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Abstract: We reformulate definition of spin squeezing and spin coherence in terms of the total
variance in spin operators. We propose a new measure of spin squeezing. We show equivalence of
spin squeezing and spin entanglement.
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Spin-s squeezing is usually defined in the following way [1]. In a state w, the direction of mean-spin vector
S, = Zj €, <Sj> (J=%XY,Z, € -6 =0) is considered as a new quantization axis. The state y is said to
74

be spin squeezed iff one of the components of spin operator orthogonal to §w has uncertainty less than /2. We

show that this definition can be reformulated in terms of the total variance (uncertainty) as follows

) 2
s<V, <s(s+1), vw=z<sj>w—<sj>w. (1)
j
The state y/is a spin-coherent one iff V,,= s. This statement agrees with the conventional definition of spin
coherence [2].
This definition (1) allows us to introduce a natural measure of spin squeezing in terms of deviation of the total
variance from its minimal value

A, =V, Vg, =V, —s. @
The maximal squeezing corresponds to the states with 4, = s. In other words, these are the states with maximal
total uncertainty Vimax = S(S+1). Thus, it is possible to define the measure of spin squeezing in the interval [0,1] by
simple normalization of (2):
A vV, -V
Wy)=— = 3)
S Vmax _Vcoh

Let us now note that the square root of the measure (3) coincides with the measure of entanglement of pure
states that has been introduced in [3]. For bipartite systems, this measure is equivalent to the general representation
of concurrence of the work [4]. At the same time, our measure is valid beyond bipartite systems as well [5].

As a matter of fact, this perfect coincidence of measures of spin-squeezing and entanglement agrees with the
main idea of the approach [6], in which complete entanglement is associated with states of maximal total variance,
while all other entangled states can be obtained from the complete entangled one by means of SLOCC (stochastic
local operations assisted by classical communications) [7]. Let us stress that the condition of spin squeezing (1) is
valid for a single spin-S object as well as for a multi-spin system. It can be easily seen that in the case of s = 1/2 all
states are coherent so that neither squeezing nor entanglement is possible for this system. It was shown in [8,9] that a
single spin-1 can manifest entanglement. This entanglement can be measured by means of g(y) [5]. Thus, the
definition of spin-squeezing (1) can be considered as a definition of spin-entanglement for an arbitrary system with s
>1.

The known possibility to consider a spin-S system with s > 1 as a collective system of 25 spins 1/2 (qubits) [10]
allows us to interpret the single-spin entanglement as that related to the “intrinsic” degrees of freedom of a single
“particle” [6]. At the same time, it should be stressed that the definition (1) specifies the spin-S system as a whole
and treats single-spin entanglement (squeezing) regardless of the internal structure of the object. This is a novelty
with respect to the works [11] that treated entanglement of qubit systems in terms of multi-“mode” squeezed states.

In particular, it follows from our definition (1) that entanglement in an arbitrary spin-S system can be detected
by only three measurements of spin components S,, S,, S,. This generalizes results of Ref. [12] that have been
obtained for qubit-systems.
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Physically, the single-spin entanglement may manifest itself by means of decay of entangled state into
entangled states of well-defined qubits that can be spatially separated. A simple example of interest is provided by a
biphoton [13] (a system of two photons created at once and propagating in the same direction). In this case, we can
associate spin-1 operators with the Stokes operators, measuring three polarizations of a single biphoton. The spin-
squeezed (entangled) state in this case coincides with the unpolarized spin-projection state |0). By means of a beam
splitter, this state can be decomposed into the polarization-entangled state of two photons

1
L(HV)+[VH)),
where H and V' denote the horizontal and vertical photon polarizations, respectively.

le)

lg-) lg+)
Fig. 1: A-type transition in Cs atom.

Another interesting example is given by a single three-level atom in any allowed configuration that can also be
associated with a single spin-1 system. For example, consider the case of the A-type configuration, corresponding to
the transitions between sublevels (65, F = 3, m = 0) and (6Py,;, F = 3, m = £1) in Cs atom [14] denoted in Fig. 1
as the states |e) and |g.), respectively. These states can be associated with the spin-1 states as |e) = |0), |g.) = |[£1). It
follows from definition (1) that the excited state |e) is completely squeezed (the measure (3) z(e) = 1) and hence
completely entangled. Its decay gives rise to the state

Hloeh)+g)e). @
where |1p) denotes the single-photon state with either left (L) or right (R) circular polarization. This state (4) can be
interpreted as a completely entangled state of two qubits. The atomic qubit is provided by the degenerated ground
state |g.), while the photon qubit is given by the two polarization states. This state is usually considered in
connection with the atom-photon entanglement (e.g., see Ref. [15]). This result can be easily obtained with the V
and = configurations as well.

Thus, we have shown that the spin squeezing can be defined in terms of total variance in the same way as spin
entanglement, so that these two notions should be considered as synonyms. The notion of spin entanglement is
regarded to a whole system independent of its structure in terms of elementary spins 1/2 (qubits). Thus,
entanglement of such a system can be detected by means of only three measurements for any system with s >1. The
above examples can be easily generalized in the case of high-spin states.
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