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Abstract: In this paper we consider the stabilization problem of unstable periodic orbits of
discrete time chaotic systems. We consider both one dimensional and higher dimensional
cases. We propose a novel generalization of the classical delayed feedback law and
present some stability results. These results show that for period 1 all hyperbolic periodic
orbits can be stabilized with the proposed method. Although for higher order periods the
proposed scheme may possess some limitations, some improvement over the classical
delayed feedback scheme still can be achieved with the proposed scheme. The stability
proofs also give the possible feedback gains which achieve stabilization. We will also
present some simulation results.
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1. INTRODUCTION
Many physical systems may be represented by mathematical models which exhibit chaotic behaviour, see
e.g. (Chen and Dong, 1999). Hence in recent years,
various aspects of chaotic systems have received considerable interest. Due to possible applications, the
subject of controlling chaos has also attracted a great
deal of attention, see e.g. (Chen and Dong, 1999), and
the references therein.
Chaotic systems may possess many unstable periodic
orbits and usually these orbits are embedded in some
strange attractors. Although one may define various
control problems for chaotic systems, one of the interesting problems is to find some control schemes
to achieve the stabilization of some of these periodic
orbits. If this is achieved, such control schemes may
force the chaotic systems to exhibit regular behaviour,
see e.g. (Chen and Dong, 1999). A remarkable result
first given in (Ott, Grebogy and Yorke, 1990) shows
that by using small external forces it may be possible
to stabilize some of these orbits. Following the semi-

nal work of (Ott, Grebogy and Yorke, 1990), various
other control methods have been proposed for the cited
problem. Among these, the Delayed Feedback Control
(DFC) scheme first proposed in (Pyragas, 1992) has
received attention due to its various attractive features. This scheme has also been used in various applications, see e.g. (Pyragas, 2001), (Morgül, 2003),
(Morgül, 2006), and the references therein. As it is
shown in (Morgül, 2003), (Ushio, 1996), (Nakajima,
1997), (Morgül, 2005a), the classical DFC has certain
inherent limitations, i.e. it cannot stabilize certain periodic orbits. We note that a recent result presented in
(Fiedler et al., 2007), showed clearly that under certain
cases, odd number limitation property does not hold
for autonomous continuous time system. Although the
subject is still open and deserves further investigation,
we note that the limitation of DFC stated above holds
for discrete time case, see e.g. (Ushio, 1996), (Morgül,
2003), (Morgül, 2005a).
To overcome the limitations of classical DFC scheme,
various modifications have been proposed, see e.g.
(Pyragas, 2001), (Socolar et. al., 1994), (Pyragas,

1995), (Bleich, and Socolar, 1996), (Vieira, and Lichtenberg, 1996), and the references therein. One of these
schemes is the so-called periodic, or oscillating feedback, and is known that it eliminates the limitations of
classical DFC for period T=1 case. This scheme can
be generalized to the case T > 1 in various ways, and
two such generalizations are given in (Morgül, 2006),
(Morgül, 2005b) ; it has been shown in these references that any hyperbolic periodic orbit can be stabilized with these schemes. Another modification is the
so-called extended DFC (EDFC), see (Socolar et. al.,
1994). This scheme is then analyzed and various of its
modifications have been proposed, see e.g. (Pyragas,
2001), (Pyragas, 1995), (Bleich, and Socolar, 1996),
(Vieira, and Lichtenberg, 1996), and the references
therein. It has also been shown that EDFC also has
inherent limitations similar to the DFC. In (Vieira,
and Lichtenberg, 1996), a nonlinear version of EDFC
has been proposed and it was shown that an optimal
version of this scheme becomes quite simple. In this
paper we will propose a scheme which is related to
the optimal control proposed in (Vieira, and Lichtenberg, 1996) for one dimensional systems for the case
T = 1. We then generalize the proposed scheme for
multi-dimensional case and for T > 1. Our approach is
similar to the one used in (Morgül, 2009), where only
one dimensional discrete time chaotic systems were
considered.
This paper is organized as follows. In section 2 we will
outline the basic problem. In section 3 we will propose
a new generalization of the DFC scheme and provide
some stability results. In section 4 we will extend these
results for higher dimensional case. In section 5 we
will provide some simulation results and finally we
will give some concluding remarks.

2. PROBLEM STATEMENT
Let us consider the following discrete-time system
x(k + 1) = f (x(k)) ,

(1)

where k = 1, 2 . . . is the discrete time index, x ∈ Rn , f :
Rn → Rn is an appropriate function, which is assumed
to be differentiable wherever required. We assume that
the system given by (1) possesses a period T orbit
characterized by the set
ΣT = {x∗1 , x∗2 , . . . , x∗T }
where

x∗i

∈

Rn ,

,

(2)

i = 1, 2, . . . , T .

Let x(·) be a solution of (1). To characterize the convergence of x(·) to ΣT , we need a distance measure,
which is defined as follows. For x∗i , we will use circular notation, i.e. x∗i = x∗j for i = j (mod (T )). Let us
define the following indices ( j = 1, . . . , T ):
s
T −1

dk ( j) =

∑ kx(k + i) − x∗i+ jk2

i=0

,

(3)

where k · k is the standard Euclidean norm on Rn .
We then define the following distance measure
d(x(k), ΣT ) = min{dk (1), . . . , dk (T )} .

(4)

Clearly, if x(1) ∈ ΣT , then d(x(k), ΣT ) = 0, ∀k. Conversely if d(x(k), ΣT ) = 0 for some k0 , then it remains
0 and x(k) ∈ ΣT , for k ≥ k0 . We will use d(x(k), ΣT )
as a measure of convergence to the periodic solution
given by ΣT .
Let x(·) be a solution of (1) starting with x(1) = x1 . We
say that ΣT is (locally) asymptotically stable if there
exists an ε > 0 such that for any x(1) ∈ Rn for which
d(x(1), ΣT ) < ε holds, we have limk→∞ d(x(k), ΣT ) =
0. Moreover if this decay is exponential, i.e. the following holds for some M ≥ 1 and 0 < ρ < 1, (k > 1)
d(x(k), ΣT ) ≤ M ρ k d(x(1), ΣT ) ,

(5)

then we say that ΣT is (locally) exponentially stable.
To stabilize the periodic orbits of (1), let us apply the
following control law :
x(k + 1) = f (x(k)) + u(k)

(6)

where u(·) ∈ Rn is the control input. In classical DFC,
the following feedback law is used (k > T ):
u(k) = K(x(k) − x(k − T )) ,

(7)

where K ∈ Rn×n is a constant gain to be determined. It
is known that the scheme given above has certain inherent limitations, see e.g. (Ushio, 1996). For simplicity, let us assume one dimensional case, i.e. n = 1. For
ΣT , let us set ai = f ′ (x∗i ). It can be shown that ΣT cannot be stabilized with this scheme if a = ∏Ti=1 ai > 1,
see e.g. (Morgül, 2003), (Ushio, 1996), and a similar
condition can be generalized to the case n > 1, (Nakajima, 1997), (Morgül, 2005a). A set of necessary and
sufficient conditions to guarantee exponential stabilization can be found in (Morgül, 2003) for n = 1 and
in (Morgül, 2005a) for n > 1. By using these results
one can find a suitable gain K when the stabilization
is possible.

3. A NOVEL GENERALIZATION OF DFC
As mentioned in the introduction, to overcome the
basic limitations of the classical DFC various modifications has been proposed in the literature . Among
these, for one dimensional case (i.e. n = 1), the EDFC
scheme first proposed in (Socolar et. al., 1994) and
its nonlinear version proposed in (Vieira, and Lichtenberg, 1996) deserve special attention. In the sequel,
first we will consider one dimesional case ( n = 1)
and propose a scheme which is related to the optimal
version of the scheme proposed in (Vieira, and Lichtenberg, 1996) for the period 1 case. Then we propose

a novel generalization of this scheme for higher order
periods and higher dimensional case. For the details of
our approach for one dimensional case, see (Morgül,
2009). Later we will generalize this approach to higher
dimensional case, which is not considered in (Morgül,
2009).
To motivate our approach, we first consider the one
dimensional case, i.e. n = 1 throughout this section.
For simplicity, let Σ1 = {x∗1 } be a period 1 orbit of
(1) (i.e. fixed point of f : R → R), and consider the
controlled system given by (6). Instead of the DFC
scheme given by (7), let us propose the following law
u(k) =

K
(x(k) − f (x(k)) ,
K+1

1
K
f (x(k)) +
x(k) .
K +1
K+1

(9)

Obviously on Σ1 , we have u(k) = 0, see (8). Furthermore if x(k) → Σ1 (i.e. when Σ1 is asymptotically stable) we have u(k) → 0 as well. Therefore, the scheme
proposed in (8) enjoys the similar properties of DFC.
Remark 1 : The scheme given by (8)has an interesting
relation with the classical DFC scheme. To see that,
if we multiply (9) with K + 1, after simplification we
obtain :
x(k + 1) = f (x(k)) + K(x(k) − x(k + 1)) . (10)
If we compare (10) with (6), we see that they become
similar if we use the following equation for u(k) :
u(k) = K(x(k) − x(k + 1)) .

At this point we can generalize the control law given
by (9) to T = m case. By following the ideas given
above, we propose the following control law :
u(k) =

K
(x(k − m + 1) − f (x(k)) , (14)
K +1

(8)

where K ∈ R is a constant gain to be determined.
Clearly we require K 6= −1. By using (8) in (6), we
obtain :
x(k + 1) =

Hence the limitations of DFC and EDFC are eliminated greatly by the proposed approach. It appears
that the only restriction remains (i.e. a 6= 1) is quite
inherent and appears in (Morgül, 2006) and (Morgül,
2005b) as well. By using the arguments given in these
latter references, we can state that all hyperbolic fixed
points can be stabilized with the proposed scheme.

(11)

where K ∈ R is a constant gain to be determined. If we
use (14) in (6), we obtain :
1
( f (x(k)) + Kx(k − m + 1)).(15)
K+1

x(k + 1) =

Remark 2 : As mentioned in Remarks 1 , the scheme
given above has an interesting relation with the classical DFC scheme. To see that, if we multiply (15) with
K + 1, after simplification we see that (15) is similar
to (6), if we use the following equation for u(k) :
u(k) = K(x(k − m + 1) − x(k + 1)) .

However, this is only a mathematical similarity since
u(k) given by (16) is not implementable as a control
law. 2
For stability analysis, we will follow the methodology
given in (Morgül, 2003), (Morgül, 2005a). As before,
let us define xi (k) = x(k − m + i), i = 1, 2, . . . , m and
z = (x1 . . . xm )T . Let us define
1
K
f (Yi−1 ) +
xi
K +1
K+1
Y0 = xm , i = 1, 2, . . . , m .

Yi =
However, this is only a mathematical similarity since
u(k) given by (11) is not implementable as a control
law. Nevertheless, at least from mathematical point of
view, (11) shows an interesting connection between
the classical DFC and the scheme proposed in this
paper. 2
Next, we will consider the stability of Σ1 as defined in
the section 2. For simplicity, set Σ1 = {x∗1 }, a = a1 =
f ′ (x∗1 ). By using linearization, (9) and the classical
Lyapunov stability analysis, we can easily show that
Σ1 is exponentially stable for (9) if and only if
|

K +a
|< 1 .
K +1

(12)

It can easily be shown that if a 6= 1, then any Σ1 can
be stabilized by choosing K appropriately to satisfy
(12). In fact, for any ρ satisfying −1 < ρ < 1, we can
choose the stabilizing gain as :

ρ −a
K=
.
1−ρ

(13)

(16)

(17)

Let us define the map F : Rm → Rm as F(z) =
(x2 x3 . . . xm Y1 )T . Clearly we have F m = (Y1 Y2 . . .Ym )T .
Now, consider the map
z(k + 1) = F m (z(k)) .

(18)

Now consider the fixed points of (18), i.e. F m (z∗ ) = z∗
where z∗ = (x∗1 x∗2 . . . x∗m )T .Clearly we will have x∗i = Yi
where i = 1, 2, . . . , m and Yi are given by (17). Solving
these equations we easily obtain x∗i+1 = f (x∗i ), i =
1, 2, . . . , m − 1 and x∗1 = f (x∗m ). This shows that a fixed
point z∗ of (18) corresponds to a period m orbit Σm
of (1), and vice versa. Therefore for the stability of
Σm , we can study the stability of the fixed point z∗
of (18). This can be done by standard linearization,
m
i.e. by finding the Jacobian Jm = ∂∂Fz | Σm . Clearly
we have Jm (i, j) = ∂∂ xYij | Σm . By using (17), after
straightforward calculations we obtain :

∂ Yi
K
=
, i = 1, 2, . . . , m − 1
∂ xi K + 1
a
∂ Ym
K
=
+
,
,
∂ xm
K + 1 (K + 1)m
∂ Yi
ai−1 ∂ Yi−1
=
∂xj K + 1 ∂xj
, i, j = 1, 2, . . . , m , i 6= j ,

(19)

be shown below, the conclusions may not be as simple
as one dimensional case.

(20)

To motivate the analysis, let us consider the case T =
1. More precisely, let Σ1 = {x∗1 }, where x∗1 ∈ Rn be
a period 1 orbit of (1) (i.e. fixed point of f : Rn →
Rn ), and consider the controlled system given by (6).
Instead of the DFC scheme given by (7), let us propose
the following law :

where by convention we have a0 = am , Y0 = Ym . For
stability analysis, we need the characteristic polynomial of Jm , which is given in the following Theorem.
Theorem 1 : Let Σm given by (2) be a period T = m
orbit of (1) and set ai = f ′ (xi ), i = 1, 2, . . . , m, a =
∏m
i−1 ai . Consider the Jacobian Jm given by (17)-(20).
Then for m ≥ 1 we have :
pm (λ ) = (λ −

K m
a
λ m−1 . (21)
) −
K+1
(K + 1)m

Proof : This result can easily be shown either by
using direct calculation of det(λ I − Jm ) =, where I
is an identity matrix with appropriate dimensions,
or by using mathematical induction. The calculations
are straightforward but rather lengthy and hence are
omitted here. 2
We say that a polynomial is Schur stable if all of its
roots are inside the unit disc of the complex plane, i.e.
have magnitude less than unity. Hence the asymptotic
stability of the fixed points of (18) hence the asymptotic stability of Σm for (6) and (14) could be analyzed
by considering the Schur stability of pm (λ ). Moreover note that the exponential stability is equivalent
to Schur stability, see (Khalil, 2002). By using these,
we can state our next result.
Theorem 2 : Let Σm given by (2) be a period T = m
orbit of (1) and set ai = f ′ (xi ), i = 1, 2, . . . , m, a =
∏m
i−1 ai . Consider the control scheme given by (6) and
(14). Then :
i : Σm is exponentially stable if and only if pm (λ )
given by (21) is Schur stable. This condition is only
sufficient for asymptotic stability.
ii : If pm (λ ) has at least one unstable root, i.e. outside
the unit disc, then Σm is unstable as well.
iii : If pm (λ ) is marginally stable, i.e. has at least one
root on the unit disc while the rest of the roots are
inside the unit disc, then the proposed method to test
the stability of Σm is inconclusive.
Proof : The proof of this Theorem easily follows
from standard Lyapunov stability arguments, see e.g.
(Khalil, 2002), and (Morgül, 2003), (Morgül, 2005a)
for similar arguments. 2
4. HIGHER DIMENSIONAL CASE
The scheme given above can be easily generalized to
higher dimensional case (i.e. n > 1). However, as will

u(k) = (K + I)−1K(x(k) − f (x(k)) ,

(22)

where K ∈ Rn×n is a constant gain matrix to be determined, and I is n × n identity matrix. Clearly, we
require that K does not have an eigenvalue −1. By
using (22) in (6), we obtain :
x(k + 1) = (K + I)−1 ( f (x(k)) + Kx(k)) . (23)
Obviously on Σ1 , we have u(k) = 0, see (22). Furthermore if x(k) → Σ1 (i.e. when Σ1 is asymptotically stable) we have u(k) → 0 as well. Therefore, the scheme
proposed in (8) enjoys the similar properties of DFC.
Remark 3 : The scheme given by (22)has an interesting relation with the classical DFC scheme. To see
that, if we multiply (23) with K +I, after simplification
we obtain :
x(k + 1) = f (x(k)) + K(x(k) − x(k + 1)) . (24)
If we compare (24) with (6), we see that they become
similar if we use the following equation for u(k) :
u(k) = K(x(k) − x(k + 1)) .

(25)

However, this is only a mathematical similarity since
u(k) given by (25) is not implementable as a control
law. Nevertheless, at least from mathematical point of
view, (25) shows an interesting connection between
the classical DFC and the scheme proposed in this
paper. See also remarks 1 and 2. 2
Next, we will consider the stability of Σ1 as defined
in the section 2. For simplicity, set Σ1 = {x∗1 }, J =
J1 = ∂∂ xf |x=x∗1 . By using linearization, (23) and the
classical Lyapunov stability analysis, we can easily
show that Σ1 is exponentially stable for (23) if and
only if (K + I)−1 (J + K) is a Schur stable matrix. To
see the limitation of our approach, similar to the one
dimensional case, assume that J has an eigenvalue 1.
Let ξ be the corresponding eigenvector, i.e. J ξ = ξ .
Then we have (K + I)−1 (J + K)ξ = (K + I)−1 (I +
K)ξ = ξ . Hence, if J has an eigenvalue 1, so is the
matrix (K + I)−1 (J + K) for any K. Therefore, if J
has an eigenvalue 1, exponential stabilization is not
possible. Otherwise, by choosing an appropriate K,
one can always stabilize Σ1 . More precisely, let Λ be
any Schur stable matrix. Then K = (I − Λ)−1 (Λ − J)
will stabilize Σ1 , see (13). This result shows that the
limitations of DFC and EDFC are eliminated greatly

by the proposed approach. Hence, as in the one dimensional case, we can state that all hyperbolic fixed
points can be stabilized with the proposed scheme.
To proceed, let us consider the case T = 2, in which
case we propose the following control law :
u(k) = (K + I)−1 K(x(k − 1) − f (x(k)) . (26)
If we use (26) in (6), we obtain :
x(k + 1) = (K + I)−1( f (x(k)) + Kx(k − 1)). (27)
Remark 4 : The scheme given by (26)has an interesting relation with the classical DFC scheme. To see
that, if we multiply (27) with K +I, after simplification
we obtain :
x(k + 1) = f (x(k)) + K(x(k − 1) − x(k + 1)).(28)
If we compare (28) with (6), we see that they become
similar if we use the following equation for u(k) :
u(k) = K(x(k − 1) − x(k + 1)) .

(29)

However, this is only a mathematical similarity since
u(k) given by (29) is not implementable as a control
law. Nevertheless, at least from mathematical point of
view, (29) shows an interesting connection between
the classical DFC and the scheme proposed in this
paper. See also remarks 1, 2 and 3. 2
Let
set

Σ2 = {x∗1
J1 =

,

x∗2 }

be a period 2 orbit of (1) and let us

∂f
| ∗ , J2 =
∂ x x=x1

∂f
∗
∂ x |x=x2

, J=J1 J2 . (30)

For stability analysis, we will follow the methodology
given in (Morgül, 2003), (Morgül, 2005a). Let us
define x1 (k) = x(k − 1) , x2 (k) = x(k) and z = (x1 x2 )T
where the superscript T denotes the transpose. Let us
define a map F : R2n → R2n as F(z) = (x2 Y1 )T where
Y1 = (K + I)−1 f (x2 ) + (K + I)−1 Kx1 . Clearly we have
F 2 (z) = (Y1 Y2 )T where Y2 = (K + I)−1 f (Y1 ) + (K +
I)−1 Kx2 . Let us consider the system :
z(k + 1) = F 2 (z(k)) .

(31)

Consider the fixed points of (31), i.e F 2 (z∗ ) = z∗
where z∗ = (x∗1 x∗2 )T . Solving the fixed point equation,
after simple calculations we obtain x∗2 = f (x∗1 ) and
x∗1 = f (x∗2 ). Hence the fixed point z∗ of (31) corresponds to a period 2 orbit Σ2 of (1), and vice versa.
Therefore for the stability of Σ2 , we study the stability
of the corresponding fixed point z∗ for the map F 2 .
This can be done by standard linearization. The Jaco2
bian JF = ∂∂Fz | Σ2 can easily be obtained as :


J11 J12
JF =
.
(32)
J21 J22
where J11 = (K + I)−1 K, J12 = (K + I)−1 J2 , J21 =
(K + I)−1 J1 (K + I)−1 K, J22 = (K + I)−1 K + (K +

I)−1 J1 (K + I)−1 J2 . We can clearly state that Σ2 is
exponentially stable if and only if JF given above
is a Schur stable matrix. For stability analysis, we
may calculate the characteristic polynomial p2 (λ ) =
det(λ I − JF ) where I is an identity matrix with appropriate dimensions. Unfortunately, unless we make
further assumptions on K, we were not able to determine the characteristic polynomial easily. But with
special assumptions, one could obtain a form similar
to the one given in (21). Furthermore, the approach
presented here could be extended to higher order periods. Moreover, instead of finding the characteristic
polynomial, one may try to find a gain matrix K which
yields JF given above Schur stable. This may require
some computational procedure. Our preliminary research reveals that some periodic orbits which cannot
be stabilized by classical DFC can be stabilized with
the proposed approach. These points are still under
investigation.

5. SIMULATION RESULTS
As a simulation example, we considered the coupled
map lattices, which exhibit various interesting dynamical behaviours. We will use the following one dimensional unidirectionally coupled lattice system :
x(k + 1) = f (x(k)) + ε ( f (y(k)) − f (x(k))), (33)
y(k + 1) = f (y(k)) + ε ( f (x(k)) − f (y(k))), (34)
where f (·) is the logistic map given by f (z) = rz(1 −
z), ε > 0 is the coupling constant. This system, with
r = 4 and ε = 0.8 has a period 2 orbit Σ2 = {w∗1 , w∗2 },
where wi∗ = ( x∗i y∗i )T , i = 1, 2 and x∗1 = y∗1 =
0.90450849718747, x∗2 = y∗2 = 0.34549150281253.
By using the results given in (Morgül, 2003), (Morgül,
2005a), it can be shown that this period 2 orbit cannot
be stabilized by classical DFC. By utilizing (32), it can
be shown that Σ2 can be stabilized with the proposed
scheme with the gain K = α I for α > 1.56. Some simulation results are given in Figures 1-3 for α = 1.57.
In these simulations, initial conditions are chosen as
x(0) = 0.5, y(0) = 0.7, r = 4, ε = 0.8. In Figure 1,
we show d(x(k), Σ2 ) versus k, and as can be seen the
decay is exponential. Figure 2 shows x(k) versus y(k)
plot for k ≥ 400. As can be seen, solutions converge to
Σ2 . Finally Figure 3 shows u1 (k) and u2 (k) vs. k.

6. CONCLUSION
In this paper we considered the problem of stabilization of unstable periodic orbits for discrete-time
chaotic systems. Our approach is related to that of
(Vieira, and Lichtenberg, 1996) for T = 1, however
the form of our proposed control law is different and
relation with the DFC is more obvious. Moreover, the
extension to T > 1 and to higher dimensional cases are

novel. We show that for T = 1, the proposed scheme
does not have the inherent limitations of DFC and
EDFC. Following a technique used in (Morgül, 2003),
(Morgül, 2005a), (Morgül, 2009), we first constructed
a map whose fixed points correspond to the periodic
orbits of the uncontrolled system. Then we studied
the stability of the proposed scheme by using the constructed map by using linearization. Then the stability
problem is reduced to studying the Schur stability of
the Jacobian of this map evaluated at the fixed point
corresponding to the periodic orbit. We also presented
some simulation results supporting our results.
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