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Abstract. – We study the interaction effects on the condensates by considering a model of
one-dimensional bosons. The power law type external potential allows for the formation of
a condensate in these systems. Using a density-functional theory type formalism we obtain
an equation describing the condensate wave function in the limit of very strong interactions
between the bosons. The properties of the condensate in the model system with strong in-
teractions are investigated. The equivalence of strongly interacting bosons to noninteracting
spinless fermions is demonstrated.

The observation of Bose-Einstein condensation (BEC) phenomena in externally confined
atomic vapors [1] has had a big impetus on the theoretical study of boson systems in gen-
eral. The thermodynamic, ground-state static and dynamic properties of condensates are
thoroughly reviewed [2]. As the number of atoms in the condensates increases the deviations
from the weak-coupling description will be more and more important, and this fact has been
recognized earlier on [3, 4] and emphasized recently [5, 6].

The aim of this work is to explore the properties of one-dimensional (1D) boson conden-
sates in power law external potentials [7]. The power law trapping potentials are not only
of academic interest, but are thought to be of relevance to adiabatically cooled systems [8]
to achieve BEC. We investigate the dependence on boson number N and more interestingly
the dependence on short-range interaction strength of the condensate wave function at zero
temperature. There are several motivations for undertaking such a study. Firstly, in highly
anisotropic trap potentials as used in the present experiments, the so-called cigar-shaped
condensates are formed which may be modeled by a 1D equation [9]. Secondly, the role of
interaction effects may be studied in a model system where an exact solution to the homoge-
neous problem is known. We use the local-density approximation to describe the interaction
effects on the condensate and obtain a new equation valid in the strong-interaction limit.

The 1D bosons have attracted considerable attention in recent years [10]. Pearson, Pang
and Chen [11] studied the interacting Bose gas in 1D subject to power law potentials employing
the path-integral Monte Carlo method. They found that a macroscopically large number of
particles occupy the lowest single-particle state in a finite system of hard-core bosons at some
c© EDP Sciences
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critical temperature. The validity of the Gross-Pitaevskii [12] (GP) equation even at zero
temperature when the interactions are strong is an important question in our understanding
of the boson condensates. A rigorous derivation of the GP equation has been provided for 3D
and 2D Bose gases [13]. To set the stage, in the following we first discuss the GP equation
description of 1D systems in power law trapping potentials. We next introduce the correction
terms to obtain the modified GP equation. Lastly, we specialize to the infinite coupling
strength limit and study some of the properties of strongly coupled condensates.

We consider a system of interacting bosons in 1D confined in a power law potential
Vext(x) = V0(|x|/L)η, where V0 and L are some suitable energy and length parameters defin-
ing the external potential, and η < 2 controls the confinement strength [7]. For a weakly
interacting system the condensate wave function ψ(x) satisfies the Gross-Pitaevskii [12] (GP)
equation {

−1
2

d2

dx2
+ |x|η + gN |ψ|2

}
ψ = µψ , (1)

in which we have scaled the lengths by a = h̄/(mV0)1/2 and energies by V0, and have taken
L/a = 1 for convenience. Our dimensionless condensate wave function is defined as ψ =
(a/N)1/2φ. The dimensionless quantity g describes the coupling strength of boson-boson
interaction. For the model of 1D bosons interacting through a delta-function potential of
strength C as discussed by Lieb and Liniger [14] we have g = C/(V0a). The above equation
can be obtained from the minimization of the energy functional

E/N =
∫ ∞

−∞
dx

{
1
2

∣∣∣∣dψdx
∣∣∣∣
2

+ |x|η|ψ|2 + g

2
N |ψ|4

}
, (2)

subject to the normalization condition, which defines the chemical potential µ in eq. (1).
We obtain the condensate wave function ψ for different N values by numerically minimizing
the energy functional as shown in fig. 1, along with the Thomas-Fermi approximation results
obtained by neglecting the kinetic-energy term. We find that a condensate cloud of a certain
size, which depends on g and N , exists because of the external potential. For a given confining
potential characterized by η, the interaction strength g and particle number N enter only
through the combination gN , so the curves in fig. 1 may be read as indicating either fixed g
and varying N or vice versa. Using the argument [15] that the balance between the interaction
energy gN/R and the confinement energy V0R

η determine the size of the condensate, we
estimate it to be R/a = (gN)1/(η+1) which is in good agreement with the numerical results
shown in fig. 1.

It was argued by Nunes [6] that a generalization of the GP equation may be developed
in the spirit of the Kohn-Sham theory [16] by making the local-density approximation. This
improves the mean-field GP equation by incorporating the correlations between the particles.
Assuming that the full ground-state energy per particle for the homogeneous problem is known,
the functional

E/N =
∫ ∞

−∞
dx

{
1
2

∣∣∣∣dψdx
∣∣∣∣
2

+ |x|η|ψ|2 + ε(ρ) |ψ|2
}

(3)

is minimized to yield {
−1
2

d2

dx2
+ |x|η +

∂(ερ)
∂ρ

}
ψ = µψ , (4)

with ρ = N |ψ|2, and ε(ρ) = E(ρ)/N is the ground-state energy per particle of the homo-
geneous system. Several authors [4–6] made use of the perturbation theory expansion [17]
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Fig. 1 Fig. 2

Fig. 1 – The condensate wave function calculated with the Gross-Pitaevskii equation (solid lines) and
the corresponding Thomas-Fermi approximation (dotted lines), for N = 103, N = 104, and N = 105

particles. The power law potential exponent is η = 3/2 and the interaction strength is g = 1.

Fig. 2 – Comparison of the condensate wave function in the Gross-Pitaevskii (solid lines) and modified
Gross-Pitaevskii (dashed lines) approaches, for g = 1, g = 10, and g = 100. The number of particles is
N = 103, and dotted lines indicate the Thomas-Fermi approximation to the Gross-Pitaevskii results.

in 3D to calculate the corrections to the GP equation. For the 1D bosons interacting via a
short-range delta-function potential the ground-state energy is given by [18] ε(ρ) = gρ/2 −
2g3/2ρ1/2/(3π) + . . .. In contrast to the perturbation expansion in 3D uniform Bose sys-
tems [17], the series in 1D has terms with alternating signs. Thus, the modified GP equation
(with next-order correction) becomes

{
−1
2

d2

dx2
+ |x|η + gN |ψ|2 − g3/2

π
N1/2ψ

}
ψ = µψ , (5)

with the corresponding modified GP functional

E/N =
∫ ∞

−∞
dx

{
1
2

∣∣∣∣dψdx
∣∣∣∣
2

+ |x|η|ψ|2 + g

2
N |ψ|4 − 2g3/2

3π
N1/2|ψ|2ψ

}
. (6)

The results of our calculations for various coupling strengths within the modified GP equation
are shown in fig. 2. At fixed number of particles (N = 103), we observe deviations from the
GP equation results in two respects. Firstly, the ψ(x) obtained in the modified GP approach
is larger than that in the GP approach for small x. This is in contrast to the situation in 3D
studied before [4–6] where the modified GP equation yields lower values for ψ. The reason for
this behavior is in the attractive and repulsive nature of the corrections for the low-density
expansions of homogeneous energy density in 1D and 3D, respectively. Secondly, for large
values of x up to the edge of the condensate, ψ(x) in the modified GP scheme falls well below
the result of the GP equation. These deviations at large x, which again can be traced to
the attractive contribution to the energy density, become quite sizeable as the interaction
strength g increases, and perhaps indicate the insufficiency of the number of terms required
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in the low-density expansion of ε(ρ). We have checked this by including higher-order terms in
the perturbation series and found improvement.

We now turn to the limit of very strong coupling between the interacting bosons. The
homogeneous problem was solved by Lieb and Liniger [14] and the energy density as a function
of the coupling strength g is provided as a series expansion [18]. For large coupling strengths
the energy density is given by ε = (π2/6)g2/(g/ρ + 2)2, and in particular, when g is infinite,
it simply reduces to ε = π2ρ2/6. Using the above Kohn-Sham form of the equation of motion
we obtain {

−1
2

d2

dx2
+ |x|η +

π2

2
N2|ψ|4

}
ψ = µψ , (7)

for the condensate wave function in the strongly coupled limit. Interestingly, the new nonlinear
equation contains a fifth-order term with a coefficient proportional toN2, and the cubic term is
altogether missing. The strong-coupling equation for ψ can be obtained from the minimization
of the functional

E/N =
∫ ∞

−∞
dx

{
1
2

∣∣∣∣dψdx
∣∣∣∣
2

+ |x|η|ψ|2 + π2

6
N2|ψ|6

}
. (8)

Similarly to the cubic GP equation, we develop a Thomas-Fermi type approximation for
eq. (7), neglecting the kinetic-energy term. The Thomas-Fermi (TF) approximation in the
strong-coupling limit gives for the condensate wave function

ψ4
TF =

2
π2N2

(µ− |x|η)θ(µ− |x|η) , (9)

where the chemical potential is determined by

πN

2
√
2
=

∫ µ1/η

0

dx (µ− xη)1/2 . (10)

It is interesting at this point to note that according to Girardeau’s theorem [19] an infinitely
strong repulsion between bosons in one-dimension effectively turns the particles into nonin-
teracting spinless fermions as demonstrated by Lieb and Liniger [14]. We apply the straight-
forward Thomas-Fermi approximation [20] to a system of noninteracting spinless fermions in
a power law trapping potential, defining the density n(x) = kF(x)/π, in terms of the “local”
Fermi wave number. Solving the TF equation

h̄2k2
F(x)

2m
+ V0

|x|η
Lη

= EF , (11)

we obtain for the fermion density at zero temperature

n(x) =
√
2

π
(EF − |x|η)1/2 θ(EF − |x|η) (12)

(in our reduced units), where the Fermi energy is given by

EF =
[

2η
2 + η

N√
2F (η)

]2η/(2+η)

, (13)

in which F (η) =
∫ 1

0
dy y1/η−1/

√
1− y is a numerical factor stemming from the semi-classical

density of states for the power law potential. Comparing with eq. (9), we observe that Gi-
rardeau’s theorem is exactly satisfied (at the TF level) for infinitely strongly coupled 1D
bosons in an external potential.
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Fig. 3 Fig. 4

Fig. 3 – The condensate wave function (solid lines) in the infinite-coupling limit, for N = 102 and
N = 103 particles. The corresponding Thomas-Fermi results are indicated by dotted lines.

Fig. 4 – The momentum distribution of condensed bosons in the strong-coupling limit for N = 102

and N = 103 particles.

In fig. 3 we display the numerical solution of eq. (7) along with the TF approximation
results (eqs. (9) and (10)) for the condensate wave function in the strong-coupling limit.
Remarkably, a condensate seems to exist in the sense that a finite cloud extends over a finite
length. It is interesting to note that the solution of eq. (5) is rather similar to the result of ψ(x)
we obtain within the modified GP equation, say for g = 100 (cf. fig. 2). The corresponding TF
approximation to eq. (7) is also plotted in fig. 3, and we observe that it is quite accurate for
small x. We have checked numerically that TF expressions of the density distribution for the
strongly interacting bosons and noninteracting spinless fermions are identical in accordance
with Girardeau’s theorem. The momentum distribution of condensed bosons in the confining
potential f(p) = 4| ∫ ∞

0
dx cos (px)ψ(x)|2, where p is the particle momentum, is shown in fig. 4,

for N = 102 and N = 103 particles. We also remark that the infinite-coupling expressions
developed above may be systematically improved by including more terms for large g values.

The strong-coupling effects in condensed Bose systems have been addressed by a number
of authors. Ziegler and Shukla [21] using the slave-boson technique found that the effective
potential grows only linearly in the asymptotic regime in contrast to the ψ4 behavior in the
GP functional. Thus, the condensate becomes weaker and is easily destroyed by fluctuation
effects. Cherny and Shanenko [22] proposed a strong-coupling generalization of the Bogoliubov
model. Our results indicate that a condensate exists even for an infinitely strongly interacting
1D model system. It is interesting to note that recently Gammal et al. [23] have found
a ψ5 correction term to the GP equation by including three-body scattering effects in the
3D inhomogeneous systems. It would also be interesting to check our results for strongly
interacting bosons with a short-range potential in 1D (also under an external potential) by
Monte Carlo calculations to see if the new type of nonlinear Schrödinger equation correctly
describes the properties of the condensate. Recent calculations by Giorgini, Boronat, and
Casulleras [24] could easily be extended to study the system considered here.
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Finally, we comment on the collective modes of the strongly interacting 1D Bose conden-
sates. Because of the ψ5 nonlinearity and the relation between the chemical potential µ and
density ρ within the corresponding Thomas-Fermi approximation, rather different kinds of
collective modes are expected. Applying the hydrodynamic approach employed for conden-
sates satisfied by the GP equation [25] we also obtain ω2δρ + d

dx (ρTF
d
dxδµ) = 0, in which

δµ = π2N2ρTFδρ, ρTF = ψ2
TF, and δρ = ρ−ρTF. Thus, the collective mode equation becomes

ω2δρ+ π2N2 d
dx

(
ρTF

d
dx

(ρTFδρ)
)

= 0 , (14)

describing excitations of a strongly interacting system. For arbitrary η of power law potential
exponent the above equation has to be solved numerically.

In this work we have used power law potentials with exponent η < 2, for which the existence
of a BEC (in a noninteracting system) in 1D systems has been demonstrated [7]. Although
still a matter of controversy, the interaction effects do not destroy the condensate immediately
according to the Monte Carlo simulations performed at finite temperature of Pearson, Pang,
and Chen [11]. A finite-temperature analysis (finding a nonzero critical temperature Tc) is
necessary to establish the occurrence of a true BEC. Our study was at zero temperature,
thus, it does not address the transition to a Bose-Einstein condensed phase. The solutions
of the 1D-GP equation, however, indicate the formation of spatial distribution of bosons of
a finite size which may be construed as a condensate cloud. We have used η = 3/2 in our
numerical examples, but the prescribed method applies to more general values of η < 2.
Furthermore, a similar analysis appears to be possible for harmonic traps in 1D to model the
cigar-shaped condensates with suitable averaging over the cross-section and identifying the
renormalized parameters as discussed by various authors [9]. Another important issue to be
addressed is the effect of quantum fluctuations [4] on the interacting boson system. It was
found in quasi–two-dimensional systems [26] that phase fluctuations are small at sufficiently
low temperatures.

In summary, we have considered the ground-state properties of 1D condensates in power
law trapping potentials at zero temperature. The corrections to the condensate wave func-
tion are evaluated within a perturbation approach for various coupling strengths and particle
number. Using the exact solution of the 1D homogeneous system of interacting bosons, we
construct a new nonlinear equation to describe the condensate wave function in the strong-
coupling regime. We have shown at the Thomas-Fermi approximation level that the infinitely
strongly interacting bosons are equivalent to noninteracting spinless fermions which is a man-
ifestation of Girardeau’s theorem. It would be interesting to study the further properties of
the new nonlinear equation such as the vortex solutions and the details of the collective excita-
tions, and explore the boson-fermion equivalence mentioned above. The fate of the condensate
at finite temperature and quantum fluctuations also remains to be investigated.
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