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Abstract

This paper explores and compares the empirical distribution of the US dollar–deutsche mark
exchange rate returns with well-known continuous-times processes at di$erent frequencies. We
use a variety of parametric models to simulate the unconditional density of the exchange rate
returns at di$erent frequencies, and show that the studied models do not 5t the empirical distri-
bution of exchange rate returns at both the high and low frequencies.
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1. Introduction

Many models in continuous-time 5nance rely on the assumption of a speci5c stochas-
tic process, while little attention is paid to the empirical 5t of an assumed process
to the actual data across di$erent time scales. Consequently, the application of such
statistical models to 5nancial data would result in speci5cation errors when the under-
lying data-generating process scales di$erently across time. This assumption can also
lead to mispricing of 5nancial assets, and can have serious implications on portfolio
selection and risk management. There is now evidence that investors do have heteroge-
neous expectations di$erentiated according to their time dimensions (see Ref. [4]). The
co-existence of short-term as well as long-term traders indicates that there are di$erent
time scales for di$erent traders in the market. Therefore, di$erent time scales can lead
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to di$erent price formation processes, which have other e$ects such as volatility clus-
tering and foreign exchange adjustment. However, investigating the scaling properties
of foreign exchange returns and modelling its dynamics is far away from being trivial,
and one recent promising attempt is the wavelet multi-scaling approach (see Ref. [7]).
The aim of this study is to investigate the performance of the well-known stochastic

processes in 5tting the empirical distribution of the exchange rate returns at di$erent
time scales. We start with estimating the parameters of the candidate processes at
di$erent time scales and proceed with simulating the empirical distributions of exchange
rate returns from selected candidate processes. The theoretical distributions are then
compared with the empirical distribution via a Kolmogorov–Smirnov goodness-of-5t
test.

2. Candidate processes for the exchange rate returns

2.1. Random walk GARCH(1,1)

Consider the following representation of the continuous-time logarithmic price
process Pt , where Pt is a dollar price of the foreign currency at time t:

dPt=Pt = � dt + � dWt ; (1)

where t¿ 0 and Wt denotes a standard Brownian motion. The mean, �, and the
variance, �, are both de5ned per unit time. Moreover, consider the following continuous-
time representation of the returns, de5ned as Xt = ln Pt − ln Pt0 :

dXt = 	 dt + � dWt : (2)

The drift part in Eq. (2), 	 = � − 1
2�

2, can be omitted since the expected returns
are equal to zero for all return horizons. Our estimation shows further that the drift
is signi5cantly equal to zero. In fact, Andersen et al. [1] argue that it is straightfor-
ward to allow for a drift or more general forms of conditional mean predictability but
the assumption of no conditional mean provides a very good approximation for the
high-frequency returns over 20min. In order to capture volatility clustering, we use
the GARCH process for conditional volatility. Therefore, the random walk model with
GARCH(1,1) speci5cation for the exchange rate returns is presented as follows:

dXt = �t dWt = �t�t ;

�2t = �0 + �1�
2
t−1 + �2�

2
t−1 ; (3)

where �t is assumed to follow a probability distribution with zero mean and unit
variance, such as the standard normal distribution or the Student-t distribution.

2.2. Random walk with stochastic volatility

The next model considered is the random walk with stochastic volatility. The volatil-
ity of the returns is assumed to follow an Ornstein–Uhlenbeck process, hence the returns
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Table 1
Moments of return distribution for USD–DEM

Time interval Mean (×104) SD (×104) Skewness Kurtosis

30min − 0.008 9.436 − 0.339 28.092
6 h − 0.120 31.704 − 0.067 12.269
12 hours − 0.225 45.702 − 0.206 10.080
24 hours − 0.469 65.270 − 0.250 7.137
1week − 3.961 133.034 − 0.210 4.487

This table provides estimates of the 5rst four moments of the unconditional distribution
at di$erent time intervals for the USD–DEM returns for the period from January 2, 1995 to
November 27, 1996. The original data consist of continuously recorded 5-min bid and ask
prices obtained from the Olsen & Associates database. The 5-min returns are calculated
as the log di$erence of the prices and for each time interval, the returns are generated by
aggregating the 5-min returns. We present the mean, the standard deviation, the skewness,
and the kurtosis along with each time interval of 30min, 6, 12, 24 h and 1 week. The
USD–DEM returns are skewed to the right and exhibit an excess kurtosis decreasing from
the 30min to the weekly horizon.

are de5ned as follows:

dXt = �t dWt = �t�t ;

d�t = a(b− �t) dt + �v dZt ;
�t0 = �0 ; (4)

where a¿ 0; b¿ 0; �v is the variance of the volatility, and the Wiener processes,
Wt and Zt , are independent.

2.3. Jump–Di9usion process

The last process we consider is the parametric Jump–Di$usion process de5ned as

dXt = � dWt + �t dNt ; (5)

where �t is the jump and assumed to be identically and independently distributed and
lognormal with mean � and variance �2. Nt is a Poisson arrival process with parameter
� as a mean number of information arrivals per unit time. It is assumed that upon the
arrival of “abnormal” information, there is an instantaneous jump in the exchange rate
of size �t , independent of Wt .

3. The empirical data

We use the US dollar–deutsche mark (USD–DEM) spot exchange rate since it is the
most actively traded and quoted foreign currency. The USD–DEM spot rates are ob-
tained from Olsen & Associates database. The sample consists of continuously recorded
5-min bid and ask prices from January 2, 1995 through November 27, 1996 for a total
of 138,816 observations. Each quote consists of a bid and ask price with a time stamp



674 R. Nekhili et al. / Physica A 313 (2002) 671–682

Fig. 1. Autocorrelation coeQcients of the empirical returns. The 5gure present the autocorrelation coeQcients
of the USD–DEM returns from January 2, 1995 through November 27, 1996, for di$erent time horizons,
along with the corresponding autocorrelation coeQcients of the realized absolute returns, the squared returns
and the 95% signi5cance level. The original data consists of continuously recorded 5-min bid and ask prices
obtained from the Olsen & Associates database. The 5-min returns are calculated as the log di$erence of
the prices and for each time interval, the returns are generated by aggregating the 5-min returns.

to the nearest even second. The prices at each 5-min interval are obtained by linearly
interpolating from the logarithmic average of the bid and ask for the two closest ticks
as in Refs. [9,5]. The continuously compounded prices are the average of the logarithm
of the bid and ask prices:

Pt = 1
2 [ln P(bid)t + ln P(ask)t] for t = 1; : : : ; 138; 816 : (6)

Not to confound the evidence of slow trading patterns over weekends (see Ref. [3]),
we removed the weekend quotes from Friday 22:00 GMT to Sunday 22:00 GMT.
The continuously compounded 5-min returns are calculated as the log di$erence of the
prices:

Xt5 = Pt − Pt−1 for t5 = 1; : : : ; 138; 815 : (7)
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Table 2
Parameter estimates of a di$usion process with Gaussian errors

Parameter 30 min 6 h 12 h 24 h 1 week

	 0 0 0 − 1E− 06 − 14:8 E− 05
(0.0) (0.0) (− 0.0) (− 0.0) (− 0.1)

� 0.0009 0.0031 0.0044 0.0063 0.0140
(61.1)∗ (26.5)∗ (14.6)∗ (11.0)∗ (8.9)∗

Loglikelihood 13,583 8703 3988 1812 279
∗Signi5cant at 5% level.
This table gives the maximum likelihood estimation of the parameter (t-statistics are presented in paran-

theses) of a di$usion process with Gaussian errors for the USD–DEM returns from January 2, 1995 through
November 27, 1996, at di$erent time intervals. The original data consist of continuously recorded 5-min
bid and ask prices obtained from the Olsen & Associates database. The 5-min returns are calculated as the
log di$erence of the prices and for each time interval, the returns are generated by aggregating the 5-min
returns. The continuous-time return process is speci5ed as dXt =	 dt+� dWt , and the loglikelihood function
is given by

L =
1
2
ln 2� +

T∑
t=1

[
1
�
exp

(−(Xt − 	)2

2�2

)]
:

The drift 	 is highly insigni5cant at the 5% signi5cance level showing that the return process is equivalent
to a simple random walk.

To eliminate the seasonality, we 5ltered the raw 5-min returns by removing holidays
as in Ref. [1], and to avoid the bias that can be caused by the buying and selling
intensions of the quoting institutions on the price changes observed at high frequencies
(see Ref. [4]), we opted to work with 30-min aggregated returns and aggregate for
other frequencies:

Xt30 =
5∑
i=0

Xt5−i for t30 = 1; : : : ; 23; 135 : (8)

We also construct the realized volatility from returns de5ned as the absolute returns
at a certain time horizon. For instance, the 30-min realized volatility is de5ned as
follows:

�t30 =

∣∣∣∣∣
5∑
i=0

Xt5−i

∣∣∣∣∣ for t30 = 1; : : : ; 23; 135 : (9)

Table 1 gives an empirical estimation of the 5rst four moments of the unconditional
distribution at di$erent time intervals for the empirical exchange rate returns. The
returns are not normally distributed. They are skewed to the right and exhibit excess
kurtosis consistent with the existence of fat tails of the empirical distribution. Clearly,
the distribution of returns is increasingly fat-tailed as data frequency increases and
hence shows instability.
Fig. 1 represents the autocorrelation coeQcients of the empirical exchange rate re-

turns at di$erent frequencies up to 150 lags corresponding to more than 3 days. One
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Table 3
Parameter estimates of random walk-GARCH(1,1) model with Gaussian errors

Parameter 30 min 6 h 12 h 24 h 1 week

�0 4.25E− 08 2.52E− 08 4.80E− 08 2.55E− 07 − 4.21E− 07
(62.7)∗ (4.1)∗ (2.8)∗ (2.2)∗ (− 0.1)

�1 0.220 0.021 0.019 0.032 0.065
(82.1)∗ (10.9)∗ (7.3)∗ (2.0)∗ (1.0)

�2 0.777 0.975 0.977 0.961 0.925
(407.3)∗ (449.3)∗ (350.8)∗ (55.7)∗ (5.7)∗

Loglikelihood 130,762 8537 3909 1858 288
∗Signi5cant at 5% level.
This table gives the maximum likelihood estimation of the parameters (t-statistics are presented in paran-

theses) of a random walk-GARCH(1,1) model with Gaussian errors for the USD–DEM returns from January
2, 1995 through November 27, 1996, at di$erent time intervals. The original data consist of continuously
recorded 5-min bid and ask prices obtained from the Oslen & Associates database. The 5-min returns are
calculated as the log di$erence of the prices and for each time interval, the returns are generated by aggre-
gating the 5-min returns. The continuous-time return process is speci5ed as dXt=�t dWt=�t�t , the volatility
as �2t = �0 + �1�

2
t + �2�

2
t−1; and the loglikelihood is given by

L =− 1
2
ln 2� +

T∑
t=1

[
1
�t

exp
(−X 2

2�2t

)]
:

The parameters are signi5cant at the 5% signi5cance level with an exception at the weekly time interval.
Moreover, as the frequency increases, the estimates for �1 + �2 are close to unity, and thus approaching the
long-term volatility model of an integrated GARCH process.

can observe that the absolute and the squared returns for the empirical return series
have a signi5cant autocorrelation for small time lags (until 6 h), indicating the exis-
tence of volatility clustering. Moreover, there is a positive autocorrelation in the 30-min
returns (see Fig. 1) showing that the trades are positively correlated, i.e. a trade at the
ask is likely to be followed by another at the ask (see Ref. [8] for more details).

4. Methodolgy

4.1. Estimations

Table 2 provides the maximum likelihood estimation of the parameters of the dif-
fusion process with Gaussian innovations (Eq. (2)). The drift is highly insigni5cant,
con5rming our assumption that the expected returns are equal to zero for the time
intervals studied, namely 30 min, 6, 12, 24 h and weekly interval. This comes to sup-
port the assumption of Andersen et al. [1] of no dynamics in the mean of the in-
traday returns at 30-min time horizon. In Tables 3 and 4, we estimate, respectively,
the parameters of the random walk-GARCH(1,1) with Gaussian errors and the random
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Table 4
Parameter estimates of random walk-GARCH(1,1) model with Student-t errors

Parameter 30 min 6 h 12 h 24 h 1 week

�0 6.61E− 08 5.31E− 08 6.51E− 08 2.31E− 07 − 1.7E− 06
(15.97)∗ (1.69) (1.16) (0.98) (− 0.25)

�1 0.338 0.037 0.020 0.031 0.019
(20.39)∗ (2.89)∗ (2.46)∗ (2.18)∗ (0.63)

�2 0.680 0.971 0.979 0.963 0.978
(72.09)∗ (145.53)∗ (141.39)∗ (62.35)∗ (12.96)∗

v 3.266 2.649 3.100 3.930 5.400
(16.53)∗ (3.48)∗ (3.35)∗ (2.65)∗ (1.24)

Loglikelihood 133,840 8788 4004 1808 282
∗Signi5cant at 5% level.
This table gives the maximum likelihood estimation of the parameters (t-statistics are presented in paran-

theses) of a random walk-GARCH(1,1) model with Student-t errors for the USD–DEM returns from January
2, 1995 through November 27, 1996, at di$erent time intervals. The original data consist of continuously
recorded 5-min bid and ask prices obtained from the Olsen & Associates database. The 5-min returns are
calculated as the log di$erence of the prices and for each time interval, the returns are generated by aggre-
gating the 5-min returns. The continuous-time return process is speci5ed as dXt=�t dWt=�t�t , the volatility
as �2t = �0 + �1�

2
t−1 + �2�

2
t−1, and the loglikelihood is given by,

L = T
[
ln�

(
v + 1
2

)
− ln�

( v
2

)
− 1

2
ln v�

]
− v + 2

2

T∑
t=1

ln

[
1 +

(
Xt
�t
√
v

)2]
;

where v is the degree of freedom. With an exception of the weekly time horizon, all of the parameters are
signi5cant at the 5% signi5cance level, and the sum of the ARCH and GARCH terms (�1 + �2) is close to
unity, approaching the long-term volatility model of an integrated GARCH process.

walk-GARCH(1,1) with Student-t innovations. We notice that the estimates for �1 +�2
are close to unity as frequency increases, thus approaching the long-term volatility
model of Engle and Bollerslev [6]. 1 This indicates the presence of di$erent market
components corresponding to di$erent time horizons. Therefore, we can argue that the
standard GARCH volatility model may not be able to capture the heterogeneity of
traders at di$erent frequencies.
Table 5 presents the coeQcient estimates of the Jump–Di$usion process for di$erent

time horizons. 2 We 5nd that the intensity of jumps varies signi5cantly from 0.17%
for 30min to 0.05% for 12 h, and disappears for 1 day and 1 week time intervals. This

1 Some recent evidence suggests that the long-run dependencies in 5nancial market volatility may be better
characterized by a fractionally integrated GARCH, or FIGARCH model (see Ref. [2]). Since we focus on
short-term volatility, we shall not consider complicated speci5cations of the volatility and leave them for
possible extensions.

2 We also tried the estimation using the Jump–Di$usion process and the GARCH(1,1) volatility, but the
estimates were insigni5cant.



678 R. Nekhili et al. / Physica A 313 (2002) 671–682

Table 5
Parameter estimates of Jump–Di$usion process

Parameter 30 min 6 h 12 h 24 h 1 week

� 0.00050 0.00153 0.00199 0.00639 0.01433
(47.34)∗ (15.00)∗ (6.89)∗ (18.04)∗ (8.91)∗

� − 0.00003 0.00007 0.00012 − 0.00015 − 0.00020
(− 0.45) (1.07) (1.16) (− 0.01) (− 0.05)

� 0.00185 0.00125 0.00154 0.00001 0.00358
(21.29)∗ (16.31)∗ (14.05)∗ (0.00) (0.03)

� 0.00175 0.00037 0.00053 0.01475 0.01244
(13.13)∗ (7.42)∗ (5.78)∗ (0.02) (0.09)

Loglikelihood − 27802 − 1381 − 872 − 485 − 176
∗Signi5cant at 5% level.
This table gives the maximum likelihood estimation of the parameters (t-statistics are presented in paran-

theses) of a Jump–Di$usion process for the USD–DEM returns from January 2, 1995 through November
27, 1996, at di$erent time intervals. The original data consist of continuously recorded 5-min bid and ask
prices obtained from the Olsen & Associates database. The 5-min returns are calculated as the log di$erence
of the prices and for each time interval, the returns are generated by aggregating the 5-min returns. The
continuous-time return process is speci5ed as dXt = �t dWt + �tdNt , where �t is the jump and assumed to
be identically and independently distributed and lognormal with mean � and variance �2. Nt is a Poisson
arrival process with parameter � as a mean number of information arrivals per unit time. It is assumed that
upon the arrival of “abnormal” information there is an instantaneous jump in the exchange rate of size �t ,
independent of Wt . The loglikelihood is given by

L =−T�− Ti
2
ln 2� +

T∑
t=1

ln


 n∑
j=0

�j

j
1√

�2 + �2j
exp

(−(Xt − �j)2

2(�2 + �2j)

) :
The intensity of jumps (�) varies signi5cantly from 0.17% for 30min to 0.05% for 12 h, and disappears for
1 day and 1 week time interval. This shows that, at daily and weekly frequency, the Jump–Di$usion process
behaves as a simple di$usion process.

concludes that the impact of news on traders, such as the fundamental macro-economic
information or the intervention of domestic and foreign central banks, di$ers according
to the time horizon.
Finally, Table 6 presents the coeQcient estimates of the Ornstein–Uhlenbeck volatil-

ity process. The table shows the signi5cance of the mean reverting coeQcients and
shows the speed of reversion ranges from 0.06% for the 30min horizon to a higher
value of 1% for the weekly horizon.

4.2. Simulations and tests

The simulated return distributions of the four candidate process are obtained using a
Monte Carlo simulation procedure with the parameter estimates from the empirical data.
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Table 6
Parameter estimates of Ornstein–Uhlenbeck volatility model

Parameter 30 min 6 h 12 h 24 h 1 week

a 1.1690 1.9860 2.3200 1.6170 210.4810
(26.1)∗ (32.6)∗ (24.9)∗ (36.5)∗ (55.1)∗

b 0.0006 0.0019 0.0029 0.0044 0.0099
(88.9)∗ (112.24)∗ (123.2)∗ (120.0)∗ (154.0)∗

�v 0.0111 0.0047 0.0072 0.0083 0.1610
(42.1)∗ (52.1)∗ (48.0)∗ (71.4)∗ (58.5)∗

Loglikelihood 140,572 111,022 102,783 95,380 75,756
∗Signi5cant at 5% level.
This table gives the maximum likelihood estimation of the parameters (t-statistics are presented in paran-

theses) of an Ornstein–Uhlenbeck process for the realized volatility. The volatility is de5ned as the absolute
USD–DEM returns from January 2, 1995 through November 27, 1996, at di$erent time intervals. The orig-
inal data consist of continuously recorded 5-min bid and ask prices obtained from the Olsen & Associates
database. The 5-min returns are calculated as the log di$erence of the prices and for each time interval,
the returns are generated by aggregating the 5-min returns. The returns process is de5ned as dXt = �t dWt ,
the volatility process as d�t = a(b − �t) dt + �v dZt , where �t0 = �0; a¿ 0; b¿ 0; �v is the variance of the
volatility, and the Wiener processes, Wt and Zt , are independent. The loglikelihood function for the volatility
process is given by

L =− 1
2
ln 2�− 1

2
ln �2v

1− e−2a

2a
− 1

2

T∑
t=1

[�t − e−a�t−1 − b(1− e−a)]2

�2v (1− e−2a=2a)
:

All the parameters at di$erent frequencies are signi5cant at the 5% signi5cance level. For instance, the mean
reverting coeQcient (a) is highly signi5cant, and the speed of reversion (b) ranges from 0.06% for the 30
min horizon to a higher value of 1% for the weekly horizon.

The simulated distributions are contrasted against the empirical distribution in terms of
their autocorrelation plots and via a Kolmogorov–Smirnov goodness-of-5t test.
Fig. 2 shows the autocorrelation coeQcients estimated from the simulated 30-min

returns from, respectively, a random walk-GARCH(1,1) with Gaussian errors, a random
walk-GARCH(1,1) with Student-t error, a Jump–Di$usion and a random walk with
stochastic volatility, along with the corresponding autocorrelation coeQcients of the
realized absolute returns, the squared returns and the 95% signi5cance levels. We
observe signi5cant autocorrelation in the simulated absolute and squared returns for
the random walk-GARCH(1,1) with Gaussian and Student-t errors up to certain lags
and then damping for further lags up to 3 days. For the Jump–Di$usion and the
random walk with stochastic volatility, we observe that the autocorrelations for di$erent
return series are alternating between signi5cant and insigni5cant coeQcients. We can
prematurely state that only the random walk-GARCH(1,1) process 5gure as a good
candidate for the exchange rate returns.
In Table 7, we present the Kolomogorov–Smirnov goodness-of-5t values to test

whether the simulated return distributions and the empirical distribution are signi5-
cantly di$erent. If two empirical cumulative distribution functions, F1 and F2, are to
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Fig. 2. Autocorrelation coeQcients of the simulated returns. The 5gures plot the autocorrelation coeQcients
estimated from simulated half-hour return series generated from, respectively, a random walk-GARCH(1,1)
with Gaussian errors, a random walk-GARCH(1,1) with Student-t errors, a Jump–Di$usion and a random
walk with stochastic volatility model, along with the corresponding autocorrelation coeQcients of the realized
absolute returns, the squared returns and the 95% signi5cance levels. The simulated return distributions are
obtained using a Monte Carlo simulation procedure with the estimated parameters from the empirical data.

be compared, the two-sided test is de5ned as

H0: F1(x) = F2(x) for all x

H1: F1(x) �=F2(x) for at least one value of x : (10)

As Table 7 demonstrates, none of the distributions, at di$erent time intervals, cap-
ture the properties of the empirical distribution of returns at a 5% signi5cance level.
The exception can be seen with the 1 week time interval and where the random
walk-GARCH(1,1) with Student-t errors and the Jump–Di$usion process can be con-
sidered good candidates for the empirical distribution of the exchange rate returns
(p-value greater than 0.05).
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Table 7
Kolmogorov–Smirnov goodness of-5t test

Time interval 30 min 6 h 12 h 24 h 1 week

Random walk 0.137 0.138 0.157 0.174 0.220
GARCH(1,1) with (0.00) (0.00) (0.00) (0.00) (0.01)
Gaussian errors

Random walk 0.014 0.059 0.063 0.100 0.160
GARCH(1,1) with (0.01) (0.00) (0.03) (0.01) (0.15)
Student-t errors

Random walk 0.499 0.499 0.497 0.501 0.515
with stochastic (0.00) (0.00) (0.00) (0.00) (0.00)
volatility

Jump–Di$usion 0.058 0.068 0.071 0.094 0.110
(0.00) (0.00) (0.01) (0.02) (0.57)

This table gives the Kolmogorov–Smirnov goodness-of-5t statistic to test whether the cumulative frequency
distribution of the USD–DEM return distribution is signi5cantly di$erent to the cumulative frequency dis-
tributions of the simulated returns generated from the di$erent stochastic processes. The simulated return
distributions are obtained using a Monte Carlo simulation procedure with the estimated parameters from
the empirical data. For di$erent time horions, the two-sample Kolmogorov–Smirnov statistics are given and
their p-values are in parantheses. Obviously, none of the distributions, at di$erent time intervals, capture
the properties of the USD–DEM distribution of returns at a 5% signi5cance level. The exception can be
seen with the 1 week time interval and where the random walk-GARCH(1,1) with Student-t errors and the
Jump–Di$usion process can be considered good candidates for the empirical distribution of the exchange
rate returns (p-value greater than 0.05).

5. Conclusions

This paper presents evidence that the empirical distribution of returns behaves di$er-
ently at di$erent frequencies. In fact, di$erent traders who exist in the market do not
react the same way to di$erent Sows of information. Furthermore, we see that the sim-
ulated return distributions do not replicate the empirical distribution according to the
Kolmogorov–Smirnov goodness-of-5t test at the 5% signi5cance level, with an excep-
tion for the random walk-GARCH(1,1) with student-t errors and the Jump–Di$usion
model at weekly frequency. Finally, none of the studied models 5t the empirical distri-
bution of exchange rate returns at both the high and low frequencies. Broadening the
analysis to several di$erent exchange rates would determine whether the results of this
paper could be generalized to the currency market in its entirety.
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