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ABSTRACT
NOVEL APPROACHES TO CONTROL THE
PROPAGATION OF ELECTROMAGNETIC WAVES:
METAMATERIALS AND PHOTONIC CRYSTALS
İrfan Bulu
PhD in Physics
Supervisor: Prof. Dr. Ekmel Özbay
March, 2007
Applications in areas such as photonics, antennas, imaging and optics require
the control of propagation of electromagnetic waves and the control of emission of
electromagnetic radiation. Achievements in three key research ﬁelds may provide
the answer to these problems. These emerging research ﬁelds are metamaterials,
photonic crystals and surface plasmons. This thesis will be about our work on
metamaterials and photonic crystals. Metamaterials are a new class of artiﬁcial
structures whose electromagnetic response can be described by eﬀective permeability and permittivity functions that may attain negative values. I will present
our results on the properties of a metamaterial structure that we proposed recently, the labyrinth structure. I will demonstrate that the labyrinth structure
can be used to design a medium that exhibits negative permeability values within
a certain frequency range. Moreover, I will explore the possibility of negative refraction and sub-wavelength focusing of electromagnetic waves by two and threedimensional labyrinth structure based left-handed mediums. Novel applications
such as metamaterial based compact size antennas, ultra-small high-Q cavities
will be also discussed. Another type of artiﬁcial electromagnetic structures are
the photonic crystals. Photonic crystals can be described by a periodic modulation of the permittivity and/or the permeability of a medium. I will discuss
two phenomena arising from the dispersion properties of photonic crystals and
their possible applications. One of these phenomena is the existence of surfacebound electromagnetic modes and the other is the negative refraction eﬀect. I
will further show that the surface-bound modes can be used for applications such
as beaming of electromagnetic waves and enhancement of transmission through
sub-wavelength apertures. In addition, I will demonstrate that the negative refraction eﬀect can be utilized to focus electromagnetic waves emitted from a ﬁnite
size source.
iv
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Keywords: Metamaterial, photonic crystal, labyrinth structure, plasma frequency,
negative refraction, sub-wavelength focusing, surface mode, beaming, enhanced
transmission .

ÖZET
ELEKTROMANYETİK DALGALARIN YAYILMASININ
KONTROLÜNDE YENİ YÖNTEMLER:
METAMALZEMELER VE FOTONİK KRİSTALLER
İrfan Bulu
Fizik, Doktora
Tez Yöneticisi: Ekmel Özbay
Mart, 2007

Fotonik, antenler, görüntüleme ve optik gibi bir çok uygulama alanı elektromanyetik dalgaların yayılmasının ve salınmasının kontrolünü gerektirmektedir.
Üç anahtar alanda kaydedilen gelişmeler bu problemlerin yanıtı olabilir. Bu yeni
araştırma alanları metamalzemeler, fotonik kristaller ve yüzey plazmonlarıdır.
Bu tez benim metamalzemeler ve fotonik kristaller hakkında gerçekleştirdiĝim
çalışmalar üzerine yoĝunlaşacaktır. Metamateryaller insan eli ile üretilen ve
doĝada benzeri bulunmayan ve doĝal olarak karşılaştıĝımız malzemelerden farklı
elektromanyetik özellikler gösteren yapılardır. Bu yeni tür malzemeler belli
bir frekans aralıĝında negatif permitivite ve permeabilite özellikleri gosterebilmektedir. Tezimin ilk kısmını önermiş olduĝumuz labirent metamalzemesine
ayıracaĝım. Labirent yapısını kullanarak belli bir frekans aralıĝında negatif permeabilite deĝerlerinin elde edilebileceĝini göstereceĝim. İki ve üç boyutlu labirent
tabanlı yapıları kullanarak negatif kırınım, dalgaboyu altı odaklama gibi metamateryal uygulamalarını inceleyeceĝim. Yine metamalzemeler gibi yapay bir
malzeme olan fotonik kristaller etrafında iki önemli etki hakkında yaptıĝımız
çalışmalardan bahsedeceģim. Bahsedeceģim bu iki fenomen yüzeye baĝımlı elektromanyetik modların varlıĝı ve negatif kırılım etkisi olacak. Bu iki fenomen
etrafında odaklama ve dalga demeti oluşturma gibi uygulamaları göstereceĝim.

Anahtar sözcükler : Metamalzeme, fotonik kristal, labirent yapısı, plazma
frekansı, negatif kırılma, dalga-boyu altı çözümleme, yüzey modu.
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Chapter 1
Introduction
Three key research ﬁelds are attracting a great deal of attention in these recent
years: photonic crystals, metamaterials and surface plasmon phenomenon. The
basic reason behind this interest is the fact that these structures provide means
to control the propagation of electromagnetic waves. In addition, these structures
may play a key role in controlling the emission properties of electromagnetic wave
sources. Photonic crystals are already being used in some commercial applications such as light emitting diodes (by Samsung) [1], gas and chemical sensing [2],
ﬁbers [3] and lasers [4]. Moreover, A great deal of applications based on surface
plasmons have been suggested such as optical detection [5], mass-spectroscopy [6],
optical-heads for data recording [7] and many more. In fact, a search on the US
patent database about surface plasmons returned 1745 counts (As of February
2007). On the other hand, the ﬁeld of metamaterials is a relatively new research
topic. Although metamaterials is a relatively new ﬁeld, it is attracting a great
deal of attention. There are already 34 US patents issued for metamaterial based
applications. The fundamental reason for this interest in metamaterials is that
these structures can be designed to have permittivities and permeabilities with
almost any values including negative ones. This possibility of negative permittivities and permeabilities lead to some exciting conclusions such as the negative
refraction [8], inverse doppler shift [9], superlensing [10] and many more... In
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addition, the ability to design a medium with desired permittivity and permeability values lead to some interesting applications such as resonant antennas [11],
phased array antenna systems [12], active THz devices [13]....
I will brieﬂy summarize my work on metamaterials and photonic crystals in
this thesis. Second chapter will be devoted to metamaterials with a brief introduction to the theory and properties of metamaterials. This chapter will ﬁrst
introduce the labyrinth structure, a metamaterial structure that we proposed.
We will ﬁrst investigate the properties of the labyrinth structure. We will show
that the labyrinth structure has strong magnetic response and it can be used to
create a medium that has negative eﬀective permeability within a certain frequency range. The remainder of the chapter will be devoted to the applications
of labyrinth and split-ring resonator based metamaterials. These applications
include sub-wavelength focusing, directive radiation sources and the properties
of sources inside metamaterials. Chapter 3 will be about my work on photonic
crystals. This chapter will include two very interesting phenomena and their
applications. The ﬁrst of these phenomena is the existence of bound modes at
the surface of a modiﬁed photonic crystal structure. I will demonstrate that
these surface-bound modes can be utilized in certain applications such as beaming and enhanced transmission through sub-wavelength apertures. Chapter 3
will conclude with another phenomenon arising from the dispersion properties
of photonic crystals: negative refraction eﬀect. Chapter 4 will be about further
work that I ﬁnd interesting from an application point of view and also for basic
studies.

Chapter 2
Metamaterials

2.1

Introduction

The possibility of the negative refraction of electromagnetic (EM) waves by materials with simultaneous negative permittivity and negative permeability was
predicted by Vesalago in 1968 [14]. This proposition was not demonstrated until
recently; the main diﬃculty being in obtaining negative permeability. Negative
permittivity is available through metals or the periodic arrangement of metallic wires [15, 16, 17]. On the other hand, obtaining negative permeability was
an issue. Pendry et al. proposed several structures in order to obtain negative
permeability [18].

2.1.1

Negative Permittivity?

In this section, we will revisit the electromagnetic properties of an artiﬁcial
medium that is composed of a periodic arrangement of thin conducting wires.
Such a medium may be regarded as a metallic photonic crystal [15]. However,
the electromagnetic properties of a periodic arrangement of wires can also be explained in terms of eﬀective permittivity function. An exciting interpretation and
justiﬁcation for the use of eﬀective permittivity was suggested by Pendry [16, 19].
3
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The dielectric function of an ideal electron plasma is given by:

εplasma = 1 −

ωp2
ω2

(2.1)

where ωp , plasma frequency, is directly proportional to the electron density
and inversely proportional to the eﬀective electron mass,

ωp2 =

ne2
.
ε0 me

(2.2)

This function may be expanded by adding a damping term to describe the
dielectric function of real metals:

εplasma

ωp2
.
=1−
ω(ω + iτ )

(2.3)

A similar equation can be used for a medium of periodic arrangement of thin
wires, Fig. 2.1, by taking the eﬀects of conﬁning electrons to move inside ﬁnite
cylinders into account. Such a constraint has two eﬀects: (1) reduced electron
density and (2) enhancement of eﬀective mass. But let us ﬁrst consider the
Lagrangian density for an electron plasma and photons when electromagnetic
ﬁelds are acting on the medium:
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Figure 2.1: The periodic array of thin wires. The lattice constant is a and the
radius of the wires is r.

L = −1/4Fμν F μν −

1
ρφ + μ0 J · A
ε 0 c2

(2.4)

where F μν is the electromagnetic ﬁeld tensor, J is the current density, ρ is the
charge density, and A is the vector potential. The components of the canonical
momentum of the ﬁeld are then:

πμ =

∂L
∂ Ȧμ

π(x) = −E(x).

(2.5)

Since E = −∂A/∂t and mv̇ = −eE, we can write the canonical momentum as
me v+eA. Note that the canonical momentum is conserved. Hence, me v = −eA.
We shall now calculate the vector potential A. We will assume long wavelength limit, that is the wavelength is much larger than the periodicity of the
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wire medium, while carrying out the calculation. In this approximation, current
is conﬁned to very thin wires. In addition, D is uniform through out the medium.
Another line of approximation follows by replacing each unit cell with a circle of
the same area. If the lattice constant is a then the radius of the circle becomes
√
R = a/ π. We assume that the contribution from other cells is negligible. While
this approximation may sound very coarse, it is justiﬁed if the radius of the actual
current carrying wires is small compared to the wavelength. We can now write
down the magnetic ﬁeld:

jr 2
j
−
H=
0<r<R
2πr 2πrR2
H=0 r>R

(2.6)

The vector potential can be derived from the above equation:

r
r 2 − R2
μj
[ln( ) −
] 0<r<R
A=
2π
R
2R2
A=0
r>0

(2.7)

This equation may be approximated at the wire position as:

A≈

μ0 c
ln(r/a)
2π

(2.8)

Since the mechanical momentum is equal to −eA, then the momentum density
for the per unit length of the wire is:

j = nev

(2.9)

μ0 e π r n v
ln(a/r)
2π

(2.10)

2 2 4 2

P =

We can now assign an eﬀective electron mass, which is:
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μ0 e2 ρ
ln(a/r)
2π

(2.11)

In addition to enhanced eﬀective electron mass, the eﬀective electron density
is reduced:

ρef f = ρ

πa2
d2

(2.12)

Using eqns. 2.11 and 2.12, we can write the plasma frequency, ωp as:

ωp2 =

ρe2
2πc20
= 2
ε0 m
a ln(a/r)

(2.13)

We calculated the plasma frequency of thin copper wires by using the above
formula and by using a fullwave solver. The results for various conﬁgurations of
wires are plotted in Fig. 2.2. Both results agree quite well.
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Figure 2.2: Plasma frequencies of one wire (a), plasma frequencies of two wires
(b), and plasma frequencies of three wires (c) as a function of the wire width.
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This simple model has been improved by several researchers [20]. Another
approach makes use of the circuit theory and models the periodic wire medium
as a collection of coupled inductors [21].

2.1.2

Negative Permeability?

In the previous section, it was shown that a periodic array of thin wires acts
as a plasma and the resulting medium can be described in terms of an eﬀective
permittivity function. We will provide a brief summary of the properties of the
structures that are proposed to yield negative permeability values. While several
researchers proposed diﬀerent structures for the purpose of negative permeability,
probably the most common feature of these structures is the fact that they are
based on resonance phenomena. Simply put, in order to have magnetic response,
the underlying elements need to have non-zero magnetic dipole moment. But,
it is well-known that the magnetic response of naturally occurring materials is
small at high frequencies. This suggests that we can not make use of the magnetic
dipole moment of the molecules or atoms. Hence, we need to create our magnetic
dipoles. A current carrying loop has a magnetic dipole moment. As a matter
of fact, a medium composed of small conducting rings is diamagnetic; a simple
result of the Lenz Law. A comparison with the eﬀective dielectric response of
a medium that is composed of harmonic oscillators provides the necessary clue.
The equation of motion for an electron bound by harmonic force can be written
as:

ẍ + γ ẋ + ω02x = −e/mE(x, t)

(2.14)

Assuming a harmonic time dependence of the electric ﬁeld this equation yields
the following result for the electric dipole moment in the small amplitude limit:

p = −ex =

e2 2
(ω − ω 2 − iωγ)−1 E
m 0

(2.15)

CHAPTER 2. METAMATERIALS

10

If there are N molecules per unit volume then the dielectric function is:
Ne2 2
(ω − ω 2 − iωγ)−1
(2.16)
0 m 0
The real part of eqn. 2.16 is negative within a certain frequency range. The
(ω) = 1 +

above argument suggests that we shall try to ﬁnd a similar system for which the
equation of motion for the current density has a similar form to eqn. 2.14. A very
basic example of such a system is an LC circuit for which the equation of motion
for the current is:
dI
d2 I
dV
I
=R +L 2 +
dt
dt
dt
C

(2.17)

So, all we need to do is actually add a capacitance to our conducting ring.
Note that the capacitance term in eqn. 2.17 acts as the inertia for this system.
This may be achieved by simply adding a cut to the ring.
It was Pendy whom ﬁrst suggested several structures that might lead to negative permeabilty when assembled in a periodic arrangement [18]. One of these
structures is the split-ring structure, Fig. 2.3 and it is by far the most common
structure among researchers [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. We can
derive an approximate equation for the eﬀective permeabilty of a medium that
consists of split-ring structures by using the charge conservation theorem [33].
The geometry of the problem is detailed in Fig. 2.3.
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Figure 2.3: The split-ring structure.

∇·J +

∂ρ
= 0.
∂t

(2.18)

Which leads to:

dI1
dq1
= −
= −iωC(V1 − V2 )
r0 dφ
dt
dq2
dI2
= −
= −iωC(V2 − V1 )
r0 dφ
dt

(2.19)

where I1 is the current ﬂowing in the ﬁrst ring, q1 is the per unit length charge
on the ﬁrst ring, and C is the capacitance per unit length between the rings. Note
that the derivative of the current is carried out with respect to the angle φ. The
electromagnetic waves are incident on the structure such that the magnetic ﬁeld is
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perpendicular to the plane of the split-ring structure. As a result an electromotive
force of ε = −iωπr02 B ext is induced along the rings. We can write the potential
diﬀerence in eqn. 2.19 as:

V1 − V2 = 2iω(LI + πr02 B ext )

(2.20)

assuming that the current density on each ring is uniform we then have:

I = 4πω 2r0 C(LI + πr02 B ext )
4π 2 ω 2 r03 C
B ext
I=
1 − 4πω 2LCr0

(2.21)

Assuming that there are N split-rings per unit volume, then the magnetic
moment per unit volume is:

2

M = NIπr02 =

F/μ0 ωω2
0

1−

ω2
ω02

B ext ,

F = Nπr02 ,

ω02 =

1
4πLCr0

(2.22)

Hence, the eﬀective permeability can be written as:

B int = μo μr H int = μr B ext
1 μr − 1 int
M= 0
B
μ μr
F ω2
μr = 1 − 2
ω − ω02

(2.23)
(2.24)

Equation 2.23 may be expanded to include dissipation by adding an imaginary
part:
μr = 1 −

F ω2
ω 2 − ω02 + iτ ω

(2.25)
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Figure 2.4: A medium that is composed of periodic arrangement of split-ring
structures.

This ﬁrst order approximation clearly demonstrates that the split-ring
medium, Fig. 2.4, exhibits negative permeability over a certain frequency range
when the electromagnetic ﬁeld is incident on the structure such that the magnetic
ﬁeld is perpendicular and electric ﬁeld is parallel to the plane of the split-ring
structure. This simple approximation has been improved by several researchers
to include higher order eﬀects and magneto-electric coupling [34, 33, 35]. A more
general form of constitutive relations are provided in terms of tensors:

√
D = 0 E − i 0 μ0 κH
√
B = i 0 μ0 κT E + μ0 μH
where:

(2.26)
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I would like to conclude this section by pointing out that the above equation
includes the eﬀect of dipolar moments. Investigation of higher order multipoles
may lead to some interesting physics.

2.1.3

Properties and Applications of Metamaterials

Let us start to ﬁnd out the plane wave solutions to the Maxwell equations when
both the permeability and the permittivity of a medium are negative. The
Maxwell equations in the frequency domain are:

∇ × E = −iωB
∇ × H = iωD

(2.28)

From eqns. 2.28, we ﬁnd that the plane wave solutions, [E, H]exp(−ik · r)
satisﬁes the following equations:

k×E=

ωμ
H
c

,k×H = −

ω
E
c

(2.29)
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Figure 2.5: a) When both  and μ are positive, the vectors form a right-handed
coordinate system b) When both  and μ are negative, the vectors form a lefthanded coordinate system.

If both  and μ are negative then eqns. 2.29 show that the wave vector, electric
ﬁeld vector, and magnetic ﬁeld vector form a left-handed coordinate system,
Fig. 2.5. Now let us consider what happens to the direction of Poynting vector,
S. Since S is independent of the permittivity and permeability,

S=

c
E×H
4π

(2.30)

we immediately ﬁnd out that the wave vector and the Poynting vector are antiparallel. As a result, the phase velocity and the group velocity of a plane wave in a
left-handed medium are in opposite directions. This result has several prominent
eﬀects such as the reversal of Doppler shift [9] or Cherenkov radiation [36].
Another interesting result arises when we consider the transmission of electromagnetic waves from a right-handed medium to a left-handed medium, i.e., the
refraction problem. The causality dictates that upon refraction the wave vector of
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the transmitted wave and the incident wave are on the diﬀerent sides with respect
to the surface normal vector [14]. Note that if both mediums are right-handed,
then the wave vectors of the transmitted wave and the incident wave fall in to
the same side with respect to surface normal [37]. We plotted the electric ﬁeld
pattern when the electromagnetic waves that are emitted from a horn antenna
are incident on a left-handed slab. The angle of incidence with respect to surface
normal is 15 degrees. Note that the phase fronts in the left-handed medium has
a direction that is on the opposite side of the surface normal with respect to the
direction of the phase fronts of the incident wave.
Several novel applications have been proposed and some demonstrated based
on metamaterials. Probably, at this point we shall give a deﬁnition of the term
metamaterial. Since we are talking about a ”material”, the term ”metamaterial”
should be attached to structures whose electromagnetic response can be described
in terms of eﬀective medium parameters, such as an eﬀective permittivity and
permeability function. Up to this point, we did not mention about the size of
the features that make up a metamaterial. In order to be able describe the electromagnetic properties of a medium, the size of the underlying features much
be much smaller than a wavelength. In addition, due to the term ”meta”, these
structures should be artiﬁcial ones. One of these applications that attracted great
attention is the ”superlens” [10]. The term ”superlens” refers to a slab of metamaterial that is described by  = −1

, μ = −1. Pendry suggested that such a

slab may resolve the sub-wavelength features of sources without any limitation.
Ziolkowski suggested that a double-negative medium, for which the permittivity
and permeability are simultaneously negative, may be used to increase to eﬃciency of antennas [38]. One of the most successful applications of metamaterials
has been realized in the ﬁeld of Magnetic Resonance Imaging (MRI) [39]. The
researchers were able to enhance the MRI images signiﬁcantly by using metamaterials.
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Figure 2.6: Electromagnetic waves, emitted from a horn antenna, are incident on
a left-handed slab.
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The Labyrinth Structure

Split-ring structure is commonly used among researchers in order to obtain negative permeability [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. A single SRR is
composed of two concentric rings with slits on each of them. The slits on the
rings are situated on the opposite sides of the rings with respect to each other.
The planar nature of the SRR structure makes it easy to fabricate and integrate
into 2 and 3 dimensional structures. Several research groups have demonstrated
negative indices of refraction by using the periodic arrangement of metallic wires
with SRRs through several methods such as the retrieval of eﬀective medium
parameters [40, 41, 42, 43, 44, 45, 46], refraction type experiments and wedge
experiments [8, 47, 48, 49, 50, 51, 52, 53, 54].
While SRR structure provides negative permeability and can be used to obtain
negative refraction, it has several disadvantages. First of all, it has been shown
that a medium consisting of a periodic arrangement of SRRs is bianisotropic [46,
34, 33]. The bianisotropy is a result of the non-zero electric dipole moment of the
SRR structure due to the asymmetric placement of slits on the rings. Second, it
has been shown that the magnetic resonance of the SRR structure can be excited
via electric ﬁelds [55]. The excitation of the magnetic resonance of the SRR
structure results from the capacitive coupling of the electric ﬁeld. The capacitive
coupling of the electric ﬁeld creates non-zero current along the rings. These two
disadvantages make it diﬃcult to obtain isotropic, homogeneous two or three
dimensional negative refraction media by using SRRs for negative permeability.
When an EM wave is incident on a metamaterial made of a periodic arrangement of SRRs with a wave vector in the plane of SRRs and with a magnetic
ﬁeld perpendicular to the plane of SRRs, the transmitted electric ﬁeld contains
a component that is perpendicular to the plane of SRRs. This extra component
arises from the non-zero electric dipole moment induced by the incident magnetic
ﬁeld [55]. The electric dipole moment is non-zero because the currents that ﬂow
across each slit do not cancel out the current ﬂowing on the other slit. As a result,
the medium is bianisotropic and the constituent relations assume the following
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forms [46]:
D = ε·E +ζ ·H

(2.31)

H = μ·H +ζ ·E

(2.32)

Several researchers have pointed out the bianisotropy issue related to the
SRR structure and they have suggested several ways to overcome it [46, 34,
33]. One such way is to place rings with equal radiuses on the opposite sides
of the substrate [33]. In this case the currents ﬂowing across the slits are equally
balanced and as a result the bianisotropy is greatly reduced. This approach
solves the problem related to the SRR metamaterial medium. But if one desires
to combine this modiﬁed SRR metamaterial medium with a wire medium in order
to obtain negative refraction they face a manufacturing problem. The placement
of the wires is not obvious in this case. In addition, this approach cannot solve the
problem related to the excitation of the magnetic resonance via incident electric
waves.
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Figure 2.7: a) Schematics of the labyrinth structure. r1 = 1.35 mm, r2 = 1.8
mm, r3 = 2.25 mm, r4 = 2.7 mm, g = 0.15 mm, w = 0.3 mm, and d = 0.15 mm.
b) The unit cell of the actual, fabricated structure and the coordinate system
that we use throughout this section.
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The magnetic resonance of the SRR structures can be excited by incident
waves whose electric ﬁeld is perpendicular to the slits and whose wave vector
is perpendicular to the plane of SRRs. Such an incident electric ﬁeld couples
to the magnetic resonance capacitively and induces currents ﬂowing across the
rings. The induced currents on both rings are solenoidal, hence they resemble the
currents that are induced by incident magnetic ﬁelds at the magnetic resonance.
The resonance frequency observed due to the capacitive coupling of electric ﬁeld
is quite close to the magnetic resonance. The transmission spectra of the EM
waves with magnetic ﬁelds perpendicular to the plane of SRRs and with wave
vectors in the plane of SRRs are quite close to the transmission spectrum of
electromagnetic waves with electric ﬁeld perpendicular to the slits and with wave
vector perpendicular to the plane of SRRs. Hence, the excitation of the magnetic
resonance via incident electric ﬁelds introduces another problem if one attempts
to obtain isotropic and homogeneous negative refraction media by using SRRs
and wires.

Figure 2.8: The vector network analyzer: HP8510C.
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The above argument suggests that one needs to modify the SRR structure in
order to solve the aforementioned problems. The bianisotropy is related to the
asymmetric placement of the slits on both rings. The imbalance in the currents
on both rings can be remedied by using a more symmetric resonator structure.
This can be achieved by adding two slits on both rings and then rotating both
of them 90 degrees with respect to each other. Such a placement of rings results
in the cancellation of the currents ﬂowing across each slit by the current ﬂowing
on the slit that is located on the same ring. In turn, the resultant electric dipole
moment due to the currents ﬂowing across the slits is suppressed. The electric
coupling to the magnetic resonance can be avoided by using the same structure.
In order to avoid electric coupling to the magnetic resonance one must somehow
suppress the currents ﬂowing across the rings due to the capacitive coupling of
the electric ﬁeld through the slits. Such suppression can be obtained by creating
opposing current ﬂows on the same ring. This argument suggests that one needs
to place two slits on the same ring. Since the currents due to capacitive coupling
of the electric ﬁeld on each slit will be opposite to each other, the net current on
the ring will be suppressed. As a result, the net magnetic dipole moment will be
reduced.
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Figure 2.9: a) Measured transmission through a single labyrinth structure (A),
a single closed labyrinth structure (B). Calculated transmission through a single
labyrinth structure (C), a single closed labyrinth structure (D). b) Induced surface
current density at 6.2 GHz. c) Measured (E) and calculated (F) transmission
through a single labyrinth structure. d) Induced surface current density at 6.2
GHz.

Figure 2.7(a) shows schematics of the modiﬁed SRR structure that we propose.
We call the modiﬁed SRR as “labyrinth” structure due to its shape. The labyrinth
structure consists of four rings instead of two. The two additional rings are
used for two main purposes, of which the ﬁrst is to enhance the strength of the
resonance. Second, the two-ring structure has two magnetic resonances that are
close to each other. We used the additional two rings in order to separate the two
magnetic resonances further away in frequency from each other. The unit cell of
the fabricated structure is shown in Fig. 2.7(b). The structures are fabricated by
using standard printed circuit board manufacturing methods. Figure 2.7(b) also
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shows the coordinate system that we used throughout this section.
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Figure 2.10: a) Measured transmission spectrum of the z-component of the electric ﬁeld through (A) the labyrinth metamaterial medium and (B) through the
closed labyrinth metamaterial medium. Only the z-component of the incident
electric ﬁeld was nonzero. b) Measured transmission spectrum of the x-component
of the electric ﬁeld through (C) free space and through (D) the labyrinth metamaterial medium. Only the z-component of the incident electric ﬁeld was nonzero.
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We calculated the induced surface currents, electric ﬁeld distributions, and
transmission properties of incident plane EM waves through the labyrinth structure by using a commercial 3 dimensional full-wave solver. We also measured
the transmission properties of the labyrinth structure. The transmission properties of a single labyrinth structure are measured by using a HP 8510C vector
network analyzer (Fig. 2.8) and two monopole antennas as receiver and transmitter antennas. The measured and calculated transmission spectrum of plane EM
waves through a single layer of labyrinth structure is shown in Fig. 2.9(a). The
directions of the electric ﬁeld, magnetic ﬁeld, and wave vector of the incident EM
waves are shown in Fig. 2.9(b). First of all the transmission spectrum exhibits
a resonance around 6.2 GHz with a transmission of -25 dB. Second, the closed
labyrinth structure does not exhibit this resonance in the transmission spectrum.
The calculated induced surface current is shown in Fig. 2.9(b). The induced surface currents are solenoidal and in phase along each arm. As a result the induced
dipole moment has a magnetic character. The comparison of the transmission
spectrum of the labyrinth structure with the transmission spectrum of the closed
labyrinth supports this conclusion as the closed labyrinth structure does not exhibit any resonance near 6.2 GHz. Hence, a single labyrinth structure with the
given dimensions exhibits magnetic resonance around 6.2 GHz.
In order to check whether the magnetic resonance of the labyrinth structure
may be excited by incident electric ﬁelds, we measured and calculated transmission spectrum through a single layer of labyrinth structure when the wave
vector is in to the plane of labyrinth structure. The directions of the electric
ﬁeld, magnetic ﬁeld, and wave vector of the incident EM waves are shown in
Fig. 2.9(d). Note that for the case of incidence conﬁguration shown in Fig. 2.9(d)
the magnetic resonance of the SRR structure can be excited by electric ﬁelds. The
measurement and calculation results for a single labyrinth structure are shown
in Fig. 2.9(c). The transmission spectrum does not show any resonance around
6.2 GHz. In addition, the surface current density that we obtained through our
calculations is shown in Fig. 2.9(d). First of all, the surface current density is
reduced by an order of magnitude when compared to Fig. 2.9(b). Second, the surface current density along each arm of the labyrinth structure is balanced either
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by an opposite surface current density on the same arm or by an opposite surface
current density ﬂowing along the opposite direction on the opposite arm. As a
result, the transmission spectrum shown in Fig. 2.9(c) and the surface current
density shown in Fig. 2.9(d) clearly demonstrate that the magnetic resonance of
the labyrinth structure cannot be excited by incident electric ﬁelds.
For the case of incidence depicted in Fig. 2.9(b), the SRR structure exhibits
bianisotropy near the ﬁrst magnetic resonance i.e., one also observes a non-zero
electric ﬁeld component parallel to the incident magnetic ﬁeld in the transmission
spectrum. In order to demonstrate that the labyrinth structure does not exhibit
bianisotropy, we measured the transmission spectrum through a labyrinth metamaterial medium. The transmission measurements were performed with a HP8510C network analyzer by using horn antennas as the receiver and transmitter.
The labyrinth metamaterial is composed of periodic arrangement of labyrinths
in a 1 dimensional array of 25 layers along the x direction, 20 layers along the z
direction, and 5 or 10 layers along the propagation direction (y-axis). The directions are those of Fig. 2.7(b). The incident electric ﬁeld is along the z direction
and the wave vector is parallel to the y direction. We measured both the x and
z components of the transmitted electric ﬁelds. Note that the incident magnetic
ﬁeld is parallel to the x-axis. The transmission measurement results for the z
component of the electric ﬁeld are shown in Fig. 2.10(a). The measured transmission data for the medium composed of closed labyrinth structures with the
same number of layers is also shown in Fig. 2.10(a). The transmission spectrum
for the labyrinth metamaterial medium exhibits a band gap between 5.9 GHz and
6.6 GHz for the z component of the electric ﬁeld. The transmission spectrum for
the closed labyrinth structure does not exhibit such a band gap. More importantly, we did not detect any appreciable electric ﬁeld along the x direction in the
transmission spectrum of the labyrinth metamaterial medium (Figure 2.10(b)).
The x component of the electric ﬁeld is measured by rotating the receiver horn
antenna by 90 degrees. We measured the x component of the electric ﬁeld with
and without the labyrinth metamaterial medium in between the transmitting
and receiving horn antennas. The transmitted x component of the electric ﬁeld is
around -40 dB within the frequency range of interest in free space. Note that the

CHAPTER 2. METAMATERIALS

27

polarization of the transmitting horn antenna is such that the emitted electric
ﬁelds are z polarized. The measured transmission coeﬃcients of the x component
of the electric ﬁelds drop below -40 dB when the labyrinth structure is inserted
between the horn antennas. Hence, these results clearly show that the labyrinth
metamaterial medium is not bianisotropic.

2.2.1

Properties of the labyrinth structure with respect
to diﬀerent orientations

At this point, I would like to discuss the dependence of the properties of the
labyrinth structure on the orientation. Two particular orientations are of considerable interest. The properties of the labyrinth structure with respect to these two
orientations is important, if one creates three dimensional left-handed mediums
by use of labyrinth structures. These two orientations are depicted in Figs. 2.11
(a) and (b). We will refer to these orientations as orientation 1 (Fig. 2.11(a)) and
orientation 2 (Fig. 2.11 (b)). The calculated transmission spectrums of a single
labyrinth structure (without the wires on the back of the PCB board) with respect
to the orientations 1 and 2 are plotted in Fig. 2.12 (a). The resonance frequencies of labyrinth structures can be observed as dips in the transmission spectrum.
The resonance frequencies of the single labyrinth structure with respect to the
orientations 1 and 2 are 6.28 GHz and 6.32 GHz, respectively. The diﬀerence
between the resonance frequencies with respect to the orientations 1 and 2 is 0.04
GHz, which is a change of 0.7 percent with respect to the resonance frequency.
We also calculated the transmission spectrums of two-ring labyrinth structures
with respect to orientations 1 and 2. The results are shown in Fig. 2.12 (b). For
the two-ring labyrinth structure, the diﬀerence in the resonance frequency with
respect to the two diﬀerent orientations is 0.07 GHz, which is a change of 1.1
percent with respect to the resonance frequency. These results show that the
resonance frequencies of four-ring labyrinth structure with respect to the orientations 1 and 2 are quite similar. In addition, we also conclude that the use of more
rings reduces the diﬀerence in the response of the labyrinth structure with respect
to the two diﬀerent orientations. Next, we calculated the transmission spectrums
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of labyrinth based left-handed metamaterial (LHM) medium with respect to the
orientations 1 and 2. The labyrinth based LHM structures includes a single wire
with a width of 2.5 mm in the unit cell printed. The wire was located on the
back of the PCB board. There were 5 layers along the propagation direction in
our calculations. We plotted the results in Fig. 2.13. The transmission spectrums of the labyrinth based LHM structure with respect to both orientations
are in good agreement. We believe that the small diﬀerence in the transmission
spectrums will be reduced in real experimental situations due to the fabrication
imperfections.

Figure 2.11: a) Orientation 1, b) Orientation 2.
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Figure 2.12: a) Transmission spectrum of four-ring single labyrinth structure
with respect to orientations 1 and 2, b) Transmission spectrum of two-ring single
labyrinth structure with respect to orientations 1 and 2.

CHAPTER 2. METAMATERIALS

30

Figure 2.13: Transmission spectrums of 5 layers of labyrinth based LHM medium
with respect to orientations 1 and 2.

2.2.2

Eﬀective permittivity and permeability of the
labyrinth structure

We calculated the eﬀective permittivities and permeabilities of various labyrinth
based LHM mediums by use of a retrieval procedure. The details of the particular procedure used in this study are outlined in references [45] and [46]. This
particular method has the advantage of identifying the correct branch of the effective permittivities and permeabilities. The ambiguity in the determination of
the correct branch is resolved by use of an analytic continuation procedure. There
was one layer of the labyrinth based LHM structure along the direction of the
propagation in our calculations. The orientation of the single layer LHM was that
of Fig. 2.11 (a). We employed periodic boundary conditions along the directions
other than the propagation direction. Hence, the simulation setup coincides with
a slab of LHM that consists of a single layer. The dielectric constant of the PCB
board was taken as 3.85. The PCB board has a thickness of 1.56 mm. The effective permittivities and permeabilities were derived from the transmission and
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reﬂection coeﬃcients. We would like to comment that the results of such a calculation are directly related to the electric and magnetic polarizabilities of a single
feature because such a calculation does not involve the local ﬁeld corrections due
to other labyrinth features. The retrieval results for a single labyrinth structure
without the wires on the back of the PCB board are plotted in Figs. 2.14 (a) and
(b). First of all, the real part of the eﬀective permeability attains negative values
above a certain frequency. Both the real and imaginary parts of the permeability
ﬁt quite well to the relation

μef f = 1 −

f ω2
ω 2 − ω02 + iτ ω

(2.33)

We used the following ﬁtting parameters for both the real and imaginary parts
of the eﬀective permeability: f=0.1806 GHz and t=0.0526 GHz. It is also interesting to observe that the imaginary part of the permeability attains quite high
values in the close vicinity of the resonance frequency. This result indicates that
the labyrinth structure shows a quite strong resonant behavior at the resonance
frequency. We also calculated the real part of the eﬀective permittivity. The results are shown in Fig. 2.15. Notice that the permittivity is signiﬁcantly increased
just above the resonance frequency when compared to the eﬀective permittivity
of the host medium. The eﬀective permittivity of the host medium was around
1.7 for our structure. This value was calculated by use of the relation
εef f = f εi + (1 − f )εe

(2.34)

. At 5.55 GHz, the permittivity of the labyrinth structure attains a value, 5.92,
that is 3.5 times larger than the eﬀective permittivity of the host medium. Hence,
one should consider the dielectric response of the labyrinth structure around the
resonance frequency when designing LHM mediums.
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Figure 2.14: a) real part of the eﬀective permeability for a single layer of the
labyrinth structure, b) imaginary part of the eﬀective permeability for a single
layer of the labyrinth structure.
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Figure 2.15: Real part of the eﬀective permittivity for a single layer of the
labyrinth structure.

2.2.3

Composite medium of labyrinth structures and thin
wires

In the previous section we showed that unlike the SRR structure, the labyrinth
structure does not exhibit bianisotroy. In addition, we showed that the electric
coupling to the magnetic resonance of the labyrinth structure is forbidden due
to the balanced currents. These properties provide important improvements over
the common SRR structure. It is natural to ask if one combines the labyrinth
metamaterial medium with a suitable wire medium, would the resulting composite
metamaterial medium (CMM), Fig. 2.16, exhibit left-handed transmission within
a frequency range.
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Figure 2.16: A layer of the composite structure. Wires are printed on the back
and labyrinth are printed on the front of the printed circuit board.
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Figure 2.17: a) Transmission spectrum of electromagnetic waves through the wire
medium. b) Measured transmission spectrum of electromagnetic waves through
the CMM medium. c) Measured transmission spectrum of electromagnetic wave
through the closed CMM medium.
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The wire medium that we considered in our study was a one-dimensional
periodic arrangement of metal stripes on the back surface of the printed circuit
boards (PCB). The width of the wire stripes was chosen to be 2.5 mm. This
choice was made in order to obtain a plasma frequency at a far enough frequency
from the magnetic resonance of the labyrinth structure. The length of the wire
stripes was 17.6 cm and the thickness of the stripes was 0.05 mm. The periodic
arrangement of wire stripes had a lattice constant of 8.8 mm along y-axis and
6.5 mm along x-axis. The propagation direction was along y-axis. There were 10
layers of wire stripes along the y direction and 25 layers along the x direction.
Measured transmission spectrum of the wire medium is shown in Fig. 2.17(a).
The transmission spectrum for the wire medium exhibits a forbidden frequency
range of up to 10.45 GHz. The plasma edge (10.45 GHz) of the wire medium is
4.2 GHz above the magnetic resonance of the labyrinth structure.
The CMM structure that we used in our study was composed of onedimensional periodic arrangement of labyrinth structures and wire structures.
Wires were printed on the back surface of the PCBs and labyrinth structures
were fabricated on the front surface of the PCBs. Wires and labyrinth structures
were aligned such that the axis of the wires were parallel to the splits on the
labyrinth structure. There were 20 layers of CMM unit cells along z-axis and 25
layers of CMM unit cells along x-axis. The transmission spectrum for 5 and 10
layers of CMM unit cells along the propagation direction is shown in Fig. 2.17(b).
Figure 2.17 shows that the transmission spectrum of the CMM medium exhibits
a transmission band between 5.9 GHz and 6.55 GHz. Note that the magnetic
resonance of the single labyrinth structure was observed at 6.2 GHz. In addition, the labyrinth structure exhibited a band gap between 5.9 GHz and 6.6 GHz.
Hence, the transmission band of the CMM structure coincides with the band gap
of the labyrinth metamaterial medium. We measured the transmission spectrum
of the closed CMM medium in order to check whether the transmission band observed between 5.9 GHz and 6.55 GHz is left-handed [41, 56]. The closed CMM
medium consists of a periodic arrangement of closed labyrinth structures and
wires stripes. The lattice parameters were kept the same as the CMM medium.
The transmission spectrum of the closed CMM medium is shown in Fig. 2.17(c).
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First of all, the transmission spectrum of the closed CMM medium did not exhibit a transmission band between 5.9 GHz and 6.55 GHz. These results therefore
show that the transmission band of the CMM medium is left-handed. In addition,
the transmission spectrum of the closed CMM medium showed that the plasma
edge of the wire medium shifts dramatically towards lower frequencies when the
wire medium was combined either with a labyrinth medium or closed labyrinth
medium. The plasma edge shifted from 10.45 GHz down to 7.6 GHz. Similar
results demonstrating the shifting of the plasma edge towards lower frequencies
were also reported for metamaterial mediums composed of SRR structures and
wire structures [56].

2.3

Sub-wavelength Focusing

One fascinating consequence in particular of simultaneous negative permittivity
and negative permeability is the possibility of focusing electromagnetic waves beyond the diﬀraction limit [10]. Pendry predicted that a slab of  = −1, μ = −1
may recover evanescent components of the ﬁeld emitted from a source. In addition, due to negative refraction, such a medium focuses the propagating components of the source ﬁeld. As a result, it may be possible to focus all of the Fourier
components of the ﬁeld emitted from a source. Pendry coined the term superlens
for structures that have these properties. However, until now Pendry’s prediction
has been subject to some criticism [57].
The metamaterial medium that we used was composed of a two-dimensional
periodic arrangement of wire stripes and labyrinth structures. The unit cell of the
metamaterial structure is shown in Fig. 2.18 (b). The wire stripes were printed on
the back of the standard FR4 substrates and the labyrinths were printed on the
front faces. The thickness of the metal, copper, was 0.05 mm. The width of the
wire stripes was 2.5 mm. The lattice constant along the x and y directions were
8.8 mm (0.18λ, where λ corresponds to 6.3 GHz). There were 68 layers along the x
direction and 5 layers along the y direction. The width of the structure was 0.92λ.
The height of the structure was 20 layers long. This metamaterial medium has a
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left-handed transmission band between 5.9 GHz and 6.5 GHz (Fig. 2.19 inset).

g
w
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z
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y
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(b)

Figure 2.18: a) The labyrinth structure: r1 = 1.35 mm, r2 = 1.8 mm, r3 = 2.25
mm, r4 = 2.7 mm, g = 0.15 mm, w = 0.3 mm, and d = 0.15 mm. b) Unit cell of
the two-dimensional labyrinth based left-handed metamaterial.

Several methods, such as retrieval procedures from S-parameters, can be used
for the determination of the index of refraction [40]. Another rather straightforward method makes use of the phase shifts when the size of the structure along
the propagation direction is increased [53]. It was experimentally shown that this
method can accurately describe the real part of the index of refraction values
for metamaterials even when the transmission was below -10 dB [53]. Consider
two pieces of homogeneous material with lengths of L1 and L2 . The phase diﬀerence introduced due to the diﬀerence in lengths of the pieces can be written as
Δφ = −k0 n(L2 − L1 ), where k0 is the free space wave vector. We used the −k0
convention in this study. In order to theoretically determine the phase shifts when
the number of layers along the propagation direction is increased, we performed
ﬁnite-integration method simulations by using a commercially available software
program [58]. The simulation results for the phase diﬀerences between the ends
of 5 layers, 6 layers, and 7 layers long metamaterials are shown in Fig. 2.19 (a).
For comparison, we plotted the phase diﬀerences between the ends of 3 layers, 4
layers, and 5 layers long homogeneous, isotropic FR4 slabs. First of all, note that
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the phase diﬀerences for the FR4 slabs advance in the negative direction when the
number of layers is increased, as expected from a medium with positive index of
refraction. Whereas, the phase diﬀerences between the ends of the metamaterial
advance in the positive direction with increasing length along the propagation direction. In addition, the phase diﬀerences for diﬀerent lengths of metamaterials
do not change signiﬁcantly around 6.4 GHz. We determined the index of refraction for the metamaterial medium by using the phase shifts shown in Fig. 2.19
(a). The results between 6.08 GHz and 6.4 GHz are plotted in Fig. 2.19 (b). The
frequency range was chosen in order to have a transmission that was above -20
dB for accurate phase determination. The index of refraction is negative within
this frequency range. In addition, there is a frequency range around 6.28 GHz at
which the index of refraction is close to -1.
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Figure 2.19: a) Phase diﬀerences between the ends of isotropic FR4 slabs (dashed
curves) and the labyrinth based metamaterial (solid curves) b) Calculated indices
of refraction for the labyrinth based metamaterial. (inset: measured transmission
spectrum through the labyrinth based composite metamaterial medium (solidcurve) and the simulated transmission spectrum (dotted-curve).)
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Figure 2.20: The measurement setup. The setup consists of HP8510C, two
monopole antennas and a two-dimensional linear stage.
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(b)

Figure 2.21: Measured electric ﬁeld intensities on the output side of the metamaterial when the source was 2 cm away (a) and 1 cm away (b) from the input
surface of the metamaterial.

Normalized Intensity (arb. u.)
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Figure 2.22: Measured intensity proﬁle of the source monopole antenna along the
x axis in free space when it was placed 2 cm away from the receiver antenna (A)
8 cm away from the receiver antenna (B). Measured intensity proﬁle along the
x axis on the output side of the metamaterial when the source was placed 2 cm
away (C) and 1 cm away (D) away from the input surface of the metamaterial.

Encouraged by our theoretical results, we studied the focusing properties
of the labyrinth based left-handed metamaterial. In our experiments we used
monopole antennas as the source and receiver, Fig. 2.20. We placed the source
antenna in front of the surface of the labyrinth based metamaterial. The axis of
the source and receiver antennas were arranged parallel to the z-axis. The length
and diameter of the monopoles were 3 cm and 1.5 mm, respectively. We measured
the electric ﬁeld intensities over an area of 200 × 100 mm2 (4.25λ × 2.1λ) area
on the output side of the left-handed metamaterial in steps of 2.5 mm (0.052λ),
where λ corresponds to 6.3 GHz. The measured electric ﬁeld intensities when the
source antenna was placed 2 cm (0.42λ) and 1 cm (0.21λ) away from the input
surface of the metamaterial are plotted in Fig. 2.21 (a) and (b), respectively. The
measurement frequency was 6.3 GHz. Note that the surface of the metamaterial was parallel to the x axes. Figures 2.21 (a) and (b) clearly demonstrate the
focusing of the source ﬁeld on the output side by the left-handed metamaterial
when the source was placed either 2 or 1 cm away from the input surface. The
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maximum ﬁeld intensity along the y axes was observed at 10 mm (0.21λ) when
the source was 2 cm (0.42λ) away from the input surface, in which it was 17.5
mm (0.37λ) when the source was 1 cm (0.21λ) away. The half widths of the
intensity proﬁles along the y axis for both cases were 19 mm, ≈ λ/2.5. Moreover, the ﬁeld intensities decay as 1/r 2 along the y axes, where r is the distance
from the focusing point. There are some extra features appearing on the image.
We attribute these extra features to the interference from the waves reﬂected by
the laboratory environment. The intensity proﬁles along the x axis are shown in
Fig. 2.22. In addition, we plotted the measured intensity proﬁle along the x axis
when the source and receiver antennas were placed 2 cm apart from each other in
free space (dashed-curve in Fig. 2.22). The measured half width of the intensity
proﬁle in free space, without the metamaterial in between, was 40 mm, ≈ λ.
Without the metamaterial, even at such a close distance, the source ﬁeld could
not be resolved with a resolution below the wavelength. On the other hand, the
half width of the intensity proﬁle on the output side of the metamaterial along
the x axes was 12 mm, ≈ λ/4, when the source was 1 cm away from the input
surface, in which it was 16 mm, ≈ λ/3, when the source was 2 cm away from the
input surface. As a result, it was possible to the resolve the source ﬁeld with a
resolution below the wavelength when the metamaterial was inserted in between
the source and receiver antennas. The focusing property of the metamaterial was
not restricted to 6.3 GHz. We observed the focusing eﬀect for a range of frequencies between 6.2 GHz and 6.37 GHz, although the focusing was not as sharp as
6.3 GHz. Note that the source and image distances do not add up to the width of
the slab (0.92λ). We attribute this to the complex part of the index of refraction.
Our experimental results showed that it was possible to focus the source ﬁeld
with a spot size as small as λ/4. We attribute the sub-wavelength focusing to
two major reasons. First, the index of refraction is negative. Second, the lefthanded metamaterial retains the inhomogeneous plane wave components of the
source ﬁeld. To our knowledge, this is the ﬁrst experimental demonstration of the
sub-wavelength focusing of electromagnetic waves by metamaterials in free space.
Previously, sub-wavelength focusing was demonstrated by using a hard-wired L-C
circuit network [59]. We believe that our study may ﬁnd important applications
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in areas of imaging. More importantly, our experimental results proved that
metamaterials based on the labyrinth structure can focus the electromagnetic
waves with half widths smaller than the wavelength.

2.4

Transmission, refraction, and focusing properties of a three dimensional structure

The three dimensional metamaterial that we used is shown in Fig. 2.23 (a) While
the structure is an extension of the two dimensional labyrinth based metamaterial
to three dimensions, the fabrication of the structure is itself quite complicated.
Particular attention was paid during the design process in order to avoid intersecting wires. Such an intersection would evidently yield to a cut-wire medium. If
not avoided, the cut-wire medium would cause us to loose the plasma-like behavior of a continuous wire medium. The results of the transmission measurements
for TE and TM polarized electromagnetic waves, shown in Fig. 2.23 (b), show
the evidence of a left-handed transmission band between 5.7-6.35 GHz. TE and
TM is used to denote two perpendicular polarizations each of which is parallel to
diﬀerent wire orientations in the labyrinth-based metamaterial. The transmission
of TE waves is weak when compared to TM polarized waves. This diﬀerence in
the transmission properties of TE-TM polar-ized waves indicates the presence of
strong anisotropy. Such anisotropy is expected as the unit cell of the structure
lacks the electrical symmetries in certain directions. Nonetheless, there is a lefthanded transmission band for both TE and TM polarized waves that overlap in
the frequency range.
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Figure 2.23: a) The photographs of the three dimensional structure. b) The
measured transmission spectrum of TE and TM polarized waves through the
labyrinth based three dimensional left-handed structure.

In order to study the refraction properties of the 3D structure at the frequencies corresponding to the left-handed transmission band, we used electromagnetic
waves incident on the structure at various angles. The setup that we used consists of transmitting horn antennas and receiving monopole antennas. The horn
antenna was tilted such that the angles of incidence with respect to the normal
vector of the structure were 15 and 30 degrees. The transmitted waves on the
other side of the surface were measured by using the monopole antennas over
a rectangular mesh. The results of our measurements are shown in Figs. 2.24
(a) and (b) for incidence angles of 15 and 30 degrees, respectively. The output
surface was parallel to the x axis. In addition, the waves were incident on the
negative side with respect to the surface normal. Electromagnetic waves leave
the output surface from the side of the surface normal that they were incident on.
Hence, electromagnetic waves are negatively refracted by the 3D labyrinth based
metamaterial. The index of refraction can be calculated by using the Snell‘s law
and it is found to be around -1.02 at 6.2 GHz.
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Figure 2.24: a) The measured electric ﬁeld intensities for the incidence angle of
30 degrees. b) The measured electric ﬁeld intensities for the incidence angle of
15 degrees.

Since our 3D structure exhibited negative refraction, we next checked the focusing properties of the structure. We placed a monopole antenna in front of the
input surface of the structure and measured the transmitted signal on the output
side over a rectangular mesh by using a receiving monopole antenna. The results
are shown in Figs. 2.25 (a) and (b) for source distances of 15 mm and 5 mm to
the input surface, respectively. First of all, one can clearly observe the images of
the source ﬁeld at the output side. In addition, the image of the source appears
at a closer distance to the output surface for the source distance of 15 mm when
compared to the source distance of 5 mm. This result is expected for a metamaterial medium with simultaneously negative permittivity and permeability [10].
The half-width of the image is 24.5, λ/2, mm at 6.1 GHz.
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Figure 2.25: a) The measured electric ﬁeld intensities for a source distance of 15
mm. b) The measured electric ﬁeld intensities for a source distance of 5 mm.

2.5

Sources Inside Metamaterials

In this section, we studied the properties of the electromagnetic ﬁelds emitted
from a source embedded inside a two-dimensional left-handed metamaterial that
was based on labyrinth resonators. Our results showed that when the source
is placed at a certain distance away from the interface, the transmitted ﬁeld is
focused on sub-wavelength dimensions. We will ﬁrst present our retrieval results
regarding the permittivity and permeability of the labyrinth based left-handed
medium. We will show that there is a frequency at which the permittivity and
permeability attains the same negative value i.e., impedance matched to free space
. We will subsequently present our theoretical and experimental results for the
impedance matched frequency when the source is placed inside the left-handed
medium.
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Figure 2.26: The calculated eﬀective medium parameters of the labyrinth-based
left-handed medium: real part of the  (- -) and real part of the μ (-). The
measured reﬂection spectrum from the labyrinth-based left-handed medium (. . . ).

The transmission, refraction, and focusing properties of metamaterials have
been extensively studied up to now. Several researchers demonstrated negative
permeability, left-handed transmission, negative refraction and sub-wavelength
focusing by using metamaterials [8, 60]. On the other hand, the emission properties of sources when they are placed inside metamaterials still remain to some
extent unexplored. The study of the ﬁeld emitted from a source, which is placed
inside an LHM slab, provides exciting answers for both physical and technological considerations. First of all, such a study provides the means of checking the
validity of ray optics on LHM metamaterials whose overall dimensions are comparable to one wavelength. In addition, the information gained from such studies
are important for the applications that incorporate radiation sources and active
or non-linear materials inside LHM metamaterials [61, 62, 63, 64, 65]. There are
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several theoretical studies that investigate the issue of sources inside a metamaterial with permittivity and permeability that was equal to zero. In addition,
there are some studies that attempt to use metamaterials in order to enhance the
characteristics of antennas [66].
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Figure 2.27: Top panel: The simulated ﬁeld intensity emitted from a source
placed inside the homogeneous left-handed medium. Bottom panel: The cross
section of the ﬁeld intensity along the x-axis on the source plane.
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The structure that we used for this study was a two-dimensional periodic
arrangement of wires and labyrinth structures. We calculated the eﬀective permittivity and permeability of the two-dimensional medium by using a retrieval
procedure. The results are shown in Fig. 2.26. There is a certain frequency range
at which the permittivity and permeability are negative. In addition, the values
of permittivity and permeability (real parts) are the same at 6.3 GHz with a
value of -1.24. Moreover, the values of the imaginary parts are low at this frequency, 0.014 and 0.1, respectively. As a result, the impedance of the medium
is matched to the free space at 6.3 GHz. Therefore, one expects a signiﬁcant reduction of the reﬂection coeﬃcient around 6.3 GHz. We measured the reﬂection
spectrum from the two-dimensional left-handed medium by using an HP-8510C
network analyzer. Receiving and transmitting horn antennas were used for the
measurements. The measured reﬂection spectrum of the two dimensional medium
is shown in Fig. 2.26. The reﬂection from the two-dimensional medium is rather
small around 6.31 GHz (-35 dB at 6.31 GHz).
We carried out FDTD simulations in order to study the properties of the
electromagnetic waves when the source was placed inside the left-handed medium.
In our simulations, we treated the two-dimensional labyrinth-based medium as
a slab of homogenous and isotropic material. This approximation provides the
means to compare the actual left-handed metamaterial with an isotropic and
homogenous medium. In addition, such an approximation is justiﬁed due to
the fact that the size of the labyrinth features are very small compared to the
wavelength of interest. The permittivity and permeability of the slab was set
to -1.24, and the simulation frequency was 6.3 GHz. The thickness of the slab
was equal to the thickness of the labyrinth-based medium that we used in our
experiments, 8.8 cm (10 layers of a labyrinth-based medium). Note that the
thickness of the slab was 1.87λ. The source was placed 7 layers, 6.16 cm, away
from the left side interface. The result of the FDTD simulation is shown in
Fig. 2.27. When the source is 7 layers away from the interface (left side interface),
there is a clear focusing of the source ﬁeld away from the interface. The half
width of the image along the y axis at the maximum intensity point is λ/2.35.
On the other hand, when the source is 3 layers away from the interface (right
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side interface), the image is rather close to the surface. The half width of the
image in this case is reduced to λ/3.42. It is noteworthy that geometrical optics
considerations would lead image points away from the interfaces for both cases.

CHAPTER 2. METAMATERIALS

54

Figure 2.28: a) The measured ﬁeld intensity when the source was placed 3 layers away from the interface inside the labyrinth-based left-handed medium. b)
The measured ﬁeld intensity when the source was placed 7 layers away from the
interface inside the labyrinth-based left-handed medium.
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We used an HP-8510C network analyzer to perform the experiments. The
transmitting monopole antenna was placed inside the two-dimensional labyrinthbased left-handed medium. The width of the labyrinth-based medium was 10
layers, 8.8 cm. The receiving monopole antenna was used to measure the ﬁeld
outside the left-handed medium over an area of 50x100 mm2 area with steps
of 2.5 mm. More details regarding the experimental procedure can be found
elsewhere [60]. The results of our measurements when the source was 3 layers and
7 layers away from the interface are shown in Figs. 2.28(a) and (b), respectively.
The image of the source ﬁeld appeared to be tied to the surface when the source
was 3 layers away from the interface. The half width of the image was λ/3.2. On
the other hand, the image appeared away from the interface when the source was
placed inside the seventh layer. The maximum intensity point along the x-axis was
10 mm away from the interface. In addition, the half width of the image was λ/2.3.
We would like to note that the comparison of Figs. 2.27 and 2.28 shows a quite
good agreement between our simulation results, which treated the left-handed
medium as a homogenous and isotropic material, and experimental results. Both
of these results indicate that one cannot treat a left-handed medium by use of
geometrical optics if the overall dimensions of the medium are comparable to the
wavelength of interest. The reason for this is if we were to apply the argument of
the geometric optics, we would expect to observe an image away from the surface
for both of the source distances. The discrepancy of both experimental and
theoretical results from the expectations of the geometrical optics is attributed
to two main reasons. One of the reason is related to the size of the left-handed
medium. As the size of the left-handed medium is comparable to the wavelength,
the results of geometrical optics are questionable. The second reason is related
to the excitation of the surface plasmon waves. Figure 2.27 shows the existence
of surface waves along the edges of the left-handed medium.
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Compact size highly directional antennas
based on SRR metamaterial medium

In this section, we experimentally and theoretically study the angular distribution
of microwave radiation from a monopole source embedded inside a SRR metamaterial medium. We will ﬁrst review two important properties of SRR structure
relevant to the study of radiation sources inside SRR metamaterial medium. In
this sense, we will be concerned with the distribution of the surface current along
the SRR structure and the distribution of the electric ﬁeld within the unit cell
of the SRR metamaterial medium. Finally, we will experimentally demonstrate
that the radiation emitted from a monopole source embedded inside a SRR metamaterial medium exhibit a highly directive radiation pattern.

2.6.1

Properties of the split-ring resonator

Since the introduction by Pendry [18] split-ring resonators (SRRs) attracted great
interest among the scientiﬁc community [49, 8, 52, 33, 67, 68]. One of the major
reasons of this great interest lies in the fact that SRR shows strong magnetic
activity at high frequencies that is not obtainable by natural materials. Several researchers demonstrated strong magnetic activity by using SRRs in the
Gigahertz and Terahertz region [49, 69]. In addition to negative permeability
and strong magnetic activity, SRR is a resonant structure whose dimensions are
much smaller than the resonance wavelength. The small size of the resonant SRR
structure may provide means to modify and control the emission properties of
sources with small-sized structures.
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Figure 2.29: The SRR structure. Following dimensions are used through out
our experiments and simulations: g=0.2 mm, d=0.2 mm, w=0.9 mm, r1=3.6
mm, r2=1.6 mm. Arrows indicate the direction of current ﬂowing around the
structure.
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Figure 2.30: Surface current density along the SRR structure at the resonance
frequency.

SRR structure consists of two concentric annuli of conducting material. There
is a gap on each ring and each ring is situated opposite to the gap on the other
ring. A common SRR structure is depicted in Figure 2.29. When excited by an
external source, for example, by a time-varying magnetic ﬁeld perpendicular to
the plane of SRR, current ﬂows along the rings are induced. The induced current
ﬂows result in accumulation of charges near the gaps of the SRR. The circuit is
completed by the capacitive coupling between two rings. Due to the gaps on each
ring, current ﬂows on individual rings are very small. The structure is similar to
an L-C circuit. The main contribution to the capacitance of the circuit comes
from the mutual coupling between the two rings [31]. Induced surface current
by a plane wave excitation at the resonance frequency of the SRR is shown in
Figure 2.30 . First of all, the induced current density along the structure is in
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phase. Second, the induced current is solenoidal. Hence, the SRR structure can
be considered as a magnetic dipole. In fact, the associated magnetic ﬁeld pattern
from the SRR is dipolar [8]. In addition to the resonant solenoidal current, SRR
structure concentrates the incident electric ﬁeld to its close vicinity. Figure 2.31
shows the simulated electric ﬁeld distribution within the unit cell of the SRR
metamaterial medium. The incident wave is a planewave with unit amplitude.
The electric ﬁeld shown in Figure 2.31 indicates that the incident electric ﬁeld
is localized near the SRR structure. Also, note that the electric ﬁeld amplitude
attains values as large as 2 orders of magnitude larger than the incident wave.

Figure 2.31: Simulated electric ﬁeld distribution within the unit cell of the SRR
metamaterial medium. Incident planewave has a unit amplitude. View angle is
tilted for better visualization.
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Figure 2.32: This setup was used to determine the resonance of a single split-ring
resonator.

The resonant nature of the SRR structure is pronounced as a dip in the transmission spectrum. This dip can be easily observed by measuring the transmission
spectrum of a single SRR structure by two monopole antennas, one transmitting
and the other receiving, Fig. 2.32. The monopole antennas that we used in our experiments are obtained by removing the dielectric cladding and the metal shield
of a microwave coaxial cable. The left inner core has a length of 7 cm. The
monopole length is optimized for operation around 4 GHz. The transmission coeﬃcients of a single SRR structure placed between two monopole antennas is then
measured by an HP-8510C network analyzer. HP-8510C is a vector network analyzer capable of measuring both the transmission and the phase. SRR structure
is manufactured by standard printed circuit board technology. The substrate is
standard FR-4 material and the metal is copper with a thickness of 0.05 mm. The
thickness of the board is 1.6 mm and the measured relative permittivity around
4 GHz is 3.85. The measured transmission data and the results of the FDTD
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simulation are shown in Figure 2.33 . For comparison, we have also measured the
response of the closed SRR structure. In the closed SRR structure we have two
complete rings. The transmission data for a single SRR structure shows a strong
dip around 3.65 GHz. Note that this dip is not observed in the transmission
spectrum of the closed SRR structure.

Figure 2.33: Measured transmission spectrum of (A) SRR structure, (B) closed
SRR structure. Simulated transmission spectrum of (C) SRR structure, (D)
closed SRR structure.
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Figure 2.34: Experimental setup that we used to measure the transmission properties of the SRR metamaterial medium. The setup consists of transmittingreceiving horn antennas and HP-8510C network analyzer.

At this point, we would like to emphasize two important properties of the
SRR structure. First of all, at the resonance frequency solenoidal currents ﬂow
along the SRR structure. As a result, the SRR structure can be regarded as
a resonant magnetic dipole. In addition, SRR structure localizes the incident
electric ﬁeld to its close vicinity at the resonance frequency. These two properties
of the SRR structure makes it interesting for antenna applications. Due to these
two properties of the SRR structure, when arranged in a regular pattern, the
resulting metamaterial SRR medium may be regarded as an antenna array. An
array antenna is made up of more than one radiating element [70].

CHAPTER 2. METAMATERIALS

63

Figure 2.35: Transmission spectrum of the electromagnetic waves through the
SRR metamaterial medium. Electric ﬁeld is oriented along z-axes and the magnetic ﬁeld is perpendicular to the plane of the SRR structures.

The experimental setup that we used to study the transmission properties of
the SRR metamaterial medium is depicted in Figure 2.34 . The transmission
setup consists of HP-8510C network analyzer and transmitting-receiving horn
antennas. The measured metamaterial medium is obtained by arranging SRR
structures in a rectangular array. The periodicity along z- and y-axes is equal
to 8.8 mm. The periodicity along x-axis is 6.5 mm. There are 30 layers along
x-axis, 15 layers along z-axis, and 15 layers along y-axis. The distance between
horn antennas and the structure is 15 cm, which is larger than the wavelength at
3 GHz. The measured transmission spectrum of the SRR metamaterial medium
is shown in Figure 2.35. The orientation of the incident ﬁelds and the SRRs is
such that the magnetic ﬁeld is perpendicular to the plane of SRRs and electric
ﬁeld is oriented along z-axis. The transmission spectrum of the metamaterial
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SRR medium exhibits a band-gap between 3.4 GHz and 4.3 GHz.

Figure 2.36: Real part of the eﬀective permeability for the split-ring resonator
based medium that we used in our study.

In addition to the transmission measurements and calculations, we also performed the retrieval calculations on the SRR metamaterial medium shown in
Fig. 2.34. We plotted our results in Fig. 2.36. The eﬀective permeability is positive belowe 3.25 GHz and approaches to the value of 1 at low frequencies. The
values of the permeability between 3.25 GHz and 3.6 GHz are negative. The
comparison of the results shown in Fig. 2.33 and Fig. 2.36 indicates some inconsistency. This inconsistency is due to the ambiguity in the dielectric constant of
the printed circuit board.
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Near ﬁeld distribution of the electric ﬁeld emitted
from a source that is embedded inside a SRR based
medium

One usually expects that the ﬁeld intensity decreases strongly with the distance
from the source. This means that when the surface is considered as a collection
of individual antennas, the contribution of each antenna to the emitted radiation
decreases with distance from the monopole antenna. In order to check the above
statement we measured the electric ﬁeld intensity near the surface of the SRR
array when the monopole source was placed inside the SRR array. In our measurements we used another monopole antenna as a receiver to measure the electric
ﬁeld intensity. The measurements are carried out over an area of 150x20 mm2
with steps of 1 mm. The data for the resonance frequency is shown in Fig. 2.37
(a). At the resonance frequency a signiﬁcant part of the surface contributes to
the radiation appreciably. On the other hand, at the oﬀ-resonance frequency (4.7
GHz) a small part of the surface contributes to the radiation (Fig. 2.37 (b)).
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Figure 2.37: a) Measured electric ﬁeld intensity near the surface of the SRR array
at 3.8 GHz when the source is located inside the array b) measured electric ﬁeld
intensity near the surface of the SRR array at 4.7 GHz when the source is located
inside the array.
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Angular distribution of electric ﬁeld emitted from
a source that is embedded inside the metamaterial
medium

For the far ﬁeld radiation pattern measurements, we replaced the transmitting
horn antenna with a monopole antenna and placed the monopole antenna inside
the SRR metamaterial medium. The placement of the monopole antenna inside
the SRR metamaterial medium was chosen such that the monopole antenna eﬀectively excites the SRR structures at the surface of the medium. As a result, there
are 3 layers of SRR planes in front of the monopole antenna. The orientation
of the monopole antenna was along z-axis. The monopole antenna was placed
at the middle of the SRR array along x-axis and z-axis. Hence, there are 15
SRR layers to the left and to the right of the monopole along x-axis. Along the
z-axis, there are 7 layers above and below the center of the monopole antenna.
Given the above dimensions, the surface of the SRR metamaterial medium was
2 wavelength long along the y- and z-axis. The power spectrum of the radiation
emitted by the monopole antenna was then measured at a distance of 1.5 meters away from the metamaterial SRR medium. The measurements were done by
varying the angle in the x-y plane. Figure 2.38 (a) shows the measured angular
distribution of power near the resonance frequency of a single SRR structure.
The half power beamwidth was approximately 14 degrees for the frequencies near
the resonance frequency. These results show that the emitted power is conﬁned
to a narrow angular region near the resonance frequency. The experimental far
ﬁeld radiation pattern near the pass-band frequencies is presented in Figure 2.38
(b). Figure 2.38 (b), on the other hand, shows that the emitted power at the
pass-band does not show a highly directional radiation pattern. The half power
beamwidth at 4.7 GHz is 36 degrees. In a previous work, we showed that photonic
crystals may be used to obtain highly directive radiation from sources [71]. Also,
Enoch et. al. reported similar results by using a metallic mesh of thin wires [66].
The results of both of these previous works are related to the anisotropy of the
band structure associated with the wave propagation inside photonic crystals. A
physical explanation of highly directive radiation from sources embedded inside
photonic crystals is provided by Chigrin et. al. in terms of stationary phase [72].
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In addition several other researchers have reported directional radiation sources
based on photonic crystals [73, 74, 75, 76]. On the other hand, the highly directional radiation near the resonance frequency from a source embedded inside an
SRR array is due to the resonant behavior of the individual SRRs. It is worth
to compare these values with our previous results obtained by using photonic
crystals. For the case of the photonic crystal, the radiation surface had an area
equal to 44λ2 , where λ is the operation frequency. On the other hand, the surface
area in this work is only 3.8λ2 . This means that the surface area is approximately
reduced by a factor of 11 times when compared to the photonic crystals that are
composed of regular arrays of dielectrics or wire arrays. We believe that this
improvement is important for compact size highly directional radiation sources.
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Figure 2.38: a) Far ﬁeld radiation pattern in the H-plane near the resonance
frequency of the SRR structure. b) Far ﬁeld radiation pattern in the H-plane at
an oﬀ resonance frequency. Frequency for this plot is 4.7 GHz.
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Figure 2.39: a) Far ﬁeld radiation pattern in the E-plane near the resonance
frequency of the SRR structure. b) Far ﬁeld radiation pattern in the E-plane at
an oﬀ resonance frequency. Frequency for this plot is 4.7 GHz.
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Figure 2.40: a) Far ﬁeld radiation pattern in the H-plane from a source embedded
inside CRR array near the resonance frequency of the SRR structure. b) Far ﬁeld
radiation pattern in the H-plane from a source embedded inside CRR array at
4.7 GHz.
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Figure 2.41: a) Far ﬁeld radiation pattern in the E-plane from a source embedded
inside CRR array near the resonance frequency of the SRR structure. b) Far ﬁeld
radiation pattern in the E-plane from a source embedded inside CRR array at
4.7 GHz.

We also checked the coupling eﬃciency of the monopole antenna by measuring
the S11 values. The measured S11 values when the source is placed inside the
SRR array and in free space is shown in Fig. 2.42. The measured S11 values at
the resonance frequency is -5 dB when the source is placed in free space. On the
other hand, when the source is located inside the SRR array S11 values reduces
down to -24 dB at the resonance frequency. These results clearly indicate that
the coupling eﬃcieny is enhanced appreciably when the source is placed inside the

CHAPTER 2. METAMATERIALS

72

SRR array. The coupling eﬃcieny is quite important for practical applications.
The enhanced coupling eﬃeciency may be attributed to the high local electric
ﬁelds near the SRRs.

Figure 2.42: Measured S11 for the monopole source in free space (red curve) and
for the monopole when the source is located inside the SRR array (blue curve).

Chapter 3
Photonic Crystals

3.1

Introduction

Photonic crystals can be deﬁned as a periodic modulation of the permittivity
and/or permeability function. An example of a photonic crystal is shown in
Fig. 3.1. At this point this deﬁnition does not diﬀerentiate a photonic crystal from
a metamaterial. But, the diﬀerence is strongly pronounced when we note that the
periodicity of a photonic crystal is comparable to or larger than the wavelength
of interest. Electromagnetic properties of such a structure can not be described
in terms of eﬀective paramaters, i.e., the medium can not be homogenized. The
periodic modulation means that we can describe the properties of a photonic
crystal in terms of Bloch modes. That is, the solution to the Maxwell equations
in the presence of a periodic modulation:

ω2
1
∇ × {∇ × E(r)} = 2 E(r)
(r)
c
ω2
1
∇ × H(r)} = 2 H(r)
∇×{
(r)
c
(r + a) = (r)

73

(3.1)
(3.2)
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where a is the periodicity of the photonic crystal, can be written as the so called
Bloch solutions or modes:

Ekn (r) = ukn (r) exp(ik · r)
Hkn (r) = vkn (r) exp(ik · r)

(3.3)

{ukn (r + a), vkn (r + a)} = {ukn (r), vkn (r)}

(3.4)

Figure 3.1: The layer-by-layer photonic crystal. This structure is described the
face cubic tetragonal lattice (FCT).

In eqn. 3.3, k is the wave vector and n is the band index. There are n
solutions corresponding to each wave vector. These solutions are expressed as an
eigenvalue, which is the ωkn , and an eigenvector, ukn (r), vkn (r). We can think of
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these solutions as a plane wave modulated by a periodic function, ukn (r), vkn (r).
The Bloch modes or solutions can be calculated by several techniques one of
which is the plane wave method [77]. This method solves the above equations by
expressing the dielectric function, (r) , and ukn (r), vkn (r) in terms of Fourier
series.
Photonic crystals strongly modify the dispersion properties of electromagnetic
waves (EM) waves. Since PCs may control the propagation of EM waves in
certain directions, they have recently attracted much attention. Many interesting
phenomena such as enhancement and suppression of spontaneous emission [78],
propagation of photons via hopping over coupled defects [79], and localized donor
and acceptor modes [80], have been suggested and observed. One particular
application of photonic crystals has been commercialized by Samsung to increase
the extraction eﬃciency of light emitting dioes (LEDs) [81].
In this chapter, we will experimentally and theoretically demonstrate two
novel phenomena arising from the dispersion properties of the photonic crystals.
One of these phenomena is the existence of the surface modes. We will demonstrate that a proper termination of the photonic crystal may lead to modes that
are bound to the surface of the photonic crystal. We will further show that
these modes may be useful in certain applications such as enhanced transmission through sub-wavelength apertures and beaming of electromagnetic waves.
Another phenomena that we will demonstrate is the negative refraction eﬀect. I
shall point out that the negative refraction eﬀect that we will show in this chapter
is fundamentally diﬀerent than the one we observed in the previous chapter.

3.2

Beaming of Light and Enhanced Transmission via Surface Modes of Photonic Crystals

A metallic surface and the surface of a corrugated PC have a similar property,
i.e., both surfaces can support surface propagating electromagnetic waves [82,
83]. The properties of the surface propagating modes on metallic surfaces have
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been extensively studied. Recently, extraordinary light transmission through a
subwavelength aperture on a metallic surface surrounded by concentric grooves
or a grating has been demonstrated [84, 85]. This extraordinary transmission is
attributed to the excitation of surface modes on the metallic surface. In addition
to the extraordinary transmission, beaming of electromagnetic waves via surface
modes on the metallic surfaces have been reported [86, 87, 88, 89].
In this section, we theoretically show that PC surface can support surface
propagating EM waves in the presence of a periodic corrugation. We experimentally demonstrate high transmission amplitudes through PC waveguides when a
surface corrugation is added to the input surface of the PC. The enhanced transmission is attributed to the excitation of the surface modes. In addition, our
far ﬁeld radiation pattern measurements show that when a periodic corrugation
is added to the output surface of the PC, the power emitted through the PC
waveguide is conﬁned to a narrow angular region.

3.2.1

Theoretical and Experimental demonstration of
Surface Propagating Modes

Modes of an inﬁnite photonic crystal can be calculated by using the plane-wave
expansion method [77]. The same method can be used to identify the modes of a
ﬁnite photonic crystal by employing a large enough supercell [90]. Figure 3.2 (a)
shows the results of band structure calculations for the photonic crystal that we
used in our study. The photonic crystal is a 2 dimensional square array of circular
alumina rods. The crystal is assumed to be continuous along z axis in our band
structure calculations. The radius of the rods is 1.55 mm. The dielectric constant
of alumina is 9.61. Lattice constants along x and y directions are 11 mm. The
supercell is 40 layers long along y axis and consists of 1 unit cell along x axis.
15 unit cells along y axis contains alumina rods and the rest is free space. For
comparison, we calculated the band structure of an inﬁnite photonic crystal, i.e.,
inﬁnite both in x axis and y axis (inset of Fig. 3.2 (a)). The modes of a ﬁnite size
photonic crystal can be classiﬁed into 3 parts: 1) modes extending both in air and
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PC (Fig. 3.3 (a)), 2) modes extending in air but decaying in PC (Fig. 3.3 (b)), 3)
modes decaying in air but extending in PC (Fig. 3.3 (a)). Only the modes that
are extending both in air and PC are observed in the transmission spectrum.
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Figure 3.2: a) The TM (electric ﬁeld parallel to the axis of the rods) band structure of the inﬁnite size PC b) the TM band structure of the ﬁnite size c) the TM
band structure of the ﬁnite size PC when the radius of the rods at the surface of
the PC is reduced to 0.76 mm. d) zoomed view of the TM band structure of the
ﬁnite size PC when the radius of the rods at the surface of the PC is reduced to
0.76 mm.

The PC surface supports surface propagating waves when an appropriate corrugation is added [82]. The corrugation may be achieved by reducing the rod
radius at the surface of the PC or by using rods of diﬀerent shape. For this study
we changed the radius of the rods at the surface of the PC from 1.55 mm to 0.76
mm. The band structure of the corresponding PC is calculated by plane wave
expansion method with a large supercell (Fig. 3.2 (b)). Figure 3.2 (b) shows
that when the corrugation is added a band below the light line appears in the
band structure(This band is shown with blue solid line in Fig. 3.2 (c) and (d)).

CHAPTER 3. PHOTONIC CRYSTALS

78

This band is inside the photonic band gap and extends from 11.9 GHz to 12.8
GHz. The electric ﬁeld corresponding to these modes is calculated and plotted
in Fig. 3.3 (d). Figure 3.3 (d) shows that the electric ﬁeld for these modes is
evanescent both in air and inside PC. However, these modes have real wave vectors parallel to the PC surface. As a result, these modes are surface propagating
waves.
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Figure 3.3: Modes of the ﬁnite size PC a) electric ﬁeld proﬁle of mode extending
both in air and PC b) electric ﬁeld proﬁle of mode extending in air but decaying
in PC c) electric ﬁeld proﬁle of mode decaying in air but extending in PC d)
electric ﬁeld proﬁle of surface mode
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Since the surface propagating modes lie below the light line (Fig. 3.2 (b))
they can not be excited by incident plane waves. These modes can be excited by
two mechanisms. First mechanism is to couple the surface modes evanescently
by using a prism conﬁguration [91]. Second mechanism is to couple via wave
vector conversion. Wave vector conversion can be achieved by adding a gratinglike structure to the surface of the corrugated PC, i.e., by adding an extra layer
with a suitable lattice constant. In this study, we used the second method. We
added an extra layer in front of the corrugated PC surface. The added layer
is composed of alumina rods with a radius of 1.55 mm and a lattice constant
of 22 mm. The coupling to the surface modes of the PC can then be observed
by measuring the reﬂection spectrum. The photonic crystal structure is shown
in Fig. 3.4. We measured the reﬂection spectrum by using HP-8510C vector
network analyzer and transmitting-receiving horn antennas. The details of the
reﬂection and transmission measurements are explained elsewhere [92, 93]. The
measured reﬂection spectrum is shown in Fig. 3.5. Both the uncorrugated and
corrugated PC eﬀectively reﬂect the incident EM waves. This can be compared
to the band structure shown in the inset of Fig. 3.2 (a). On the other hand,
when the grating-like layer is added to the surface of the corrugated PC, the
resulting structure exhibits a dip in the reﬂection spectrum around 12.4 GHz.
The magnitude of the reﬂection coeﬃcient is −32 dB at 12.4 GHz. The dip in
the reﬂection spectrum clearly shows that due to the grating-like structure the
incident EM waves eﬀectively couples to the surface modes of the corrugated PC
around 12.4 GHz.
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Figure 3.4: The photonic crystal structure that we used in the study of surface
modes.
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Figure 3.5: Measured reﬂection spectrum from (A) bare photonic crystal surface
(B) from the corrugated layer added PC surface (C) from the corrugated PC
surface when the grating-like structure is added

3.2.2

Enhanced Transmission Through PC Waveguide via
Surface Modes

An important component of the photonic devices is waveguides. Previously, several waveguide structures based on photonic crystals have been proposed and
demonstrated [94, 95]. The PC based waveguides are usually obtained by removing either a complete row from the PC or by creating coupled defects. One major
problem with the PC based waveguides is the low transmission eﬃciency. The
low transmission eﬃciency is usually attributed to the poor coupling between the
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incident wave and the waveguide modes of the PC waveguide. Several methods
have been suggested to overcome this problem.
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Figure 3.6: A) The measured transmission spectrum through the PC waveguide, B) the calculated transmission spectrum through the PC waveguide, C) the
measured transmission spectrum through the PC waveguide when the surface
corrugation and the grating-like structure is added in front of the input surface
of the PC waveguide, C) the calculated transmission spectrum through the PC
waveguide when the surface corrugation and the grating-like structure is added
in front of the input surface of the PC waveguide

Recently, enhanced transmission through sub-wavelength metallic apertures
surrounded by concentric grooves or a grating has been demonstrated by several
researchers [84, 85]. The concentric grooves or the grating is used to excite the
surface propagating modes on the metal. It has been suggested that surface
modes play an important role in the enhanced transmission. A similar idea has
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been suggested to increase the transmission eﬃciency of a PC waveguide [96].
We obtained the PC waveguide by removing one row of rods from a 21x15
square array of circular alumina rods. The crystal is 15 layers long along the propagation direction. The measured and calculated transmission spectrum through
the PC waveguide is shown in Fig. 3.6. A waveguide band between 9.7 GHz and
13.1 GHz is observed in the transmission spectrum of the PC waveguide. The
overall transmission eﬃciency is around %10 when compared to free space transmission. At 12.45 GHz the transmission eﬃciency is %11. These results show
that the transmission eﬃciency of the PC waveguide is low.
We added an extra layer of rods with a radius of 0.76 mm to the input surface
of the PC. As we showed in the previous section addition of this extra layer
creates surface modes. In order to couple to the surface modes, we added the same
grating-like layer explained in the previous section in front of the extra layer. Note
that the grating-like layer results in eﬃcient coupling to the surface propagating
modes around 12.45 GHz (Fig. 3.5).The measured and calculated transmission
spectrum through the PC waveguide with the input surface modulation is shown
with solid curves in Fig. 3.6. The transmission eﬃciency is increased by a factor
of 5 around 12.45 GHz when compared to the bare PC waveguide. Speciﬁcally,
the transmission through the bare PC waveguide was %11 at 12.45 GHz. This
value is increased to %53 for the PC waveguide with the surface modulation.
These results indicate that eﬃcient coupling to the PC waveguide modes can be
achieved via surface propagating waves.

3.2.3

Beaming of EM Waves by Photonic Crystal Surface
Modes

The EM waves emitted through a sub-wavelength aperture have a broad angular distribution, i.e., EM waves quickly diﬀract in all directions [97]. Recently,
it has been shown that when a sub-wavelength aperture on a metal surface is
dressed with a grating or concentric grooves, the EM waves emerging from the
sub-wavelength aperture is conﬁned to a narrow spatial region [86, 87, 88, 89].
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This phenomenon is usually called beaming. The beaming eﬀect is attributed to
the surface plasmon diﬀraction. It has been suggested that beaming is observed
for wavelengths at which the wave vector of the surface plasmon is smaller than
the grating vector.

Figure 3.7: The measured intesity distribution at the exit side of the PC waveguide. Y-axes is parallel to the PC surface.

The photonic crystal waveguide that we used in this study has a width smaller
than the operation wavelength. The operation wavelength is around 2.5 cm,
whereas the waveguide width is 1.9 cm. Hence, it is expected that the EM waves
emitted through the PC waveguide would diﬀract in all directions from the PC
waveguide aperture. We measured the intensity of the EM waves emitted through
the PC waveguide over a rectangular area of 35x60 cm. Measurement setup
consists of transmitting horn antenna and receiving monopole antenna. The PC
waveguide is excited with the incident waves emitted through the transmitting
horn antenna. Electric ﬁeld intensity is measured on the exit side by using the
monopole antenna with 0.5 cm steps, which results in 8591 data points. The
measured intensity distribution at 12.45 GHz is shown in Fig. 3.7. The data
shows that the EM waves emitted through the PC waveguide quickly diﬀracts in
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all directions.

Figure 3.8: Calculated ﬁeld intensity when the surface corrugation is added to
the exit surface of the PC waveguide.

Figure 3.9: The measured intesity distribution at the exit side of the PC waveguide when the corrugation and grating-like layer are added to the exit surface of
the PC waveguide. Y-axes is parallel to the PC surface.

In section 3.2.1, we showed that surface modes can be created on the surface
of the PC by changing the radius of the rods on the PC surface. Since the modes
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of the PC waveguide decay into the bulk region of the PC, surface modes can
be excited by the PC waveguide. Figure 3.8 shows the calculated electric ﬁeld
intensity at 12.45 GHz when the radius of the rods at the exit surface of the PC
waveguide is reduced from 1.55 mm to 0.76 mm. The PC waveguide is excited by
the incident Gaussian wave. The beam width is 10 lattice constants long. The
PC waveguide is 15 lattice constants long along the propagation direction. The
ﬁeld intensity is calculated by FDTD method. The data shows that the surface
modes are excited by the PC waveguide. In addition, Fig. 3.8 shows that the
surface modes are not coupled to the radiating modes of the free space.
The surface modes excited by the PC waveguide can be coupled to the radiating modes of the free space when a grating-like layer is added in front of the
corrugation. We formed the grating-like layer with rods that have equal radius
to the bulk PC rods. The grating-like layer has a period of twice the bulk PC
period. In section 3.2.1, we showed that such a grating-like layer results in efﬁcient coupling to the surface modes around 12.45 GHz. The measured electric
ﬁeld intensity at 12.45 GHz over a region of 35x50 cm area on the exit side of the
PC waveguide in the presence of corrugation and grating-like layer is shown in
Fig. 3.9. Figure 3.9 shows that the electric ﬁeld intensity is conﬁned to a narrow
spatial region and propagates without diﬀracting into a wide angular region. In
addition, the measured far ﬁeld radiation patterns of the EM waves emitted from
the PC waveguide with and without surface corrugation and grating-like layer is
shown in Fig. 3.10 (a) and (b), respectively. Figure 3.10 shows that without the
surface corrugation and grating-like layer the emitted power spreads into a wide
angular region. However, Fig. 3.10 (b) shows that with the surface corrugation
and the grating-like layer the emitted power is conﬁned to a very narrow angular
region with a half power beam width of 10 degrees.
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Normalized Intensity (arb. u)
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Figure 3.10: a) Measured far ﬁeld radiation pattern of the EM waves emitted
from PC waveguide at 12.45 GHz b) Measured far ﬁeld radiation pattern of EM
waves emitted from the PC waveguide with surface corrugation and grating-like
layer

3.2.4

Conclusion

In conclusion of this section, we showed the existence of surface modes when the
surface layer of the ﬁnite PC is corrugated. The existence of surface modes are experimentally veriﬁed by reﬂection measurements. Enhanced transmission through
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the PC waveguide due to coupling to the surface modes have been demonstrated.
The measured transmission without surface corrugation was about %10. We observed that the transmission was increased to %55 when the surface corrugation
with the grating-like layer was added to the input surface of the PC waveguide.
We believe that the enhancement in the transmission can further be increased
by using a more optimized surface layer. In addition, we demonstrated that the
electric ﬁeld emitted through the PC waveguide in the presence of the surface
corrugation and the grating-like layer was conﬁned to a narrow spatial region.
The measured ﬁeld proﬁles showed that without the corrugation and grating-like
layer the electric ﬁeld transmitted through the aperture of the PC waveguide
diﬀracts in all angles. Our theoretical results showed that the modes of the PC
waveguide were coupled to the surface modes when the surface corrugation was
added to the output surface of the PC waveguide. With the corrugation and the
grating-like layer in front of the exit surface of the PC waveguide the electric ﬁeld
intensity exhibited the beaming eﬀect.

3.3

Negative Refraction and Focusing of Electromagnetic Waves by Metallodielectric
Photonic Crystals

Dispersion properties of photonic crystals provide various means to control the
propagation of electromagnetic (EM) waves. In this sense many applications such
as waveguides [95, 98, 94], wavelength division multiplexing (WDM) [99, 100, 101,
102], highly directional antennas [71, 103] have been proposed and demonstrated.
An interesting phenomenon arising from the dispersion relation of photonic
crystals is the so called negative refraction eﬀect [104, 105, 106, 107, 108, 109].
This eﬀect is observed for frequency ranges at which the wave vector of the incident waves and the group velocity of the transmitted waves fell into the opposite
sides of the interface normal [104]. As a result, for such frequency ranges photonic
crystal behaves as if the index of refraction is negative.

CHAPTER 3. PHOTONIC CRYSTALS

90

In order to make use of the negative refraction eﬀect in certain applications
such as focusing of electromagnetic waves, one usually requires negative indices
of refraction over a wide range of angles. To obtain negative indices of refraction
over a wide range of angles is still a major challenge for photonic crystal based
structures [106, 107, 108]. In this section we addressed this issue by using a metallodielectric photonic crystal. We showed that by adding a periodic dielectric
perturbation to the metallic photonic crystal, one could increase the range of angles at which negative indices of refraction prevail. Furthermore, as an application
of the negative refraction eﬀect we demonstrated the focusing eﬀect.

1.0
0.8
0.6
0.4
0.2

Γ

Χ

Μ

Γ

1.2
1.0
0.8
0.6
0.4
0.2

Γ

Χ

Μ

Γ

Γ

Χ

Μ

Γ

d)

c)
Frequency (ωa/2πc)

Frequency (ωa/2πc)

b)
1.2

0.8
0.6
0.4
0.2
0.0

Γ

Χ

Μ

Γ

Frequency (ωa/2πc)

Frequency (ωa/2πc)

a)

0.8
0.6
0.4
0.2
0.0

Figure 3.11: The ﬁrst 3 TM polarized bands for (a) the metallic photonic crystal
(b) the metallodielectric photonic crystal (c) the unperturbed dielectric photonic
crystal (d) the perturbed dielectric photonic crystal.
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The Metallodielectric Photonic Crystal

Luo et. al. [107] used a similar approach to shift the equal frequency surface
(EFS) contours in the frequency axes, and theoretically demonstrated all angle
negative refraction by embedding metallic rods arranged in a square lattice into
a high dielectric constant medium for TM polarized (electric ﬁeld parallel to the
axis of rods) EM waves. The eﬀect of using a high dielectric constant host medium
for metallic rods is to increase the eﬀective index of the medium. This results in
lowering the EFS contours in frequency, while keeping the area occupied by the
EFS contours in the k-space unchanged. Apart from manufacturing diﬃculties,
this approach has some disadvantages. One of these disadvantages is that one
has to carefully terminate the surface of the PC. Without a proper termination,
the corrugation on the surface of the PC may lead to surface modes [82, 90, 110].
In addition, EM waves incident on the surface of the PC structure will be ﬁrst
refracted by the high dielectric constant host medium. Because of the high index
of the host medium, EM waves will be refracted towards the surface normal
vector (Γ-M direction for a square lattice tilted by 45◦ ). This refracted beam will
be further refracted by the PC structure. EM waves with wave vector directed
along Γ-M direction will be refracted along the surface normal vector by the
PC structure. As a result the output beam will be directed along the surface
normal vector. In our approach, we use a periodic dielectric constant perturbation
instead of a high dielectric constant host medium. Periodic dielectric constant
perturbation is achieved by adding a dielectric rod to each unit cell of the metallic
PC. Our approach has two major advantages. First of all there is no ambiguity
on how to terminate the surface and manufacturing is relatively easy. Second, the
problem that we discussed due to the refraction by the high dielectric constant
host medium is not present in our structure.
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Figure 3.12: Equal frequency contours, solid curves, are shown for the metallodielectric photonic crystal. Crystal orientation is shown by the dashed line. Dotted
circle represents the free space equal frequency contour at 9.5 GHz. Frequencies
are shown in the GHz scale. Long dashed arrow with black color represents the
free space wave vector whereas the short black arrow represents the free space
group velocity. Long dashed arrow with white color represents the wave vector
of the refracted waves in photonic crystal. Small white colored arrow indicates
the direction of group velocity inside photonic crystal.

The metallodielectric photonic crystal that we used in our experiments and
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calculations is a square lattice of metallic and dielectric rods. The basis of the
crystal consists of a metallic and a dielectric rod placed along the diagonal of the
square unit cell (inset of Fig. 3.11 (b)). Cylindrical alumina rods with a radius of
1.55 mm are used for the dielectric rods and in the frequency range of interest the
dielectric constant of alumina is 9.61. Metallic (aluminum) rods have a radius of
1.5 mm. Both the metallic and dielectric rods have a height of 15 cm.
One way to view the metallodielectric photonic crystal, especially in the microwave region, is to consider it as a metallic photonic crystal with a periodic dielectric perturbation. It is expected that an attractive perturbation, which corresponds to a positive dielectric constant, will result in lowering of bands [111, 112].
Computed band structures (for TM polarization: electric ﬁeld is parallel to the
axis of rods) for a metallic photonic crystal and a metallodielectric photonic
crystal with the same lattice parameters are shown in Figs. 3.11 (a) and (b)
respectively. We considered TM polarized EM waves in our calculations and
experiments. The dielectric rod used in the calculations is alumina and has a
dielectric constant of 9.61. The radius of the dielectric rod is 0.136a, where a is
the lattice constant. The metallic rod is aluminum and has a radius of 0.14a.
Figure 3.11 (b) shows that the bands of the metallodielectric photonic crystal
are lowered compared to the bands of the metallic photonic crystal (Fig. 3.11
(a)). For comparison we have calculated the ﬁrst 3 bands of photonic crystal
composed of dielectric rods in a square array (Fig. 3.11 (c)) and a perturbed dielectric crystal with 2 dielectric rods with diﬀerent dielectric constants(Figs. 3.11
(d)). The unperturbed dielectric PC is composed of alumina rods in a square lattice. The perturbed dielectric PC is obtained by adding a dielectric rod, whose
dielectric constant is 3 times smaller than alumina, to the unit cell of the unperturbed dielectric PC. Second and third bands of the perturbed dielectric crystal
are appreciably lowered compared to the unperturbed dielectric photonic crystal.
However, the ﬁrst band is only slightly lowered. This can be explained by the
fact that the ﬁrst band is a dielectric band. Since the electric ﬁeld intensities
of these modes have appreciable values only inside the dielectric material, these
modes are slightly aﬀected by the perturbation.
Conservation of the surface parallel component of the wave vector suggests
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that one way to increase the range of negatively refracted incidence angles is to
reduce the radius of free space equal frequency contour. This can be achieved
by choosing a lower frequency range at which one expects negative refraction. In
addition, the shape and the size of the equal frequency contours for the photonic
crystal must be kept unchanged. Hence, lowering the bands without modifying
the lattice parameters such as reducing the lattice constant increases the range
of incidence angles that are negatively refracted.

3.3.2

Negative Refraction of Electromagnetic Waves by
Metallodielectric Photonic Crystal

The computed band structure of the metallodielectric photonic crystal for TM
polarization over the ﬁrst Brillouin zone is plotted in Fig. 3.12. Free space equal
frequency contour (dotted circle in Fig. 3.12) and equal frequency contours corresponding to negative refraction are also plotted. Surface of the photonic crystal is
aligned such that the normal vector to air-photonic crystal interface is along the
Γ − M direction. Wave vector of the transmitted waves are found from the conservation of the surface-parallel component of the wave vector. Figure 3.12 shows
that for the plotted equal frequency contours, the group velocity of the incident
waves and the group velocity of the transmitted waves fall into the opposite sides
of the surface normal. Correspondingly, these waves are negatively refracted. For
the plotted equal frequency contours, magnitude of the largest surface parallel
wave vector component in free space is smaller than the largest surface parallel
wave vector component in photonic crystal. In addition, the group velocities in
free space and the group velocities in photonic crystal fall into diﬀerent sides of
the surface normal. As a result, for the plotted equal frequency contours EM
waves are negatively refracted for all incidence angles.
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a)

b)

Figure 3.13: a) Electric ﬁeld distribution for incidence angle 15◦ b) Electric ﬁeld
distribution for incidence angle 45◦ . Black represents the maximum ﬁeld amplitude, whereas white color represents the minimum ﬁeld amplitude.
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Figure 3.14: Experimental setup for negative refraction measurement. Electric
ﬁeld intensities are measured along the surface of the photonic crystal (shown by
the dashed line) by a monopole receiver. Origin of the coordinate system is the
middle of the surface. Source is a horn antenna. Incidence direction is represented
by the arrow.

We calculated the electric ﬁeld amplitude distributions for TM polarized waves
incident on the metallodielectric PC for various incedence angles. Figure 3.13
shows the steady state electric ﬁeld amplitudes at 9.7 GHz for incidence angles of
15◦ and 45◦ . Incident wave is a Gaussian beam and has a width of 3 wavelengths.
Equal frequency contour shown in Fig. 3.12 indicates that at this frequency the
metallodielectric photonic crystal may exhibit negative refraction, i.e., incident
and transmitted electromagnetic waves shall fall into the same side of the surface
normal. Negative refraction eﬀect is clearly observed in Fig. 3.13.
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Figure 3.15: Measured electric ﬁeld intensities along the surface of the photonic
crystal are shown for incidence angles of (a) 15◦ (b) 25◦ (c) 35◦ (d) 45◦ . Incidence
direction is shown by the arrow. Black represents the maximum ﬁeld intensity,
whereas white color represents the minimum ﬁeld intensity.

To demonstrate the negative refraction eﬀect experimentally, one can measure
the electric ﬁeld intensity along the surface of the photonic crystal at the output
interface for various incidence angles. A sample measurement setup is shown in
Fig. 3.14. In this conﬁguration, transmitting horn antenna is tilted such that EM
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waves are incident on the surface of the PC with angle θ. Electric ﬁeld amplitude is measured along the surface of the PC at the output interface by using a
monopole antenna. If the incident EM wave is negatively refracted one detects
the output beam on the side indicated by the negative side in Fig. 3.14. To be
able to use such a measurement scheme certain criteria must be met. First of
all, there must be a single refracted beam. The condition for multiple Bragg
refracted waves can be written as |kfree |  |kparallel + Gn |, where kfree is the free
space wave vector, kparallel is the surface parallel component of the wave vector,
and Gn is a reciprocal lattice vector [113]. The free space EFS contour shown
in Fig. 3.12 is contained in the ﬁrst Brillouin zone. As a result |kfree | is smaller
than any reciprocal lattice vector, |Gn |. Hence, the condition of single refracted
beam is fulﬁlled for the considered frequency range. The other criteria to be met
is that there must not be surface propagating waves in the frequency range of interest. The surface propagating waves may be due to surface corrugation [82, 90]
or surface plasmon modes of the metallic rods [114]. There are no corrugations
at the surface of the metallodielectric PC that we have used. In addition, surface
plasmon modes of the metallic rods occur for the TE (electric ﬁeld perpendicular to the axes of the rods) polarized waves [113]. As a result there are no
surface propagating waves for the structure that we used in this study. Also, our
FDTD calculations shown in Fig. 3.13 clearly shows that a single refracted beam
propagates inside the photonic crystal and there are no distinguishable surface
propagating waves. In conclusion, the experimental scheme depicted in Fig. 3.14
can be used to demonstrate negative refraction for this structure.

CHAPTER 3. PHOTONIC CRYSTALS

99

Experiment
FDTD

Index of Refraction

15
10
5
0
-5
-10
9.0

9.2

9.4

9.6

9.8

Frequency (GHz)
Figure 3.16: Measured and calculated indices of refraction between 9 GHz and
10 GHz at 15◦ incidence angle. Solid curve represents the experimental data and
the dashed curve represents the theoretical indices of refraction obtained from
FDTD simulations.

We measured the electric ﬁeld intensities along the surface of the photonic
crystal for various incidence angles to demonstrate the negative refraction experimentally. We used an HP-8510 C vector network analyzer in our measurements.
Electromagnetic waves are transmitted by a standard gain horn antenna and measured by a monopole antenna. Incidence direction is indicated by a long arrow
and the surface normal is indicated by the dashed line. Waves that are positively
refracted are expected to emerge from the positive side of the surface, whereas
negatively refracted waves are to emerge from the negative side. Measurement
results for incidence angles of 15◦ , 25◦ , 35◦ , and 45◦ are shown in Figs. 3.15 (a),
(b), (c), and (d), respectively. Figure 3.15 shows that between 9.25 GHz and
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10.3 GHz waves emerge from the negative side of the PC. Hence, between 9.25
GHz and 10.3 GHz EM waves are negatively refracted by the PC. By using the
shift with respect to the center of the PC surface one can calculate the indices of
refraction. The sign of the index of refraction is decided by whether the shift is to
the positive side or to the negative side. Experimental and theoretical results for
the indices of refraction at 25◦ incidence angle is shown in Fig. 3.16. The indices
of refraction are positive between 9 GHz and 9.19 GHz. Around 9.2 GHz there
is an abrupt change: just below 9.2 GHz the indices of refraction are positive
and just above 9.2 GHz the indices of refraction are negative. Moreover, in the
close vicinity of 9.2 GHz the indices of refraction are very high, +18 and −12.
This is due to the ﬂatness of EFS contours around 9.2 GHz (Fig. 3.12). Between
9.25 GHz and 10 GHz indices of refraction are negative. Figure 3.16 shows that
indices of refraction are strongly dependent on frequency at ﬁxed incidence angle.
In addition, due to the anisotropic EFS contours shown in Fig. 3.12 one expects
indices of refraction to be dependent on the incidence angle. Measured indices of
refraction at ﬁxed frequency, 9.7 GHz, for incidence angles of 15◦ , 25◦ , 35◦ , and
45◦ are −0.65, −0.85, −0.88, and −0.96, respectively. These results clearly show
that incidence angle independent indices of refraction can not be deﬁned for the
metallodielectric photonic crystal used in this study. This is due to the shape
of the EFS contours near the frequencies where one observes negative refraction
(Fig. 3.12). To obtain uniform angle independent negative indices of refraction
two conditions must be satisﬁed. First, a circular EFS centered at the origin
of the Brillouin zone is required. Second, the radius of circular EFS must be
decreasing with increasing frequency.
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Figure 3.17: a) Electric ﬁeld intensity for 9 GHz. b) Electric ﬁeld intensity for
9.7 GHz. Incidence angle is 25 degrees.

We further explored the negative refraction eﬀect by measuring the electric
ﬁeld intensities on the output side of the photonic crystal over an area of 40x15
cm2 area. The measurements were carried out by using a precision X-Y stage
with steps of 2.5 mm. The measurement results for an incidence angle of 25
are shown in Figs. 3.17 (a) and (b). Figure 3.17 (a) shows the electric ﬁeld
intensity for 9 GHz. Note that at 9 GHz the incident electromagnetic waves are
positively refracted by the metallodielectric photonic crystal. On the other hand,
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Fig. 3.17 (b) shows the electric ﬁeld intensities for 9.7 GHz. Figure 3.17 (b)
clearly demonstrates that the electromagnetic waves are negatively refracted at
9.7 GHz when they are incident by 25 on the metallodielectric photonic crystal.

3.3.3

Focusing of Electromagnetic Waves
negative refractive
medium

+
source

image

+

Figure 3.18: A simple illustration of the focusing eﬀect.

Negative refraction eﬀect may be utilized in certain applications. One such application is the focusing of electromagnetic waves [106, 115, 116, 117]. An illustration of this eﬀect by using simple ray optics arguments is given in Fig. 3.18.
Two rays emerging from a point source will be refracted to the negative side of
the surface-normal as they impinge on the photonic crystal. On the other side of
the photonic crystal-air interface, EM waves will be once more refracted towards
the negative side of the surface normal. As a result two rays will intersect at a
point. At the intersection point an image of the source will be formed. We will
call this point as the image point or focus point throughout the rest of the paper.
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Figure 3.19: a) Electric ﬁeld distribution from a monopole source placed in front of
the metallodielectric PC. Black represents the maximum ﬁeld amplitude, whereas
white color represents the minimum ﬁeld amplitude. b) Electric ﬁeld intensity
along the dashed-line c) Electric ﬁeld intensity along the dotted-line
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Figure 3.20: (a) Experimental setup for focusing measurement. Both the receiver
and the source are monopole antennas. Electric ﬁeld intensities are measured
along the direction shown by the arrow. (b) Electric ﬁeld intensities for when
the source is placed 11 cm away from the photonic crystal. Black represents
the maximum ﬁeld intensity, whereas white color represents the minimum ﬁeld
intensity. (c) Measured and calculated electric ﬁeld intensities at 9.7 GHz
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Focusing of EM waves emitted from a monopole source is theoretically demonstrated in Fig. 3.19. A monopole source is placed in front of the metallodielectric
PC. The monopole source is 11 cm away from the surface of the PC. Electric ﬁeld
amplitude distribution is calculated by using FDTD method at 9.7 GHz. It was
shown in Fig. 3.15 that EM waves with a frequency of 9.7 GHz are negatively
refracted by the metallodielectric PC. Since at this frequency EM waves are negatively refracted, one expects to observe the focusing of EM waves emitted from a
source at 9.7 GHz. Figure 3.19 shows that EM waves emitted from the monopole
source are focused both inside the PC and outside the PC. This is consistent with
the simple ray optics scheme shown in Fig. 3.18. Electric ﬁeld intensity along the
dashed-line (Fig. 3.19 (a)) is shown in Fig. 3.19 (b). Figure 3.19 (b) indicates that
the image formed outside the PC is located at a distance 13 cm away from the
metallodielectric PC. The electric ﬁeld intensity along the dotted-line (Fig. 3.19
(a)) is shown in Fig. 3.19 (c). Figure 3.19 (b) and (c) show that an image of
the monopole source is formed at a distance of 13 cm away from the surface of
the PC. The half-power beam width is 2.6 cm. This may be compared to the
wavelength at 9.7 GHz, 3.09 cm.
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Figure 3.21: (a) Electric ﬁeld intensities measured at a distance of 13 cm away
from the surface of the photonic crystal. Measurement direction is along the
surface of the photonic crystal. Measurement is performed at 9.7 GHz.

We measured the electric ﬁeld intensity along the normal vector of the surface
to demonstrate the focusing eﬀect experimentally. Experimental setup is shown
in Fig. 3.20 (a). A monopole source is placed in front of the photonic crystal
and the electric ﬁeld intensity is measured on the other side of the photonic
crystal along the direction indicated by the arrow. Measurement results for a
source distance 11 cm away from the surface of the photonic crystal are shown
in Fig. 3.20 (b). Figure 3.20 (c) shows the calculated and measured intensity
proﬁle at 9.7 GHz. Note that the measurement and simulation results are in
quite good agreement. Figure 3.20 (c) shows that although an image of the
source is formed on the other side of the PC, the extent of the image is not sharp
along the direction of surface normal when compared to the wavelength. This
is mainly due to two reasons. First, the index of refraction is an anisotropic
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function of incidence angle. Second, the index of refraction is diﬀerent from −1.
To observe a correct image of the source an index of refraction equal to −1 at
all incidence angles is required [118]. To further investigate the focusing eﬀect
we also measured electric ﬁeld intensities parallel to the surface of the photonic
crystal around the image point. Experimental setup is similar to that of Fig. 3.20
(a), except that the intensities are measured parallel to the surface of the PC near
the image point. Such a measurement provides information about the extent of
the focusing. Measurement and calculation results at 9.7 GHz when the source is
placed 11 cm away from the PC surface is shown in Fig. 3.21. For this case the
image point is at 13 cm away from the surface of the photonic crystal. Figure 3.21
shows that the electric ﬁeld intensities are conﬁned to a narrow region at 9.7
GHz. To be explicit, the measured half-width of the intensity proﬁle at this
frequency is 2.78 cm, which can be compared to the wavelength λ = 3.09 cm at
this frequency. Note that the image formed is not a ”stigmatic image” or ”sharp
image” as deﬁned in optics [37]. The image of the point source is deformed due to
the anisotropic negative indices of refraction. The deformation is also due to the
indices of refraction being diﬀerent than −1. As a result, the metallodielectric PC
introduces spatial aberration to the image. This eﬀect can be compared to the
caustics eﬀects [119, 120]. Our results clearly shows that one requires isotropic
n = −1 indices of refraction for better imaging.
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Figure 3.22: Measured electric ﬁeld intensity at the output side of the metallodielectric photonic crystal. The source monopole was placed on the other side of
the photonic crystal. The distance of the source monopole antenna to the input
surface of the metallodielectric photonic crystal was 11 cm.

We further analyzed the focusing eﬀect by measuring the electric ﬁeld over
a large area on the output side. The measurements were performed over an
area of 40x15 cm2 with steps of 1 mm. Note that in the previous section it
was that EM waves with a frequency of 9.7 GHz are negatively refracted by the
metallodielectric PC. Since at this frequency EM waves are negatively refracted,
one expects to observe the focusing of EM waves emitted from a source at 9.7
GHz. The measured ﬁeld intensities for 9.7 GHz are shown in Fig. 3.22. First
of all, Figure 3.22 shows that the electromagnetic ﬁelds emitted in all directions
by the source monopole antenna are focused by the metallodielectric photonic
crystal. Moreover, the image formed by the focusing eﬀect is quite sharp. Also,
note that, the image is elongated along x-axis.
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Chapter 5
Conclusions and Future Work
I would like to conclude my thesis by including several new ideas on metamaterials and photonic crystals. One of these ideas is related to the control of emission
of radiation by use of metamataerials. One basic property of the building blocks
of metamaterials make them quite interesting for the study of source-material
interactions. This property is related to the resonant nature of these building
blocks. For instance, the split-ring resonator structure exhibits a quite strong
magnetic resonance. Without going much in to detail, we calculated the relative
spontaneous emission rate of a point dipole when it is placed near a left-handed
structure. The results are plotted in Fig. 5.1. Notice that there is a well pronounced peak. The spontaneous emission rate of the point dipole is enhanced
100 times with respect to free space emission rate at this peak. In addition, we
calculated the S11 response of a ﬁnite size dipole when it is placed in free space
and in front of a left-handed structure, Fig. 5.2. S11, back reﬂection, may in
this case be interpreted as the coupling eﬃciency to the electromagnetic modes.
Figure 5.2 shows a huge enhancement around 4.8 GHz when the dipole is placed
in close vicinity of a left-handed structure. Almost 93% of the pumped power
is coupled out by use of metamaterial, whereas only 4% is coupled out without metamaterial. This huge enhancement eﬀect may ﬁnd applications for THz
quantum cascade lasers and microwave antennas.
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Figure 5.1: Relative spontaneous emission rate of a point dipole when it is placed
in front of a left-handed structure. The term ”relative” refers to the spontaneous
emission rate in free space.
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Figure 5.2: S11 response of a ﬁnite size dipole when it is placed in free space and
when it is placed in closed vicinity to a left-handed material.

Another application that I propose is the ultra-small high quality cavities
based on metamaterials. While the properties of a metamaterial can be described by eﬀective paramaters, permittivity and permeability, there is another
way to look at the problem. The metamaterial medium still consists of periodic
arrangement of sub-wavelength features. As a result, we can describe metamaterials also by Bloch modes, just as photonic crystals(see chapter 3). An important
implication of such a deﬁnition is the possibility of cavity modes when a suitable
local perturbation is introduced to the periodic potential. Such cavity modes are
observed as well-pronounced transmission peaks inside the forbidden frequency
region of transmission response of the structure without the perturbation. We
plotted the calculated transmission through negative permeability medium when
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a local perturbation is added in Fig. 5.3 (a). There is a transmission peak inside the forbidden frequency range. We associate this peak with the existence
of a cavity mode. As a matter of fact our eigenmode calculations proved that
there is a cavity mode at this frequency with a quality factor around ≈ 20000.
The size of the local perturbation is around λ/20. In addition, we calculated the
transmission spectrum through a negative permittivity and permeability medium,
Fig. 5.3. There are two transmission peaks. Both of these transmission peaks are
associated with cavity modes.
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Figure 5.3: a)Transmission through negative permeability medium when a local
perturbation is introduced to the structure. b)Transmission through negative
permeability and negative permittivity medium when a local perturbation is introduced to the structure.
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One ﬁnal application is related to the beaming of electromagnetic waves by
surface modes of a photonic crystal. In section 3.2.3, we showed that surface
modes can be utilized for beaming applications. But the beam proﬁle were aligned
along a particular direction. One wonders wether this direction can be controlled.
We believe that such a control can be achieved to some degree by playing with
the surface morphology of the photonic crystal. We plotted the electric ﬁeld
distribution of electromagnetic waves when the surface morphology is signiﬁcantly
altered in Fig. 5.4. Note that the direction of the beam is tilted.
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Figure 5.4: Oﬀ-axis beaming of electromagnetic waves by utilizing surface modes.
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