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Charged bosons in a quasi-one-dimensional system
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The ground-state properties of a system of charged bosons in a quasi-one-dimensional model with a neu-
tralizing background are investigated within the hypernetted-chain approximation. Strong correlation effects
drive the system from a homogeneous fluid phase toward a more ordered structure akin to Wigner crystalli-
zation in higher-dimensional charged quantum systems. The ordered phase of charged bosons is signaled by
the development of a peak in the static structure factor, which is analyzed as a function of the density and the
lateral width of the one-dimensional structure. We also calculate the pair-distribution function, the ground-state
energy, and the local-field correction, and compare our results with other theoretical approaches.
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I. INTRODUCTION

Models of a quasi-one-dimensional~Q1D! electron sys-
tem, in which the electrons are free to move in only o
spatial direction, are useful to understand the propertie
semiconductor quantum wires and naturally occurring
ganic materials.1 As a many-body problem, electrons inte
acting via long-range Coulomb potential offers a suita
testing ground to model more realistic systems mentio
above and to compare with exact results obtained for a v
ety of model problems.2 The closely related system o
charged bosons~charged particles obeying Bose-Einste
statistics! subject to the same confinement conditions is a
of recent interest.3–5 Part of the motivation comes from th
recent excitement over Bose-Einstein condensed atomic
tems. From a theoretical point of view, by comparing t
results for charged Bose systems with those for the elec
gas one may assess the role of correlation effects in red
dimensions. Moreover, the possibility of realizing a charg
boson system in semiconductor heterostructures was
suggested.6

In the case of quasi-one-dimensional electron systems
correlation effects drive the system to an ordered phas
signaled by the presence of a peak in the ground-state s
ture factor.7 This observation was subsequently put on firm
ground through the recent quantum Monte Carlo~QMC!
simulations.8 The picture that emerges from various theor
ical approachesvis à vis the QMC results is that, eve
though perturbation theory or some other integral-equat
based approximate schemes may be reliable in getting a
rate ground-state energies, they differ drastically in their p
dictions of the correlation functions. This fact has be
pointed out by Malatesta and Senatore8 as a test to assess th
quality of approximate theories against the QMC results.

In this work, we employ the hypernetted-chain~HNC!
approximation as applied to homogeneous quantum liqu
to calculate the ground-state correlation functions in a mo
quasi-one-dimensional system.9 Our aim is to demonstrate
the significantly different behavior of the static structure fa
tor and pair-distribution function at low density, compared
the uniform limit and some other theoretical approaches.
PRB 620163-1829/2000/62~19!/12597~4!/$15.00
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peak structure emerging in the correlation functions may
considered as signaling a transition to an ordered ph
Similar observations were made in a Q1D electron sys
~quantum wire! within a theory that takes dynamical corre
lations into account.7 Thus, the accurate treatment of corr
lation effects in charged quantum fluids~irrespective of their
statistics! is essential in detecting the phase transitions. T
variational approach to the many-boson problem has rece
been applied to a number of neutral bosonic systems w
great success.10

In the following, we first introduce the model of a Q1
charged boson system, and outline the calculational fra
work of the HNC approximation. We then present our resu
for the static correlation functions and ground-state ene
and compare them with other calculations. We conclude w
a brief discussion on further work and a summary.

II. MODEL AND THEORY

Similarly to the quantum wire models of an electron ga
we consider a charged boson fluid in 1D embedded in a r
neutralizing background. The system is characterized
the density parameterr s defined in terms of the linea
particle densityr and effective Bohr radiusaB* , through
r s51/(2raB* ). A parabolic confinement potential gives th
charged bosons free motion in one spatial direction, say tz
direction and a finite extent in the transverse directio
which may be characterized by a width parameterb. Using
the specific model of harmonic confinement first develop
by Friesen and Bergersen,11 the effective Coulomb potentia
in configuration space can be written as

V~z!5
Ap

2b
expF z2

4b2G erfcF uzu
2bG , ~1!

which yields

V~q!5E1~q2b2! exp~q2b2!, ~2!

in Fourier space, whereE1(x)5*x
`dt e2t/t is the exponen-

tial integral. The above form of the effective interaction e
hibits typical 1D behaviorV(q); ln(qb) as q→0 and 3D
12 597 ©2000 The American Physical Society
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behaviorV(q);1/(qb)2 as q→`. The very same confine
ment model has been used for electron gas11,12 and charged
boson4 problems in different approximation schemes.

We calculate the ground-state energy and structure of
charged boson system within a variational many-bo
theory, using the potential of interaction between the char
bosons as input. Minimization of the energy expectat
value, and using the hypernetted-chain equation to relate
distribution function to the two-body correlation functio
leads to the so-called HNC/0 approximation~we use HNC
for short! when the elementary diagrams are neglected.
details of the derivation in one-dimensional systems
given by Krotscheck, Miller, and Wojdylo10 and a genera
discussion of the variational approach can be found in
review by Krotscheck and Saarela.13 In this approach the
static structure factor is expressed as

S~q!5F11
4m

q2
Vp-h~q!G21

, ~3!

~we take \51) in terms of the particle-hole interactio
Vp-h(q), which written in the real-space reads

Vp2h~z!5g~z!V~z!1
1

mU d

dz
Ag~z!U2

1@g~z!21#wind~z!.

~4!

Herewind(z) is the induced interaction that needs to be c
culated self-consistently from the Fourier transform

wind~q!52
q2

2m
@S~q!21#2Vp-h~q!. ~5!

Once theS(q) and g(z) are determined within the self
consistent HNC equations, the ground state energy~per par-
ticle! can be evaluated from10

E

N
52

1

8mrE2`

` dq

2p
q2

@S~q!21#3

S~q!

1
r

2 E2`

`

dzF @g~z!21#V~z!1
1

mU d

dz
Ag~z!U2G , ~6!

where the first and second terms may be identified as
kinetic and potential energies~per particle!, respectively.
Other thermodynamic quantities are calculated from
ground-state energy, i.e., pressureP/r5r(d/dr)(E/N) and
chemical potentialm5E/N1P/r. The compressibility is
given by 1/(rk)5rdm/dr. As noted by Krotscheck, Miller,
and Wojdylo10 the above formulation of the HNC theory
adequately optimized for one-dimensional systems. Thus
contrast to the Singwi-Tosi-Lnad- and Sjo¨lander
~STLS!-theory14-based works before,4,5 we do not assume
the existence of a condensate.

In the above expressions, if we replace the se
consistently calculated particle-hole interactionVp-h(q) by
the bare effective Coulomb potentialV(q), the resulting
S(q), g(z), E/N, and the rest of the thermodynamic quan
ties constitute the uniform limit7 @or the random-phase ap
proximation~RPA!#.
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III. RESULTS AND DISCUSSION

In this section we present the results of the numeri
calculations for the ground-state correlation functions a
energy. We solve the set of self-consistent equations wi
the HNC approximation with the potential defined in Eq.~1!
as input, and find the static structure factor, the pair corre
tion function, and the effective particle-hole interactio
Vp-h(q), for various densities characterized byr s and width
parameterb. In the numerical calculations we use the follow
ing scaled variables: the average interparticle distanca
51/(2r) for length and the effective Rydberg constantR*
51/(2maB*

2) for energy.
We first display in Fig. 1 the static structure factorS(q)

for Q1D charged bosons for various values of the den
parameterr s , where the width parameter isb5aB* . We find
that as the density is decreased the correlation effects
come stronger and theS(q) starts to develop a broad pea
aroundqa.6.5. In the same figure we also plot for compa
son the results of the static STLS calculation performed
the same confinement model and parameters. In
static STLS approach, the correlation effects are ta
into account by a local-field correction factor calculat
self-consistently.14 The static STLS results of Gold an
Calmels4 do not show any peak as the density decreas
Similar qualitative results are obtained in a different mod4

for Q1D charged bosons within the STLS approximation t
does not yield any peaked structure factor. The general
havior of S(q) in STLS-type calculations4,5 is somewhat
similar to the random-phase approximation~RPA! results.
The uniform limit or the RPA of the present model has be
discussed previously.4,5 The RPA overestimates the correl
tion effects and breaks down asr s*2. The STLS approxi-
mation yields accurate ground-state energies but the resu
S(q) does not show a peak, as compared to the HNC
proximation. With increasing lateral widthb, the onset of the
peak structure inS(q) increases to higher values ofr s .

The Fourier transform ofS(q) yields the pair-distribution

FIG. 1. The static structure factorS(q) for 1D charged bosons
of lateral widthb5aB* at variousr s values. The thick and thin lines
correspond to the results of HNC and STLS~from Ref. 4! approxi-
mations, respectively.
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function g(z), namely, the probability of finding a boson
some distancez, if another one is placed at the origin. It
well known that the oscillatory behavior of theg(z) is a
signature of an ordered phase; therefore, the system is g
to have a transition from the liquid phase to the solidli
phase with decreasing density. Since there is no true lo
range order in one-dimensional systems, the new ph
should have quasicrystalline character. The properties of
partially ordered state and its more accurate dependenc
the density and width parameter needs to be further explo
For instance, QMC simulations of the ordered phase
density functional theory of freezing may be employed
determine the transition density. Figure 2 shows the grad
development of a peak ing(z) as r s increases. At the sam
time, the value ofg(0) decreases with increasingr s , but
remains positive for a large range ofr s , consistent with the
probabilistic definition. Theg(0) usually becomes negativ
as r s increases in other approximate theories, making
correlation functions somewhat unreliable. We find simi
emergence of a peak in the static structure factor and
hanced oscillations in the pair-distribution function for oth
values of the width parameterb.

The ground-state energy as a function of the density
rameter r s , for two values of the width parameterb, is
shown in Fig. 3. Also shown in the same figure are
ground-state energies calculated within the sum-rule
proach of the STLS theory.4 We find that the agreement i
E(r s) in both approaches is very good, and surmise t
similar level of agreement can be attained in QMC calcu
tions, as was the case in Q1D electron systems7 and in higher
dimensional charged boson systems.3,15 The uniform limit or
the RPA results~not shown here! already exhibit departure
from those of HNC and STLS approximations starting fro
r s*2, which has been noted in the previous calculations4,5

The results on the ground-state energy imply thatE(r s) does
not depend on the actual structure inS(q) or g(z) very criti-
cally, although the correlation functions may have quite d
ferent behavior indicating possible phase transitions.

FIG. 2. The pair-distribution functiong(z) for 1D charged
bosons of lateral widthb5aB* at variousr s values. The thick and
thin lines correspond to the results of HNC and STLS~from Ref. 4!
approximations, respectively.
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The correlation effects beyond the random-phase appr
mation are usually described by the local-field correction
fined asVeff(q)5V(q)@12G(q)#, by rewriting the effective
many-body interaction. If we identify ourVp-h(q) with the
effective interaction we can deduce the corresponding lo
field correction within the HNC approximation. The Bogo
liubov relation @Eq. ~3!# provides the expressionGHNC(q)
512(q2/4m)@1/S2(q)21#/V(q). In Fig. 4 we show
GHNC(q) and the local-field correction obtained in the sta
STLS approximationGSTLS(q) as a function ofq for three
values of the density parameter. TheGHNC(q) typically ex-
hibits a peak at intermediate to high values ofq, whereas the
GSTLS(q) is a monotonic function similar to the electron g
case.12,7 Figure 4 also indicates that the very largeq limit of
the respective local-field corrections in the HNC and ST
approximations is quite different, which elicits further inve

FIG. 3. The ground-state energyE(r s) per particle of Q1D
charged bosons within the HNC and STLS approximations a
function of r s for two values of the width parameter. The poin
referring to the STLS calculation are taken from Ref. 4.

FIG. 4. The local-field correction factorG(q) extracted from the
HNC scheme in comparison to the STLS approximation.
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tigation in terms of sum rules.3

There are several other physical properties of char
bosons in 1D that we have not addressed in this short pa
The dielectric properties to be obtained from a suitably
fined dielectric function«(q,v) would give information on
the collective charge excitations in the system in terms
their dispersion and damping behavior. The higher-order c
rections such as elementary diagrams thought to be not
portant for ground-state energy may have important con
butions to the dynamical properties. Work in these directio
is in progress.

In summary, we have calculated the ground-state ene
and correlation functions in a quasi-one-dimensional char
Bose fluid within the HNC approximation. The calculate
correlation functions signal the development of an orde
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phase at low density similarly to the situation in electron g
systems. It would be interesting to perform QMC simulatio
for this model system to test and verify some of our pred
tions and to calculate the transition density.
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