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Fig. 6. Oscilloscope image for experiment results showing the comparison of waveforms for recovered messagem̂(t) (the upper waveform) and the message
sent at the transmitterm(t) = 0:01 sin(t).

with theoretical analysis. Oscilloscope images of experimental circuit
implementations further verified the results.
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An Realization of Chua’s Circuit Family

Ömer Morgül

Abstract—In this brief, we consider a Wien bridge-based resistance–ca-
pacitance ( ) chaotic oscillator. We show that this circuit realizes the
well-known Chua’s oscillator under some conditions. We also show that this
circuit is linearly conjugate, hence equivalent, to a large class of three-di-
mensional (3-D) systems when the parameters are appropriately chosen.
We also present some experimental results.

Index Terms—Chaos, chaotic circuits, Chua’s oscillator, Wien bridge os-
cillator.

I. INTRODUCTION

Chua’s oscillator is a well-known nonlinear electronic circuit which
is quite simple and yet exhibits a wide range of chaotic phenomena,
see Fig. 1 [Base and inductance–capacitance (LC) part]. Because of
these features, it is extensively investigated, see [1]–[3], [7], and the
references therein. It was also known that Chua’s oscillator is topolog-
ically equivalent to a large class of three-dimensional (3-D) systems
~C = CnE0 whereC is the class of odd-symmetric, continuous, three-re-
gion, piecewise linear vector fields, andE0 is a set of measure zero, see,
e.g., [1] and [3].
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Fig. 1. Chua’s oscillator (LC and Base) and Wien bridge-based circuit (Wien bridge and Base).

Since inductors are less reliable and not as easily realizable as
capacitors, it would be desirable to develop resistance–capacitance
(RC) chaotic oscillators. One remedy would be to replace the in-
ductor by a synthetic inductor, e.g., a gyrator and a capacitor. Such
realizations could be used in integrated circuits and reported in
the literature, see [4] and [14]. Although this approach is particu-
larly useful for certain sets of parameters, the resulting circuit may
have limited tuning capability due to the nonideal characteristics of
the op-amps used in synthetic inductor. As noted in [14], the ef-
fect of the parasitics resulting from such nonideal behavior may
have significant effect on the behavior of the circuit depending on
other circuit parameters. Also in such realizations, finite op-amp
gain results in finite inductor quality factor and an error in the
inductance value, moreover, this error depends on the frequency,
see [15]. When the gain bandwidth of op-amps become compa-
rable with the chaotic spectrum these errors may become impor-
tant and this should also be taken into consideration in synthetic
inductor realizations. An alternative approach along this direction
was to replace theLC resonator of Chua’s oscillator (i.e.,LC part
in Fig. 1) with a Wien bridge (i.e., Wien bridge part in Fig. 1),
see [9] and [10]. In [9], it was shown that with appropriate ele-
ment values, Wien bridge-based circuit realizes Chua’s oscillator.
In showing this equivalence, the idea was to keepR, C1, and the
nonlinear resistor the same in both circuits, and to match the input
impedances of Wien bridge part andLC part in Fig. 1, and this
mode of operation was called “passive mode” in [9]. In [10], it
was shown that by first tuning the Wien bridge to observe oscilla-
tions (i.e., whenR is open-circuited), and then by tuningR it is
possible to observe chaotic behavior for certain parameter values.
In this case, the impedance matching mentioned above does not
hold and this mode of operation was called “oscillatory mode” in
[10]. There are otherRC (Wien bridge-based or not), chaotic os-
cillators, see, e.g., [5], [6], [11]–[13], and the references therein.

In this brief, we will show that, similar to Chua’s oscillator, the
Wien bridge-based circuit proposed in [10] has a topological equiv-
alence property stated above. This brief is organized as follows. In
Section II, we will give the relevant state equations and prove the
realization property given in [9]. In Section III, we will prove the
topological equivalence property stated above. We will also show
that this equivalence is preserved when some other Wien-type os-
cillators are used. In Sections IV and V, we will present some sim-
ulation and experimental results, and then we will give some con-
cluding remarks.

II. STATE EQUATIONS AND REALIZATION OF CHUA’S OSCILLATOR

In the sequel, symbols with a hat (e.g.,R̂, Ĉ, etc.) will denote the pa-
rametersandvariables related toChua’soscillator,whereassimilar sym-
bolswithoutahatwilldenotetheparametersandvariablesrelatedtoWien
bridge based circuit. With this convention, thestate equations for Chua’s
oscillatoraregivenby

dv̂1
dt

= �
1

R̂ Ĉ1

v̂1 +
1

R̂Ĉ1

v̂2 �
1

Ĉ1

f̂(v̂1) (1)

dv̂2
dt

=
1

R̂Ĉ2

v̂1 �
1

R̂Ĉ2

v̂2 +
1

Ĉ2

îL (2)

dîL
dt

= �
1

L̂
v̂2 �

R̂0

L̂
îL (3)

where thepiecewise-linear function̂f(�) isgivenby

f̂(v̂1) = Ĝbv̂1 + 0:5(Ĝa � Ĝb)fjv̂1 + Êj � jv̂1 � Êjg (4)

see,e.g., [7].Similarly, thestateequations for theWienbridge-basedcir-
cuit isgiven by

dv1
dt

= �
1

RC1

v1 +
1

RC1

v2 �
1

C1

f(v1) (5)

dv2
dt

=
1

RC2

v1 �
1

RxC2

v2 +
1

R1C2

v3 (6)

dv3
dt

= �
R3

R1R4C3

v2 �
1

R1C3

v3 (7)

wheref(�) isdefinedsimilar to (4)and

Rx =
RR1R2R4

R(R1R4 �R2R3) +R1R2R4

: (8)

Next, we will give some conditions under which the state equations
(1)–(3) are the same as (5)–(7). Let us assume thatR1R4 = R2R3.
Note that in thiscase (8)becomesRx = R.Thismode iscalled “passive
mode,” since the input impedance of the Wien bridge becomes positive
real when all parameters are positive, see [9]. Assume that the param-
eters in (1)–(3) are given and chooseR = R̂; C1 = Ĉ1; C2 = Ĉ2;
Ga = Ĝa; Gb = Ĝb; E = Ê; R2 = R̂0; R1C3 = L̂=R̂0, and
note thatR1; R3; R4 should also satisfyR1R4 = R2R3. By defining
x = (v1 v2 v3)

T ; x̂ = (v̂1 v̂2 îL)
T ,andD = diag(1; 1; R1), it follows

from (1)–(3) and (5)–(7) thatx = Dx̂, provided that̂R0 6= 0. Here the
superscriptT denotes transpose, anddiag(a; b; c) denotes a diagonal
matrix with entriesa; b; c on the diagonal. Moreover, by choosing
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R1 = 1
, we haveD = I , and hencex = x̂, i.e., an equality in the
state variables of both circuits. ForR1 6= 1, we have a simple scaling in
the third variable (i.e.,v3 = R1îL). Hence, with the parameter values
given above, Wien bridge circuit realizes Chua’s oscillator forR̂0 6= 0.
The casêR0 = 0cannotbe realized by this approach, but this constraint
correspondstoasetofmeasurezero in theparameterspace,andasargued
similarly in [1]and[3],byperturbingtheparametersarbitrarilysmall,we
may obtainanewset ofparameters for whichR̂0 6= 0and the behaviour
isqualitativelysimilar to thecasêR0 = 0.

Since Chua’s oscillator is topologically equivalent to a large class
of 3-D, three-segment, piecewise-linear continuous vector fields, ex-
cept for a set of measure zero, the above argument shows that the
same property holds for Wien bridge-based circuit as well. However,
in this approach to construct an equivalent circuit, first an equivalent
Chua’s oscillator should be found and then the parameters of the Wien
bridge-based circuit should be obtained by using the relations given
above. Since Wien bridge circuit contains ten parameters and Chua’s
oscillator contains seven (discounting the thresholdE), in such an ap-
proach this extra degree of freedom will not be exploited, and one is
restricted to the “passive mode” described above, which may not be
necessary. Moreover, the set of measure zero mentioned above will not
be characterized. For these reasons, we will show the topological equiv-
alence directly in the next section.

III. T OPOLOGICAL EQUIVALENCE

As in [1] and [3], let us consider the following systems denoted by
C:

dz

dt
=

Az + b z1 � 1

Az � b z1 � �1

A0z �1 � z1 � 1

(9)

wherez = (z1 z2 z3)
T ; b 2 R3; A; A0 2 R3�3 and by continuity

A0 = A + beT1 should be satisfied, heree1 = (1 0 0)T . Let us write
det(�I �A0) = �3 � p1�

2 + p2�� p3

det(�I � A) = �3 � q1�
2 + q2�� q3: (10)

By using (4), (withE = 1, and without a hat symbol), (5)–(7) could
be written as (9) with

A =

�G+Gb

C1

G

C1

0

G

C2

�Gx

C2

G1

C2

0 �Gy

C3

�G1

C3

b =

Gb �Ga

C1

0

0

(11)

andA0 = A + beT1 ; G = 1=R; Gx = 1=Rx; Gy = R3=R1R4.
It is known that systems belonging toC are topologically equivalent
to each other (i.e., a linear and invertible matrix transforms one to the
other) if they satisfy the same determinantal equations given by (10),
see [1] and [3]. Let a system belonging toC be given and compute
the polynomials given in (10). According to the result stated above,
this system is topologically equivalent to a Wien bridge circuit if we
can find the parameters in (11) such that (10) is satisfied for the given
coefficientspi; qi, or equivalently

G+Ga

C1

+
Gx

C2

+
G1

C3

= �p1 (12)

(G+Ga)Gx �G2

C1C2

+
(G+Ga)G1

C1C3

+
(Gx +Gy)G1

C2C3

= p2 (13)

[(G+Ga)(Gx +Gy)�G2]G1

C1C2C3

= �p3 (14)

G+Gb

C1

+
Gx

C2

+
G1

C3

= �q1 (15)

(G+Gb)Gx �G2

C1C2

+
(G+Gb)G1

C1C3

+
(Gx +Gy)G1

C2C3

= q2 (16)

[(G+Gb)(Gx +Gy)�G2]G1

C1C2C3

= �q3: (17)

Note that (12)–(17) contains six knowns and nine unknowns. Hence,
we can assign 3 of these variables arbitrarily and find the others. Since
arbitrary capacitor values are difficult to realize as compared to the
resistors (which could be realized by using potentiometers), we chose
to assign capacitor values first and then determine the resistor values.
After some lenghty but straightforward and simple algebra we obtain

G = �p�k2C1C2 (18)

Ga = �G+ �p1 + p2 � q2
p1 � q1

C1 (19)

Gb = �G+ �q1 + p2 � q2
p1 � q1

C1 (20)

G1 =
k1
k2
C3; Gx = k3C2; Gy =

k4
k1
C2 (21)

where

k1 = �p3 + p1 � p2 � q2
p1 � q1

p3 � q3
p1 � q1

(22)

k2 = p2 � p3 � q3
p1 � q1

� p1 � p2 � q2
p1 � q1

p2 � q2
p1 � q1

(23)

k3 = �p2 � q2
p1 � q1

� k1
k2
; k4 = �k1k3 + k2

p3 � q3
p1 � q1

: (24)

The remaining parameters could be found as

G2 = Gx �G+Gy; R3=R4 = Gy=G1: (25)

In (18),C1 andC2 should be selected appropriately so that the argu-
ment of the square root is positive, see Remark 1 below. Note that the
constantski; i = 1; . . . ; 4, given above are the same as used in [1] and
[3]. Similar to the global unfolding theorem given in [1], we have the
following theorem.

Theorem 1: Let F (�) denote a vector field inC n E0 given by (9)
whereE0 is the set of vector fields inC whose eigenvalue parameters
given by (10) are constrained by

p1 � q1 = 0; k1 = 0; k2 = 0 (26)

a212a23 + a12a13a33 � a13a12a22 � a213a32 = 0 (27)

andaij ; i; j = 1; 2; 3, are the entries ofA given by (9). Then the Wien
bridge-based circuit given by (5)–(7) whose parameters are given by
(18)–(25), is linearly conjugate, hence is equivalent toF (�).

Proof: The proof is similar to that of the global unfolding the-
orem given in [1] and hence omitted here. See also [3].

Several remarks are now in order.
Remark 1: In (18)–(25),C1; C2; C3 are free parameters. But since

G given by (18) must be a real number, the argument in the square root
should be positive. This could easily be satisfied by choosingC1 =
�K sign(k2) whereK > 0 andC2 > 0 are arbitrary otherwise.

Remark 2: The solutions of (18)–(25) are not unique. Apart from
the arbitrariness ofC1; C2, andC3, the sign ofG could be chosen



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 47, NO. 9, SEPTEMBER 2000 1427

arbitrarily. From a practical point of view,G > 0 may be chosen so
that it could be easily realized by using a passive resistor.

Remark 3: The setE0 corresponds to a set of measure zero in the
parameter space. Hence, ifF 2 E0, then by slightly perturbingF we
obtain ~F which is not inE0. If the perturbation is sufficiently small,
then the behaviours ofF and ~F will be qualitatively similar, and a
Wien bridge based circuit equivalent to~F can be constructed. See [1],
[3], for the same argument.

Remark 4: For a given set of eigenvalue parameterspi; qi; i =
1; 2; 3, the parameters of the equivalent Wien bridge–based circuit
can be found from (18)–(25). Some of these parameters may be
negative due to the signs ofki. This may pose some problems in actual
realization, but the same problem also arises in obtaining equivalent
Chua’s oscillator, see, e.g., [1]. For a comparison, assume that in
equivalent Chua’s oscillator all linear components (i.e., other than the
nonlinear resistor) are passive. Then from [3] we see thatk1 < 0;
k2 < 0; k3 > 0, andk4 < 0. Then from (18)–(25) we see that
C1; C2; R; R1; R3, andR4 can be selected as passive components,
and from (25), we see thatR2 > 0 if C2 is sufficiently bigger thanC1.
Conversely, assume that in equivalent Wien bridge circuit all linear
components are passive. Then, in the equivalent Chua’s oscillatorR̂
(and the nonlinear resistor) may be active, but the remaining elements
can be selected as passive components. This is due to the fact that we
needk3 + k4=k1 > 0 for R2 > 0 in Wien bridge, whereask3 > 0 for
R̂ > 0 in Chua’s oscillator.

An interesting remaining question is whether one could obtain an
equivalence relation as stated in Theorem 1 by using only passive com-
ponents (including the nonlinear resistor) in the Wien bridge-based cir-
cuit. While the results presented in [5] and [11] indicate that it is pos-
sible to obtain chaotic behavior by using only passive components in
Wien-type circuits, they do not indicate whether the equivalence stated
above holds in such configurations. Since the Wien bridge can be con-
sidered as an active element, it is reasonable to expect an affirmative
answer to this question. However, this point requires and deserves fur-
ther research.

Remark 5: LetusassumethatinequivalentChua’soscillatorall linear
components are passive, hence as a result in Wien bridge-based circuit,
all linearcomponentsarepassive,seeRemark4.The impedanceofWien
bridgeseen fromterminals1 � 10 isZ(s) = (as+ b)=(cs2 + ds+ f)
wherea = R1R2R4C3; b = R2R4; c = R1R2R4C2C3;
d = R1R4C3 + R2R4C2 � R2R3C3; f = R4, see [10]. This
impedance is positive real if it is stable, all coefficients are positive and
ReZ(j!) � 0 for all!. The latter condition impliesR1R4 � R2R3,
and in thiscaseZ(s)canberealizedbyusingpassivecomponents.This is
calledthe“passivemode”in[9].ThecaseR1R4 < R2R3 canberealized
if G > Gx, and from (18)–(25) we see that this is possible ifC2=C1 is
sufficiently big. On the other hand, the Wien bridge will be in oscillatory
modeifd � 0,whichimpliesR3=R4 � R1=R2+C2=C3.Hence, if the
Wienbridge isnot inpassive mode, thenbychoosingC2=C3 sufficiently
small, this condition can be realized. Hence, in this case it is possible to
choose passive linear components such that the Wien bridge operates in
oscillatorymode.

Remark 6: In previous sections we considered the ideal op-amp
model. A more realistic model which was used in [5] is the dominant
pole model, see also [15]. In this model, withe; e+; e� referring to
the op-amp output,+, and� terminal voltages, respectively, we have
_e = !t(e+ � e�), where!t is the op-amp gain-bandwidth product.
When this model is used in the previous analysis, (5) remains the same,
while (6), (7) becomes

_v2 =
1

RC2

v1 �
Gr

C2

v2 +
1

R1C2

v3 +
1

R1C2

e (28)

_v3 =
1

R1C3

(v2 � v3 � e); _e = !t v2 �
R4

R3 +R4

e (29)

whereGr = G + G1 + G2 ande is the op-amp output node voltage.
Note that in this case the system order is 4. When!t ! 1, we have
e = (1 + R3=R4)v2, and (28), (29) reduces to (6), (7). From conti-
nuity, we may expect that the effect of dominant pole will be small if
!t is sufficiently high. But from (29) we observe that ifv2 is bounded
and 1 + R3=R4 > 0, then e will be bounded as well, moreover,
e� (1+R3=R4)v2 will be of order1=!t. This result could be proven
rigorously by using singular perturbation techniques, treating� = 1=!t

in (29) as a small parameter, see, e.g., [8, Ch. 9]. More precisely, if
1 +R3=R4 > 0, then under some weak assumptions on initial condi-
tions, on any compact time interval the effect of the dominant pole will
be small, provided that!t is sufficiently large, (see [8, Theorem 9.1]).
However, this result does not state how large!t should be. In our ex-
periments we used LF351N,which has 4 MHz gain bandwith product,
which seems to be sufficient for our experiments, and did not pose any
problems in our simulations. Note that in constructing an equivalent cir-
cuit, from (18)–(25) we see thatR3=R4 = CC2=C3, whereC depends
on the equivalent eigenvalue parameters. Hence, by choosingC2=C3

sufficiently small, we could always realize1 + R3=R4 > 0. From
practical point of view for this result to hold, we expect that!t should
be bigger than the chaotic spectrum. These results show that, while the
dominant pole model is essential to generate chaotic behavior in [5], its
effect is negligible for our case provided that!t is sufficiently large.

IV. FAMILY OF WIEN BRIDGE OSCILLATORS

As noted in [5], there are four members of the Wien-bridge family
and in the previous analysis, we considered only one of them. To
clarify the notation, let us denote these members as depicted in [5,
Fig. 1(a)–(d)] by type 1, 2, 3, and 4, respectively. Moreover, each
member can be connected to the base in Fig. 1 in three ways: first,
the common ground should be connected to terminal10 of the base,
then+; �, or i terminal of the op-amp (i.e., the node betweenR1

andC3) may be connected to the terminal 1 of the base, which we
refer to as+; �, or i connection, respectively. With this notation, the
circuit considered in the previous analysis corresponds to type 1 with
+ connection, or in short configuration1=+. Other configurations can
also be defined similarly. We note that we used the same notation for
the circuit parameters as given in [5], except forC3, which refers toC1

in [5]. We also performed the same analysis for other configurations,
and after lengthy, but straightforward calculations we obtained the
following results.

1) For the configurations1=�; 2=+; 4=+; and4=�, the equiva-
lence stated in Theorem 1 does not hold. In all these configu-
rations, the circuit parameters can be found only when the pa-
rameters given by (10) satisfy(p1 � q1)(p1q3 � p3q1) + (p2 �
q2)(p3 � q3) = 0, which corresponds to a set of measure zero.

2) For configuration3=+, the relevant equations for equivalence
are exactly the same as given by (12)–(17), with the same defini-
tion ofGx andGy. Hence, the equivalence stated in Theorem 1
holds for this configuration as well. Moreover, since the equiva-
lence equations are exactly the same, we may say that these two
configurations are essentially the same (i.e., for the same circuit
parameters they exhibit similar behaviors).

3) For the configurations2=� and3=�, the relevant equations for
equivalence are similar to (12)–(17), with two exceptions: first,
the term�G2 in (13), (14), (16), (17) should be replaced bykG2

wherek = R3=R4; second, the termGx should be defined as

Gx = (R(R1R4 �R2R3)�R1R2R3)=RR1R2R4

[cf., (8)]. For the resulting equations,G1Gx andGy can be found
as given by (21). Then we havek = R3=R4 = Gy=G1, andG
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(a)

(b)

Fig. 2. Simulation result;v � v graph for the example 1: (a) with ideal op-amp model and (b) with dominant pole model, and increased chaotic bandwidth.

can be found byG = � k2C1C2=k.Ga andGb can be found
as given by (19) and (20), andG2 can be found fromG2 =
Gx + Gy + kG. Hence, the equivalence stated in Theorem 1
holds for these configurations as well.

4) In all i connections, the equivalence stated in Theorem 1 holds.
In all casesGa andGb can be found as given by (19) and (20). In
1=i, we haveG =

p�k2C1C3, and the remaining parameters
can be found after some detailed algebra. In2=i and3=i, we
haveG =

p�k2C1C3; G1 = k3C3 �G, G2 = (k1=k2)C2 +
(k4k2=G1)C2C3; R3=R4 = (k4k2=G

2

1)C2C3. In 4=i, we have
G = �k2C1C3=k; G1 = (k3 + k4=k2)C3 � kG; G2 =
(k1=k2)C2, andR3=R4 = (k1=k2 � k3)C2=G1 wherek =
1 + (k1=k2 � k3)C2R4.

Remark 7: For all the connection types presented above, the ef-
fect of the dominant pole model can be analyzed as it was done
for the 1=+ case in Remark 6. In all cases, the effect will be
small provided that!t is sufficiently high and that a condition in
terms of resistors is satisfied. For example, in2=�; 3=�, and3=+
cases we need1 + R3=R4 > 0; 1 + R3=R + R3=R1 > 0, and
1+R3=R1 > 0, respectively. As stated in Remark 6, this analysis is
only asymptotical and does not state how large!t should be. Note
that for a given set of equivalent eigenvalue parameters,C1; C2; C3

can be assigned arbitrarily to obtain the equivalent Wien bridge cir-
cuit. These parameters will effect the eigenvalues of the resulting
A andA0 matrices when the dominant op-amp pole model is used,
cf., (9). By changing the ratios of these parameters, it may be pos-
sible to minimize the effect of!t, and we observed this point in
our simulations. However, the explicit dependence of these eigen-
values on the parameters is very difficult to obtain, and this point
requires further research.

V. SIMULATION RESULTS

We consider two cases for the simulation. In the first case, we con-
sider [1, example 5.15]. Here, Chua’s oscillator is given byĈ1 =
31:72 nF, Ĉ2 = 1 �F, L̂ = 15:6 mH, R̂ = �1 k
, R̂0 = 10:4 
,
Ĝa = 0:9926 mS, Ĝb = 1:023 mS. As shown in [1], the chaotic
spectrum extends beyond 6 kHz for this example. Equivalent Wien
bridge-based circuit for the1=+ connection is given byC1 = C2 =
1 nF,C3 = 10 nF,R = 178:1 k
, R1 = 150 k
, R2 = 11:168 k
,
R3=R4 = 14:42, Ga = �5:8481 �S,Gb = �4:8897 �S. Note that
in this case, all linear components are passive, and the Wien bridge is in
oscillatory mode. By using these values, we simulated (5)–(7) and the
results are shown in Fig. 2(a). We note that this figure is quite similar
with [1, Fig. 5.15]. To see the effect of!t, we simulated (5), (28), (29)
by using 4 MHz gain-bandwidth product of LF 351N, and the results
are similar to that of Fig. 2(a), which is not shown here due to space
limitations.To see the effect of increased chaotic bandwidth, assume
that the dynamic elements of the Chua’s oscillator given above are di-
vided by 10. Since this will simply result in scaling time, the chaotic
spectrum will also be increased by a factor of 10, hence will extend be-
yond 60 kHz in this case. The equivalent Wien bridge parameters can
be selected asC1 = C2 = 100 pF,C3 = 7:4 nF,R1 = 20:27 k
,
R3=R4 = 1:9491, and the rest of the parameters are as given above.
By using these values and 4 MHz gain-bandwidth, we simulated (5),
(28), (29), and the results are shown in Fig. 2(b). As can be seen, al-
though the dominant pole model has a noticeable effect, the circuit still
exhibits a similar chaotic behavior.

In the second case, we consider the element values which are used
in our experimental setup. For the nonlinear resistor, we chooseGa =
�50=66 mS,Gb = �9=22 mS, andE = 1 [see (4)]. Note that these
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Fig. 3. Simulation result;v � v graph for the example 2.

Fig. 4. Experimental result; Double scroll forR = 1631 
.
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are the same values used in [7], see also [9] and [10]. The rest of the
parameters are chosen asC1 = 2:2 nF,C2 = C3 = 220 nF,R1 =
R2 = R4 = 100 
, R3 = 200 
, andR = 1631 
. Note that
with these values, the Wien bridge part in Fig. 1 is (theoretically) in the
oscillatory mode, see Remark 5 (i.e.,d = 0). By using these values,
we simulated (5)–(7) and the results are shown in Fig. 3.

In these simulations, we used a trapezoidal type algorithm to simu-
late (5)–(7). This algorithm is implemented by using MATLAB.

VI. EXPERIMENTAL RESULTS

We note that the proposed circuit exhibits chaotic behavior for a wide
range of parameter values, see also [9] and [10], and here we report only
a particular case corresponding to the simulation result for the second
example given earlier. For the sake of simplicity, we do not repeat the
element values again. In our experimental setup, for the realization of
the nonlinear resistor, we used the dual op-amp circuit proposed (with
the same element values) in [7], see also [9] and [10]. Since we used
�9 V for the bias voltage of the op-amps, we haveE � 1 V. For the
rest of the circuit we used the element values given above in the second
simulation example. The resistorsR andR3 are realized by using po-
tentiometers. We used the “oscillatory mode” approach as explained
in [10], i.e., first we disconnectedR and usedR3 (which is a poten-
tiometer) to tune the Wien bridge for oscillations, then we connected
R and used it to tune the whole circuit to observe chaotic behavior. In
the experiments, we measuredR3 = 219 
 to start oscillations. (Note
that theoreticallyR3 = 200
 is required to start the oscillations for the
Wien bridge, and this value was used above in our simulations. How-
ever, in our experiments we observed a slightly bigger value, which
may be due to element tolerances.) All resistors and capacitors (except
for the potentiometersR andR3) are standard elements with 10% tol-
erance. All op-amps are LF 351N, biased by�9 V.

With the element values stated above, we observed various, periodic
or chaotic, behaviors for different values ofR in the range [1268
,
1837
]. For example, forR = 1334 
, we observed the single-scroll
chaotic attractor. ForR = 1631 
, we observed the double-scroll at-
tractor as shown in Fig. 4. We note that this behavior is qualitatively
similar to the simulation result shown in Fig. 3. The differences be-
tween Figs. 3 and 4 are most possibly due to nonideal op-amp charac-
teristics and element tolerances.

In all experiments, we first observed thev1 � v2 characteristics in
an analogue oscilloscope inX � Y mode. Then the same figure is
obtained in a digitizing oscilloscope (HP 54600 B). After storing the
screen in the memory of the oscilloscope, the data is transferred to a
computer by using an HB-IB bus. Since the important information is
v1�v2 graphics, we do not present individual signalsv1(t) andv2(t).

VII. CONCLUSION

In this paper, we considered the Wien bridge-basedRC chaotic
oscillator proposed in [9] and [10]. In [9], it was shown that this
circuit may realize the well-known Chua’s oscillator under some
conditions. The proof of this statement in [9] was based on the
matching of impedances ofLC part and that of the Wien bridge
part in Fig. 1. This approach is formal and does not use the extra
degree of freedom of Wien bridge circuit. In this paper, by using
the state equations, we first proved the realization property given
in [9]. Then we proved directly that, similar to Chua’s oscillator,

the Wien bridge-based circuit is also linearly conjugate to a large
class of 3-D systems. We also presented some simulation and ex-
perimental results showing the chaotic behavior of the proposed
circuit.

From Fig. 1, it is clear that Chua’s oscillator is simpler in struc-
ture; it contains six elements, whereas the Wien bridge-based cir-
cuit contains nine elements and an op-amp. Hence Chua’s oscillator
is better suited for theoretical analysis. On the other hand, Chua’s
oscillator contains an inductor, which is not a reliable element as
compared to capacitor, and may cause problems in both modeling
and experimental work. A possibility is to replace this inductor by
a synthetic inductor (e.g., a gyrator and a capacitor). However, due
to finite gain-bandwidth of op-amps, in this approach one cannot
realize a pure inductor, and the resulting nonidealities (and para-
sitics) should be studied carefully. Due to such nonidealities–para-
sitics, such an approach may yield limited tuning capabilities. On
the other hand, the extra elements used in Wien bridge-based cir-
cuit are resistors, a capacitor and an op-amp, which are cheap and
reliable. Moreover, the capacitors are available in a wide range of
element values, which is not the case for the inductors. Due to
these extra elements, Wien bridge circuit has more parameters for
tuning. For example, in costructing equivalent circuits,C1; C2; C3

can be chosen arbitrarily, see Remark 1. This implies that the ex-
istence of such extra elements may be considered as an advantage.
Hence, the proposed circuit may be considered as a reliable alter-
native to Chua’s oscillator for experimental works. Moreover, since
it contains only resistors, capacitors, and op-amps, it is also suited
for a possible integrated circuit realization.
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