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Abstract—In this paper, error rate performance of cognitive
radio transmissions is studied in the presence of imperfect channel
sensing decisions. It is assumed that cognitive users first perform
channel sensing, albeit with possible errors. Then, depending
on the sensing decisions, they select the transmission energy
level and employ MI × MQ rectangular quadrature amplitude
modulation (QAM) for data transmission over a fading channel.
In this setting, the optimal decision rule is formulated under the
assumptions that the receiver is equipped with the sensing decision
and perfect knowledge of the channel fading. It is shown that the
thresholds for optimal detection at the receiver are the midpoints
between the signals under any sensing decision. Subsequently,
minimum average error probability expressions for M −ary pulse
amplitude modulation (M −PAM) and MI ×MQ rectangular QAM
transmissions attained with the optimal detector are derived. The
effects of imperfect channel sensing decisions on the average
symbol error probability are analyzed.
Index Terms—Cognitive radio, PAM, QAM, symbol error probability, fading channel, Gaussian mixture noise, channel sensing.

I. I NTRODUCTION
Rapid growth in the use of wireless services coupled with
inefficient utilization of scarce spectrum resources has led to
much interest in the analysis and development of cognitive
radio systems. One of the important considerations in cognitive
radio systems is to control the interference inflicted on the
primary users. In order to limit such interference, cognitive
secondary users generally sense the channel for primary user
activity before initiating their own transmissions. In the literature, different spectrum sensing methods and dynamic spectrum
access strategies have been extensively studied in recent times
(see e.g., [1]–[3]). It is important to note that, as common to
all schemes, channel sensing is generally performed with errors
and such errors can lead to degradation in the performance.
In addition to channel sensing methods, performance analysis
of cognitive radio transmissions is also conducted in numerous
studies. However, in most works, transmission rate is considered
as the main performance metric. For instance, channel capacity
under average and peak received-power constraints is studied
in [4]. In [5], sensing-throughput tradeoff is investigated in
cognitive radio networks.
Recently, the authors in [6] have obtained closed-form bit
error rate expression by considering the interference limit of the
primary receiver is very high. Also, the work in [7] focuses on
the optimal power allocation that minimizes average bit error
rate subject to peak/average transmit power and peak/average

interference power constraints while the interference on the secondary users caused by primary users is ignored. Moreover, in
[8], the opportunistic scheduling in multiuser underlay cognitive
radio systems is studied in terms of link reliability. However, in
the error rate analysis of above works, channel sensing errors
are not taken into consideration.
In this paper, we study the error performance of cognitive
radio transmissions when the cognitive users have only imperfect channel sensing decisions. Channel sensing performance is
assessed through detection and false-alarm probabilities. In the
presence of sensing errors, we note that the secondary users
experience Gaussian mixture noise when the primary users’
received signal is modeled as Gaussian distributed together
with the background noise. In our analysis, we assume that
rectangular QAM signaling is employed by the cognitive users
for data transmission. We show that the optimal detector sets the
threshold midway between the signal points, and then we determine the error probability expressions in closed-form. Through
this analysis, we investigate the impacts of imperfect channel
sensing on the error-rate performance of cognitive transmissions
when the secondary users are assumed to either coexist with the
primary users (while lowering their transmission power when
the channel is detected as busy) or transmit only when the
primary users are not detected in the channel.
II. S YSTEM M ODEL
A. Channel Sensing
We consider a cognitive radio system in which the secondary users initially sense the channel. Channel sensing can
be modeled as a hypothesis testing problem. Assume that H0
denotes the hypothesis that the primary users are inactive in the
channel, and H1 denotes the hypothesis that the primary users
are active. Various channel sensing methods, including energy
detection, cyclostationary detection, and matched filtering, have
been proposed and analyzed in the literature. Regardless of
which method is used, one common feature is that errors in
the form of miss-detections and false-alarms occur in channel
sensing. The ensuing analysis takes such errors into account and
depends on the sensing scheme only through the detection and
false-alarm probabilities. Assume that Ĥ0 and Ĥ1 denote the
sensing decisions that the primary users are inactive and active,
respectively. Then, the detection and false-alarm probabilities
can be expressed respectively as the following conditional
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probabilities:

A. The Optimal Decision Rule

Pd = Pr{Ĥ1 |H1 } ,

Pf = Pr{Ĥ1 |H0 } .

(1)

B. Cognitive Channel Model
Following channel sensing, the secondary transmitter performs data transmission over a flat-fading channel. We assume
that the average transmission energy is selected depending on
the channel sensing decision. More specifically, the average
energy is E1 if primary user activity is detected in the channel
(denoted by the event Ĥ1 ) whereas the average energy is E0
if no primary user transmissions are sensed (denoted by the
event Ĥ0 ). We in general have E1 ≤ E0 in order to limit the
interference on the primary users. If no transmission is allowed
when the channel is detected as busy, then we set E1 = 0.
Note that as a result of channel sensing decisions and the
true nature of primary user activity, we have four possible cases
which are described below together with corresponding inputoutput relationships:
•

Case (I): A busy channel is sensed as busy (H1 , Ĥ1 ).
(Correct detection)

•

(2)

(3)

Case (III): An idle channel is sensed as busy (H0 , Ĥ1 ).
(False alarm)

•

y = hs + n + w.
y = hs + n.

(4)

Case (IV): An idle channel is sensed as idle (H0 , Ĥ0 ).
(Correct detection)

y = hs + n.

ŝ = arg max Pr{sm |y, h, Ĥk }

(5)

In the above expressions, s is the transmitted signal, y is the
received symbol, h denotes zero-mean, circularly-symmetric
complex fading coefficient between the secondary transmitter
and receiver with variance σh2 , and n denotes the circularlysymmetric complex Gaussian noise with mean zero and variance
E{|n|2 } = σn2 (σn2 /2 per real and imaginary components), i.e.,
n ∼ CN (0, σn2 ). The active primary users’ received sum signal
at the secondary receiver is denoted by w. Notice that if the
primary users are active and hence the hypothesis H1 is true as
in cases (I) and (II), the secondary receiver experiences interference from the primary users’ transmissions in the form of w
which we also model as circularly-symmetric complex Gaussian
2
,
random variable with zero mean and variance E{|w|2 } = σw
2
i.e., w ∼ CN (0, σw ). Hence, not knowing the true state of the
primary user activity perfectly, the cognitive secondary receiver
effectively experiences Gaussian mixture noise.


= arg max Pm Pr{H0 |Ĥk }f (y|sm , h, Ĥk , H0 )
1≤m≤M


+ Pr{H1 |Ĥk }f (y|sm , h, Ĥk , H1 )

In this section, we investigate the optimal decision rule for
the cognitive radio system in the presence of channel sensing
errors, and conduct an error probability analysis. In subsections
III-A and III-B, we provide general formulations applicable to
any modulation scheme. More specific analysis on QAM is
conducted in subsection III-C.

(7)

where Pm is the prior probability of signal sm and k ∈ {0, 1}.
Above, f (y|s, h, Ĥk , Hj ) is the conditional distribution of the
received real signal y given the transmitted signal sm , channel
fading coefficient h, channel sensing decision Ĥk and true state
of the channel Hj , can be written as
⎧
|y−sm h|2
⎪
⎨ 1 e− σn2 ,
j=0
2
πσn
. (8)
f (y|sm , h, Ĥk , Hj ) =
|y−sm h|2
−
⎪
⎩ 21 2 e σn2 +σw2 , j = 1
π(σ +σ )
w

Moreover, conditional probabilities in (7) can be expressed as
Pr{Hj } Pr{Ĥk |Hj }
Pr{Hj |Ĥk } = 1
i=0 Pr{Hi } Pr{Ĥk |Hi }

j, k ∈ {0, 1}

where Pr{H0 } and Pr{H1 } are the prior probabilities of the
channel being idle and busy, respectively, and the conditional
probabilities in the form Pr{Ĥj |Hi } depend on the channel
sensing performance. As discussed in Section II-A, Pd =
Pr{Ĥ1 |H1 } is the detection probability and Pf = Pr{Ĥ1 |H0 }
is the false alarm probability.
From (7), we see that the cognitive secondary receiver under
sensing errors detects the received signal y in the presence
of symmetric Gaussian mixture noise with zero mean since
the received signal y is corrupted by zero mean complex
background Gaussian noise n and the sum of primary users’
faded signal w, which is assumed to be a zero mean complex
Gaussian random variable as well.
B. Average Symbol Error Probability
If the cognitive users are allowed to perform data transmission
when primary user activity is detected in the channel, the
average symbol error probability for the MAP decision rule in
(6) is computed as
M

Pe = 1 −

Pm Pr{ŝ = sm |sm }
m=1

M

1

1

=1−

III. P ERFORMANCE A NALYSIS

(6)

1≤m≤M

n

Case (II): A busy channel is sensed as idle (H1 , Ĥ0 ).
(Miss-detection)

•

y = hs + n + w

Remark 1: In the cognitive radio setting considered in this
paper, the optimal maximum a posteriori probability (MAP)
decision rule under sensing decision Ĥk can be formulated for
any arbitrary M −ary digital modulation as follows:



Pm Pr{Ĥk } Pr{Hi |Ĥk } Pr{ŝ = sm |sm , Hi , Ĥk } .

m=1 k=0 i=0

(9)

If cognitive user transmission is not allowed in the case of
the channel being sensed as occupied by the primary users, the
average probability of error can be simply expressed as
M

1

Pm Pr{Hi |Ĥ0 } Pr{ŝ = sm |sm , Hi , Ĥ0 }

Pe = 1 −
m=1 i=0

(10)

C. Optimal Decision Rule and Average Symbol Error Probability for QAM Modulation

1
where
M


  2
dmin,k |h|2
1
Pr{e|sm , h, Hi , Ĥk } = 2 1 −
Q
M
4σn̄2 r
m=1
(16)


M

In this section, we conduct a more detailed analysis by
considering rectangular QAM to demonstrate the key tradeoffs Above, Pr{e|sm , h, Hi , Ĥk } denotes the conditional error probin a lucid setting. We find the optimal decision regions of ability given the transmitted signal sm , channel fading |h|, true
H , and sensing decision, Ĥk . Also,
equiprobable MI × MQ rectangular QAM transmissions with state of the channel,
 ∞ −x2 i
1
sensing errors and identify the error rates. We initially address Q(a) = √2π a e 2 dx. Averaging Pe,h given in (15) over
M −PAM modulation. Extension to MI ×MQ rectangular QAM the fading distribution, we obtain

 

is straightforward as it can be regarded as two non-interacting


1
d2min,k |h|2
1
PAM modulations on the in-phase and quadrature components, Pe =
2 Pr{Ĥk } Pr{H0 |Ĥk } 1 −
E|h|2 Q
M
4σn̄2 r
i.e., MI −PAM and MQ −PAM.
k=0

 



1) M −PAM transmission under channel sensing error: The
d2min,k |h|2
1
E|h|2 Q
.
(17)
+ Pr{H1 |Ĥk } 1 −
amplitude level of M −PAM signal is determined as follows
M
4(σ 2 + σ 2 )
dmin,k
sm = (2m − 1 − M )
(11)
2
for m = 1, . . . , M and the minimum dmin,k distance between
the signal points is given by
dmin,k =

12
Ek
−1

k ∈ {0, 1}

M2

(12)

where Ek is the average energy under sensing decision Ĥk .
It is assumed that the fading realizations are perfectly known
at the receiver. In this case, phase rotations caused by the fading
can be offset by multiplying the channel output y with e−jθh
where θh is the phase of the fading coefficient h. Hence, the
modified received signal can be written in terms of its real and
imaginary parts as follows:
ȳ = ȳr + j ȳi = ye−jθh

(13)

sr |h| + n̄r + j(si |h| + n̄i )
sr |h| + n̄r + w̄r + j(si |h| + n̄i + w̄i )

=

under H0
under H1

where the subscripts r and i are used to denote the real and
imaginary components of the signal, respectively. Note that n̄ =
n̄r + j n̄i and w̄ = w̄r + w̄i have the same statistics as n and w,
respectively, due to their property of being circularly symmetric.
Moreover, the real and imaginary parts of noise, i.e., n̄r and n̄i ,
and the real and imaginary parts of primary users’ faded sum
signal, i.e., w̄r and w̄i , are independent zero-mean Gaussian
random variables. We can further express the received M −PAM
signal as
s|h| + n̄r + j n̄i
s|h| + n̄r + w̄r + j(n̄i + w̄i )

ȳ =

under H0
under H1

(14)

Proposition 1: For cognitive radio transmissions with
equiprobable M −PAM under channel sensing errors, the
optimal detection thresholds for any channel sensing decision
are located midway between the received signal points. Hence,
the optimal detector does not depend on the sensing decision.
Under the optimal decision rule, the average symbol error
probability of the equiprobable signals is given by
1

Pe,h =

Pr{Ĥk } Pr{Hi |Ĥk }
i,k=0

1
M

M

Pr{e|sm , h, Hi , Ĥk }
m=1

n̄r

We observe above that while the optimal decision rule does not
depend on the sensing decisions, the error rates are functions
of detection and false alarm probabilities. In the special case
of a Rayleigh fading model for which the fading power has
an exponential distribution with unit mean, i.e., f|h|2 (|h|2 ) =
2
e−|h| , the expectations in the error probability expression can
be obtained in closed-form and we can write





d2min,k
1
Pr{Ĥk } Pr{H0 |Ĥk } 1 −
Pe =
1−
M
d2min,k + 8σn̄2 r
k=0





d2min,k
1
1−
.
+ Pr{H1 |Ĥk } 1 −
2
M
d2min,k + 8(σn̄2 r + σw̄
)
r
(18)
1



2) Rectangular QAM transmission under channel sensing
error:
Remark 2: Since MI × MQ rectangular QAM modulation
can be regarded as two independent PAM modulations on the
real and imaginary components, the optimal decision rule for
MI × MQ rectangular QAM signaling for any channel sensing
decision consists of comparing the real and imaginary components of y with the midpoint between the received signals.
For MI × MQ rectangular QAM, the minimum distance
between dmin,k is given by
dmin,k =

12
Ek
I2 + J2 − 2

k ∈ {0, 1}

(19)

where I, J are the modulation size on the in-phase and
quadrature components, respectively. The average conditional
error probability for MI × MQ rectangular QAM given an idle
channel and corresponding sensing decision can be expressed
as
Pr{e|H0 , Ĥk } = 1 − E|h|2 [(1 − Pe,I−P AM )(1 − Pe,Q−P AM )] (20)

where Pe,I−P AM and Pe,Q−P AM denote the average conditional error probabilities of MI -PAM and MQ -PAM modulations, respectively. These conditional probabilities can easily
be found from (16) by using the above dmin,k expression
and replacing M with MI or MQ . In (22), we express the
2
error probability averaged
 over the fading power |h| . In this
2(I 2 +J 2 −2)σ 2

(15)

w̄r

n̄r
expression, α0,k =
1+
. Pr{e|h, H1 , Ĥk }
3Ek
can be derived by following the same steps with α1,k =

 

 





d2min,k |h|2
d2min,k |h|2
1
1
1
1
2
Pr{e|H0 , Ĥk } = 2 2 −
−
−4 1−
E|h|2 Q
1−
E|h|2 Q
MI
MQ
4σn̄2 r
MI
MQ
4σn̄2 r







1
1
1
2 1
1
1
1
1
1
.
1−
−2 1−
1−
−
tan−1 (
)−
+
= 2−
MI
MQ
α0,k
MI
MQ
π α0,k
α0,k
α0,k
2


1



1

Pe =

Pr{Ĥk } Pr{Hi |Ĥk }

2−

k=0 i=0



1
1
−
MI
MQ


1−

1
αi,k

2(I 2 +J 2 −2)(σ 2 +σ 2 )

n̄r
w̄r
1+
. Overall, the average symbol error
3Ek
probability for MI × MQ rectangular QAM can be written as in
(23) at the top of the page. The derivation of the expectation of
squared Gaussian Q function over Rayleigh fading is given in
[10]. Note that we can easily obtain the average symbol √
error
probability for square M −QAM by setting MI = MQ = M .

IV. N UMERICAL R ESULTS
In this section, we present numerical results to illustrate the
error performance of rectangular QAM modulation schemes
under channel sensing errors. Theoretical results are validated
through Monte Carlo simulations. Unless mentioned explicitly,
the following parameters are employed in numerical computations. It is assumed that noise variance σn2 = 0.04, interference
2
= 0.1 and the power of channel fading coefficient
variance σw
has unit mean. Also, Pr{H1 } = 0.4 and Pr{H0 } = 0.6. The
cognitive user sets the average transmission energy E1 to 1 in
the presence of active primary users whereas E0 = 10 if there
is no primary user activity in the channel.
0

10

64−QAM
8x4−QAM

Symbol error probability

16−QAM
−1

10



(21)
(22)





2 1
1
1
1
1
1
tan−1 (
)−
+
.
−2 1−
1−
MI
MQ
π αi,k
αi,k
αi,k
2
(23)

Pe curves in all cases approach some error floor. This is due to
the assumption that E1 is fixed at 1. Therefore, at large values of
E0 , the average error probability is dominated by the frequency
of errors occurring during transmissions when the channel is
detected as busy and transmission power is lowered to E1 =
1 = 0 dB. In order to avoid such error floors, cognitive users
may opt to stop transmission when the channel is sensed as
busy, which comes at the cost of lower data transmission rates.
Another interesting observation is the following. In Fig. 1,
Pe is plotted for two different pairs of detection and false
alarm probabilities, denoted by Pd and Pf , respectively. In the
first scenario, channel sensing is perfect; hence, Pd = 1 and
Pf = 0. In the second scenario, channel sensing is performed
with Pd = 0.7 and Pf = 0.01. We notice that in the first
scenario we have higher Pe compared with that in the second
scenario. This is due to the fact that in imperfect channel
sensing, miss-detections occur and cognitive users at these times
transmit at higher energy levels even though primary users are
active. In such cases, lower error probabilities can be attained.
Hence, imperfect sensing tend to benefit the cognitive users
while leading to increased interference on the primary users. In
the figure, we also observe that as E0 increases, the gap between
the error rate performances under perfect and imperfect channel
sensing initially increases and then remains constant.
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Fig. 1. Average probability of error of M −QAM (M ={2, 4, 8, 16, 32, 64})
signaling vs. average energy E0 in dB, E1 = 1.
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In Fig. 1, we plot average symbol error probability Pe as a
function of E0 , which is the average transmission energy when
the channel is detected as idle. In order to limit the amount of
interference on the primary users, the average energy when the
channel is detected as busy is fixed at E1 = 1. As expected, the
average probability of error Pe decreases with increasing E0 and
a higher modulation size leads to higher error rates at the same
E0 level over the Rayleigh fading channel in the presence of
Gaussian mixture noise. We also observe that as E0 increases,
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Fig. 2. Average probability of error of M −QAM (M ={2, 4, 8, 16, 32, 64})
signaling vs. average energy E0 in dB.

In Fig. 2, we plot average symbol error probability Pe as a
function of E0 when the cognitive users transmit data only when
the channel is sensed to be not occupied by the primary users
(i.e., E1 = 0). Increasing E0 leads to decreasing Pe without an

0.7
Theoretical
Monte Carlo Simulation
0.6

Symbol error probability

error floor, as expected. It is also observed that perfect channel
sensing improves the error rate performance of cognitive users,
which is in contrast with the scenario observed in Fig. 1. Note
that if sensing is perfect, cognitive users transmit only if the
channel is idle and experience only the background noise n. On
the other hand, under imperfect sensing, cognitive users transmit
in miss-detection scenarios as well, in which they are affected
by both the background noise and primary user interference w,
leading to higher error rates.
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Fig. 4. Average symbol error probability of M −QAM (M ={2, 4, 8, 16, 32,
64}) signaling vs. false alarm probability Pf . E0 = 10 and E1 = 1.
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Fig. 3. Average symbol error probability of M −QAM (M ={2, 4, 8, 16, 32,
64}) signaling vs. detection probability Pd . E0 = 10 and E1 = 1

In Fig. 3, we display the average symbol error probability
as a function of the detection probability Pd , where Pf is
set to 0.1. Here, we also assume that E0 = 10 and E1 = 1.
Hence, transmission with lower power occurs in busy-detected
channels. It is seen that error rate performances of M −QAM
signaling worsen as detection probability increases because of
the same reasoning as before. More reliable detection of primary
user activity leads to more frequent low-energy transmissions
than would otherwise be. Or equivalently, at lower detection
probabilities, more miss-detections occur and the cognitive users
transmit at high energy levels more often. Note that the gain in
the error performance in such cases is realized at the expense of
higher levels of interference on the primary users. Therefore, in
order to protect the primary users, lower bounds on Pd should
be imposed. One additional remark from the figure is that as M
increases, the symbol error probability increases more rapidly.
In Fig. 4, we analyze the average probability of error Pe as a
function of the false alarm probability Pf , where Pd = 0.7. It
is observed that Pe increases with increasing false alarm probability. Hence, degradation in the sensing performance in terms
of increased false alarm probabilities leads to degradation in
the error performance. As false-alarms become more frequent,
cognitive users sense the channel busy more often even if the
channel is not occupied by the primary users. In those cases,
lower transmission energy is used to limit the interference on
the primary users and lower error performance is achieved.
V. C ONCLUSION
We have studied the error probability of cognitive radio
transmissions with imperfect channel sensing. We have assumed
that following channel sensing, the cognitive transmitter sends

equiprobable rectangular QAM signals over a flat-fading channel. In the presence of sensing errors, the secondary receiver
is shown to experience Gaussian mixture noise. Under these
assumptions, we have proved that midpoints between the signals
are optimal thresholds for the detection of M −PAM and rectangular QAM signals under any sensing decision. Symbol error
probabilities are shown to be in general dependent on sensing
performance through the detection and false alarm probabilities.
For instance, we have observed that as the detection probability
increases, error probabilities increase as well due to transmissions with lower energy in the presence of detected primary
user activity. Because of the same reason, error probability is
also shown to increase with increasing false-alarm probability.
Additionally, we have noted that if the cognitive users transmit
only when the channel is sensed as idle, improved sensing
performance leads to lower error rates.
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