— 3 2
25% | 20 123 + 2} Tk s 22_22 3 Zn(n—1)(n—2))
26% | 20 + 27 + % # T Zok 3 Z(n(n? —3n+1))
2TF | 20 4 20 + 2 nf:f + ZOZQ?_Q Z(n(n-1)(n—2))
08* 2+ 20+ Zozi—l + 2o21 172 Z(n(n—l)(n—2))
20% | 2 + 21 + 202 , * o Ln(n—1)(n~2)
n T+ 2029+ 212223 —
30° | % jl_ at - + 202 23 + 202124 L((n—2)(n?~4n+5))
n—T L+ 2020 %25 + 202223
32* z 21 + Zl 22 0<2 n—2 Z _2)3)
0_1 =l 1z Z"_223 + 212923 (
33% | 20" 2+ 2 20+ 20z . n—2 ZL((n—2)3—(n—1))
—T e 23 + 202223 ((n
34 | 2 + 2 2+ a2 n—2 Li(n—2)3)
o e + 202125 + 222y ((n=
35% | 20— a1+ 2" 20+ %212 n=2 Z((n—1)(n—2)(n—3))
071 n—1 + z Zn7223 —+ ZIZ2ZS (n=1)(n
36* Zg 21+ 2071 0 %72 > anQ Z((nfl)(n2*5n+7))
3TF | %zt 2 e+ 202 "zt 2022
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38% | 20 Tz + 27 Tas + 2028 223 + 202125 7 Zi((n—2)(n?—4n+3)+1)
39* 237122 + 2?7123 + 20237223 + Z()ZQZ;))L*Q Z((n72)(n274n+3))
40* 287122 + 2?7123 + 2027217223 + 21222§L72 Z((H,Q)(HQ,AMJFQ))
41* ZSL*IZQ + 2?712’3 + 21237223 + 20212:?72 Z((n_2)3)

42 zg_lzz + z{‘_123 + zlz’;_ng + zozzzg_Q Liin—2) © L(n—2y)
43% | 28 + 20 + 2028 23 + 2021252 Lin(n—2)?)

44% | 20 + 20 + 2025 223 + 202028 Lin(n2—4n+3))
45* Zg + Z{L + 2023_223 + 212223_2 Z(n(n2—4n+3))
46* ZSL + Z{L + 237123 + Zozgil Z(n(nfl)Q)

AT | 20 + 27 + 25 23 + 2025 ) Zn ® Linn—2))
48 | zy + 27 + zoz;‘_l + Zozg_l Z(n—l) ) Z(n(n—l))
49 | 2y + 27 + zoz’;_l + leg_l Z(nfl) © Z(n(n,l))
50% | 20 %2120 + 21 22023 + 2028 23 + 2025 " L((n—2)(n?—5n+7))
BI* | 20 %2120 + 21 22023 + 2028 23 + 2125 " Li((n—2)3—(n—2)2+1))
52* Zg_22122 + 2711_22223 + 2123_223 + Zong_l Z((n—2)3—(n2—5n+7))
53* 23722122 + 2?722223 + 20212372 + zozf;*l Z((n,Q)Q(nig))
54* 28722122 + 2?722223 + 20237223 + Zg Z((n72)37(n73))
55% 28_22122 + Z?_ZZQZ:} + 2123_22’3 + Zg Z((n—2)(n2—4n+3))
56* | 20 22120 + 20 P pzs + 202125 + 23 Z((n—2)3—2n+35)
57 28_22122 + 202?_222 + zozlz;‘_Q + 2% Lin—3)y D Lin(n—3))
58* | 207 2y + 27 Tag + 25 23 + 2021282 Z((n—2)(n2—3n+3))
59* zg_lzl + Z{L_IZQ + 23—123 + Z()ZQZEL_Q Z((n72)3+(n274n+3))
60* 287121 + 2?7122 + 237123 + 21222:?72 Z((nfl)(n,Q)Q)
61* 2617121 + 2?712’2 + 202371 + 21222g72 Z((an)(anSnJr?)))
62* 28_12'1 + Z{L_IZQ + le;z—l + ZoZQZg_Z Z((n—l)(n—2)2)
63* 26‘_121 + Z{L_123 + 23_123 + 2’0212?_2 Z((n—l)(n—2)2)
64% | 207 2y + 27 Tas + 25 T2 + 202028 2 L((n—1)(n—2)2)
65* 28_121 + Z?_123 + 23_123 + legzg_Q Z((n—1)2(n—3))
66 237121 + 2?7123 + 212371 + 20222;)172 Z((n,l)(n2,4n+5))
67 237121 + zoz?*l + 23712’3 + 202125?72 Z(n_g) ) Z((n—l)(n—Q))
68* 237121 + 202?71 + 237123 + 20222572 Z((n—2)(n2—3n+1))
69* 28_12’1 + Z{L_lzz + 23_123 + Zg Z((n_1)3)

T0% | 207 2y 4+ 27 T2 + 202yt + 28 Li(n(n2—3n+3))
T1* 23_121 + Z?_izg + legl_l + 25 Z(n(n—l)(n—2))
72 zg_lzl + z’f_123 + 257 23+ 2% Ziin—1y @ L(n—1y2)
73 Zgi z1 + Z{Li z3 + 212371 + 25 Z(n—l) @D Z((n,l)Q)
T4% | 20712 + 2020+ 20 s + 2 Zn(n—1)(n—2))
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n—2

75 | 2y + 27 + 25 + 202124 Loy ® Ln(n—2))

76 | 20+ 20+ 25+ 2y Ly ® Lin(n—1y)
TT* 261722122 + 2711722223 + 20237223 + 20212:?72 Z((n73)3+(n275n+7))
8% 261712’1 + 2?7122 + 237123 + Zozgil Z((n3—4n2+6n—4))
79* 28_121 + Z?_lzg + Zg_lzg + leg_l Z((n—l)(n2—3n+3))
80% | 207 T2y + 20 T + 20 as + 22t Li((n-1y2(n-2))

81 |2 a1+4 ‘mat a2y oz Zin-1) @ L(n-1)(n-2)

82 28_121 + ZOZ{L_1 + Z;L_IZ?, + ZQZQ_I Z(n_g) @D Z(n(n—Q))
83* | 2 + 27 + 25 + 2% Zy ® 2Ly ® 7L,
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