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Abstract- In this paper, we report our efforts to model split-
ring resonators (SRRs) and their large arrays accurately and
efficiently in a sophisticated simulation environment based on
recent advances in the computational electromagneties. The
resulting linear system obtained from the simultaneous
discretization of the geometry and Maxwell's equations is solved
iteratively with the multilevel fast multipole algorithm. As an
example, we present an array of 125 SRRs showing a negative
effective permeability about 92 GHz.
Index Terms - Metamaterials, split-ring resonators,

multilevel fast multipole algorithm.

I. INTRODUCTION

Since they were first proposed theoretically by Veselago in
1968 [1], metamaterials (MMs) have attracted a great amount
of interest because of their unusual electromagnetic
properties. MMs are constructed by embedding periodic
inclusions, such as split-ring resonators (SRRs), into a host
medium. In this paper, we report our efforts to simulate SRR
structures accurately and efficiently. In our modeling and
simulations, we take into account that these structures
actually have finite extent and they exhibit interface
properties. Without using symmetry and homogenization, we
accurately model large number of inclusions to understand the
scattering and transmission properties of these structures.
Accurate modeling and fast solution of these three-

dimensional structures translate into very large computational
problems, which can be solved with the aid of advanced
acceleration techniques such as the multilevel fast multipole
algorithm (MLFMA) [2].

II. ELECTROMAGNETIC MODELING

In this paper, we consider an example of 5x5x5 SRR array
depicted in Fig. 1, which is designed to have a resonance
frequency about 100 GHz [3]. Around the resonance
frequency, the transmission through the array is expected to
decrease significantly due to the negative effective
permeability stimulated in the medium. Dimensions of a
single SRR is as follows (Fig. 2): The smaller ring has 43 pm
inner radius and 67.2 pm outer radius, the larger ring has 80.7
pm inner radius and 107.5 pm outer radius, and the gap width
is 7 pm. The SRR array in Fig. 1 is obtained by the
arrangement of 125 SRRs with periodicities of 262.7 pm in
the x and y directions, and 150 pm in the z direction.

(a) (b)

Fig. 2. Single SRR used to construct the array in Fig. 1.
(a) Triangulation applied for optimal accuracy and efficiency.
(b) Current density induced on a single SRR at 100 GHz. (Red and
blue represent high and low values, respectively.)

In the simulation environment, the electric-field integral
equation (EFIE) is employed to formulate the
electromagnetic problem. For conducting surfaces, the
boundary condition for the tangential electric field can be
used to derive EFIE as

fJdr' J(r') (I
VV'

g(r r') =ktE (r): (1)Fig. 1. Array of 5x5x5 SRRs, which is expected to generate
negative effective permeability into the medium around the
resonance frequency.
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where we assume the exp(-iwt) convention in phasor
notation. In (1), scattered field is expressed in terms of the
induced (unknown) current J(r'), r is an observation point

on the surface of the SRRs, t is any tangential vector to the
surface at the observation point, Ft (r) is the incident field,
and

g(r Yr = exp(t r - r' ) (2)

denotes the free-space Green's function. As depicted in Fig.
2(a), SRRs are modeled by small triangles, on which Rao-
Wilton-Glisson [4] basis functions are defined to expand the
unknown current density induced on the metallic surfaces. To
obtain the triangulation in Fig. 2(a), we performed
convergence analysis for the optimal discretization in terms of
the accuracy and efficiency, leading to 84 and 10,500
triangular elements for a single SRR and the entire array in
Fig. 1, respectively.

By the simultaneous discretization of the geometry and
EFIE, we obtain a dense matrix equation

N

ZZmnan = vm, m= 1,...,N, (3)
n=l

where the matrix elements are derived as

The matrix equation in (3) is solved iteratively, where the
matrix-vector products are accelerated by the MLFMA and

Znn= Jdr tm(r) Jdr' I - k72 g(r,r') bn(r) (4)
S. Sn

the number of iterations is reduced by a near-field
preconditioner. Solving for the coefficients an, we obtain
accurate representations for the induced surface currents as
depicted in Fig 2(b) for a single SRR. In this paper, the SRR
array is illuminated by a Hertzian dipole, although we also
employ other excitations such as beam-like waves based on
theoretical complex source point. The relative permittivity of
the host medium is 4.8, as it is commonly used in
experimental setups [3].

III. NUMERICAL RESULTS

In Fig. 3, the transmission through the SRR array is plotted
with respect to the frequency in the range from 85 GHz to 110
GHz. Around 92 GHz, the transmitted power is reduced
significantly due to the resonance of the SRR structure. This
sharp change in the electromagnetic properties of the array is
also confirmed in Fig. 4, where the total power distribution on
the z = 0 plane is presented for some of the frequencies. The
transmission region is on the left of the SRR array as
indicated in the plots. About 92 GHz, the total power in the
transmission region drops dramatically due to the shadowing
effect of the SRR structure.

IV. CONCLUSIONS

This paper reports accurate and efficient modeling of large
SRR arrays in a sophisticated simulation environment. As an
example, we present a 5x5x5 SRR array having a resonance
around 92 GHz thus creating negative effective permeability
in the medium. Our solution techniques based on iterative
methods accelerated with the MLFMA provide efficient and
accurate modeling of much larger problems of SRR arrays
and other components ofMMs.
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Fig. 3. Transmission through the SRR array in Fig. 1 with respect
to frequency.
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