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Abstract

The generalized anisotropic Eliashberg theory is employed to study the critical temperature of layered nonadiabatic

superconductors where the relevant phonon energy is comparable to the Fermi energy. We consider a two-dimensional

model appropriate for cuprate compounds and recently discovered superconductor magnesium-diboride (MgB2) which

also reveals layered structure. By using the McMillan approximation we present the result of calculations of critical

temperature Tc. It is shown that the critical temperature is enhanced due to the influence of anisotropy and nonadi-

abaticity.
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1. Introduction

In conventional superconductors validity of the

Eliashberg equations [1] is determined by the pa-

rameter m ¼ x0=EF, the ratio of the relevant

phonon energy x0 to the Fermi energy EF. As

shown by Migdal [2] as long as m � 1, the elec-

tron–phonon (e–ph) vertex corrections are at least

of order kx0=EF, where k is the e–ph coupling

constant, thus they can be neglected. The possible
breakdown of the Migdal theorem in some un-

conventional superconductors makes it necessary

to generalize the Eliashberg theory beyond the

m � 1 approximation. Taking these corrections
into account has been termed nonadiabatic su-

perconductivity. For high Tc superconductors of

interest in the last decade or so, the experimental

data [3] suggest that the Fermi energy ranges be-

tween EF � 0:1–0.3 eV and the Debye phonon

energy is of the order of xD � 0:08–0.16 eV,

making the Migdal ratio m not negligible. Al-

though somewhat debated there is experimen-
tal evidence [4] that e–ph interactions construe

the basic mechanism in high Tc superconductors.

Existence of strong e–ph interaction in cuprate

superconductors was confirmed by the recent

observation of the subgap structure in tunnel

Josephson junction experiments [5]. As discussed

by Maximov et al. [6] similar phenomena occur
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due to the interaction of Josephson current with

phonons. As shown by Maximov [7], the e–ph

mechanism explains many features of low-energy

relaxation process in the cuprate superconductors,

including the high values of critical tempera-

ture. With these arguments in mind, a generalized
Migdal–Eliashberg theory which includes the first

nonadiabatic correction was introduced and de-

veloped in a series of papers by Pietronero and

coworkers [8–10]. In a perturbative approach, they

considered the variation of Tc with m and e–ph

coupling strength k, for different values of the

momentum transfer q. Their method has further

been employed to investigate various other aspects
of nonadiabaticity effects [11–13]. Attempts were

also made to consider the e–ph vertex corrections

within nonperturbative schemes [14–16]. Some

contrasting results and predictions of these ap-

proaches are discussed recently by Cosenza et al.

[16] and Danylenko and Dolgov [17].

In most of the previous works, the nonadiabatic

superconductivity has been studied by requiring
the order parameter to be independent of mo-

menta. However, in unconventional superconduc-

tors there is a strong momentum dependence of the

order parameter. For instance, the order parameter

of several cuprate superconductors have a pre-

dominant d-wave symmetry DðkÞ ¼ D½cosðkxaÞ�
cosðkyaÞ	. It is well known [8–10] that the inclusion

of nonadiabatic corrections to e–ph interaction
leads to strong momentum dependence and this

induced momentum dependence leads to an en-

hancement of the critical temperature Tc. Influence
of the d-wave symmetry on the above-mentioned

behavior was studied by Paci et al. [18].

In this work we study how the anisotropy

brought about by a layered structure and the

pairing interaction affects the critical temperature.
We use the generalized Migdal–Eliashberg theory

as developed by Pietronero and coworkers [8–10]

and consider the anisotropy of the layered systems

relevant to the cuprate compounds. As mentioned

by Ummarino and Gonnelli [11] violation of the

Migdal theorem in cuprate compounds is moder-

ate, thus the perturbative treatment of nonadi-

abaticity should be reasonable. We consider the
momentum dependent generalization of the equa-

tions satisfied by the renormalization parameter,

and using the McMillan approach [19] we calcu-

late the transition temperature Tc.
In the rest of the paper, we first outline the two-

dimensional model we consider and the forma-

lism for generalized Eliashberg equations. We then

present our results by calculating the supercon-
ducting transition temperature as a function of

various parameters of interest.

2. Model and theory

Since the cuprate compounds of recent interest

consist of layered structures we assume a disper-
sion relation appropriate for a layered system of

the form [20]

EðkÞ ¼
�h2ðk2x þ k2y Þ

2m
 þ 2t½1� cosðkzdÞ	: ð1Þ

Here m
 is the in-plane effective mass, t is the

transverse transfer matrix element from one layer to

another (or tunneling integral), and d is the lattice

constant in the z-direction. Such an energy spec-
trumof carriers was used by Jiang andCarbotte [21]

for the calculation of various properties in a layered

superconductor. For E > 4t, the Fermi surface is

open and the density of states NðEÞ is constant. The
phonon spectrum of the layered crystals is, gener-

ally speaking, anisotropic. The dispersion relation

for longitudinal xLðq; qzÞ and transverse phonons

xTðq; qzÞ are given by the following expressions

x2
Lðq; qzÞ ¼ u2kðq2x þ q2yÞ þ 2

u2z
d
ð1� cosðqzdÞÞ ð2Þ

and

x2
Tðq; qzÞ ¼ u2z ðq2x þ q2yÞ þ 2

u2T
d
½1� cosðqzdÞ	; ð3Þ

in which the sound velocities satisfy the condition

uk � uT; uz. As mentioned elsewhere [8,10] the

functions appearing in the generalized Eliashberg

equations are defined by an averaging procedure

over the Fermi surface. In the case of energy

spectrum of Eq. (1) this procedure is equivalent to

integrationZ arcsinQc

0

d/ . . . ¼ 4

Z 2p

0
Qc

0

dq

fð2p
0Þ
2 � q2g1=2

. . . ;

ð4Þ
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where ðp
0Þ
2 ¼ p20 � 4m
tðl� cos pzdÞ and / denotes

the angle between p and p0 which is equal to p
0 (see
Fig. 1 in Ref. [24]), and Qc is the cut-off parameter

for the phonon momentum transfer Qc ¼ qc=2kF.
It is clear that the region of phonon transfer mo-
mentum q ¼ 2p
0 makes the major contribution to

the integrals. With this last argument, the gener-

alized Eliashberg equations for layered systems

can be obtained [8,10] using the Einstein spectrum

of effective frequency x0 which is determined by

the following expression (we shall neglect the

contribution of transverse acoustic phonons to the

e–ph coupling, due to the fact that uk � uT; uz)

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2iFS

q

¼ d

2p

Z p=d

�p=d
dqz

1

Qc

(

�
Z Qc

0

dQ

f1� Q2g1=2
x2

Lð2p
0Q; qzÞ
)1=2

¼ 2u2kðp20
�

� 4m
tÞ arcsinQc

Qc

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Q2

c

q �

þ 2u2z
d2

arcsinQc

Qc

	1=2

: ð5Þ

Now the generalized Eliashberg equations de-

scribing pairing in systems with cylindrical sym-

metry has the form

Zðpz;xnÞDðpz;xnÞ

¼ pTc

Z p

�p

dðp0zdÞ
2p

X
m

kDðpz; p0z;xn;xm;Qc;x0;EÞ
ðxn � xmÞ2 þ x2

0

� x2
0

Dðp0z;xmÞ
jxmj

2

p
arctan

E
2Zðp0z;xm; Þjxmj

� �
ð6Þ

and

Zðpz;xnÞ ¼ 1þ pTc
xn

Z p

�p

dðp0zdÞ
2p

�
X
m

kzðpz; p0z;xn;xm;Qc;x0;EÞ
ðxn � xmÞ2 þ x2

0

� x2
0

xm

jxmj
2

p
arctan

E
2Zðp0z;xmÞjxmj

� �
;

ð7Þ

in which Zðpz;xnÞ is the renormalization parame-

ter, Dðpz;xnÞ is the energy gap, E is the total

bandwidth, so that the energy is defined in the

interval �E=2 < e < E=2, and xm ¼ ð2m� 1ÞpkBTc
with m ¼ 0;�1;�2; . . . are the Matsubara fre-
quencies. Here we use the following usual notation

for the effective couplings defined as

kDðpz; p0z;xn;xm;Qc;x0;EÞ
¼ kðpz; p0zÞ½1þ 2kðpz; p0zÞPvðpz; p0z;xn;xm;Qc;x0;EÞ

þ kðpz; p0zÞPcðpz; p0z;xn;xm;Qc;x0;EÞ	 ð8Þ

and

kzðpz; p0z;xn;xm;Qc;x0;EÞ
¼ kðpz; p0zÞ½1þ kðpz; p0zÞPvðpz; p0z;xn;xm;Qc;x0;EÞ	:

ð9Þ

The expressions for the so-called vertex and cross

functions, Pv and Pc, respectively, in general case

were given by Paci et al. [18]. The vertex and cross

functions are expanded in terms of Fermi-surface

harmonics [22], which form a complete, ortho-

normal set of functions at the Fermi surface. In
the case of our model energy spectrum (Eq. (1)),

Fermi-surface harmonics can be represented by

cosðnpzdÞ. Anisotropic e–ph coupling parameter

kðpz; p0zÞ without the corrections in Eqs. (8) and (9)

are expanded as

kðpz; p0zÞ ¼ k00 þ k01 cosðpzdÞ þ k01 cosðp0zdÞ
þ k11 cosðpzd � p0zdÞ; ð10Þ

with k01 ¼ k10. As pointed out by one of us [23]

and Nakhmedov [24] the nondiagonal elements

of the e–ph interaction in layered systems with

electron spectrum of Eq. (1), the quasi-two-

dimensional phonon spectra (Eqs. (2) and (3))

are proportional to t=EF. As shown in the pre-

vious works [25,26], layered systems are charac-
terized by the low frequency optical phonons,

which correspond to the oscillations of planes

as rigid molecules with respect to each other. It

was pointed by Bergman and Rainer [27],

Dubovskii and Kozlov [28], and Alien and Dynes

[22] that low frequency phonons play a signifi-

cant role in superconductors with weak e–ph

coupling. In the opposite case, i.e. in the strong
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coupling limit, the critical temperature Tc is de-

termined by the high frequency peculiarities in the

phonon spectrum. With these arguments in mind,

we take into account the interaction of electrons

with longitudinal acoustical in-plane phonons
(Eq. (2)).

For layered systems, the above condition implies

that k11 � k01 < k00, which suggests that in sub-

sequent calculations we can neglect terms of order

k11=k01 and k11=k00. For the calculation of k00 and

k01 we will use the expression for e–ph interaction

without the vertex correction in Eq. (10). In a more

general situation we have the following expres-
sions for the vertex corrected interaction (for

convenience in Eqs. (8) and (9) other arguments

are suppressed)

kDðpz; p0zÞ ¼ kðpz; p0zÞ 1

"
þ 2

X
kz

kðkz � pzÞGðkzÞ

� Gðp0z � pz þ kzÞ
#
þ kðpz; p0zÞ

�
X
kz

kðkz � pzÞGðkzÞGðkz � pz � p0zÞ

ð11Þ

and

kzðpz; p0zÞ ¼ kðpz; p0zÞ 1

"
þ
X
kz

kðkz � pzÞ

� GðkzÞGðkz � pz þ p0zÞ
#
: ð12Þ

For the small parameter t=Tc � 1, and at tem-

peratures close to Tc, the Green�s functions of

electrons can be expressed as

Gðixn; p; pzÞ ¼
1

ixn � nðp; pzÞ

� 1

ixn � nðpÞ 1

�
þ t cosðpzdÞ
ixn � nðpÞ

�
; ð13Þ

where nðp; pzÞ � Eðp; pzÞ � l, and l being the

chemical potential. Taking into account the ex-
pression given in Eqs. (10)–(12), we obtain the

final expression for the vertex corrected e–ph in-

teraction

kD ¼ k00 þ k2
00ð2Pv � PcÞ

þ k01ð1� 2k00ð2Pv þ PcÞÞ cosðpzdÞ
þ k10ð1þ k00ð2Pv þ PcÞÞ cosðp0zdÞ
þ k00k10ð2Pv þ PcÞ cosðpzd � p0zdÞ ð14Þ

and

kz ¼ k00 þ k2
00Pv: ð15Þ

Within the model of Fermi-surface harmonics, the

order parameter takes the form

Dðpz;xÞ ¼ DðxÞ þ D1ðxÞ cosðpzdÞ: ð16Þ

As shown by Grimaldi et al. [8] the critical tem-

perature Tc can be obtained from the generalized

Eliashberg equations by an analytical approach.

The final expression for Tc beyond the adiabatic

limit in s-wave isotropic superconductors for ar-

bitrary momentum transfer is given by [8]

Tc ¼
1:13x0

ð1þ mÞe1=2 exp
m

ð2þ 2mÞ

� �

� exp

�
� 1þ kz=ð1þ mÞ

kD

�
: ð17Þ

Substituting Eqs. (14)–(16) into Eqs. (6) and (7),

and making use of the McMillan approximation

[19] we have a system of algebraic equations

ð1þ k00
z =ð1þ mÞ � k11

D xÞD0 þ k10
D xD1 ¼ 0 ð18Þ

and

k10
D xD0 þ ð1þ k00

z =ð1þ mÞ � k11
D xÞD1 ¼ 0; ð19Þ

where

x ¼ lnð1:13Þx0

Tc
� lnð1þ mÞ �

1� m
1þm

� �
2

ð20Þ

and

k00
z ¼ k00 þ k2

00Pv; ð21Þ

k00
D ¼ k00 þ k2

00ð2Pv þ PcÞ; ð22Þ

k01
D ¼ k01 þ 2k00k01ð2Pv þ PcÞ; ð23Þ

k11
D ¼ k00k11ð2Pv þ PcÞ: ð24Þ

From the condition of vanishing of the determi-

nant of system of equations (Eqs. (18) and (19))
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and the condition t=EF � 1, we obtain the fol-

lowing explicit formula for the critical temperature

Tc
Tc0

¼ expðjðk01=k00Þ2Þ; ð25Þ

where Tc0 is the critical temperature without the
vertex corrections and

j ¼ 1

2

1þ k00ð1þ k00PvÞ=ð1þ mÞ
k00ð1þ k00ð2Pv þ PcÞÞ

� �

� ð1þ k00PvÞ=ð1þ mÞ
k00ð1þ k00ð2Pv þ PcÞÞ

� �
: ð26Þ

The coefficient j embodies the effects of vertex

corrections and anisotropy in determining Tc. The
explicit forms of the vertex correction Pv and cross

correction Pc for the two-dimensional case are
presented by Paci et al. [18].

3. Results and discussion

Our main result for the effects of anisotropy on

the critical temperature in layered nonadiabatic

superconductors is given by Eq. (25). To assess

these effects more quantitatively, we show in Fig.

1, Tc=Tc0 as a function of k01=k00, for different
values of Qc (where Qc is the cut-off parameter of

phonon momentum transfer). The explicit expres-

sions for k00 and k01 with the energy spectrum of

Eq. (1) were presented in Ref. [23]. These expres-

sions embody microscopic parameters which may

be obtained from the experimental data (for ex-

ample, uk, uz, EF). However, our final expression

for the critical temperature Tc given in Eq. (25)
contains only the ratio of the parameters k01=k00.

For the case of two-dimensional superconductors

we take k00 ¼ 0:5. In this figure the dashed curve

denotes the behavior of Tc without the vertex

corrections. Solid curves are for different Qc values

in the range 0.1–0.9, from top to bottom, respec-

tively. We observe that the nonadiabatic correc-

tions become more prominent for small values of
Qc. Note that j increases as Qc decreases. For the

value Qc ¼ 0:9, the coefficient j becomes lower

than that in the adiabatic case. Thus, the vertex

corrections have similar behavior in the aniso-

tropic and isotropic superconductors when Qc is

small. The critical temperature in the nonadiabatic

case is enhanced compared to the solution without

the vertex and cross corrections.
Here we will discuss briefly the limits of using

Fermi averaged acoustic phonons in the nonadia-

batic limit. According to Madhukar [29], the

magnitude of the vertex correction Pv in two di-

mensions for small phonon momentum transfer is

Pv ’ k
x1=2ðqÞ
v1=2F q1=2

* +
: ð27Þ

Effective phonon frequency x0 at small Qc and

uk � uz is given as x0 ’ ukðp20 � 4m
tÞ1=2Qc. The

averaging procedure over the Fermi surface for the
quantity h 1

q1=2
i is given by the following expression

1

Q1=2

� �
¼ 1

Qc

Z Qc

0

dQ

f1� Q2g1=2
1

Q1=2

’ 1

Q1=2
c

: ð28Þ

As follows from Eqs. (27) and (28) the classical

Migdal result with effective phonon frequency

remains unchanged. Thus, nonadiabatic effects

for acoustic phonons become important for small
values of phonon momentum transfer. However,

as shown by Karakozov and Maksimov [30] strong

nonadiabatic effects are possible for high phonon

Fig. 1. The behavior of Tc=Tc0 as a function of k01=k00, for

k00 ¼ 0:5 and m ¼ 0:2. The dashed line is for the case without

vertex corrections. The solid lines are for different values of the

cut-off parameter Qc ¼ 0:9, 0.7, 0.5, 0.3, and 0.1, from bottom

to top.
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momentum transfer with wave vector q, which

coincide with nesting wave vector Qnest. Energy
spectrum of Eq. (1) exhibits nesting properties, but

here nonadiabaticity related to nesting is not

considered.

Dependence of j on the nonadiabaticity pa-

rameter m is displayed in Fig. 2 for two different

values of Qc ¼ 0:1 and 0.9. As can be seen in the

figure, in both cases j decreases with increasing m.

At small m, corrections become more significant
and they are reduced by increasing m. The be-

havior of j for other values of Qc is similar to that

shown in Fig. 2. These results we obtain seem in-

teresting and relevant in connection with cuprate

compounds as layered nonadiabatic superconduc-

tors. Another popular layered superconductor is

Sr2RuO4 with Tc � 1 K, which is rather low [31].

The layered structure of this system leads to a
nearly cylindrical Fermi surface which is open

along the c-axis. However, there are various indi-

cations for strong correlations and nonadiabaticity

effects are absent in Sr2RuO4 compounds. Thus, in

isotropic single-band s-wave nonadiabatic super-

conductors vertex corrections are strongly depen-

dent on the momentum transfer and small values

of Qc lead to an enhancement of the critical tem-
perature Tc [8–10].

As a concluding remark, it is interesting to add

some considerations on the newly discovered su-

perconductor magnesium diboride [32]. This ma-

terial also has a layered structure with the boron

atoms forming layers of two-dimensional honey-

comb lattices. However, the Fermi level (0.5 eV)

crosses the in-plane r bands leading to a quasi-

two-dimensional character of the electronic prop-
erties [33]. High phonon frequency of the boron

atoms (xph ¼ 0:1 eV) indicates that MgB2 could be

in the nonadiabatic regime of the e–ph interaction

[34]. An additional interesting point is that the

superconductivity in MgB2 has two band and

anisotropic character. Two band conventional

Eliashberg theory for the MgB2 was supposed by

Shulga et al. [35] for the study of upper critical
field problem in MgB2. Investigations of nonadi-

abaticity in the framework of generalized isotropic

Eliashberg equations was conducted [36] which are

applicable for bulk samples of MgB2. Recent

studies with the growth of single crystals [37] show

anisotropy of physical properties in MgB2. From

this point view our calculations seem attractive for

the future study of nonadiabaticity effects in lay-
ered MgB2.

In this paper we have studied the problem of the

momentum dependence of the nonadiabatic cor-

rections for the a cylindrical symmetry of the order

parameter. It is shown that in this case, inclusion

of the nonadiabatic corrections enhances Tc com-

pared to that without the vertex correction. There

are various approximations in our presentation
which may be improved in future calculations.

Exact numerical solution [38] of the equations

satisfied by the renormalization function Zðpz;xnÞ
should yield more quantitative results for the

critical temperature Tc. We believe, however, the

essential behavior of Tc on the nonadiabaticity

parameter m for anisotropic superconductors

should remain qualitatively the same. Finally,
it should be possible to extend the ideas and

formalism employed in this work to study the non-

adiabatic corrections in other types of electron–

boson mechanisms.
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