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Abstract. We consider the quasi-particle properties such as the eﬀective mass and spin
susceptibility of quasi-two-dimensional electron systems. The ﬁnite quantum well width
eﬀects are incorporated into the local-ﬁeld factors that describe the charge and spin correlations. We employ the Fermi-hypernetted chain formalism in conjunction with ﬂuctuation–
dissipation theorem to obtain the local-ﬁeld factors. Our results are in good agreement
with recent experiments.
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1. Introduction
Two-dimensional (2D) electron systems occurring in semiconductor interfaces are
of continuing interest [1,2] both from basic physics and technological points of view.
A wealth of theoretical and experimental activity came about to understand the
metal–insulator (MIT) observed in Si-MOSFET- and GaAs-based structures [3].
The experiments [4–14] are performed on low-density samples where the interaction
eﬀects are important and it is becoming clear that to understand the observed behavior, realistic modeling of the sample geometry is very important. As the systems
have an extension in the perpendicular direction, they are quasi-two-dimensional
(Q2D) and this feature needs to be taken into account in theoretical calculations.
Experiments [6,7] of in-plane magnetoresistance in Si inversion layers suggested a
ferromagnetic instability close to the critical density for the Q2D MIT driven by a
divergence in the eﬀective mass. Pudalov et al [8] measured the eﬀective mass and
spin susceptibility in the vicinity of the Q2D MIT, ﬁnding no evidence for a divergent behavior but a moderate enhancement of the eﬀective mass by a factor of ≈2–
2.5 over the band mass. Two groups have also reported anomalous density dependence of the modiﬁed Landé factor in n-doped [9] and p-doped [10] GaAs/AlGaAs
heterojunctions that are in disagreement with results in Si-MOSFETs. The electron density dependence of the spin susceptibility has been studied by Zhu et al
[12] who used high quality Q2D samples. More recently, Tan et al [11] performed
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measurements of the electronic eﬀective mass in Q2D electron system over a wide
range of electron density. Spin polarization for a Q2D electron system has been
studied by a combination of measurements and calculations by Tutuc et al [13].
Their results revealed the importance of ﬁnite thickness of the electron layer and
the resulting deformation of the energy surface in the presence of a parallel magnetic
ﬁeld induces an enhancement of the eﬀective mass and Landé g ∗ -factor.
Theoretical calculations of the eﬀective mass and spin susceptibility of electron
systems are performed within the framework of Fermi liquid theory, the key ingredient of which is the quasi-particle concept and its interactions. As applied to the
electron gas model this entails the calculation of eﬀective electron–electron interactions which enter the many-body formalism allowing the calculation of various
physical properties. A number of calculations considered the self-energy [15–19]
from which density, spin polarization, and temperature dependence of eﬀective
mass are obtained. In these calculations the on-shell approximation [16,17] yields a
diverging eﬀective mass but the full solution of Dyson equation yields only a mild
enhancement [18,19].
In a recent paper De Palo et al [20] employed quantum Monte Carlo simulation
results for a 2D electron system in conjunction with perturbation theory using the
parameters of speciﬁc samples of Zhu et al [12] to calculate the spin susceptibility
and stressed the importance of Q2D nature of the physical systems. Dharmawardana in a series of papers [21] has calculated the eﬀective mass, Landé g ∗ -factor
and spin susceptibility for Q2D electron systems within the classical-map hypernetted chain (CHNC) approximation. He found that the thickness eﬀect on the
spin-phase transition provides a clear picture of the changes in the spin susceptibility enhancement leading to a strong increase in the g ∗ -factor, while the eﬀective
mass is increased from the reduction of the Coulomb potential in thick layers.
In this paper we study the quasi-particle properties such as eﬀective mass and
spin susceptibility of Q2D electron systems in the density range relevant to recent
experiments of Tan et al [11] and Zhu et al [12]. Previously [19] we studied a
strictly 2D electron system and calculated the eﬀects of correlations and disorder
in the eﬀective mass enhancement. More recently, we concentrated [18] on Q2D
systems, but we had employed local-ﬁeld factors which were built from the quantum
Monte Carlo (QMC) data and were valid for strictly 2D systems. Local-ﬁeld factors
embody correlation eﬀects beyond the random phase approximation (RPA) and
constitute a signiﬁcant input to our calculations at intermediate couplings. To
this end, we use static structure factors resulting from a Fermi-hypernetted chain
calculation (FHNC) [22–25] in conjunction with the ﬂuctuation–dissipation theorem
to extract the local-ﬁeld factors which depend on the quantum-well width. For the
speciﬁc sample parameters of Tan et al [11] experiments, we ﬁnd good agreement
with the observed spin susceptibility. Our results are also in good agreement with
the QMC simulations of De Palo et al [20] in the same range of coupling strengths.
2. Theory
We consider a Q2D electron gas with band mass m in a semiconductor heterostructure with dielectric constant κ. We include the eﬀect of thickness of a GaAs
heterojunction into the bare electron–electron interaction vq = 2πe2 F (qd)/(κq)
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which is the Coulomb potential renormalized by the form factor given by




1
κins
κins 8 + 9x + 3x2
+
1
−
,
F (x) = 1 +
κsc
16(1 + x)3
κsc 2(1 + x)6

(1)

where d = [h̄κsc /(48πme2 n∗ )]1/3 and n∗ = ndepl + 11n/32. Here the depletion layer
charge density ndepl is essentially zero and κins = 10.9 and κsc = 12.9 and κ is their
average. At zero temperature there are only two parameters for a homogeneous Q2D
electron gas, the Wigner–Seitz parameter rs = (πna2B )−1/2 , where aB = h̄2 κ/(me2 )
is the eﬀective Bohr radius, and the degree of spin polarization ζ = |n↑ − n↓ |/n.
Here nσ is the average density of particles with spin σ =↑, ↓ and n = n↑ + n↓ is
the total average density. We also deﬁne√the Fermi energy and wave number by
εF = h̄2 kF2 /(2m) and kF = (2πn2D )1/2 = 2/(rs aB ), respectively.
To calculate the quasi-particle (QP) properties, we start with the calculation
of the retarded self-energy, which can be decomposed in the usual way into the
frequency-independent Hartree–Fock and frequency-dependent correlation parts
[15,17]. The correlation part of the self-energy involves the eﬀective QP interaction
between the electrons for which we use the Kukkonen–Overhauser form [15,26].
The main ingredient of this formalism is the screening dielectric function
1
2
= 1 + vq [1 − G+ (q)] χC (q, ω) + 3 vq G2− (q) χS (q, ω).
ε(q, ω)

(2)

In this expression χC (q, ω) and χS (q, ω) represent the charge–charge and spin–spin
response functions, which in turn are deﬁned and determined by the spin-symmetric
and spin-antisymmetric local ﬁeld factors G+ (q) and G− (q) via the relations
χC,S (q, ω) =

χ0 (q, ω)
,
1 − fC,S (q)χ0 (q, ω)

(3)

where fC (q) = vq [1 − G+ (q)], fS (q) = −vq G− (q) and χ0 (q, ω) is the response function of a noninteracting system. In the paramagnetic electron liquid
G± (q) = [G↑↑ (q) ± G↑↓ (q)]/2, where Gσσ (q) are the spin-resolved local-ﬁeld
factors. Note that we have approximated the local-ﬁeld factors by their static,
frequency-independent limits.
Quite generally, once the QP self-energy is known, the QP excitation energy
δEQP (k), which is the QP energy measured from the chemical potential μ of the
interacting system, can be calculated by solving self-consistently the Dyson equation


δEQP (k) = ξk + ΣR
(4)
ret (k, ω) ω= δE (k)/h̄ ,
QP

where ΣR
ret (k, ω) = Σret (k, ω) − Σret (kF , 0). For later purposes we introduce at
this point the so-called on-shell approximation (OSA). This amounts to approximating the QP excitation energy by calculating ΣR
ret (k, ω) in eq. (4) at the frequency
ω = ξk /h̄.
Once the QP excitation energy is known, the eﬀective mass m∗ (k) can be calculated by means of the relationship
1
m∗ (k)

=

1 dδEQP (k)
.
dk
h̄2 k
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Evaluating m∗ (k) at k = kF , one gets the QP eﬀective mass at the Fermi surface.
We remark that the QP excitation energy may be calculated either by solving
self-consistently the Dyson equation or using the OSA.
Starting with the quasi-particle energy and its relation to the Landau interaction
function, one can derive the modiﬁed Landé g ∗ -factor expression [15].



m∗ 2π dφ
δ2 E
g
δ2 E
(6)
=1+
− ↑ ↓ ,
g∗
2π 0 2π δn↑k δn↑p
δnk δnp
where E is the total ground state energy. Here |k| = |P| = kF and φ is the angle
between them. Once the QP eﬀective mass m∗ and modiﬁed Landé g ∗ -factor have
been calculated, the spin susceptibility is found by the following exact relationship:
m∗ g ∗
χ∗
,
=
χ0
m g

(7)

where χ0 is the Pauli spin susceptibility.
As is clear from eqs (2) and (3) the local-ﬁeld factors are the fundamental quantities for an evaluation of quasi-particle properties. Our strategy is to use accurate spin-symmetric and spin-antisymmetric static structure factors to build the
local-ﬁeld factors [27]. For this purpose we use the Fermi hypernetted-chain approach [22–25] to calculate the spin-symmetric and spin-antisymmetric static structure factors incorporating the ﬁnite thickness eﬀects in a quantum well.
Within the FHNC approach, a formally exact diﬀerential equation for the paircorrelation function gσσ (r) reads
 2

h̄
σσ 
− ∇2r + v(r) + vPσσ (r) + VEKS
(r)
gσσ (r) = 0 .
(8)
m


Here, v(r) is the Q2D potential and the ‘Pauli potential’ vPσσ (r) is deﬁned by [28]


vPσσ (r) =

HF
h̄2 ∇2r gσσ
 (r)
.
HF
m
gσσ (r)

(9)

Although the expression for the Pauli potential is exact only for a weakly coupled
2D electron gas [28], we shall assume in the following that it can provide useful
σσ 
(r)
results in our FHNC approach in Q2D. The FHNC expresses the potential VEKS
in eq. (8), which is the sum of the Hartree and of the exchange-correlation potential,
as the sum of two eﬀective pair interactions [22–24]:




σσ
(r) = WBσσ (r) + δσσ Weσσ (r) .
VEKS

(10)

We introduce the partial structure factors Sσσ (q) of the binary mixture which
are the Fourier transforms of gσσ (r). We also introduce the Fourier transform of


WBσσ (r) (WBσσ (q), say). Minimization of the ground state energy against arbitrary
variations of gσσ (r) yields the expression

εq
WBσσ (q) = − √
[Sσσ (q) − δσσ ] − Vσσ (q) ,
nσ nσ
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where εq = h̄2 q 2 /(2m) is the single-particle energy and the function Vσσ (q) is the
Fourier transform of the ‘particle–hole’ interaction. Vσσ (r) is given by






Vσσ (r) = gσσ (r)[v(r) + Weσσ (r) + vPσσ (r)] + [gσσ (r) − 1]WBσσ (r)
2
h̄2 

+ ∇ gσσ (r) .
(12)
m
Turning to the second term on the left-hand side of eq. (10), the eﬀective pair
potential Weσσ (r) has a rather complicated expression within the FHNC [22–24].
However, in dealing with a one-component electron ﬂuid, Kallio and Piilo [29]
have proposed a simple and eﬀective way to account for this consequence of the
antisymmetry of the fermion wave function. Their argument generalized to our twocomponent Fermi ﬂuid leads to the requirement that in Fourier transform this term
should cancel the eﬀective boson-like interaction WBσσ (q) for parallel-spin electrons
at low coupling. That is,
Weσσ (q)

= − lim

rs →0

WBσσ (q)

 HF
εq
S (q) − 1
HF
=
[1 + 2Sσσ (q)] σσHF
2nσ
Sσσ (q)

2

,

(13)

HF
(q) is the Hartree–Fock structure factor. The above formal set of equawhere Sσσ
tions within the FHNC approach are solved self-consistently.

Figure 1. Many-body eﬀective mass as a function of rs for 0 ≤ rs ≤ 8 for a
Q2D electron gas conﬁned in a GaAs/AlGaAs triangular quantum well of the
type used in ref. [11].
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Figure 2. g ∗ /g as a function of rs for 0 ≤ rs ≤ 6. The experimental data
χ∗ m/χ0 m∗ is from the χ∗ /χ0 of empirical formula given by ref. [12] divided
by the m∗ /m of ref. [11].

The ﬂuctuation–dissipation theorem relates the dynamic susceptibilities deﬁned
above to the static structure factors
 ∞
1
S± (q) = −
dω [χC,S (q, ω)] ,
(14)
nπ 0
where S± (q) = [S↑↑ ±S↑↓ ]/2. As χC (q, ω) and χS (q, ω) depend on G+ (q) and G− (q),
respectively, the above integral expression allows one to determine the local-ﬁeld
factors once the static structure factors are calculated by the FHNC approach.
3. Results and discussion
In ﬁgure 1 we show our numerical results of the QP eﬀective mass both in OSA
and Dyson approximations. The QP eﬀective mass enhancement is substantially
smaller in the Dyson equation calculation than in the OSA, because of cancellations
in the expression for the Dyson approach [18,30]. To clarify the eﬀect of chargeand spin-density ﬂuctuations we have also included the RPA results which do not
take the spin ﬂuctuations into account. Comparing the results of ﬁgure 1 with the
experimental measurements of Tan et al [11] we can draw the following conclusions:
(i) RPA and present results are rather similar in the weak coupling limit (rs
1), (ii) theoretical calculations in the strong coupling region are not so close to
experimental data. We note that experimental data were collected at weak magnetic
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Figure 3. Spin susceptibility as a function of rs for 0 ≤ rs ≤ 10 for a Q2D
electron gas conﬁned in a GaAs/AlGaAs triangular quantum well of the type
used in ref. [12] compared with quantum Monte Carlo results of ref. [20].

ﬁelds and mostly in high Landau levels. However, our numerical calculations have
been performed in the absence of a magnetic ﬁeld.
Figure 2 displays our results for the ratio g ∗ /g as a function of rs for 0 ≤ rs ≤ 6.
g ∗ /g embodies the charge and spin ﬂuctuation eﬀects through G+ and G− . We
included the value of experimental χ∗ m/χ0 m∗ which is extracted from the χ∗ /χ0
empirical formula given by Tan et al [12] divided by the experimental data of m∗ /m
of Tan et al [11]. We observe that there is an enhancement in g ∗ beyond rs ∼ 5
within the present method using either OSA or the Dyson approaches compared to
the experimental data and the RPA calculation. In particular, it is surprising that
RPA yields a reasonable agreement with experiment in a region of rs values where
it is not expected to be very reliable.
In ﬁgure 3 we show the spin susceptibility as a function of rs compared to RPA,
recent experimental data of Zhu et al [12] and quantum Monte Carlo calculation [20].
As is clear from this ﬁgure, χ∗ /χ starts at unity when rs tends to zero and increases
with increasing rs values. Our numerical calculations within both OSA and Dyson
approximations are in good agreement with the experimental measurements in the
weak and intermediate coupling limits. Furthermore, the level of agreement we
obtain is slightly better than QMC simulations [20,31] which do not take the ﬁnite
thickness eﬀects into account.
The above results for the spin susceptibility basically reﬂect the present status of the perturbation theory-based calculations despite the fact that a highly
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sophisticated approach was taken to improve the quasi-particle interactions. The
poor agreement with experimental data beyond rs ∼ 4 can be considered to be a
shortcoming of the formalism. Our calculations indicate that ﬁnite thickness eﬀects
alone cannot account for the discrepancy. It would be important to improve upon
this outstanding theoretical problem. The recent QMC calculation by De Palo et al
[20] which represents the experiments quite well, on the other hand, is based on the
accurate evaluation of the ground-state energy and therefore is of a diﬀerent nature than our approach. It is of theoretical interest to bring the level of agreement
between diﬀerent approaches closer.
In conclusion, we have performed the calculation of eﬀective mass and spin susceptibility for a Q2D electron system to compare with recent experiments. The
correlation eﬀects are described by local-ﬁeld factors obtained from self-consistent
FHNC formalism. The ﬁnite width eﬀects are consistently included in our calculations which improve the agreement with experiments.
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