THE NEWSVENDOR PROBLEM WITH
MULTIPLE INPUTS AND ENVIRONMENT
SENSITIVE CUSTOMERS

a thesis submitted to
the graduate school of engineering and science
of bilkent university
in partial fulfillment of the requirements for
the degree of
master of science
in
industrial engineering

By
Nazlı Sönmez
July, 2015

The Newsvendor Problem with Multiple Inputs and Environment
Sensitive Customers
By Nazlı Sönmez
July, 2015

We certify that we have read this thesis and that in our opinion it is fully adequate,
in scope and in quality, as a thesis for the degree of Master of Science.
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ABSTRACT
THE NEWSVENDOR PROBLEM WITH MULTIPLE
INPUTS AND ENVIRONMENT SENSITIVE
CUSTOMERS
Nazlı Sönmez
M.S. in Industrial Engineering
Advisor: Prof. Dr. Ülkü Gürler
July, 2015

Motivated by the global aim and trends to reduce carbon emissions, in this thesis
we investigate the effects of carbon sensitivity on the operations management in
the context of inventory management. We assume the newsvendor setting under
multiple substitutable inputs with varying carbon emission levels, and carbon
sensitive random demand. The Cobb-Douglas production function is used which
provides a link between the production quantity and the inputs. Our goal is
to determine the optimal production quantity under two different supply chain
models. In the decentralized model, we consider an independent manufacturer
and a retailer, where the retailer orders Q units to the manufacturer and the
manufacturer produces these items in such a way that he minimizes his production
cost. In the integrated production or the centralized model, the manufacturer
and the retailer act as a centralized system and the aim is to find the production
quantity that maximizes the expected profit of the integrated system. Exact
expressions for the expected profits of both models are derived and analytical
results regarding the optimal solutions are presented. Numerical results are also
provided to illustrate the effects of the system parameters and carbon sensitivity
levels.

Keywords: Newsvendor, Environment Sensitive Customers, Carbon Emissions,
Inventory Management, Carbon Sensitive Demand, Multiple Inputs, CobbDouglas, Operations Management.
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ÖZET
BİRDEN FAZLA GİRDİNİN VE ÇEVREYE DUYARLI
MÜŞTERİLERİN OLDUĞU GAZETECİ ÇOCUK
PROBLEMİ
Nazlı Sönmez
Endüstri Mühendisliği, Yüksek Lisans
Tez Danışmanı: Prof. Dr. Ülkü Gürler
Temmuz, 2015

Bu çalışmada, dünya çapındaki karbon emisyonunu düşürme eğilimi göz önünde
bulundurularak, karbona duyarlılığın operasyon yönetimine etkisi incelenmiştir.
Karbon emisyon miktarları değişken olan ve ikame edilebilen birden çok girdinin
kullanıldığı, karbona duyarlı ve rassal bir talebin olduğu gazeteci çocuk modeli ele alınmıştır. Üretim miktarı, Cobb-Douglas üretim fonksiyonu aracılığıyla
ilişkilendirilmiştir. Çalışmanın amacı, iki farklı model yapısının altındaki amaç
fonksiyonlarını en iyileyen üretim miktarlarını bulmaktır. Merkezi olmayan modelde, satıcıdan bağımsız bir üretici olduğu kabul edilmiştir. Bu modelde, satıcı
üreticiye Q miktarında ürün sipariş etmekte ve bağımsız üretici kendi üretim
maliyetini en aza indirgeyecek girdi dağılımına karar vermektedir. Toplam
üretim modeli ya da merkezi modelde ise üretici ve satıcı merkezi bir sistem
olarak hareket etmekte ve bütün sistemin beklenen karını en yüksek düzeye
çıkartan üretim miktarını belirlemektedir. Her iki sistem için beklenen kar miktarını belirten açık ifadeler türetilmiş, en iyi çözümler hakkında analitik sonuçlar
sunulmuştur. Sistem parametrelerinin ve karbona duyarlılık seviyesinin etkilerini
göstermek için sayısal örnekler verilmiştir.

Anahtar sözcükler : Gazeteci Çocuk Problemi, Çevreye Duyarlı Müşteriler, Envanter Yönetimi, Karbon Emisyonu, Karbona Duyarlı Talep, Birden Fazla Girdi,
Cobb-Douglas, Operasyon Yönetimi.
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Chapter 1
Introduction
Global warming is one of the critical problems that the world is currently facing. Greenhouse gas emission levels due to human activities have continuously
increased since pre-industrial era and among these gases the carbon dioxide has
the most significant effect on global warming [1]. The report of the United States
Environmental Protection Agency states that the main sources of greenhouse
gas emissions in the United States are electricity production, transportation, industry, commercial and residential, agriculture, land use and forestry [2]. The
concentration of carbon dioxide in the earth has recently became 403.26 ppm
(parts per million) and for the past decade 2005 − 2014, the average annual increase is known as 2.1 ppm per year while it was 1.9 ppm per year in prior decade
1995 − 2004. Therefore, it can be said that the concentrations of carbon dioxide
in the atmosphere follows an increasing trend at an accelerating rate from decade
to decade. This trend alert us to the possible effects of the global warming like
more health related illnesses or diseases, increased risk of drought, fire and floods,
higher temperatures, rising seas, wildlife at risk, economic losses [3].
Due to these possible disastrous effects, environment protection has recently
become an important factor in human decision making. Environmental consciousness therefore become a commonly encountered concept, which is defined as the
inclination to behave with pro-environmental intent in a general sense [4]. Chua
1

et al. stated that the consumers who have environmental and ecological concerns
have been described in several ways such as environmentally-sensitive, environmentally conscious or environmentalists [5]. There are different theories which
explain the motivation behind the pro-environmental behavior under the disciplines of psychology and sociology. These can be briefly stated as the planned
behavior theories, value theories, theories of altruistic behavior and the theories
which assume environmental consciousness as a worldview or paradigm.
Environmentally conscious consumers, also known as carbon sensitive consumers, aim to reduce the carbon footprints of the products or activities. Even
if there are different definitions for carbon footprint, it can be defined as a measure of the total amount of carbon dioxide emission that is directly or indirectly
caused by everyday activities [6]. It includes for instance the carbon emission
cause by driving a car as well as the carbon emitted while producing a good that
we purchase. In order to reduce the carbon emissions, environmentally conscious
consumers adopt environmentally friendly alternatives for their everyday activities such as buying green cars and preferring products which has low carbon
footprint.
Complementary to sociology and psychology disciplines, consumer behavior
research also focuses on pro-environmental consumer behavior. Different empirical studies are undertaken to understand the characteristics of the consumers
who prefer green goods. These studies generally state that the environmentally
conscious consumers are likely to be young (pre-middle age adult), well-educated
and with high socioeconomic status [7, 8]. Another stream of empirical studies done to understand the consumer behavior aim to estimate the importance
of environmental sensitivity in purchasing behavior. They indicate that price
and quality trade-offs can be obstacles for people who have propensity to reduce
his/her carbon footprint. The studies under various disciplines disclose that environmental consciousness or carbon sensitivity has became an important factor
in determining consumer behavior.
The high carbon emission level in the atmosphere and its possible disastrous effects do not only affect the customer behavior, they are also high on the agenda of
2

many countries. The Kyoto Protocol signed in 1997 by 196 membership countries
was the most important attempt which aims to reduce the carbon emission levels
all over the world.It was an international consensus related to the United Nations
Framework Convention on Climate Change which commits all parties to reduce
greenhouse gas emissions based on binding emission reduction targets.The Kyoto
Protocol has three main mechanisms which are emission trading, the clean development mechanism (CDM) and joint implementation to reach targeted emission
levels [9].
The emission trading mechanism enables countries which have carbon emission
levels to spare to sell their excess capacity to the countries which need extra
credits. Therefore, by this mechanism the carbon is tracked and traded like other
commodities and a new concept of “carbon market” was created [10].The other
mechanism: Clean Development Mechanism enables countries which ratify the
Kyoto Protocol to do an emission reduction project on developing countries. As
a consequence of these projects, certified emission reduction (CER) credits started
to be sold, where one CRE credit is equivalent to one tonne of carbon dioxide,
can be earned. The Joint Implementation mechanism provides the parties, which
ratified Kyoto Protocol, a flexible and cost-efficient way of satisfying a part of their
Kyoto commitments. It is a project-based mechanism which provides opportunity
of doing projects between two countries which are the members of the Kyoto
Protocol. It enables the country who support an emission-reduction or emission
removal project in another country to earn emission reduction units (ERUs) where
each emission reduction unit is equivalent to one tonne of carbon dioxide. By this
mechanism, the host country can benefit from foreign investment and technology
transfer while the investor finds an alternative way of fulfilling its commitment
related to carbon emission levels [10].
These macro level approaches also emphasize that there is a growing attention
to the carbon emission levels and global trend of environmental consciousness.
It can be understood that the governments, companies, customers struggle to
reduce their carbon footprint.
Motivated by the global aim and trends to reduce carbon emissions, in this
3

thesis we investigate the effects of carbon sensitivity on operations management.
In particular we consider the well known newsvendor inventory setting under the
random product demand. To investigate the impact of carbon emitting inputs
on the final product,we assume that there are multiple substitutable inputs that
make up a product. We considered the well known Cobb-Douglas production
function to model the link between the product and the inputs. Hence our basic
model is a newsvendor model where the random demand is effected by the carbon sensitivity of the customers and the product is composed of multiple inputs
which have different carbon emission coefficients. Our goal is to determine the
optimal production quantities. To this end we considered two models regarding
the underlying supply chain. In the first model, we consider an independent manufacturer and a retailer, where the retailer orders Q units to the manufacturer
and the manufacturer produces these items in such a way that he minimizes his
production cost. The retailer then sells these items to the end customer. We will
refer to his model as the independent manufacturer or the decentralized model.
In the second model that we consider, the manufacturer and the retailer act as a
centralized system so that the order quantity is obtained so as to maximize the
objective function of the integrated system. We refer to this model as integrated
model or the centralized model.
In the independent manufacturer model, the retailer’s problem is formulated
as a newsvendor model with multiple inputs and a random, carbon sensitive demand. In the setting of the problem, the retailer orders Q units of product to
the manufacturer who applies a cost-plus approach and finds the optimal input
mixture which will minimize his own production cost with a Cobb-Douglas production function. Since the final product has inputs which differ in their emission
levels, the production process will result in a carbon emission level which depends
on used input mixture. The resulting carbon emission level of the product can be
considered as the carbon footprint of the product. As we will present the details
in the following chapters, this emission level will have an impact on the demand
function of the customer who are assumed to be sensitive to the carbon footprint
of the products that they purchase. For this model, we derive the optimal production policy and show that under some conditions the retailer’s problem has a
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unique solution.
In the integrated model, we consider a supply chain where the decisions of the
manufacturer and the retailer are controlled centrally. In this setting the optimal
production quantity is determined so as to maximize the expected profit of the
supply chain. The objective function is derived analytically and the first order
conditions for the optimal solution are also derived.
In the numerical studies, we present a sensitivity analysis for the two that
are considered in our work under four different parameter sets. Focusing on
customers with different carbon emission sensitivity levels provides us the opportunity of investigating the effect of the carbon emission sensitivity on the
inventory management. The real data from the work of Hatirli et.al. [11] related
to tomato production is also used to analyze the optimal order quantity level
under the retailer’s problem with an independent manufacturer. In this example, five inputs are used in the tomato production which are fertilizer, chemical,
labor, machinery and water for irrigation. The sensitivity analyses indicate that
the integrated problem results in a higher optimal order quantity with a higher
corresponding expected profit under the same conditions for each carbon sensitivity parameter under same input cost, carbon emission parameters. In addition, in
the integrated model, we clearly see a decrease in the usage of the high cost-high
carbon emitted input when the customers are carbon sensitive by investigating
the change in the input allocation ratios when the price or the carbon emission
parameter of the inputs change. On the contrary, in the independent manufacturer problem, the allocation of inputs are determined by only considering the
price of the inputs. The real-life application of the agricultural data showed that
the effect of the change in the ratio of shortage cost and selling price on the optimal order quantity is higher when the demand uncertainty increases under each
customer sensitivity level. The effect of demand variation on the input allocation
is also evaluated and it is concluded that the increase in optimal order quantity
and input allocation are higher when demand uncertainty is high.
The rest of the thesis is organized as follows: In Chapter 2, we review the
literature of the classical newsvendor problem with its extensions, basic demand
5

models which include sensitivity to a product attribute, empirical studies related
to carbon sensitive consumer behavior. In Chapter 3, we present a detailed
review on the structure of the classical newsvendor problem, newsvendor problems
with multiple inputs with the Cobb-Douglas production function and our carbon
sensitive demand function. In Chapter 4, we cover independent manufacturer
model which is the retailer’s problem with an independent manufacturer and
provide analysis of the problem. In Chapter 5, the integrated model of the retailer
and the manufacturer is introduced in detail. In Chapter 6, numerical analysis
is done by focusing on sensitiveness of the problems to the parameters of the
problem. The final chapter: Chapter 7 includes the concluding remarks.
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Chapter 2
Literature Review
In this chapter, we review the literature related to our work. We summarize
the existing works under four subsections including the results for (i) the classical newsvendor model and its extensions, and (ii) the demand models which
represent different customer behaviors, (iii) empirical works that investigate the
environment sensitive customer behavior and (iv) carbon sensitive inventory models.

2.1

The Classical Newsvendor Problem and its
Extensions

The classical newsvendor problem has been widely studied in the inventory management literature since it is one of the earliest models and provides a building
block for other extensions. This model also applies to many real life situations
and is used in decision making process of the fashion, sporting industries, manufacturing and service industry [12].
In the classical newsvendor problem, there is a single product subject to a
probabilistic demand with a known distribution. The retailer aims to satisfy the
7

demand of the customers for a single period and it regulates its inventory by
replenishment at the beginning of the period. The suppliers apply a unit purchasing cost to the retailer in the replenishment process. In the model, there is a
constant revenue per unit sold. If the demand of the period exceeds the inventory
level, the retailer incur a cost called shortage cost per each unit shortage. Any
leftover units at the end of the period are hold as excess inventory and associated holding cost per unit is incurred per each excess inventory at the end of the
period. The ultimate goal of the classical newsvendor problem under this setting
is to determine the optimal order quantity which maximizes the expected profit
function of the retailer.
Khouja [12] classifies the extensions of the classical newsvendor problem into
different categories in his review. In particular, extensions to various objective
functions, pricing policies, discounting structures, to multiple products with constraints or substitution, to multiple locations qand to different demand functions
are discussed. Since our models involve multiple inputs which with a CobbDouglas production function, we would like to focus on the literature with similar
properties. However, to our knowledge, there have been no study that consider
multiple inputs in the newsvendor setting with a production function. Therefore, we consider other newsvendor extensions which can be associated with our
models in terms of model setting in this part. These extensions involve multiple
products or resources with a budget, capacity or resource constraint and multiple
products with substitution.
Hadley and Whitin [13] who are known for their classical model of what is
known today as the newsvendor problem, provide an extension of their original
model involving the multiple products with constraints. They use Lagrange multipliers, Leibniz Rule and dynamic programming approaches to solve their,however,
they have difficulties when the number of the products is large.
The work of Lau and Lau [14] deals with multiple products, and several resource constraints under a single-period. The study is motivated from a real life
problem. The authors notice that by providing an extension of the newsvendor problem involving multiple products with multiple resource constraints they
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successfully represent many large fresh food businesses which directly sell to the
consumers like the bakery firms that sell different kinds of products through various company-owned outlets in shopping malls, subway stations. The restaurant
chains which are supplied from a single center and provide fresh food also encounter with the same problem. At the beginning of each period or workday
in these cases, they need to determine the optimal production quantity level for
each product at their center facility and the optimal quantity to send each shop.
Their solution algorithm is developed based on determination of the Lagrange
multiplier for each constraint that satisfy the necessary condition. However, the
limitation of the study is that the Lagrange multipliers for each constraint shows
whether a resource should be expanded but how much it can be expanded can not
be explained. Therefore as an extension, the authors suggests that the resources
can be modeled as nonlinear cost components in the objective function instead
of constraints.
The work of Moon and Silver [15] suggests a multiple product newsvendor
problem subject to a budget constraint on the total value of the replenishment
quantities. In addition to the cost parameters of the classical newsvendor problem, they consider the fixed costs for non-zero replenishment. The solution is
obtained by dynamic programming where two different cases are considered with
known demand distribution and the distribution free approach where only the
first two moments of the distributions are known. Besides dynamic programming, simple and efficient heuristic algorithms are provided to represent more
realistic sized problems.
Erlebacher [16] develops another extension of the newsvendor problem involving multiple products newsvendor with one capacity constraint. Both optimal
and heuristic solutions for the problem is found. He begins by considering two
special cases. In the first case, it is assumed that the cost structure is the same
for all considered products and for the second case, uniform probability density
function for the demand distribution of each product is taken. After proving
the optimality of the order quantities under these two special cases, he develops
heuristics for some general probability distributions.
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Abdel-Malek et al. [17] develop exact, approximate and iterative models to
solve the multiple products newsvendor problem with budget constraint. The
developed models provide exact solutions to the problem when the demand has
uniform distribution and near optimal solution when the demand has a distribution other than the uniform. For the cases where the demand is not uniformly
distributed, an iterative method is provided, with an estimate for the error at
each iteration.
The paper of Vairaktarakis [18] presents an alternative approach for the multiple item newsboy model with a budget constraint and demand uncertainty. As
in the above papers, the traditional approach to describing uncertainty is by
means of probability density functions. In this paper they present an alternative
approach and use deterministic optimization models. Two types of scenarios,
interval and discrete, are used to describe the demand characteristics. For the
interval case, lower and upper bounds for the uncertain demand of each item,
while for the discrete scenarios, a set of likely demand outcomes for each item
are assumed available. Using these two scenarios, they develop several minimax
regret formulations for the newsvendor problem with multiple products under a
budget constraint and present a robust newsvendor model for uncertain demand.
Their approach is found very suitable for the industries which plan to launch new
products.
Regrading the models with substitutable demands, Khouja et al [19] formulate
a two product newsvendor problem with substitutability. They obtain the upper
and lower bounds for the optimal order quantity level of the each product. In
addition, Monte Carlo simulation method is used to determine the exact optimal
solution of the problem. Parlar and Goyar [20] also deal with a two product
newsvendor problem in which in case of a shortage, the products can substitute
each other. They assume the parameters salvage value and lost sales cost as zero.
They derive optimality conditions for the problem under an assumption that the
substitution occurs by fixed probabilities.
The extensions of the newsvendor model involving multiple products with substitution also focus on the competition between retailers. Therefore, there are
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studies that consider the cases in which the customers substitute from the competitor retailer. The work of Lippman and McCardle [21] is one of the examples
under this category. According to their model, the aggregate demand, which is
independent from the number of the firms, is split into retailers according to a rule
known to all, each firm’s strategy is the order quantity they choose and there is
no price competition. After the initial allocation, the excess demand for each firm
is reallocated to other firms. For the duopoly case in which two firms compete, it
is found that competition never leads to decrease in the total industry inventory.
Moreover, for the multiple case, it is shown that under herd behavior in which all
excess demand goes to one firm, the expected industry profit converges to zero
as the number of the firms increases.
Another related type of models is the component commonality models where
multiple products and multiple resources exist such as assemble-to-order systems.
Baker et al. [22] deal with two product, two level model to understand the effect
of commonality on the safety stock of the components. The link between the
service level and safety stock provides a constraint for the problem. As a result,
the model shows that commonality make achieving the target service level with
less amount of safety stock easier. In addition, under the component commonality,
the models results that optimal safety stock for unique parts increases in contrast
to other parts. The same result is also proved by Sauer [23] who suggests a
newsvendor model with commonality in multiple products.
In the work of Harrison and Mieghem [24], there is a retailer who sells multiple
inputs that are produced by using common resources. Therefore, instead of commonality in the components, now they have commonality in the resources and
the authors aim to determine the optimal investment by their multi-dimensional
newsvendor model under uncertain demand for products. Their analysis also focus on the difference in optimal investment strategies under deterministic and
stochastic models.
The work of Mohebbi and Choobineh [25] investigates the effect of component
commonality on an assemble-to-order system with demand and supply variability
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by being motivated from the fact that most manufacturing systems face encounter
with different uncertainties in product demand, lead times, performance of the
production, resulted quality. The environment is simulated and it is found that
commonality in components becomes beneficial for the companies when uncertainties in both supply and demand occurs. ANOVA results also support the
outcome.
Johnnson and Silver [26] also focus on common component inventory problem
in which there are multiple end items which requires assembly of the different
components and some of them are common whereas others are unique to specific
products. In the model, components are ordered at the beginning of the period
when the demand, which are assumed to be normally distributed, for products
are not known. However, the assembly process can be done after realization of
the demand. Since the budget is limited, the problem has a budget constraint and
it aim to maximize the expected total sold end products and finds the optimal
allocation of the budget in order to achieve its aim. For a simple commonality
structure, the optimal allocation of the budget found. After that, a heuristic
approach is designed and it is shown that the heuristic gives successful results
under different parameters. After this work, the authors extended their work [27]
to find the optimal allocation under same conditions for the cases when number
of the products and components are large. They provide two-stage stochastic
programming models to solve the problem. Since the problem is very difficult to
solve, heuristics and bounding methods which give successful outcomes.

2.2

Demand Models which Represent Different
Customer Behaviors

In this part we consider the literature related to demand models where the customers may be sensitive to a specific feature of the product like quality, durability
and price. To our knowledge, there is no demand model which explicitly indicates how the customer demand is affected by the carbon sensitivity level of the
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customers. Therefore we benefit from the models which involve price or quality
sensitivity to model the customer sensitivity to carbon emissions.
According to Kotler and Armstrong [28], the purchasing decision of the customers consists of five sequential stages described as problem recognition, search
of information where they investigate the brands or products which are appropriate for their need, evaluation of alternatives, purchase decision and post purchase
behavior. After an extensive information search, at the stage of evaluation of
the alternatives, the products are evaluated by the customers according to various product attributes like price, quality, durability, brand equity and carbon
emission levels as in our case. Therefore, this stage is the one where we can determine the demand function of the customers by focusing on the attributes they
give importance. After the evaluation of the alternatives, purchase decision occurs which is generally based on choosing the product which provides maximum
utility. After the purchasing decision, the post purchase behavior stage refers to
activities which may result from the feelings after purchasing like satisfaction or
displeasure. It can be exemplified as advising the product to others, returning
the product and applying technical service.
According to the review paper of Tang [29], commonly used demand models
can be listed as exogenous demand models, constant-utility attraction models,
constant-utility choice models and random utility multinomial models. These
different demand models consider price, location, quality and other various attributes related to the product as factors which determine the demand function.
Exogenous demand models generally consider the attributes of the products like
price as an exogenous variable and by determining a parameter to denote the
sensitivity level of the customers to the attribute and if there is competition,
by considering how the customers are sensitive to the difference in the level of
attributes, the model forms a demand function called exogenous demand function. The second category, constant utility attraction models develop a deterministic utility function that indicates the utility that the customer derives from
buying the product. In the models under this category, the utility function is
affected from different product attributes like price, quality, functionality, service
attribute. In the constant utility choice models, the multiple attributes of each
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product is represented by a vector where each customer has his/her own ideal vector of multiple attributes. By benefiting from a function called distance, the gap
between the attributes of the product and the ideal vector of the customers is determined and it is used as a factor that affect the utility of the customers derived
by purchasing a product. After determining the ideal points for the customers by
comparing the different utility functions, the demand function for each product
is determined. The last category, random utility multinomial models, assumes
that the utility for each customer which is derived from buying a specific product
is a function which consists of a deterministic and a stochastic component. By
using the utility functions, the choice probabilities are obtained and based on
these choice probabilities, the demand function for each product is determined.
There are different extensions of the demand models categorized above. However, the demand structures given in the article of Petruzzi and Dada [30] as
additive and multiplicative demand cases, which are formed by considering effects of price on demand, inspired us to determine the structure of our demand
function. In the additive demand case, the demand function is determined as the
summation of a function called y(p) which is a decreasing function that captures
the dependency between demand and price and a random error term. In the multiplicative case, the demand is formulated as multiplication of the same function
and a random error term. The structure of the function y(p) which represents
the relationship between price and demand is formulated in different ways. In
the first one, it represents a linear demand curve which is common in the literature related to economics and for the second case, the function represents an
iso-elastic demand curve. The additive (2.1) and multiplicative demand models
(2.2) of Petruzzi and Dada are given as follows

D(p, ) = y(p) + 
where y(p)=a − bp(a>0, b>0) in the additive case
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(2.1)

D(p, ) = y(p)

(2.2)

where y(p)=ap−b (a>0, b>1) in the multiplicative case
In addition to general demand models which use product attributes like price,
quality, functionality in determining demand functions under different settings,
the following two models focus on environmentally conscious and price sensitive
customers.
One of the recent publications of Giri and Bardhan [31] develop a demand
model under a two-echelon supply chain with environmentally aware consumers.
Like Petruzzi and Dada [30] they use two types of price dependent demand pattern which are linear and iso-elastic. Demand is associated with environmentally
friendliness of the product. The difference from our models is that they assume
an additional cost for the manufacturer which is associated with making environmentally friendly products. Since this additional cost raise the price of the
products, the cost to achieve a specific level of environmentally friendliness is
quadratic with the level itself. Therefore, by assuming that spending money on
the environmental friendliness of the product has an additive effect on linear demand while a multiplicative effect on the iso-elastic demand, they reconstruct
their demand functions with inclusion of the cost to achieve a specific level of the
environmental friendliness. In both linear and iso-elastic demands, a constant
also represent the inclination of the customers to purchase green products. The
linear and iso-elastic expected demands are given in (2.3) and (2.4) respectively.

D = a − bp + γe

(2.3)

D = Ap−α eγ

(2.4)

where a>0, α>1, b>0, A>0, γ is a non-negative constant which represents the
customer awareness or the inclination of customers towards eco-friendly products,
p is the unit retail price, e is the eco-friendliness of the product.
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A recent work of Chen et al. [32] focuses on coordination in a two-level supply
chain with environmentally conscious and price sensitive customers. Price sensitivity is shown by a simple linear demand function as in Petruzzi and Dada’s
and Giri and Bardhan’s papers. Then, it is assumed that if the demand is not
price sensitive and merely sensitive to environment, the expected demand can be
represented as a multiplication of a positive constant and an environmental protection satisfaction constant which represent the quasi-environmental protection
elasticity. The important term of the model which is environmental protection
satisfaction is calculated by the expenses of the manufacturer and the retailer
to protect the environment. By combining the demand models which represent
price sensitive customers and environmentally conscious customers, they obtain
a demand formulation which is the product of the environment sensitive demand
formulation and the linear price sensitive demand function. Their expected demand function Q(s, p) is given as follows

Q(s, p) = wsa (α − βp)

(2.5)

where w is a positive constant, s is the environmental protection satisfaction,
a represents the quasi-environmental-protection elasticity, p is the price charged
to customers, α is a scaling parameter, β is the price elasticity.
Despite the fact that these two models reflect environmentally conscious customers, they generally focus on the alteration in the price of the product caused by
the expenditures for environmental protection. In the first one [31], the spending of the companies on the environmental protection is directly added to the
model as a positive effect and in the second study [32],the term customer protection satisfaction is used in the demand model which again resulted from the
expenditure of the manufacturer and retailer on the environmental protection.
Therefore, in contrast to our demand model settings, they generally perceive environmental consciousness as a cause of an additional cost for the companies and
make relation with the retailer’s and manufacturer’s spending on environment
and customer demand.
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The work of Glock et al. [33] also focuses on the customers who are price
and environmentally sensitive. In contrast to the two models above which provide an association between environmental sensitivity and the expenditures for
environmental protection, they assume environmental impact of the production
process as a quality characteristic and the customers attribute a higher quality to
products which have less environmental impact. To make a connection between
the quality characteristic and the environmental impact, they introduce a sustainability indicator SI to measure the quality of the product by considering two
types of pollutants which are emissions (Em) and scrap (Sc). Their end customer
demand D(p, q) is formulated as a linear function of both price and quality as
follows

D(p, q) = a − bp + cq

(2.6)

where D(p, q) > 0 ∀p and q∈ [0, 1], p is the price charged to customers, and the
quality characteristic q = SI = Em. Sc

2.3

Empirical Studies on Environmentally Conscious Customer Behavior

Several empirical studies are done to understand the effect of environmental consciousness on purchasing behavior. These studies generally focus on the car purchasing behavior via which one easily see the effect of environmental concerns
in purchasing behavior. Since conventional cars (fuel based) have common proenvironmental alternatives like hybrid and electric cars, investigating car purchasing behavior may imply results related to the effect of environmental consciousness in purchasing decisions. Again considering Kotler’s stages of purchasing
behavior, the studies inquire whether consumers take environmental attributes of
the goods into account when purchasing.
The work of Laurence and Macharis [34], deals with the same question and
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investigates the relationship between environmental consciousness and car purchasing behavior. Under three research methodologies classified as attitudinal
surveys, experimental and quasi-experimental studies and preference valuation
techniques, the author presents results from different studies to clarify the role of
environmental consciousness in car purchasing behavior.
Among the studies that Laurence and Macharis [34] report, the most preferred
method was preference valuation technique. The preference valuation technique
is generally used by economists to analyze the potential demand for a service or
product by measuring the consumer preferences for those products/services. The
two methodologies under preference valuation technique were applied in the studies. These are the Stated Preference Technique (SP) which is survey based and
help researchers understand the value given by the people to different attributes
of the products/services like quality, price, design, environmental attributes and
Revealed Preference technique in which real market data from observations on
actual choices are used to measure the preferences of the people. The most common used SP techniques are the Choice Modeling (CM) and Contingent Valuation
Method (CVM). They work in following mechanism. The CM uses a choice experiment and consumers are asked for their preferences for hypothetical vehicles
which are described by specific attributes. By evaluating their responds and
statistical techniques, the analysis determines a value for each attribute of the
vehicle. On the other hand, CVM asks respondents their maximum willingness
to pay (WTP) for an increase or their minimum Willingness to Accept (WTA)
for a decrease in a specific attribute.
The study by Bunch et al. [35] uses Stated Preference Techniques, to predict
the market penetration of pro-environmental cars in California with seven hundred Californian respondents. The attributes of the empirical study tested in
the design were fuel cost, range, price, performance, fuel availability and vehicle
emissions. As a result, it is found that consumers are willing to pay 9000 more for
a vehicle which cause less carbon emission levels up to ninety percent. However,
other studies showed that the situation is different in another states like New
York and it is found that Californians are 1.5 times more likely to pay for a car
with reduced carbon emission level [36].
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Potoglou and Kanaroglou [37] assess the car purchasing behavior in Montreal
by considering three different attributes: monetary (price of the car, fuel cost,
operating cost), non-monetary (quality, safe, power), environmental attributes
where the pollution level caused by carbon emission assumed as the determinant
for the pro-environmental feature of the car. As a result, it is found that despite the sensitivity of the consumers to environmental attributes, the elevated
prices of the pro-environmental cars are the main obstacles. The survey done by
OIVO [38] also found that three most important attributes consumers consider
when evaluating car alternatives are price, operating cost and quality of the car.
Therefore, even if environmental consciousness as an intent to buy environmental friendly goods exists among consumers, the price and quality tradeoffs of the
consumers change the dynamics. Therefore, it can be concluded that incentives
and public support is very important to prevent the price and quality trade-offs
of the consumers who are environmentally conscious.
After briefly reviewing the studies related to the effect of environmental consciousness on purchasing behavior, we next move on the literature related to
environment sensitive consumer behavior. The studies under this context generally focus on the motivations and factors that determine the consumer behavior.
According to the study of Bamberg [39], the effect of environmental consciousness
on pro-environmental consumer behavior is disappointing since reviews of many
studies suggests that there is low to moderate relationship between the environmental consciousness and pro-environmental consumer behavior. He stated that
environmental concerns seem to explain not more than ten percent variance of
specific pro-environmental behaviors. Therefore, the studies realize the possibility
of the existence of other motivations behind the environmentally conscious purchasing and conduct empirical studies to understand the factors that determine
environmentally conscious consumer behavior.
Chua et al. [5] summarize the intrinsic and extrinsic motivations behind proenvironmental consumption.Intrinsic motives are the real environmental concerns
related to consequences of the purchasing decisions and they are expected to be
the main motivation behind pro-environmental consumer behavior. However, he
reported that the extrinsic rewards like popularity, image, status may be the
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most significant reasons for some consumers to choose pro-environmental products. Griskevicius, Tybur and Van den Bergh [40] conduct experiments to understand the motivations behind pro-environmental consumer behavior. The study
indicated that the pro-environmental consumption behavior have a relation with
conspicuous consumption characteristics since the results showed that people have
the propensity to choose pro-environmental products which are more expensive
than other green cheaper ones and the desire for green products increases when
shopping in public (not private). By purchasing pro-environmental products they
try to buy an identity, be called as the environmentalist, which is considered as
altruistic, sensitive, unselfish, pro-social from the rest of the society.
The study of Chua et.

al. [5] investigates the motivations behind pro-

environmental consumer behavior by focusing on the hybrid car buyers and find
that the buyers of hybrid cars value social-image factors more than the quality
and appeal of the cars. They stated that to be seen in a pro-environmental car
is important for them, in other words, the “green image” is very important. The
results of the study suggests that intrinsic motivations do not enter the evaluation
sets of the hybrid car buyers and hybrid car buyer may show themselves as being
more environmentalist than they really are and choose the hybrid cars to show
their environmentalist or green identity.
The study of Barr [41] also focuses on gaps between environmental consciousness and pro-environmental consumer behavior and he states that most of people
have learned the semantics of environmentalism and know that the environmentalism is the socially accepted manner. He advocates that there are different
other extrinsic motivations behind green purchasing in addition to intrinsic ones
and concludes with a sentence: “it might be stated that some of us are environmentalist, but rest of us know how to sound like environmentalist.”
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2.4

Carbon Sensitive Inventory Models

The growing attention to the carbon emission levels and global trend of environmental consciousness yields to the consideration of carbon sensitivity in operations management. The researchers start to construct inventory models which
include carbon emission concerns by modifying the well-known settings such as
EOQ and newsvendor models.
Chen et. al. [42] show that without significantly increasing cost, the carbon
emission levels can be reduced by modifying order quantities in EOQ model. The
model is investigated under different environmental regulations such as strict
carbon cap, carbon tax, cap-and-offset and cap-and-price.
Benjaafar et. al. [43] show that carbon emission concerns can be considered in
widely used inventory, procurement, production models. The traditional models
are modified in such a way that accounts for both cost and carbon footprint.
Instead of costly applications to reduce carbon emission levels, they propose some
modifications to well-known models to satisfy carbon reduction requirements.
The case of multiple firms within the same supply chain is also investigated.
The impact of the collaboration between these firms on their costs and carbon
emission levels is taken into account under different environmental regulations.
As a result of the study, the significant effects of the operational decisions and
the environmental regulation policy on the carbon emission levels are shown.
Hua et. al. [44] investigate the inventory management under the carbon emission trading mechanism. They analyze a EOQ setting where carbon trading
mechanism exists. Optimal order quantity, impacts of carbon trade, carbon cap
and carbon price on decisions of the company, carbon emissions and total costs
are derived as findings of the study.
Sözüer [45] considers two problems under the newsvendor setting with multiple
inputs, a carbon emission constraint and non-linear production functions such
as Leontief and Cobb-Douglas production functions. In the first problem, the
optimal order quantity and input allocation that maximize the expected profit
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of the retailer under a strict carbon cap are found. In the second problem, an
emission trading scheme is assumed where purchase of carbon emission permits is
available before the demand is realized. For this problem, the optimal allocation
of the inputs and the carbon trading policy is found which maximizes the expected
profit. A random demand is assumed for both problems and the customers are
not environment sensitive. Our study is motivated by her work and we extend
her work to address the behavior of a customers who are environment sensitive.
Instead of a strict carbon cap, we formulate a carbon sensitive demand structure
to represent environment sensitive customers and construct newsvendor models
under two different scenarios which will be explained in the following sections.
In the Master of Science thesis of Özüm Korkmaz [46], considering the chances
of facing unexpected losses due to demand uncertainty, two different problems are
investigated with a single product newsvendor under CVAR maximization objective. In the first problem, newsvendor problem is investigated under two different
carbon emission reduction policies and in the second problem, newsvendor problem with multiple resource constraints is considered where there exists a quota
for each resource and trade options are available.
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Chapter 3
Preliminaries
Before introducing our model, we shall briefly review the classical newsvendor
problem, the newsvendor problem with multiple inputs, the Cobb-Douglas production function and the carbon sensitive demand structure models.

3.1

The Classical Newsvendor Problem

The classical newsvendor problem refers to the replenishment or production decision for a single item with random demand in a single period. The cost parameters of the problem are the unit ordering cost c, unit selling price p, unit
excess/holding cost ce and the unit shortage cost cs . The demand D is assumed
to be continuous with p.d.f f(.) and c.d.f F(.). The decision variable is the Q and
the aim is to find the optimal value of Q that maximizes the expected profit. The
profit function π(Q) and expected profit function E[π(Q)]=π(Q) are written as:
Π(Q) = s min(Q, D) − cs max(0, (D − Q)) − ce max(0, (Q − D)) − cQ (3.1)

23

Π(Q) =sE[min(Q, D)] − cs E[max(0, (D − Q))] − ce E[max(0, (Q − D))] − cQ
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(3.2)
The classical newsvendor problem solves the following optimization problem

max

Π(Q)

s.t.

Q≥0

Q

The concavity of the objective function of the classical newsvendor problem is
proven and the optimal order quantity Q∗ is given by:
F (Q∗ ) =

3.2

s + ce − c
s + ce − cs

(3.3)

Newsvendor Problem with Multiple Inputs

The newsvendor problem with multiple inputs differs from the classical newsvendor problem in the usage of multiple inputs instead of a single input and a production function for transforming inputs into outputs. In the thesis, to construct a
newsvendor problem with multiple inputs, the Cobb-Douglas production function
is used. Below we briefly introduce the Cobb-Douglas production function.
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3.2.1

The Cobb Douglas Production Function

In economics, production functions represent the relationship between the output
and the combination of inputs, factors which are used to obtain it. As a general
representation, a production function is given as

−
Q = φ(→
x ) = φ(x1 , x2 , ....xn )

where xi denotes the input quantity for resource i for i = 1, 2...n. Above, φ()
represents the link between the total amount produced and the input quantities.
The Cobb-Douglas production function is most widely used production function. It was proposed by Knut Wicksell and tested by Charles Cobb and Paul
Douglas in 1928. Cobb and Douglas published a study in which they use CobbDouglas production function to model the growth of American economy between
1899 - 1922. They considered a simple version of Cobb-Douglas production function in which the output is determined by the amount of labor and the amount
of capital. The form they suggested was as follows:

Q = AK α Lβ
where Q is the production quantity, K is the capital invested as an input, L is the
labor input, A is a positive coefficient which represents the technology level for
the process, α and β are the input elasticities of labor and capital, respectively.
For the multiple inputs, the Cobb-Douglas production form is generalized as
follows:
Q
−
Q = φ(→
x ) = A nj=1 xi αi

(3.4)

where Q and A are defined as defined before, xi denotes the input quantity for
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resource i = 1, 2...n and αi represents input elasticity of resources i = 1, 2...n.
The Cobb-Douglas function in two kinds above allows to model the contribution of the inputs to the output via a concept referred to as “returns to scale”.This
technical term determines the amount of change in the output, caused by a proportional change in all inputs. In particular, if all the inputs increase by a constant
factor, and in result the output increases by the same proportion, this implies a
constant returns to scale (CRS). If the output increases by less than the proportional increase in the inputs, then there is a decreasing returns to scale (DRS).
Finally, if the output increases by more than the proportional increase in the
inputs, it is called increasing returns to scales (IRS). For the Cobb-Douglas proP
duction function, returns to scale is determined by the: r = ni=1 αi , where r < 1
represents DRS, r > 1 represents IRS and r = 1 represents CRS.
In the thesis, we assume that r < 1, implying a DRS setting. Suppose the
inputs used to produce an item have different emissions. In particular, let βi be
the carbon emitted when one unit of input i is used for production. Consequently,
Q
−
if Q = φ(→
x ) = A n x αi holds, then x units of input i is used and the total
j=1

i

i

emission for this particular choice of inputs is

−
ξ(Q(→
x )) =

n
X

β i xi

(3.5)

i=1

Exploiting the product form of the production function, we note that if Q
is fixed, any one of the other inputs can be expressed in terms of Q and the
remaining inputs, without loss of generality, let us represent xn in the way as

xn =

! α1

n

Q
A

Qn−1
i=1

xαi i

(3.6)

Then the total emission for Q units of products that uses x1 ,....,xn amounts from
inputs 1, ..., n respectively is expressed as
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−
ξ(Q(→
x )) =

n−1
X

β i xi + β n

i=1

3.3

! α1

n

Q
A

Qn−1
i=1

xαi i

(3.7)

Demand Structure of Carbon Sensitive Customers

As discussed earlier we assume in our work that customers are environmentally
conscious. In order to represent such environmentally conscious customers, we
form an additive demand function which reflects the effect at the level of the
product on the demand. Our demand function, D, is assumed to be a decreasing
function of the per unit carbon emission level caused by the production.
As discussed in the literature review part, several models have been introduced
where customer demands are sensitive to specific features of the product such as
the price or quality. However we have not encountered any model that directly
reflects the carbon emission sensitivity of the customers to the demand function.
In this study we assume that the carbon emissions of the product in general
negatively affects the customer demand. The specification of the particular form
of this impact in fact is not very straightforward. To come up with a reasonable
functional relationship we assumed that the emission quantity due to the production of a unit is available to the customer and the demand is negatively affected
by this emission. Following commonly used models in the literature we adopted
an additive demand function as follows

−
ξ(Q(→
x ))
D = y(
)+
Q
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(3.8)

−
where y is a known function as will be discussed below, ξ(Q(→
x )) is the carbon emission quantity for producing Q units of products as given in 3.7. Hence
−
ξ(Q(→
x ))/Q is the emission per unit, and  is a random term with mean 0 and variance σ 2 , known distribution function f (.), and cumulative distribution function
−
F (.). As we observe from 3.7, ξ(Q(→
x )) directly depends on the input mixture


to produce Q units of product. Hence the mixture choice will have a significant
impact on the total amount of emitted carbon.
As mentioned previously, we consider two settings for the supply chain. We
first consider the case where the manufacturer acts independently to minimize his
cost and in the second setting the supply chain is managed centrally. Therefore,
in these two models, the input choice and consequently the total emission will
differ which in turn will effect the customer demand differently. For both settings,
the function y in the demand model 3.8 is explicitly given as follows

−
ξ(Q(→
x )) b
−
y(Q(→
x )) = B(1 − a(
))
Q

(3.9)

where B represents the mean demand, b denotes the carbon sensitivity level of
the customer assumed to be less than one, a is a positive coefficient,  is the
random error term with mean 0 and variance σ 2 . The different structures of the
−
(ξ(Q(→
x ))/Q)b depending on the setting of the supply chain will be covered in
following chapters.
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Chapter 4
Retailer’s Problem with an
Independent Manufacturer
In this chapter, we consider a setting where the retailer and the manufacturer behave independently, which we refer as the “decentralized” setting. In this setting,
the retailer orders Q units to the manufacturer, the manufacturer produces the
Q units using the n inputs in an optimal way that minimizes his expected cost.
As discussed above, the ordered quantity and the inputs have the relationship as
given in (3.4) as follows

−
Q = φ(→
x)=A

n
Y

xi α i

(4.1)

j=1

where xi is the input quantity for the ith input, αi is the elasticity of input i,
P
such that 0 < αi ≤ 1 for i = 1, ...n and the returns to scale is r = ni=1 αi .
The production process by the manufacturer results in a carbon emission level,
which can be considered as the carbon footprint of the product. The level of the
carbon emission is determined depending on the selected input mix. We assume
that input i emits βi units of carbon per unit and the procurement cost of input i is
assumed to be pi per unit. The emission level, which is caused by the production,
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P
−
−
is calculated as ξ(→
x ) = ni=1 βi xi where →
x = (x1 , x2 , ..., xn ) denotes the amounts
used from each input. Furthermore, as we will see in the following pages, the
optimal input quantities that will minimize the manufacturer’s expected cost
will also be a function of the order quantity Q. Hence we explicitly state the
−
dependence of the emissions per a lot of size Q as ξ(Q(→
x )).
Our aim is to find the optimal production quantity that maximizes the expected total profit function of the retailer. Our study is motivated by an earlier
work by Sozuer [45] who also considered a similar model, however with customers who are not environmentally conscious. In this study we extend her work
to address the behavior of a customers who are environment sensitive. Since the
customers are sensitive to the carbon emission levels, as it is discussed in the
previous part, the demand function is assumed to be a decreasing function of
−
the carbon emission level per unit, which is denoted as ξ(Q(→
x ))/Q. An additive
demand model is formulated as:
−
ξ(Q(→
x ))
D = y(
)+
Q
where
−
ξ(Q(→
x )) b
−
y(Q(→
x )) = B(1 − a(
) ),
Q
B represents the mean demand, b denotes the carbon sensitivity level of the
customer assumed to be less than one, a is a positive coefficient,  is the random
error term with mean 0 and variance σ 2 .
We incur a shortage cost of cs per unit, for unsatisfied demand and excess cost
of ce per unit for each unsold item. The fixed cost for unit item is denoted as
c. The selling price is s per unit. We assume that the manufacturer applies a
cost-plus approach, so that he sells his products with a price which is a (1 + δ)
multiple of its total production cost. The profit function of the retailer is given
by the following expression.
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Π(Q) =s min(Q, D) − cs max(0, (D − Q)) − ce max(0, (Q − D))
n
X
− cQ − (1 + δ)(
pi xi (Q))
i=1

The expected profit Π(Q)≡E[Π(Q)] of the retailer, is given as follows

E[Π(Q)] ≡ Π(Q) =sE[min(Q, D)] − cs E[max(0, (D − Q))]
− ce E[max(0, (Q − D))] − cQ
n
X
− (1 + δ)(
pi xi (Q))
i=1

Z

Q

Z

∞

Qf (u)du

uf (u)du + s

=s
−∞

Q

Z

∞

− cs

Z

Q

(u − Q)f (u)du − ce

(Q − u)f (u)du
−∞

Q
n
X
pi xi (Q))
− cQ − (1 + δ)(
i=1

The retailer’s problem is as follows

M ax

Π(Q)

s.t.

→
−
x ,Q ≥ 0

Q

This problem is considered in two stages. First, for any given Q, the optimal
input mix is determined as a function of Q. This stage is assumed to be undertaken by the manufacturer who minimizes his costs which yield an optimal
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input mixture for any given Q. This stage of the problem is solved in Sozuer [45]
where the optimal values of input quantities that minimize the total costs of the
manufacturer are obtained, denoted by x∗i , i = 1, ...., n. The x∗i values turn out
to be a polynomial function of the production quantity Q. This problem solved
in Sozuer has the following form which has the following form.

M
in
−
→
x

n
X

p i xi

i=1
n
Y

s.t.

A

xi α i = Q

i=1

→
−
x ≥0
For completeness we report the following results from Sozuer [45].
Theorem 1: For a given Q,
(i) the unique optimal solution to problem is
∗

xi (Q) = ψi Q

1
r

for all i= 1, ....n where ψi =

αi − r1
A
pi

α
Qn  pi  ri

i=1

αi

(4.2)

(ii)The emission level at the optimal input allocation for a given Q is

n
n
X
βi αi Y pi αi Q 1
ξ (Q) =
( ) r ( )r
p
αi
A
i
i=1
j=1
∗

(4.3)

Once the optimal x∗i values are obtained, we are able to find how much carbon
is emitted using the carbon emission coefficients of the inputs. The per unit
carbon emission level at the optimal allocation for a given Q is found as follows.
Corollary 1: Per unit emission level at the optimal input allocation for a given
Q is
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ξ ∗ (Q)
Q

where C =

Pn

i=1

βi αi
pi

1

= A− r CQ

1−r
r

(4.4)

p j αj
r
j=1 ( αj )

Qn

We note that the amount of carbon emission per unit production, ξ ∗ (Q)/Q,
depends on the production quantity, Q and it decreases or increases according to
the value of r. In this work, the return to scale, r, is assumed to be less than one
and the customer demand is assumed to be a decreasing function of the carbon
emission amount per unit product. This results in a model where the firm faces a
demand that also depends on the production quantity Q in a specific way. Using
−
→

the above result, the demand function previously expressed as D = y( ξ(Q(Qx )) ) + 
is explicitly written as follows:

−
D = y(Q(→
x )) + 
1−r
1
−
where y(Q(→
x )) = B(1 − a(Q r CA− r )b )

This specific structure is a distinguishing feature of the present model where the
customer demand depends on the production quantity as well as the composition
of the inputs used in production. Such a behavior reflects a customer set who
are considerate about the environmental issues.This set is gradually increasing
in recent years as societies become more sensitive to the quality where they are
living in as well as the official efforts to reduce the carbon emissions through
several mechanisms such as Kyoto Protocol.
Under the carbon sensitive demand structure, the objective function of the
problem is now explicitly written as follows:

Z

Q−y(Q)

(s(y(Q) + u) − ce (Q − y(Q) − u) − cQ)dF (u)

Π(Q) =
−∞

Z

∞

+

n
X
(sQ − cQ − cs (y(Q) + u − Q))dF (u) − (1 + δ)(
pi x∗i (Q))

Q−y(Q)

i=1
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(4.5)

Then the optimization problem of the retailer is written as follows
M ax

Π(Q)

s.t.

→
−
x ,Q ≥ 0

Q

4.1

(4.6)

Analytical Results

To provide the optimality results for the problem 4.6 we begin with deriving the
first order conditions. Using Leibniz rule we have

dΠ(Q) d(Q − y(Q))
=
(sQ − cQ) fx (Q − y(Q))
dQ
dQ
Z Q−y(Q)
+
(sy 0 (Q) − ce (1 − y 0 (Q)) − c)dF (u)
−∞

− (1 − y 0 (Q))[sQ − cQ]fx (Q − y(Q))
Z ∞
d
[s − c − cs(y 0 (Q) − 1)]dF (u) −
+
dQ
Q−y(Q)

Z

Q−y(Q)

(sy 0 (Q) − ce (1 − y 0 (Q)) − c)dF (u)

=
−∞

Z

∞

[s − c − cs(y 0 (Q) − 1)]dF (u)
Q−y(Q)
P
(1 + δ) ni=1 pi x∗i (Q)
−
rQ

+
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(1 + δ)

n
X
i=1

!
pi x∗i (Q)

=F (Q − y(Q)) (−(c + ce ) + sy 0 (Q) + ce y 0 (Q))
+ F (Q − y(Q))(s − c + cs − cs y 0 (Q))
P
1
(1 + δ) ni=1 pi ψi Q r
−
rQ

=F (Q − y(Q))[(ce + cs + s)(y 0 (Q) − 1)] + (s − c + cs (1 − y 0 (Q)))
P
1
(1 + δ) ni=1 pi ψi Q r
−
rQ
The following expressions are frequently used in the study.
y(Q) = B(1 − a(Q

1−r
r

− rb

b

0

y (Q) = −abBA

C

1

CA− r )b )


1−r
r



(4.7)

Qb(

1−r
)−1
r

(4.8)

⇒ y 0 (Q) < 0


 1−r
1 b
w(Q) = Q − y(Q) = Q − B + Ba Q r CA− r

0

0

w (Q) = 1 − y (Q) = 1 + abBA

− rb

C

b



1−r
r



Qb(

(4.9)

1−r
)−1
r

(4.10)

⇒ w0 (Q) > 0

w0 (Q) − 1 = −y 0 (Q) > 0

(4.11)

⇒ w0 (Q) − 1 > 0

00

b

− rb

w (Q) = abBC A

1−r
(
)
r




1−r
b
− b − 1 Qb( r )−2 .
r
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(4.12)



00

w (Q) =

w0 (Q) − 1
Q




b
−b−1 .
r

(4.13)

Also let

1

s−c
cs
(1 + δ)ψQ r −1
H(Q) =
+
−
.
(s + ce + cs )w0 (Q) s + ce + cs r(s + ce + cs )w0 (Q)
where

Pn

i=1

1
r

1
r

− r1

pi ψi Q = ψQ and ψ = A

H(0) =

Qn

i=1

  αri P
n
pi
αi

i=1

αi

s − c + cs
(s + ce + cs )

1

(4.14)

(4.15)

−b

(1 + δ)ψQ r −1 (r − 1)Q r +b+1
[
G(Q) =
+ (b(1 − r) − 1)]
r(b(1 − r) − r) beC b A− rb ( 1−r )

(4.16)

G(0) = 0

(4.17)

r

Lemma 1: The first order condition for the problem is given by
F (w(Q)) = H(Q)

(4.18)

Proof: Directly follows from setting dΠ(Q)/dQ = 0.
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The Theorem 1 is also valid for the case where r = 1. Therefore, we also
investigate the first order condition for the problem under the case r = 1.
Corollary 2: Suppose r = 1. Then the first order condition for the problem is
given by

n
Y
1
pi αi
−1
F (w(Q)) =
( ) ]
[(s − c + cs ) − (1 + δ)A
(s + ce + cs )
αi
i=1

where w(Q) = Q − B(1 − a(A−1

Pn

i=1

βi αi
pi

Qn

j=1

p

α

( αjj ) j )b )

Proof: Directly follows from equation 4.18.
We also investigate the special case where there is only one input with elasticity
α, carbon emission parameter β, per unit price p and the customers are all carbon
sensitive such that b = 1. The first order condition for the problem under this
case is given as follows.
Corollary 3: Suppose n = 1 and b = 1. Then the first order condition for the
problem is given by

−1

1

1
(1 + δ)pA α Q α −1
cs
F (w(Q)) =
[(s
−
c)
−
]
+
(s + ce + cs )w0 (Q)
α
s + ce + cs
1

−1

−1

1

where w(Q) = Q − B(1 − aβQ α −1 A α ), w0 (Q) = 1 + BaβA α ( α1 − 1)Q α −2
Proof: Directly follows from equation 4.18.
We next elaborate on the relationship (4.18). F (w(Q)) is an increasing function
which starts at 0 and converges to 1 as it is a distribution function. We next
investigate the behavior of H(Q). The derivative of the H(Q) with respect to Q
is:
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d(H(Q)) (s − c)(s + ce + cs )(w00 (Q))
=
dQ
(s + ce + cs )2 (w0 (Q))2
1

(1 + δ)ψQ r w0 (Q)(s + ce + cs )
− 2 2
r Q (s + ce + cs )2 (w0 (Q))2
1

(1 + δ)ψQ r (rw0 (Q)(s + ce + cs ) + rQw00 (Q)(s + ce + cs ))
+
r2 Q2 (s + ce + cs )2 (w0 (Q))2

Referring to 4.13, the first derivative of the H(Q) is rewritten as
d(H(Q)) −(s − c)(s + ce + cs )(w0 (Q) − 1)( rb − b − 1)
=
dQ
Q(s + ce + cs )2 (w0 (Q))2
1

(1 + δ)ψQ r (s + ce + cs )(w0 (Q)(1 − r) − r(w0 (Q) − 1)( rb − b − 1)
−
r2 Q2 (s + ce + cs )2 (w0 (Q))2

−(s − c)(s + ce + cs )(w0 (Q) − 1)( rb − b − 1)r2 Q
=
r2 Q2 (s + ce + cs )2 (w0 (Q))2
1

(1 + δ)ψQ r (s + ce + cs )[w0 (Q)(1 − r) − r(w0 (Q) − 1)( rb − b − 1)]
−
r2 Q2 (s + ce + cs )2 (w0 (Q))2
≡ (A + D)/B
where
1
b
A =(s + ce + cs )((1 + δ)ψQ r )[r( − b − 1)(w0 (Q) − 1) − w0 (Q)(1 − r)]
r
(4.19)
1
0
0
r
= (s + ce + cs )((1 + δ)ψQ )[b(1 − r)(w (Q) − 1) − (w (Q) − r)]

D = −(s − c)r2 Q(s + ce + cs )(w0 (Q) − 1)[b(

B = r2 Q2 (w0 (Q))2 (s + ce + cs )2

1−r
) − 1]
r

(4.20)

(4.21)
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Clearly, B ≥ 0, since it is the square of a quantity. For evaluating both A and
D, we focus on two possible cases as follows
Case 1: b ≥

r
1−r

Since b((1 − r)/r) ≥ 1, w0 (Q) − 1 ≥ 0 referring to 4.11, and (s − c) ≥ 0, it
follows that D ≤ 0.
1

Noting that (s + ce + cs ) and (1 + δ)ψi Q r are non-negative, we focus on the
sign of [b(1 − r)(w0 (Q) − 1) − (w0 (Q) − r)] to understand A.
As r < 1 and b < 1 it follows that (w0 (Q) − 1) < (w0 (Q) − r) and b(1 − r) ≤1.
Thus, we conclude that [b(1 − r)(w0 (Q) − 1) − (w0 (Q) − r)] ≤ 0 and as a result
A ≤ 0 for any b, r ≤ 1.
Therefore we conclude that H(Q) is a decreasing function of Q. We now state
our first main result:
Theorem 2: If b ≥

r
,
1−r

there exists a unique Q∗ that satisfies 4.18.

Proof: We check the initial points of both sides to understand whether these
two functions intersect or not. As discussed above H(Q) decreases in Q with
the intercept (s − c + cs )/(s + cs + ce ) which is less than one while F (w(Q)) is
an increasing function of Q and takes values between 0 and 1. Therefore they
intersect at exactly one point.
We next discuss the case of b < r/(1 − r).
Case 2: b <

r
1−r

Lemma 2: Assume b <

r
.
1−r

Then, H(Q) increases(decreases) in Q if

G(Q) ≤ (s − c)
(≥)

Proof: Consider A, D, B given in 4.19, 4.20, and 4.21.
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(4.22)

Since b < r/(1 − r), b((1 − r)/r) − 1 < 0. Then, D ≥ 0. We also know from the
previous discussion that A ≥ 0, B ≥ 0. Hence the derivative of H(Q) of (4.18) is
positive (negative) if the following relation holds.
1

((1 + δ)ψQ r )[b(1 − r)(w0 (Q) − 1) − (w0 (Q) − r)] ≥ (s − c)r2 Q(w0 (Q) − 1)[b(
(≤)

1−r
) − 1]
r

By referring to the 4.10, the above inequality is simplified as follows:

1

((1 + δ)ψQ r )[b(1 − r)(w0 (Q) − 1) − (w0 (Q) − r)]
≤ (s − c)
) − 1]
r2 Q(w0 (Q) − 1)[b( 1−r
(≥)
r

1

b

((1 + δ)ψQ r −1 )[(1 + abC b A− r ( 1−r
)Qb(
r

1−r
)−1
r

)(b − br − 1) − (b − br − r)]

1−r
b
r2 (abC b A− r ( 1−r
)Qb( r )−1 )[b( 1−r
)
r
r

1

− 1]

≤ (s−c)
(≥)

−b

(1 + δ)ψQ r −1 (r − 1)Q r +b+1
[
+ (b(1 − r) − 1)] ≤ (s − c)
r(b(1 − r) − r) beC b A− rb ( 1−r )
(≥)
r

Then by referring to 4.16, 4.22 is obtained.
We next present our second main result, regarding to the optimal solution of
the problem.
r
Theorem 3: Suppose b < ( 1−r
) and H(Q) is a concave function. Then at most

three points may satisfy the first order condition of the problem (4.18).
In accordance with Lemma 2, let Q0 =G−1 (s − c).
(i) First order condition (4.18) is satisfied at a unique point if
(a) F (w(Q0 )) > H(Q0 ) (See Figure 4.1).
(b) If F (w(Q0 )) ≤ H(Q0 ) and F (w(Q)) 6= H(Q) for Q < Q0 (See Figure
4.2).
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(ii) First order condition (4.18) is satisfied at two distinct points Q1 < Q0 and
Q2 > Q0 s.t F (w(Q0 )) < H(Q0 ); F (w(Qi )) = H(Qi ) i = 1, 2 (See Figure 4.3).
(iii) First order condition (4.18) is satisfied at three points Q1 , Q2 , Q3 where
Q1 < Q2 < Q0 and Q3 > Q0 s.t F (w(Q0 )) < H(Q0 ); F (w(Qi )) = H(Qi )
i = 1, 2, 3 (See Figure 4.4).
Proof:
First, since F is concave f 0 = F 00 < 0. Then [F (w(Q))]0 = f (w(Q))w0 (Q)
and [F (w(Q))]00 = f 0 (w(Q))(w0 (Q))2 + w00 (Q)f (w(Q)). Since f 0 (w(Q)) < 0,
(w0 (Q))2 > 0, w00 (Q) < 0 and f (w(Q)) > 0, [F (w(Q))]00 < 0.
Then, F (w(Q)) is also concave and increasing with F (w(Q)) = 0. By assumption H(Q) is also concave. By Lemma 2, H(Q) is increasing if Q ≤ Q0 and
decreasing if Q > Q0 . Hence we inspect how many times two function, one is
concave increasing-decreasing can intersect. Then
(i) Figure 4.1 clearly shows that under given conditions in part a has a unique
intersection point. Figure 4.2 also shows the uniqueness of the solution under
conditions given in part b.
(ii) Figure 4.3 shows that two distinct points Q1 < Q0 and Q2 > Q0 are the
intersection points of F(w(Q)) and H(Q) under given conditions in part ii.
(iii) Figure 4.4 shows that there are three points Q1 , Q2 , Q3 where Q1 < Q2 < Q0
and Q3 > Q0 that satisfy the conditions of the problem given in part iii.
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Figure 4.1: F (w(Q)) and H(Q) under the conditions given in part a of i

Figure 4.2: F (w(Q)) and H(Q) under the conditions given in part b of i
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Figure 4.3: F (w(Q)) and H(Q) under the conditions given in part ii

Figure 4.4: F (w(Q)) and H(Q) under the conditions given in part iii
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Chapter 5
Integrated Problem of the
Retailer and the Manufacturer
In the previous chapter, we considered the newsvendor problem with multiple
inputs and environment sensitive customers. The retailer aims to maximize her
expected profit under random customer demand which is sensitive to the carbon
emission levels. Under this setting, the retailer orders Q units to the manufacturer
who applies a cost plus approach and the manufacturer produces the required Q
units of product with an optimal selection of the input quantities that minimizes
his production cost. The retailer then optimizes her production quantity that
maximizes her expected profit.
In the integrated model, the retailer produces its own products instead of
ordering from a manufacturer who applies a cost-plus approach. In this setting,
the retailer does not know the carbon emission level caused by the production
before determining the optimal production quantity. The retailer acts as a single
manager and she jointly optimizes the order quantity and the input mix. The
demand structure has the similar form given as follows
−
→
−
−
D = y(Q(→
x )) +  and y(Q(→
x )) = B(1 − a( ξ(Q(Qx )) )b )

−
where as before (ξ(Q(→
x ))/Q) denotes the per unit carbon emission level caused
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by the production,  is a random error term with mean 0 and variance σ 2 , b
denotes the carbon emission level sensitivity of the customers, B is the mean
demand and a is a positive coefficient.
The profit function of the retailer under this new setting is as follows.
Π(Q) =s min(Q, D) − cs max(0, (D − Q)) − ce max(0, (Q − D))
n
X
− cQ − (
pi xi (Q))
i=1

The expected profit Π(Q)≡E[Π(Q)] of the retailer, is given as follows
E[Π(Q)]≡ Π(Q) = sE[min(Q, D)] − cs E[max(0, (D − Q))]
n
X
− ce E[max(0, (Q − D))] − cQ − (
pi xi (Q))
i=1

Z

Q

Z

∞

Qf (u)du

uf (u)du + s

=s
−∞

Q

Z

∞

− cs

Z

Q

(u − Q)f (u)du − ce

− cQ − (

(Q − u)f (u)du
−∞

Q
n
X

pi xi (Q))

i=1

Under the carbon sensitive demand structure, the objective function of the
problem is now explicitly written as follows:

Z

Q−y(Q)

(s(y(Q) + u) − ce (Q − y(Q) − u) − cQ)dF (u)

Π(Q) =
−∞
Z ∞

(sQ − cQ − cs (y(Q) + u − Q))dF (u) − (
Q−y(Q)

n
X
i=1

45

pi xi (Q))

Then the optimization problem of the retailer is written as follows

M ax
−
→

Π(Q)

s.t.

A

Q, x

n
Y

xi α i = Q

i=1

−
Q, →
x ≥0
where the constraint again corresponds to the Cobb-Douglas production function.
We first consider the case n = 2 with two inputs. Then the Cobb-Douglas
production function is written as

Q = Axα1 1 xα2 2
1

Hence, x2 = (Q/(Axα1 1 )) α2 which is a function of Q and x1 . The objective
function then becomes a function of two decision variables, (Q,x1 ). We now state
our first main result.
Theorem 4: Suppose n = 2. Then the optimal order quantity, Q∗ and x1 satisfy
the following equations

 1
α2 −α
Q
1 1
α
α2 x1
Ax1 1

! 1 b−1 
! 1
α2
α2 −α
Q
Q
1 1

 β1 +β2 Axα1
 β1 x1 +β2 Axα1
α2 x 1



1
1
b


Q
Q





p1 +p2

a(cs − (s + ce + cs )F (Q − y(Q))) =







(5.1)

F (Q − y(Q)) =

s − c + cs (1 − y 0 (Q)) +
(s + ce + cs )(1 −
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1

p2
( Q 1 ) α2
α2 Q Axα
1
y 0 (Q))

(5.2)

Proof: For n = 2 and given Q, the partial derivative of the objective function
with respect to x1 results in following equation

∂Π(Q)
dδ
p2
= a(cs − (s + ce + cs )F (Q − y(Q)))
− p1 +
∂x1
dx1
x1


where

∂δ
∂x1


β1 x1 +β2


= b

Q
α
Ax1 1

Q



1
α2

b−1 





β1 +β2 (

Q
α
Ax1 1

1

) α2

Q



−α1 1
α 2 x1

Q
Axα1 1

 α1

2

α1
(5.3)
α2


.

Then, the partial derivative set to zero results in

 1
α2 −α
Q
1 1
α1
α2 x1
Ax1

! 1 b−1 
! 1
α2
α2 −α
Q
Q
1 1
 β1 x1 +β2 Axα1

 β1 +β2 Axα1
α2 x 1



1
1
b


Q
Q





p1 +p2

a(cs − (s + ce + cs )F (Q − y(Q))) =







(5.4)

In a similar fashion, the partial derivative of the objective function with respect
to Q is found as follows:

1

−1

∂Π(Q)
p 2 Q α2
= F (Q−y(Q))[(y 0 (Q)−1)(s+ce +cs )]+(s−c+cs (1−y 0 (Q)))+
1
∂Q
α2 (Axα 1 ) α2
1

(5.5)

Setting the above equation to zero results as follows
F (Q − y(Q)) =

s − c + cs (1 − y 0 (Q)) +
(s + ce + cs )(1 −
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1

p2
( Q 1 ) α2
α2 Q Axα
1
y 0 (Q))

We next consider the case n = 3 with three inputs. Then the Cobb-Douglas
production function is written as

Q = Axα1 1 xα2 2 xα3 3
1

Hence, x3 = (Q/(Axα1 1 xα2 2 )) α3 which is a function of Q,x1 and x2 . The objective function then becomes a function of three decision variables, (Q,x1 ,x2 ). We
now state our second main result.
Theorem 5: Suppose n = 3. Then the optimal order quantity, Q∗ , x1 , and x2
satisfy the following equations

p 1 + p3
a(cs −(s+ce +cs )F (Q−y(Q))) = 
β1 x1 +β2 x2 +β3 (


b

Q
α α
Ax1 1 x2 2



Q

 α1

3

α
α
Ax1 1 x2 2



1
α2

Q

b−1 





−α1 1
α 3 x1

β1 +β3 (

Q
α α
Ax1 1 x2 2

1

) α3

Q

(5.6)

1

α2
( Q1 xα2 ) α3 α13 (β1 p3
x2 Axα
1
2

− p1 β3 ) +

1

α1
( Q1 xα2 ) α3 α13 (β3 p2
x1 Axα
1
2

− p3 β2 ) = β1 p2 − p1 β2
(5.7)

F (Q − y(Q)) =

(s + ce + cs )(1

1

p3
( Q1 xα 2 ) α3
α3 Q Axα
1
2
− y 0 (Q))

s − c + cs (1 − y 0 (Q)) +

(5.8)

Proof: For n = 3, the partial derivative of the objective function with respect
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−α1 1
α2 x 1




to x1 results in following equation


∂Π(Q)
dδ
p3
= a(cs−(s+ce +cs )F (Q−y(Q)))
−p1 +
∂x1
dx1
x1

where

∂δ
∂x1


β1 x1 +β2 x2 +β3


= b

Q
α α
Ax1 1 x2 2



1
α3

b−1 



Q

β1 +β3 (



Q
α α
Ax1 1 x2 2
1

Q
α α
Ax1 1 x2 2

) α3

 α1

−α1 1
α3 x 1

3

α1
(5.9)
α3




Q

Then the partial derivative set to zero results in

p1 + p3
a(cs −(s+ce +cs )F (Q−y(Q))) = 
 β1 x1 +β2 x2 +β3 (
b
Q

Q
α α
Ax1 1 x2 2



 α1

Q

3

α
α
Ax1 1 x2 2



1
α2

b−1 





−α1 1
α 3 x1

β1 +β3 ( αQ
α
Ax1 1 x2 2

1
−α
) α3 α 1 x1
2
1

Q

(5.10)

In a similar fashion, the partial derivative of the objective function with respect
to x2 is given by:

dδ
p3
∂Π(Q)
= a(cs−(s+ce +cs )F (Q−y(Q)))
−p2 +
∂x2
dx2
x2


where

∂δ
∂x2


β1 x1 +β2 x2 +β3


= b

Q

Q
α α
Ax1 1 x2 2



1
α3

b−1 



β2 +β3 (



Then the partial derivative set to zero results in
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! α1

3

Q
A

Q2

k=1

Q
α α
Ax1 1 x2 2

Q

1

) α3

xαk k

−α2 1
α3 x 2




α2
(5.11)
α3




 1
α3 −α
Q
2 1
α1 α1
α3 x 2
Ax1 x1

! 1 b−1 
1
α3
Q
Q
α −α2 1
β
x
+β
x
+β
β2 +β3 (
α
α
α1 α2 ) 3 α3 x 2
 1 1 2 2 3 Ax 1 x 2


Ax
x


1
2
1
2

b

Q
Q





p2 +p3

a(cs −(s+ce +cs )F (Q−y(Q)))=

(5.12)

To find a ratio between x1 and x2 values, the equations (5.10) and (5.12) are used
and after the division the following relation is found.



Q
Qn−1

 α1

n

−α1 1
α 3 x1



1
α3

Q

p 1 + p3 A
β2 + β3 ( A
αk
αk )
k=1 xk
k=1 xk
.
1= 
1

 α1
1 1
Q
β1 + β3 ( A Q2Q xαk ) α3 −α
p 2 + p 3 A Q2 x α k 3
α3 x1
k=1 k
Q2

k=1

k

−α2 1
α 3 x2


(5.13)

−α2 1
α 3 x2

Then using the above ratio, the resulting equation is found as follows:

1 1
1 1
α2
Q
α1
Q
( α1 α2 ) α3 (β1 p3 − p1 β3 ) + ( α1 α2 ) α3 (β3 p2 − p3 β2 ) = β1 p2 − p1 β2
x2 Ax1 x2
α3
x1 Ax1 x2
α3

In a similar fashion, the partial derivative of the objective function with respect
to Q results in following equation

∂Π(Q)
=F (Q − y(Q))[(y 0 (Q) − 1)(s + ce + cs )] + (s − c + cs (1 − y 0 (Q)))
∂Q
1

+
α3

(5.14)

−1

p 3 Q α3
 α1
Q2
α
3
k=1 Axk k

Then, the partial derivative set to zero results in
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F (Q − y(Q)) =

1

p3
( Q1 xα 2 ) α3
α3 Q Axα
1
2
− y 0 (Q))

s − c + cs (1 − y 0 (Q)) +
(s + ce + cs )(1

We next consider the case n > 3 with more than three inputs. The following
result is obtained for this case.
Theorem 6: Suppose n>3. Then the optimal order quantity, Q∗ , x1 , and x2
satisfy the following equation.

a(cs −(s+ce +cs )F (Q−y(Q))) =

P
p1 − n−1
(x1 ,x2 )+pn I(x1 ,x2 )H(x1 ,x2 )
k=3 pk F
P
b
(β(x1 ,x2 ,Q))b−1 [β1 − n−1
k=3 βk F (x1 ,x2 )+βn I(x1 ,x2 )H(x1 ,x2 )]
Q

(5.15)

where γ = (β1 pn − p1 βn )(β1 p2 − p1 β2 ), δ = (β1 pn − p1 βn )(β1 pk − p1 βk ),
z = (β1 pk − p1 βk )(β2 pn − pn β2 ) − (β1 p2 − p1 β2 )(βk pn − pk βn ),
β1 x1 +β2 x2 +βk

β(x1 , x2 , Q) = (
F (x1 , x2 ) =

γαk


α

α

δ x 2 −z x 1
2

γαk
k=3 δ α2 −z α1
x2
x1

Pn−1

2 , H(x1 , x2 )

Q
αk (n−3)α1 z
1
[
αn x1 δ αx2 x1 −zα1

1

) αn

),

− α1 ]

1

Q

α
1 1 x2 2 (

Q
γαk
αk
α Qn−1
Axα
1 1 x2 2 k=3 ( δ α2 −z α1 )
x2
x1

2

1

I(x1 , x2 ) = ( Axα

=

+βn (

γαk
α
α
δαk x 2 −z x 1
2
1

)αk

) αn .

Proof: The partial derivatives of the objective function with respect to xi , i =
1, ..n − 1 are given by

dδ
pn
dΠ(Q)
= a(cs−(s+ce +cs )F (Q−y(Q)))
−pi +
dxi
dxi
xi

Pn−1

where

dδ
dxi

i=1


= b


βi xi (Q)+βn

Q
Q
α
A n−1 x k
k=1 k



Q
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1
αn

! α1

n

Q
A

Qn−1

α
k=1 xk k

b−1
βi +βn (




A

Q
Qn−1 αk
x
k=1 k

Q

1

) αn

αi
(5.16)
αn

−αi 1
αn xi

!

Setting (5.16) to zero we get

 1
αn −α
Q
i 1
Qn−1 αk
αn x i
A
x
k=1 k


 1 b−1

αn
1 −α
Pn−1
Q
Q

 i=1 βi xi (Q)+βn

βi +βn ( Qn−1 α ) αn α i x1
Qn−1 αk 
n
k
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A
x
A
x
k=1 k
k=1 k


b


Q
Q



pi +pn

a(cs −(s+ce +cs )F (Q−y(Q)))=





(5.17)

Note that in the above equation the LHS is independent of i and the first
term in the denominator of the RHS is also independent of i. Hence the RHS of
equation (5.17) holds for xi 6= xj .
We observe that the following relation should hold for any i 6= j where i, j 6= n.



Q
Qn−1

 α1

n

−αi 1
α n xi



1
αn

Q
Qn−1

p i + pn A
βj + βn ( A
αk
αk )
k=1 xk
k=1 xk

1= 
.
 α1

1
Q
−αi 1
n
Q
βi + βn ( A Qn−1
αk ) αn
pj + pn A Qn−1 xαk
α n xi
k=1 xk
k=1

k

−αj 1
α n xj


(5.18)

−αj 1
α n xj

Then referring to the 5.18, the resulting equation is found for any i 6= j where
i, j 6= n as follows:

1
αj
Q
1
( Qn−1 αk ) αn (βi pn − pi βn )
xj A k=1 xk
αn
1
αi
Q
1
+ ( Qn−1 αk ) αn (βn pj − pn βj )
xi A k=1 xk
αn

βi pj − pi βj =

Then referring to the 5.19, we have the following ratio
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(5.19)






1

α

Q
1
[ j (β1 pn − p1 βn ) −
( A Qn−1
α ) αn
α n xj
x k
k=1

k

Q
( A Qn−1
α )
x k
k=1

k

1
αn

1 αk
[ (β1 pn
α n xk

− p1 βn ) −

α1
(βj pn
x1

− pj βn )]

α1
(βk pn
x1

− pk βn )]

=

β1 pj − p1 βj
(5.20)
β1 pk − p1 βk

Then, xk for k = i + 1,...n − 1 is written as
xk =

a1n a1k αx22

a12 a1n αk
− (a1k a2n − a12 akn ) αx11

(5.21)

where aij = (βi pj − pi βj ) for all 1 ≤ i ≤ j ≤ n

Substituting xk , which is a function of x1 and x2 , into our existing objective
function transforms our objective function into a function of three variables, x1 ,
P
x2 and Q, independent of n. The new form of the (( ni=1 βi xi (Q))/Q)b is written
as follows:









βk a12 a1n αk


 β1 x1 +β2 x2 +Pn−1
Q

α 
+β

n
α
α
k=3
1
2
k

a1n a1k x −(a1k a2n −a12 akn ) x
 α α Qn−1

a12 a1n αk
2
1



Ax1 1 x2 2
α2
α1
k=3 a a

1n 1k x2 −(a1k a2n −a12 akn ) x1

Q




(5.22)

P
To simplify the notation of the (( ni=1 βi xi (Q))/Q)b ,let a1n a12 =γ, a1n a1k = δ,
P
a1k a2n -a12 akn = z. Then, ( ni=1 βi xi (Q)/Q)b is written as follows
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(5.23)

In a similar fashion, under this setting, (

(

n
X

pi xi (Q)) =p1 x1 + p2 x2 +

i=1

n−1
X

Pn

pk

k=3

i=1

pi xi (Q)) is written as follows

a1n a1k αx22

a12 a1n αk
− (a1k a2n − a12 akn ) αx11
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Q
Axα1 1 xα2 2

Qn−1
k=3



a12 a1n αk
α
α
a1n a1k x 2 −(a1k a2n −a12 akn ) x 1
2

( α1 )
n

αk 


1

P
Again, to simplify the notation of the ( ni=1 pi xi (Q)), let a1n a12 =γ,
P
a1k a2n -a12 akn = z, a1n a1k = δ. Then, ( ni=1 pi xi (Q)) is written as follows

 α1


(

Pn

i=1

pi xi (Q)) = p1 x1 + p2 x2 +

Pn−1
k=3


k
+ pn 
pk δ α2γα
α
−z 1
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Axα
1 1 x2 2

Q
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k=3
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γαk
α
α
δ x 2 −z x 1
2
1
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(5.24)

Under this setting, the expected profit function and its partial derivative with
P
respect to x1 are given by following equations. Since ( ni=1 pi xi (Q)) and
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P
(( ni=1 βi xi (Q))/Q)b became functions of x1 ,x2 and Q independent of n, we reduced the number of variables in the objective function from n: x1 ,x2 ,...xn−1 ,Q
into three: x1 ,x2 ,Q.

Π(Q, x1 , x2 ) =sE[min(Q, D)] − cs E[max(0, (D − Q))] − ce E[max(0, (Q − D))]
n
X
− cQ − (
pi xi (Q))
i=1

where D = y(Q) +  and y(Q) = B(1 − a(

Pn

i=1

βi xi (Q) b
))
Q
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− α1 ]
αn x1 δ αx2 2x1 − zα1

1

is written as follows by using appropriate

simplifications.

d(

Pn
i=1 βi xi (Q) )b
Q

dx1

=

b
Q

(β(x1 , x2 , Q))b−1 β1 −

Pn−1
k=3


βk F (x1 , x2 ) + βn I(x1 , x2 )H(x1 , x2 )
(5.25)

where β(x1 , x2 , Q),F (x1 , x2 ), I(x1 , x2 ) are functions such that
β1 x1 +β2 x2 +βk

β(x1 , x2 , Q) = (

γαk
k=3 δ α2 −z α1
x2
x1

Pn−1

+βn (
Q
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γαk
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1 1 x2 2 ( δα α2 −z α1
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x1

)αk

) αn

Then, by using the functions β(x1 , x2 , Q),F (x1 , x2 ), I(x1 , x2 ), the partial
derivative of the objective function with respect to x1 is given in the following
equation.
∂Π(Q,x1 ,x2 )
∂x1

=

(cs −(s+ce +cs )F (Q−y(Q))) ab
β1 −
Q
Pn−1
− p1 + k=3 pk F (x1 , x2 , Q)
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βk F (x1 , x2 ) + βn I(x1 , x2 )H(x1 , x2 ) β(x1 , x2 , Q)b−1

− pn I(x1 , x2 , Q)H(x1 , x2 , Q)

Setting the above equation to zero results in
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(β(x
,x
,Q))
n
1
2
1
1 2
1 2
1 2
k=3 k
Q

(5.26)

where γ = (β1 pn − p1 βn )(β1 p2 − p1 β2 ), δ = (β1 pn − p1 βn )(β1 pk − p1 βk ),
z = (β1 pk − p1 βk )(β2 pn − pn β2 ) − (β1 p2 − p1 β2 )(βk pn − pk βn ),
β1 x1 +β2 x2 +βk
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− α1 ]

1

) αn

),

Chapter 6
Numerical Studies
In this chapter we provide the results of the numerical experiments conducted
to analyze the impacts of problem parameters on the optimal policies of the
problems we discussed in previous chapters. The numerical study findings and
discussions are provided under three sections.
In section 6.1, the effects of input cost parameters and carbon coefficients on
the optimal order quantity, expected profit and allocation of the inputs are investigated for a supply chain with two inputs under the decentralized problem,
Retailer’s Problem with an Independent Manufacturer. A real agricultural production example of Hatirli et al. [11] is also examined under the decentralized
model. In section 6.2, we investigate similar effects for a supply chain with two
inputs under the centralized problem, Integrated Problem of the Retailer and the
Manufacturer.
In section 6.3, a comparison between the numerical results of the centralized
model and decentralized is made.
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6.1

Decentralized Model

In this section, we first present the experimental settings used for the sensitivity
analysis of the decentralized model in the subsection 6.1.1. The results of the
sensitivity analysis of the decentralized model are given in the subsection 6.1.2.
As a last part, a real-life agricultural production application is done under the
decentralized model and results are presented in the subsection 6.1.3.

6.1.1

Experimental Settings for the Sensitivity Analysis

We consider a supply chain with two inputs, n = 2 and decreasing rate of return,
r < 1 where both elasticities α1 = 0.45 and α2 = 0.45. We assume the technology
level A = 1. The (1 + δ) parameter which was the manufacturer’s expected profit
coefficient is set 1.2, and he set the positive coefficient a = 0.1 for the cases
where the customers are sensitive to the carbon emission levels, b > 0. For
the insensitive customers, the positive coefficient a = 0. Therefore we represent
the carbon sensitivity parameters as (b, a) where (0, 0) represents the customers
insensitive to the carbon emission, (0.3, 0.1), (0.5, 0.1), (0.7, 0.1), (1, 0.1) denote
the cases where the customers are sensitive to the carbon emission level of the
product.
We set the selling price s = 50, the fixed acquisition cost c = 1, the shortage
cost cs = 10 and we calculate the excess cost ce = 3.157 based on the assumption
of 95% service level in the classical newsvendor problem. The mean demand B
is assumed to be 100 and the error term  normally distributed with mean 0 and
σ = 30.
To understand the sensitivity of the optimal policy parameters with respect to
change in input cost parameters and carbon coefficients, four parameter sets are
determined.
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1) p1 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}
p2 = 0.4, β1 = 0.1, β2 = 0.25.
2) p2 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}
p1 = 0.4, β1 = 0.1, β2 = 0.25.
3) β1 = {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}
p1 = 0.3, p2 = 0.4, β2 = 0.25.
4) β2 = {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}
p1 = 0.3, p2 = 0.4, β1 = 0.25.
Each of these four parameter sets are investigated under five different carbon
sensitivity parameters, i.e. (b, a) which are (0, 0), (0.3, 0.1), (0.5, 0.1), (0.7, 0.1),
(1, 0.1) in the sensitivity analysis part.

6.1.2

Sensitivity Analysis

In the sensitivity analysis of the decentralized problem, the experimental settings
presented in the previous subsection are used and under the assumption that the
error term has a normal distribution with mean zero and variance σ 2 , we write
the expected profit of the decentralized problem (4.5) as follows

Z

Q−y(Q)

Π(Q) =
−∞

u2

e− 2σ2
(s(y(Q) + u) − ce (Q − y(Q) − u) − cQ)√
du
2πσ 2
u2

e− 2σ2
(sQ − cQ − cs (y(Q) + u − Q)) √
du
2πσ 2
Q−y(Q)
n
X
− (1 + δ)(
pi xi (Q))

Z

∞

i=1
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(6.1)

Then the optimization problem of the retailer (4.6) is written as follows
M ax

Π(Q)

s.t.

→
−
x ,Q ≥ 0

Q

(6.2)

and the first order condition of the problem (4.18) becomes:
1
cs
= F (w(Q)) −
s + ce + cs
(s + ce + cs )w0 (Q)

1

(1 + δ)ψQ r −1
(s − c) −
r

!
(6.3)

For computations, we use MATLAB to examine each of four parameter set given in 6.1.1 under five different carbon sensitivity parameters,
(0, 0),(0.3, 0.1),(0.5, 0.1),(0.7, 0.1), (1, 0.1). Below, we provide a pseudocode that
we use in MATLAB for the analysis.

Algorithm 1 Sensitivity Analysis of the Decentralized Problem
BEGIN
INITIALIZE parameters s,cs ,c,ce , δ,B,σ,α1 ,α2 ,p1 ,p2 ,β1 ,β2 ,a,b.
SET Qunc := Q∗ of classical EOQ Model under Given Parameters
SET X := Q∗ of classical EOQ Model under Given Parameters
for Each sensitivity level (b, a):=(0, 0),(0.3, 0.1),(0.5, 0.1),(0.7, 0.1),(1, 0.1) do
Set Qunc := FoundRoot of Equation 6.3.
end for
for Each sensitivity level (b, a):=(0, 0),(0.3, 0.1),(0.5, 0.1),(0.7, 0.1),(1, 0.1) do
Set X = Found Order Quantity which Maximizes the Problem 6.2.
end for
In this algorithm, we first initialize the parameters a and b according to the carbon sensitivity level we work on from our set (0, 0),(0.3, 0.1),(0.5, 0.1),(0.7, 0.1),
(1, 0.1). Then, by considering the four input cost and carbon emission parameter
sets of the study given in 6.1.1, for each set, the p1 ,p2 ,β1 ,β2 are initialized. To
provide an initial point for conducting search, we start with the optimal order
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quantity which is obtained under the classical EOQ model and our given parameters. Then, Equation 6.3 is solved by f solve function of MATLAB and as an
alternative, starting from the same initial point, the optimization problem in 6.2
is solved by f mincon function of the MATLAB. It also provides us to check the
correctness of the solution we found.
The detailed results of the study are presented in Figure 6.1, 6.2 and 6.3 for
(b, a) = (0, 0), Figure 6.4, 6.5 and 6.6 for (b, a) = (0.3, 0.1), Figure 6.7, 6.8 and
6.9 for (b, a) = (0.5, 0.1), Figure 6.10, 6.11 and 6.12 for (b, a) = (0.7, 0.1), Figure
6.13, 6.14 and 6.15 for (b, a) = (1, 0.1). The exact results are also presented in
Table 6.1 for (b, a) = (0, 0), 6.2 for (b, a) = (0.3, 0.1), 6.3 for (b, a) = (0.5, 0.1),
6.4 for (b, a) = (0.7, 0.1), 6.5 for (b, a) = (1, 0.1). The behavior of the expected
profit function is also investigated by focusing on the curve of the expected profit
function under four different cases. The Figure 6.31 highlights that along the
search interval we used, the expected profit of the problem generally behaves like
a concave function. This situation prevents ignoring some possible local maximum
points in the search interval.
First, we observe the effect of changes in p1 , p2 , β1 , β2 on the optimal order
quantity, optimal input allocation and expected profit where the carbon sensitivity level of the customers, (b, a) = (0, 0). In other words, under this setting,
the customers are insensitive to carbon emission level of the products they buy.
As it is expected, for (b, a) = (0, 0), the effective demand is found as equal to
mean demand B and since the customers are insensitive, the changes in the carbon emission parameters β1 , β2 do not cause an alteration in the optimal order
quantity, allocation of inputs and expected profit as we can observe from I.c,
II.c, I.d, II.d of Figure 6.1, 6.3 and Table 6.1. The changes in p1 and p2 are also
investigated under (b, a) = (0, 0) and it is found that the optimal order quantity
and corresponding expected profit follow a decreasing trend when the p1 or p2
increases. Note that the change in p1 and p2 result in the same ratio between
optimal input allocation, x1 and x2 without an alteration based on the carbon
emission level parameters. It is also expected under this setting since both the
manufacturer does the optimization by only considering the cost of inputs he use
and the customers are assumed to be insensitive to carbon emission level of the
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product. It can be observed in I.a, I.b, II.a, II.b of Figure 6.1 and 6.2and Table
6.1.
For the customers with carbon sensitivity level (b, a) = (0.3, 0.1), Table 6.2
clearly shows that the ratio of x1 and x2 gives the same result if the carbon emission level parameter β1 or β2 changes while all other parameters are constant. It
again implies that the optimal input allocation is only affected from the change
in the cost of inputs, p1 and p2 even if the each input has different carbon emission level and the customers are sensitive to carbon emission levels. The effective
demand under this setting becomes a value which is less than mean demand
since the the customers are now sensitive to the carbon footprint of the product.
The optimal order quantity and corresponding expected profit level follows a decreasing pattern when the costs of inputs or carbon emission parameters change.
The same results hold for the other carbon sensitivity levels (b, a) = (0.5, 0.1),
(b, a) = (0.7, 0.1) as it is shown in Figure 6.7 and 6.10.
From the Figure 6.13 and Table 6.5 we observe the customers which have
carbon sensitivity level, (b, a) = (1, 0.1).This case is expected to be most affected
from the changes in the input parameters. From II.a, II.b, II.c, II.d of Figure
6.13, we can clearly observe that the expected profit values associated with the
optimal order quantities become more nonlinear. The effect of changes in the cost
of input one, p1 shows that the effective demand decreases when the cost of input
with low carbon emitted increases while other parameters are constant. On the
other hand, the change in the cost of input two, p2 indicates that the effective
demand rate of the customers increases when the cost of input with high carbon
emission level increases. The logic behind both results is explained as follows.
From previous discussion, we know that the production process relies on the low
cost input since the manufacturer does his own optimization to minimize his own
production cost. If the input type selected to be mainly used is the one with
low carbon emission level, the effective demand increases if the input with high
carbon emission level also have a higher cost.
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6.1.3

Real-Life Agricultural Production Application

In this section, we investigate the work of Hatirli et. al. [11] and the numerical study of Sözüer [45] on this work. The study of Hatirli et. al focus on the
relationship between energy inputs and crop yield for tomato production in Antalya, Turkey. We use the example based on the work of Hatirli et. al. [11] and
constructed by Sözüer [45] and investigate it under our decentralized model.
In the example, the order quantity, Q represents the greenhouse tomato production where the inputs, fertilizer (x1 ), chemicals (x2 ), labor (x3 ), machinery
(x4 ) and water for irrigation (x5 ). The measured unit of each input is taken as
their energy equivalents in mega joules during the study.
The vector of input elasticities (α), input prices (p) and carbon coefficients
(β) are taken from the data provided in [11]. The α vector is scaled to provide
a DRS setting. The corresponding vectors are as follows α=[0.1714 0.642 0.107
0.4 0.164],β=[0.0197 0.0504 0.0398 0.3542 0.2951],p=[0.1278 0.5929 1.3043 1.7217
0.2689].
The technology level is taken A = 1.34, the selling price for tomato s =
2.875T L/M J from [45]. The mean demand B is assumed to be 130000M J,(1 +
δ) = 1.
In the analysis, we investigate this example for each of five carbon sensitivity parameter in a similar procedure expressed in the previous chapter. We
set the carbon sensitivity parameter (b, a) as (0, 0) for insensitive customers,
(0.3,0.1),(0.5,0.1),(0.7,0.1),(1,0.1) for sensitive customers. For each carbon sensitivity level, it is assumed that the shortage cost is given by a ratio of the selling
price, s and the excess cost is calculated by considering the 95% service level. We
conduct our analysis with three different cs /s ratios: 0.01, 0.02 and 0.04.
We also study the effect of the variance of the random error term of our demand
function on the optimal policy parameters. Two different σ values are considered,
which are 5000 and 15000. Therefore, we investigate the following cases.
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1) (b, a)=(0, 0) and cs = {0.01, 0.02, 0.04}
where σ = 5000
2) (b, a)=(0, 0) and cs = {0.01, 0.02, 0.04}
where σ = 15000
3) (b, a)=(0.3, 0.1) and cs = {0.01, 0.02, 0.04}
where σ = 5000
4) (b, a)=(0.3, 0.1) and cs = {0.01, 0.02, 0.04}
where σ = 15000
5) (b, a)=(0.5, 0.1) and cs = {0.01, 0.02, 0.04}
where σ = 5000
6) (b, a)=(0.5, 0.1) and cs = {0.01, 0.02, 0.04}
where σ = 15000
7) (b, a)=(0.7, 0.1) and cs = {0.01, 0.02, 0.04}
where σ = 5000
8) (b, a)=(0.7, 0.1) and cs = {0.01, 0.02, 0.04}
where σ = 15000
9) (b, a)=(1, 0) and cs = {0.01, 0.02, 0.04}
where σ = 5000
10) (b, a)=(1, 0) and cs = {0.01, 0.02, 0.04}
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where σ = 15000
For the computation, the same algorithm explained in the previous section is
used and the results are shown in Table 6.11 and 6.12.
Table 6.12 shows that if the customers are insensitive to carbon emission levels,
for each cs /s ratio, we obtain same expected profit values under two different
demand variations. For other carbon sensitivity levels, we observe that as cs /s
increases, the expected profit decreases and the percentage of the decrease in
expected profit is much higher when the demand variation is high.
The effect of the change in cs /s ratio on the optimal order quantity is also
observed from the Table 6.12. It is understood that an increase in cs /s from 0.01
to 0.04 results in approximately 4% increase in the optimal order quantity Q∗ for
each carbon sensitivity level under the given σ = 5000. When the uncertainty in
demand increases and σ = 15000, an increase in cs /s from 0.01 to 0.04 leads to
approximately 10% increase in the optimal order quantity Q∗ under each carbon
sensitivity level. It shows the effect of uncertainty in demand on the optimal
order quantity.
We observe from the Table 6.11 that the percentage of the changes in the
input quantities for different cs/s ratios under a given carbon sensitivity level
is approximately same for a given demand variation. The increase in the input
quantities is less than 6% with σ = 5000. When the uncertainty in demand increases and σ = 15000, the increase in the input quantities is less than 11%. In
the other chapters of the numerical study, we could make comments related to
the usage of the low cost-low carbon emitted inputs however since the elasticity parameters of the inputs are also different in this setting, we can not easily
observe a production system relies on the low carbon emitted inputs when the
sensitivity level increases. However we can observe the optimal policy parameters
under each carbon sensitivity level and conclude that the optimal strategies for
the retailer can be determined under this model.
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6.2

Centralized Model

For the Integrated Problem of the Retailer and the Manufacturer, we again observe the sensitivity of the optimal policy parameters with respect to change in
input costs, carbon coefficients.

6.2.1

Experimental Settings for the Sensitivity Analysis

We consider a supply chain with two inputs. We assume technology level A = 1,
r < 1 where both elasticities α1 = 0.45 and α2 = 0.45. We set the same cost
parameters, the selling price s = 50, the fixed acquisition cost c = 1, the shortage
cost cs = 10 and we calculate ce = 3.157 based on the assumption of 95% service
level in the classical newsvendor problem. The mean demand B is assumed to be
100 and the error term  is again assumed to be normally distributed with mean
0 and σ = 30. The retailer set positive coefficient a = 0.1 for the cases where the
customers are sensitive to the carbon emission levels, b > 0. For the insensitive
customers, the positive coefficient a = 0. Carbon sensitivity parameters are again
as follows (0, 0), (0.3, 0.1), (0.5, 0.1), (0.7, 0.1), (1, 0.1).
We do the sensitivity analysis by following the same procedure explained in
the previous problem. Each of four input cost and carbon coefficient parameter
set in 6.1.1 are investigated under each carbon sensitivity parameter.

6.2.2

Sensitivity Analysis

For the computations, we use MATLAB. Since the first order condition of the
centralized problem results in functions of two variables, Q and x1 , another algorithm with same logic is used. The algorithm is as follows:
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Algorithm 2 Sensitivity Analysis of the Centralized Problem
BEGIN
INITIALIZE parameters s,cs ,c,ce ,B,σ,α1 ,α2 ,p1 ,p2 ,β1 ,β2 ,a,b.
SET Qunc := Q∗ of classical EOQ Model under Given Parameters
SET X := Q∗ of classical EOQ Model under Given Parameters
SET X1 := x1 estimated for Q∗ of classical EOQ Model under Given Parameters
(from Eq.4.2)
SET x1 := x1 estimated for Q∗ of classical EOQ Model under Given Parameters
(from Eq.4.2)
for Each sensitivity level (b, a):=(0, 0),(0.3, 0.1),(0.5, 0.1),(0.7, 0.1),(1, 0.1) do
Set Qunc, X1 := FoundRoot of Equation 5.1 and 5.2.
end for
for Each sensitivity level (b, a):=(0, 0),(0.3, 0.1),(0.5, 0.1),(0.7, 0.1),(1, 0.1) do
Set X, x1 = Found Order Quantity and Input One Allocation which Maximizes the Centralized Problem.
end for
For each customer sensitivity parameter, the relationship between the optimal order quantity and the changing input cost/carbon emission parameter with
corresponding expected profit are presented in in Figure 6.16, 6.17 and 6.18 for
(b, a) = (0, 0), Figure 6.19, 6.20 and 6.21 for (b, a) = (0.3, 0.1), Figure 6.22, 6.23
and 6.24 for (b, a) = (0.5, 0.1), Figure 6.25, 6.26 and 6.27 for (b, a) = (0.7, 0.1),
Figure 6.28, 6.29 and 6.30 for (b, a) = (1, 0.1). Table 6.6, 6.7, 6.8, 6.9 and 6.10
also provide exact results of the sensitivity analysis.
We start with observing the effect of changes in p1 , p2 , β1 , β2 on the optimal
order quantity, optimal input allocation and expected profit where the carbon
sensitivity level of the customers, (b, a) = (0, 0). In other words, under this
setting, the customers are insensitive to carbon emission level of the products
they buy. As it is expected, for (b, a) = (0, 0), the effective demand is found as
equal to mean demand B and since the customers are insensitive, the changes in
the carbon emission parameters β1 , β2 do not cause an alteration in the optimal
order quantity, allocation of inputs and expected profit as we can observe from
I.c, I.d of Figure 6.16, 6.18 and Table 6.6. The changes in p1 and p2 are also
investigated under (b, a) = (0, 0) and it is found that the optimal production
quantity follows an increasing pattern whereas the corresponding expected profit
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follows a decreasing trend when the p1 or p2 increases while all other parameters
are constant. Note that the change in p1 and p2 again result in the same ratio
between x1 and x2 without an alteration based on the carbon emission level
parameters and it can be observed in Figure 6.17. It is also expected under this
setting since the customers are insensitive to the carbon emission levels and the
retailer chooses the inputs according to its price.
For the customers with sensitivity level (b, a) = (0.3, 0.1), (b, a) = (0.5, 0.1),
(b, a) = (0.7, 0.1) (b, a) = (1, 0.1) by observing Tables 6.7, 6.8, 6.9 and 6.10, we
understand that the production process relies more on the input with both low
price and low carbon emission level. Despite that the price of the input plays a
more important role in determining the input mixture, we also observe the effect
of carbon emission parameters of the inputs on the optimal input allocation by
x∗1 /x∗2 ratios of the given tables. As the sensitivity level of the customers, b
increases, it becomes more clear.
As another result, for the sensitivity parameters (b, a) = (0.5, 0.1), (b, a) =
(0.7, 0.1) and (b, a) = (1, 0.1), we observe that the optimal order quantity with
respect to change in price of input one, p1 follows a decreasing pattern. It is
clearly shown in Figure I.a of 6.22 for (b, a) = (0.5, 0.1), I.a of Figure 6.25 for
(b, a) = (0.7, 0.1), I.a of Figure 6.28 for (b, a) = (1, 0.1). The reason lies behind
the carbon emission parameter associated with each input during the sensitivity
analysis. When solving the model for different costs of input one, the input one
has constantly the low carbon emission level if it is compared with the input two
(See Table 6.8, 6.9, 6.10). Since the production process have an inclination to
rely on the low cost-low carbon emission parameter input, the optimal production
quantity decreases when an increase in the cost of the low cost-low carbon emitted
input occurs, p1 .The situation is same if we observe the optimal order quantity
with respect to change in the carbon emission parameter of the input β2 . Since
the input two is associated with a lower price if it is compared with the price
of the input one during the analysis, the retailer’s optimal production quantity
decreases when the carbon emission level of the low cost-low carbon emitting
input increases.
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Our final observation is that the expected profit follows a decreasing pattern
when we change an input cost starting from 0.1 to 1 or carbon emission parameter from 0 to 1 under each carbon sensitivity parameter if we investigate
II.a,II.b,II.c,II.d parts of the Figure 6.16, 6.19, 6.22, 6.25, 6.28.

6.3

Comparison of the Centralized and the Decentralized Models

A comparison between Table 6.1 and 6.6 highlights that the centralized version
of the problem generally results in a higher optimal order quantity with a higher
corresponding expected profit under each carbon sensitivity parameter and same
input cost, carbon emission parameters. The increase in the expected profit
under the same conditions is approximately 1% and the increase in optimal order
quantity is approximately 10%
In the centralized version of the problem, we understand that the production
process relies more on the input with both low price and low carbon emission
level for the cases where the customers are carbon sensitive. Despite that the
price of the input plays a more important role in determining the input mixture,
we also observe the effect of carbon emission parameters of the inputs on the
optimal input allocation by x∗1 /x∗2 ratios of the given tables, Table 6.1, 6.2, 6.3,
6.4, 6.5 for decentralized, 6.6, 6.7, 6.8, 6.9, 6.10 for centralized problem. As the
sensitivity level of the customers, b increases, it becomes more clear. However,
the sensitivity of the input allocations to the carbon emission parameters in the
decentralized problem shows that since the first stage optimization is done by
the manufacturer who selects the input mixture which minimizes his production
cost, the amount of each input in the allocation do not change when the carbon
emission parameters change.
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Figure 6.1: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at (b, a) =
(0, 0), c=1, s=50, cs =10, ce =3.157 with (1+δ) = 1.2 under the Retailer’s Problem
with an Independent Manufacturer.
70

Figure 6.2: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (0, 0), β1 = 0.1, β2 = 0.25, c=1,
s=50, ce =3.157, cs =10 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.3: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (0, 0), p1 = 0.3, p2 = 0.4, c=1,
s=50, ce =3.157, cs =10 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.4: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at (b, a) =
(0.3, 0.1), c=1, s=50, cs =10,ce =3.157 with (1 + δ) = 1.2 under the Retailer’s
Problem with an Independent Manufacturer.
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Figure 6.5: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (0.3, 0.1), β1 = 0.1, β2 = 0.25, c=1,
s=50,, cs =10, ce =3.157 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.6: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (0.3, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157, with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.7: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at (b, a) =
(0.5, 0.1), c=1, s=50, cs =10,ce =3.157 with (1 + δ) = 1.2 under the Retailer’s
Problem with an Independent Manufacturer.
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Figure 6.8: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (0.5, 0.1), β1 = 0.1, β2 = 0.25, c=1,
s=50, cs =10, ce =3.157 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.9: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (0.5, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.10: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at
(b, a) = (0.7, 0.1), c=1, s=50, cs =10, ce =3.157 with (1 + δ) = 1.2 under the
Retailer’s Problem with an Independent Manufacturer.
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Figure 6.11: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (0.7, 0.1), β1 = 0.1, β2 = 0.25, c=1,
s=50, cs =10, ce =3.157 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.12: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (0.7, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.13: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at (b, a) =
(1, 0.1), c=1, s=50, cs =10, ce =3.157 with (1 + δ) = 1.2 under the Retailer’s
Problem with an Independent Manufacturer.
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Figure 6.14: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (1, 0.1), β1 = 0.1, β2 = 0.25, c=1,
s=50, cs =10, ce =3.157 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.15: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (1, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 with (1 + δ) = 1.2 under the Retailer’s Problem with an
Independent Manufacturer.
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Figure 6.16: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at
(b, a) = (0, 0), c=1, s=50, cs =10, ce =3.157 under the Integrated Problem of the
Retailer and the Manufacturer.
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Figure 6.17: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (0, 0), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 with under the Integrated Problem of the Retailer and
the Manufacturer.
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Figure 6.18: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (0, 0), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.19: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at
(b, a) = (0.3, 0.1), p1 = 0.3, p2 = 0.4, c=1, s=50, cs =10, ce =3.157 under the
Integrated Problem of the Retailer and the Manufacturer.
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Figure 6.20: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (0.3, 0.1), p1 = 0.3, p2 = 0.4,
c=1, s=50, cs =10,ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.21: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (0.3, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.22: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at
(b, a) = (0.5, 0.1), p1 = 0.3, p2 = 0.4, c=1, s=50, cs =10, ce =3.157 under the
Integrated Problem of the Retailer and the Manufacturer.
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Figure 6.23: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (0.5, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.24: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (0.5, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.25: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at
(b, a) = (0.7, 0.1), p1 = 0.3, p2 = 0.4, c=1, s=50, cs =10, ce =3.157 under the
Integrated Problem of the Retailer and the Manufacturer.
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Figure 6.26: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (0.7, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.27: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (0.7, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.28: Q∗ vs. p1 , p2 , β1 , β2 and Expected Profit vs the Q* values at
(b, a) = (1, 0.1), p1 = 0.3, p2 = 0.4, c=1, s=50, cs =10, ce =3.157 under the
Integrated Problem of the Retailer and the Manufacturer.
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Figure 6.29: x∗1 and x∗2 vs. p1 , p2 at (b, a) = (1, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.30: x∗1 and x∗2 vs. β1 , β2 at (b, a) = (1, 0.1), p1 = 0.3, p2 = 0.4, c=1,
s=50, cs =10, ce =3.157 under the Integrated Problem of the Retailer and the
Manufacturer.
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Figure 6.31: Expected Profit versus Q for Different Cases under Decentralized
Problem.
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Table 6.1: Sensitivity Analysis of the Retailer’s Problem with an Independent
Manufacturer under Two Inputs when the Input Prices or Carbon Emission Levels
of Inputs Change, (b, a) = (0, 0), (1 + δ) = 1.2, c=1, s=50, cs =10, ce =3.157
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Table 6.2: Sensitivity Analysis of the Retailer’s Problem with an Independent
Manufacturer under Two Inputs when the Input Prices or Carbon Emission Levels
of Inputs Change, (b, a) = (0.3, 0.1), (1 + δ) = 1.2, c=1, s=50, cs =10, ce =3.157
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Table 6.3: Sensitivity Analysis of the Retailer’s Problem with an Independent
Manufacturer under Two Inputs when the Input Prices or Carbon Emission Levels
of Inputs Change, (b, a) = (0.5, 0.1), (1 + δ) = 1.2, c=1, s=50, cs =10, ce =3.157
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Table 6.4: Sensitivity Analysis of the Retailer’s Problem with an Independent
Manufacturer under Two Inputs when the Input Prices or Carbon Emission Levels
of Inputs Change, (b, a) = (0.7, 0.1), (1 + δ) = 1.2, c=1, s=50, cs =10, ce =3.157
104

Table 6.5: Sensitivity Analysis of the Retailer’s Problem with an Independent
Manufacturer under Two Inputs when the Input Prices or Carbon Emission Levels
of Inputs Change, (b, a) = (1, 0.1), (1 + δ) = 1.2, c=1, s=50, cs =10, ce =3.157
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Table 6.6: Sensitivity Analysis of the Integrated Problem of the Retailer and
the Manufacturer under Two Inputs when the Input Prices or Carbon Emission
Levels of Inputs Change, (b, a) = (0, 0), c=1, s=50, cs =10, ce =3.157
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Table 6.7: Sensitivity Analysis of the Integrated Problem of the Retailer and
the Manufacturer under Two Inputs when the Input Prices or Carbon Emission
Levels of Inputs Change, (b, a) = (0.3, 0.1), c=1, s=50, cs =10, ce =3.157
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Table 6.8: Sensitivity Analysis of the Integrated Problem of the Retailer and
the Manufacturer under Two Inputs when the Input Prices or Carbon Emission
Levels of Inputs Change, (b, a) = (0.5, 0.1), c=1, s=50, cs =10, ce =3.157
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Table 6.9: Sensitivity Analysis of the Integrated Problem of the Retailer and
the Manufacturer under Two Inputs when the Input Prices or Carbon Emission
Levels of Inputs Change, (b, a) = (0.7, 0.1), c=1, s=50, cs =10, ce =3.157
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Table 6.10: Sensitivity Analysis of the Integrated Problem of the Retailer and
the Manufacturer under Two Inputs when the Input Prices or Carbon Emission
Levels of Inputs Change, (b, a) = (1, 0.1), c=1, s=50, cs =10, ce =3.157
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Table 6.11: Optimal Allocation of the Inputs under the Agricultural Production
System Analysis .
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Table 6.12: Optimal Production Quantities and Expected Profit, Costs under the
Agricultural Production System Analysis
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Chapter 7
Conclusion
Motivated by the global aim and trends to reduce carbon emissions, in this thesis
we investigate the effects of carbon sensitivity on operations management by extending the well-known newsvendor problem. We considered two different supply
chain settings. In the first setting we investigate the optimal ordering policy of
a retailer who acts independently of the manufacturer. In the second setting,
the retailer and the manufacturer are considered in a centralized perspective and
the order quantity is obtained so as to maximize the total expected profit of the
system.
In both models, the Cobb-Douglas production function is used to provide a
link between the product and the inputs and since the customers are assumed to
be carbon sensitive, the random demand is formulated so that it is affected by
both the carbon emission level of the product and the carbon sensitivity level of
the customers.
In the first setting with a retailer an independent manufacturer, we find the
optimal order quantity of the retailer under the condition that an independent
manufacturer produces the ordered items in such a way that he minimizes his
total production cost. We derive the optimal production policy under different
carbon sensitivity levels and provide results related to the number of solutions to
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the problem.
In the second setting, since the retailer produces its own products under a
centralized system, she does not know the carbon emission level caused by the
production before determining the optimal production quantity. She jointly optimizes the production quantity and the input mix. We derive the first order
conditions for the problem for the cases where the number of inputs is two and
three. For the cases where number of inputs is higher, a simplification is done
and the first order conditions are expressed as a function of three variables.
In the numerical studies we considered several system parameters and investigated the impact of these parameters on the optimal order quantity decisions
and the expected profit. We particularly focused on the impact of the products
and their carbon emission levels. We conducted the numerical experiments for
n = 2 and compared the optimal behaviors of the decentralized and the centralized systems. We also provided an example with the real data from Hatirli
et.al. [11].
In our analytic results, we showed that under the Retailer’s Problem with an
Independent Manufacturer, if b ≥ (r/(1 − r)), a unique optimal order quantity
exists, otherwise if b < (r/(1 − r)) we showed that the problem has at most three
solutions. For the Integrated Problem of the Retailer and the Manufacturer, we
derived the first order conditions for the problem when there are two, three or
more than three inputs.
In our numerical results, the sensitivity analysis on the decentralized problem indicates that the change in the carbon emission level parameters does not
have an impact on the allocation of the inputs since an optimization is done by
manufacturer by only considering the price of the inputs. However, we clearly
see the effect of the carbon emission parameters on the effective demand. If the
input type selected to be mainly used is the one with both low cost and low carbon emission level, the effective demand increases if the input with high carbon
emission level also have an increasing cost.
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The sensitivity analysis we conduct for the centralized problem shows that the
change in the carbon emission parameters of the inputs have an important effect
on the allocation of the inputs especially when the carbon emission sensitivity
level of the customers is high. It is observed that the production process have an
inclination to rely on the low cost-low carbon emission parameter input and the
optimal production quantity decreases when the cost of the low cost-low carbon
emitted input increases. The effect of the price is more noticeable but the same
results are obtained when the change occurs in the carbon emission parameter
of the input which has low cost. The retailer’s optimal production quantity also
decreases when the carbon emission level of the low cost-low carbon emitting
input increases.
A comparison between the sensitivity analyses indicate that the centralized
version of the problem results in a higher optimal order quantity with a higher
corresponding expected profit under the same conditions for each carbon sensitivity parameter under same input cost, carbon emission parameters. In addition,
in the second setting, we clearly see the effect of the carbon sensitivity level of
the customers by investigating the change in the input allocation ratios when
the price or the carbon emission parameter of the inputs change in contrast to
independent manufacturer model where the allocation of inputs are determined
by only considering the price of the inputs.
The real-life agricultural application is investigated under the Retailer’s Problem with an Independent Manufacturer and the effect of variation in demand and
the change in the ratio of shortage cost and selling price are observed under each
carbon sensitivity level. As a result, it is found that the effect of the change in
the ratio of shortage cost and selling price on the optimal order quantity is higher
when the demand uncertainty increases under each carbon sensitivity level. The
effect of demand variation on the input allocation is also observed.
For further study, we propose extensions to our problems. For both problems,
it would be nice to consider a multiplicative demand structure and make a comparison between results. Instead of a newsvendor model under single period and
single product, newsvendor problem under multiple periods or multiple products
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can be considered. Last extension can be the addition of the competition to the
decentralized problem where more than one manufacturer can exist and compete.
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