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A scheme for nonconditional generation of long-living maximally entangled states between two spatially
well separated atoms is proposed. In the scheme, ⌳-type atoms pass a resonatorlike equipment of dispersing
and absorbing macroscopic bodies giving rise to body-assisted electromagnetic field resonances of well-defined
heights and widths. Strong atom-field coupling is combined with weak atom-field coupling to realize entanglement transfer from the dipole-allowed transitions to the dipole-forbidden transitions, whereby the entanglement
is preserved when the atoms depart from the bodies and from each other. The theory is applied to the case of
atoms passing by a microsphere.
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I. INTRODUCTION

Generation of entanglement in atomic systems has been a
subject of intense theoretical and experimental study motivated by both the fundamental issue and potential applications in quantum-information processing. In this context, the
realization of easily controllable long-living entangled states
of spatially well-separated atoms has been one of the crucial
and challenging problems. A number of methods of entanglement preparation between atoms have been considered, such
as the use of quantum-correlated light fields interacting with
separate atoms, thereby transferring their entanglement to the
atoms 关1–7兴, appropriate measurements on the light in
multiatom-light interaction processes, thereby conditionally
projecting the atoms in entangled states 关8–18兴, and the technique of quantum reservoir engineering in a cascaded cavityQED setting 关19兴.
Photon exchange between two atoms is one of the simplest processes to entangle two atoms in a common electromagnetic field. The effect, which is very weak in free space,
can be enhanced significantly when the atoms are in a cavity
关20–22兴. Usually attempts are made to minimize the effect of
spontaneous emission. Quite counterintuitively, in certain
situations one can take advantage of the spontaneous emission for entanglement generation 关23–26兴. Consider, for example, two two-level atoms located in free space with one of
them being initially excited. This product state is a superposition of a symmetric 共superradiant兲 state and an antisymmetric 共subradiant兲 state. If the two atoms are separated by distances much smaller than the wavelength, the symmetric
state decays must faster than the antisymmetric one, leaving
the system in a mixture of the ground state and the entangled
antisymmetric state.
The scheme also works at distances much larger than the
wavelength, if a resonatorlike equipment is used which sufficiently enhances the atom-field coupling, thereby ensuring
that a photon emitted in the process of resonant photon exchange, which is mediated by real photon emission and absorption, is accessible to the two atoms. This condition can
be satisfied, for instance, when the atoms pass by a dielectric
microsphere at diametrically opposite positions 关23兴. If the
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distance of the atoms from the surface of the sphere becomes
sufficiently small, then the excitation of surface-guided 共SG兲
and whispering-gallery 共WG兲 waves can give rise to strong
collective effects, which are necessarily required to generate
substantial entanglement. Needless to say, other than spherically symmetric bodies can also be used to realize a noticeable mutual coupling of the atoms.
A drawback of the use of two-level-type atoms is that the
entanglement is transient. In particular, when two atoms that
have become entangled with each other near a body such as
a microsphere move away from it 共and from each other兲,
then they undergo ordinary spontaneous emission 共in free
space兲, which destroys the quantum coherence. Preservation
of the atomic entanglement over long distances between the
atoms is therefore not possible in this way.
The contradictory effects of entanglement creation and
destruction typical of two-level atoms can be combined in a
more refined scheme involving two three-level atoms each of
⌳ type 共Fig. 1兲, where the two lower-lying states 兩1典 and 兩2典
such as the ground state and a metastable state or two metastable states represent the qubits that are desired to be entangled with each other 关27兴. Whereas the transition 兩1典 ↔ 兩3典
is strongly coupled to the field, the transition 兩2典 ↔ 兩3典 is only
weakly coupled to the field. Each atom is initially in the state
兩1典, while the field is prepared in a single-photon state. Let us
assume that due to Rabi oscillations the state 兩3典 of one of the

032326-1

FIG. 1. Three-level atom of ⌳ type.
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two atoms 共we do not know which one兲 is populated. Irreversible decay to the state 兩2典 is then accompanied by an
entanglement transfer forming a 共quasi兲stationary entangled
state between the two atoms with respect to the states 兩1典 and
兩2典. Its lifetime is limited only by the lifetime of the metastable states, and the degree of entanglement achievable can
approach 100% in principle. Moreover, the scheme is nonconditional and realizable by means of current experimental
techniques.
In fact, the model Hamiltonian used in Ref. 关27兴 is based
on a Dicke-type system and does not allow for atoms that are
spatially well separated from each other, with the interatomic
distance being much larger than the characteristic wavelengths. However, for many applications in quantuminformation processing or for testing Bell’s inequalities, large
interatomic distances and thus the possibility of individual
manipulation of the atoms are necessary prerequisites. The
aim of the present paper is to close this loophole, by considering two spatially well-separated ⌳-type three-level atoms
appropriately positioned with respect to macroscopic bodies,
so that the two key ingredients—enhanced atom-field coupling and sharp field resonances can be realized. Note that
the second ingredient is absent in the case of a superlens
geometry 关26兴. To illustrate the theory, we apply it to the case
of the two atoms being near a realistic dielectric microsphere. The formalism used is based on the quantization of
the macroscopic electromagnetic field and allows one to take
into account material dispersion and absorption in a
quantum-mechanically consistent manner.
The paper is organized as follows. In Sec. II the basic
equations for describing the interaction of N multilevel atoms with the electromagnetic field in the presence of dispersing and absorbing macroscopic bodies are given. In Sec. III
the theory is applied to the problem of formation of an entangled state between two ⌳-type three-level atoms. Section
IV presents the results obtained for the case when the two
atoms are at diametrically opposite positions outside a microsphere. Finally, a summary and some concluding remarks
are given in Sec. V.

Consider N multilevel atoms at given positions rA that
interact with the electromagnetic field in the presence of
some macroscopic, linear bodies, which are allowed to be
both dispersing and absorbing. In the electric dipole approximation, the overall system can be described by the
multipolar-coupling Hamiltonian 关28兴
Ĥ =

冕 冕
兺冕
d 3r

d ប f̂†共r, 兲f̂共r, 兲 +

0

⬁

−

A

d关d̂AÊ共rA, 兲 + H.c.兴.

field in the  domain, Ê共r , 兲, expressed in terms of the
fundamental variables f̂共r , 兲, reads
Ê共r, 兲 =
where
G̃共r,r⬘, 兲 = i

冕

冑

d3r⬘G̃共r,r⬘, 兲f̂共r⬘, 兲,

ប 2
冑Im 共r⬘, 兲G共r,r⬘, 兲,
0 c2

共2兲

共3兲

with G共r , r⬘ , 兲 being the classical Green tensor satisfying
the equation
 ⫻  ⫻ G共r,r⬘, 兲 −

2
共r, 兲G共r,r⬘, 兲 = ␦共r − r⬘兲
c2
共4兲

关␦共r兲 is the dyadic ␦ function兴 together with the boundary
conditions at infinity. Throughout the paper we restrict our
attention to dielectric bodies, which are described by a spatially varying complex permittivity 共r , 兲 = Re 共r , 兲
+ i Im 共r , 兲.
Next let suppose that the excitation spectrum of the bodyassisted electromagnetic field shows a resonance structure,
with the lines being well separated from each other. With
regard to the atom-field coupling, we assume that a few
atomic transitions can be strongly coupled to field resonances tuned to them, while the other ones are weakly
coupled to the field. In close analogy to Ref. 关29兴, it can be
shown that the density operator of the system consisting of
the atoms and that part of the body-assisted electromagnetic
field which strongly interacts with the atoms obeys the master equation

冋兺兺

i ˆ
mn
%̂˙ = − 关H̃S,%̂兴 + i ⬘ ␦AA⬘共R̂AmnR̂A⬘nm%̂ − R̂A⬘nm%̂R̂Amn兲
ប
A,A m,n

II. MASTER EQUATION

⬁

= 兩m典AA具n兩 are the atomic 共flip兲 operators with 兩m典A being the
mth energy eigenstate of the Ath atom 共of energy បAm兲, and
d̂A = 兺m,ndAmnR̂Amn are the electric dipole operators of the atoms 共dAmn = A具m兩d̂A兩n典A兲. Further, the body-assisted electric

兺A 兺m បAmR̂Amm
共1兲

0

册

+ H.c. −

⬘

mn
⬘关⌫AA
共R̂ R̂
%̂ − R̂A⬘nm%̂R̂Amn兲
兺兺
⬘ Amn A⬘nm
m,n

1
2 A,A

兴

⬘

共5兲

+ H.c. ,

⬘ indicates that A ⫽ A⬘ and the
where the primed sum 兺A,A
⬘
primed sum 兺m,n
⬘ indicates that transitions that can strongly
interact with the body-assisted electromagnetic field are excluded. In Eq. 共5兲
ˆ
H̃S =

冕 冕
⬘
兺冕

⬘⬁

d 3r

d ប f̂†共r, 兲f̂共r, 兲 +

0

Here, the bosonic fields f̂共r , 兲 and f̂†共r , 兲 are the canonically conjugated variables of the system, which consists of
the electromagnetic field and the bodies 共including the dissipative system responsible for absorption兲, the R̂Amn

−

A

where
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mn
␦AA
= 兺 ␦AA
,

m
˜ Am = Am − ␦AA

,

共7兲

i
L̂%̂ ⬅ − 共Ĥ%̂ − %̂Ĥ†兲,
ប

n

mn
being obtained from
with ␦AA
mn
␦AA
⬘

1
=
P
ប   0c 2

冕

⬁

Ŝ%̂ ⬅

*

d 

2

dAmnImG共rA,rA⬘, 兲dA⬘mn

mn
⌫AA⬘

=

iប
ˆ
Ĥ = H̃S + ĤD −
2 A,A

mn
R̂ R̂
.
兺 m⬎n
兺 ⬘⌫AA
⬘ Amn A⬘nm

mn
mn
␦AA
= ␦ A⬘A ,
⬘
mn

⌫AA⬘ = ⌫A⬘A

%̂共t兲 =

册

共11兲

共12兲

where
ĤD = −

mn
,R̂ R̂
兺 ⬘m⬎n
兺 ប⌬AA
⬘ Amn A⬘nm

共13兲

A,A⬘

describes the dipole-dipole interaction between the atoms,
with
⌬AA⬘ = ␦AA⬘ + ␦A⬘A.
mn

mn

nm

共14兲

Equation 共12兲 reveals that the 共undamped兲 system is govˆ
erned by an effective Hamiltonian equal to H̃S + ĤD. Note
that this is not true in general, but only under the conditions
共10兲 and 共11兲.
To construct the 共formal兲 solution to the master equation
共12兲, we first rewrite it in the form of
%̂˙ = L̂%̂ + Ŝ%̂,

ˆ

%̂共0兲共t兲 = eL共t−t0兲%̂共t0兲,
%̂共n兲共t兲 =

冕 冕
t

tn

dtn

dtn−1 ¯

t0

t0

⫻ Ŝe

Lˆ共tn−tn−1兲

¯ Ŝe

冕

t2

共20兲

ˆ

dt1eL共t−tn兲

t0

Lˆ共t1−t0兲

%̂共t0兲,

n = 1,2,3….
共21兲

Although Eq. 共19兲 is not a perturbative expansion, it can be
helpful, as we shall see below, in finding the explicit solutions to the master equation.
III. TWO THREE-LEVEL ATOMS OF ⌳ TYPE
A. Solution to the master equation

mn
共R̂ R̂
%̂
兺 ⬘⌫AA
⬘ Amn A⬘nm

− 2R̂A⬘nm%̂R̂Amn + %̂R̂AmnR̂A⬘nm兲,

共19兲

where

共10兲

兺 m,n
⬘

兺 %̂共n兲共t兲,

n=0

are satisfied, which is the case when, for example, the atoms
are identical and located in free space or at equivalent positions with respect to the macroscopic bodies, then the master
equation 共5兲 takes the somewhat simpler form of

冋

⬘

⬁

关⍜共x兲 is the unit step function兴. The primed integrals in Eq.
共6兲 indicate that the part of the field that weakly interacts
with the atoms has to be omitted, because its effect is taken
into account by the level shifting and broadening according
to Eqs. 共8兲 and 共9兲.
If the conditions

1
i ˆ
%̂˙ = − H̃S + ĤD,%̂ −
2 A,A
ប

共18兲

From Eqs. 共15兲–共17兲 it then follows that

˜ A⬘mn兲dA* mn
G共rA,rA⬘, 
⬘
共9兲

mn

共17兲

and the non-Hermitian “Hamiltonian” Ĥ reads

共P is the principal part兲 for A = A⬘. For A ⫽ A⬘, the parammn
are the dipole-dipole coupling strengths between
eters ␦AA
⬘
mn
are
different atoms A and A⬘. Further, the decay rates ⌫AA
⬘
defined according to
˜ A2 mn
2
⬘
˜ A⬘mn兲dAmnIm
⍜共
ប0c2

mn
⬘⌫AA
R̂
%̂R̂ ,
兺兺
⬘ A⬘nm Amn
m,n

A,A⬘

共8兲

˜ A⬘mn
−

0

共16兲

共15兲

where L̂ and Ŝ are superoperators which act on %̂ according
to the rules

Let us specify the atomic system and consider two identical three-level atoms A and B of ⌳ type as sketched in Fig.
1. We assume that the dipole-allowed transition 兩1典 ↔ 兩3典 is
tuned to a body-induced electromagnetic field resonance,
thereby giving rise to a strong dipole-allowed atom-field
coupling. Further, we assume that the dipole-allowed transition 兩2典 ↔ 兩3典 is weakly coupled to the body-assisted electromagnetic field, and the transition between the states 兩1典 and
兩2典 is dipole forbidden. Restricting our attention to two atoms
at equivalent positions with respect to the macroscopic bodies, so that the corresponding transition frequencies are
equally shifted and the relations 共10兲 and 共11兲 hold, we may
apply the master equation in the form of Eq. 共12兲 and its
solution in the form of Eqs. 共19兲–共21兲.
Let us assume that the two atoms are initially in the
ground state 兩1 , 1典共兩i , j典 ⬅ 兩i典A 丢 兩j典B , i , j = 1, 2, 3兲 and the rest
of the system is prepared in the state
兩F典 =

冕 冕
⬘⬁

d

d3r C共r, ,t0兲f̂†共r, 兲兩兵0其典,

共22兲

0

where C共r ,  , t0兲 as a function of  is nonzero in a small
˜ A31 = 
˜ B31, and 兩兵0其典 is the vacuum state.
interval around  ⯝ 
The initial density operator can then be given in the form of
共t0 = 0兲
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%̂共0兲 = 兩⌿共0兲典具⌿共0兲兩,

兩⌿共0兲典 = 兩1,1典 丢 兩F典.

共23兲

Ŝ关兩⌿共t兲典具⌿共t兲兩兴 = 兩兵0其典具兵0其兩 丢

In order to determine the density operator at time t, we begin
by calculating the first term of the series 共19兲, viz.,
ˆ

%̂共0兲共t兲 = eLt%̂共0兲 = 兩⌿共t兲典具⌿共t兲兩.

⫻兩+12典具+12兩 +

共24兲

⫻兩−12典具−12兩 +

Recalling the initial condition 共23兲 and the form of Ĥ, we
ˆ
may expand 兩⌿共t兲典 = e−iHt/q兩⌿共0兲典 in rotating-wave approximation as

⫻兩−13典 丢 兩兵0其典 +

冕 冕
d

d3r e−i共˜ A1+˜ B1+兲t

0

⫻ C共r, ,t兲f̂†共r, 兲兩兵0其典 丢 兩1,1典,

共25兲

where 兩±13典 = 2 共兩3 , 1典 ± 兩1 , 3典兲. Modeling the field resonance strongly coupled to the atomic transition 兩1典 ↔ 兩3典 by a
˜ A31 and ⌬C being the central freLorentzian, with C ⬇ 
quency and the half width at half maximum, respectively,
from the Schrödinger-type equation for 兩⌿共t兲典, we find that
C±共t兲 satisfies the second-order differential equation
共26兲

冊
冊

1
1 32
⌫+ 兩C−兩2 + ⌫−32兩C+兩2
2
2

冋冉

1
1 32
⌫+ C+C−* + ⌫−32C+*C−
2
2

册冎

冊

,

共31兲

ŜŜ关兩⌿共t兲典具⌿共t兲兩兴 = 0

共32兲

32
, 兩±12典 = 2−1/2共兩2 , 1典 ± 兩1 , 2典兲兴. Recalling that Ĥ
关⌫±32 = ⌫32 ± ⌫AB
acts on atomic states in the subspace spanned by 兩±13典, we
see that
ˆ

eL共t−t1兲Ŝ关兩⌿共t1兲典具⌿共t1兲兩兴 = Ŝ关兩⌿共t1兲典具⌿共t1兲兩兴,

−1/2

C̈± + a±Ċ± + b±C± = Ḟ±共t兲 + 共i⌬ + ⌬C兲F±共t兲.

冉

1 32
1
⌫+ 兩C+兩2 + ⌫−32兩C−兩2
2
2

⫻兩+12典具−12兩 + H.c.

兩⌿共t兲典 = C+共t兲e−i共˜ A1+˜ B3兲t兩+13典 丢 兩兵0其典 + C−共t兲e−i共˜ A1+˜ B3兲t

⬘⬁

再冉

leading to
%共1兲共t兲 =

冕

共33兲

t

dt1Ŝ关兩⌿共t1兲典具⌿共t1兲兩兴

共34兲

0

关cf. Eq. 共21兲兴. Further, Eqs. 共32兲 and 共33兲 imply that %̂共n兲
= 0 if n 艌 2. Thus, the solution to the master equation reads
%̂共t兲 = 兩⌿共t兲典具⌿共t兲兩 +

Here,

冕

t

dt1Ŝ关兩⌿共t1兲典具⌿共t1兲兩兴

共35兲

0

1
31
兲 + ⌬C + ⌫32 ,
a± = i共⌬ ⫿ ⌬AB
2

b± =

g±2

+ 共⌬ − i⌬C兲

冉

31
±⌬AB

共27兲

B. Stationary limit

冊

i
+ ⌫32
2

共28兲

32
32
= ⌫BB
兲,
共⌫32 ⬅ ⌫AA

g±2

i

q冑2

Let us restrict our attention to the stationary limit t → ⬁.
Since F±共t兲 approaches zero as t tends to infinity, it follows
that limt→⬁C±共t兲 = 0. Inserting Eq. 共25兲 in Eq. 共35兲 and taking
the trace with respect to the f̂ fields, we derive
%̂at ⬅ Trf%̂共t → ⬁兲

1
= ⌫±31⌬C,
2

⌫±31 =

⌫31 ±

31
⌫AB
,

= ␣+兩+12典具+12兩 + ␣−兩−12典具−12兩 + 共␤兩+12典具−12兩 + H . c . 兲

共29兲

˜ A31, and
⌬ = C − 
F±共t兲 =

together with Eqs. 共25兲 and 共31兲.

共36兲

冕

32
dt共⌫±32兩C+兩2 + ⌫⫿
兩C−兩2兲,

共37兲

dt共⌫+32C+C−* + ⌫−32C+*C−兲.

共38兲

where

冕 冕
⬘⬁

d

d3r e−i共−˜ A31兲t

␣± =

0

⫻ dA31关G̃共rA,r, 兲 ± G̃共rB,r, 兲兴C共r, ,0兲. 共30兲
In Eq. 共29兲 ⌫
and
are defind according to
˜ A31 being replaced by C. Since C共r ,  , t兲
Eq. 共9兲, but with 
can be obtained from C±共t兲, once C±共t兲 are known, 兩⌿共t兲典
and %̂共0兲共t兲 = 兩⌿共t兲典具⌿共t兲兩 are known as well.
To calculate the terms %̂共n兲共t兲共n ⬎ 0兲, Eq. 共21兲, of the series 共19兲, we note that the action of the operator Ŝ on
%̂共0兲共t兲 = 兩⌿共t兲典具⌿共t兲兩 corresponds to atomic transitions 兩3典
→ 兩2典. Thus, only the states 兩±13典 can contribute to
Ŝ关兩⌿共t兲典具⌿共t兲兩兴, and we derive
31

+ 共1 − ␣+ − ␣−兲兩1,1典具1,1兩,

31
31
⬅ ⌫AA
= ⌫BB

␤=

31
⌫AB

1
2

1
2

⬁

0

冕

⬁

0

To determine the accessible entanglement of the two atoms, it may be instructive to study the concurrence of the
atomic subsystem
C = 冑+ − 冑− ,

共39兲

where ± are the two eigenvalues ± of ˆ at˜ˆ at, with ˜ˆ at being
the spin-flipped density operator 关30兴. A somewhat lengthy
but straightforward calculation yields
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1
± = 兵␣+2 + ␣−2 − 2关共Re␤兲2 − 共Im␤兲2兴其
2
±

1
冑关共␣+ + ␣−兲2 − 4共Re␤兲2兴关共␣+ − ␣−兲2 + 4共Im␤兲2兴.
2
共40兲

distinguish between the following three cases.
(a) g± Ⰷ ⌫32 Ⰷ ⌬C Ⰷ g⫿. In this case, either the symmetric state 兩+13典 or the antisymmetric state 兩−13典 is strongly
coupled to the medium-assisted electromagnetic field
whereas the other one is weakly coupled. For the strongly
and weakly coupled states, respectively, Eq. 共43兲 approximates to

The nearer 1 the value of C is 共0 艋 C 艋 1兲, the higher is the
degree of entanglement. Equations 共39兲 and 共40兲 reveal that a
noticeably entangled state of the two atoms can be generated
if

␣+共␣−兲 Ⰷ ␣−共␣+兲,兩␤兩;

共41兲

Let us return to Eq. 共26兲 and focus on the case where
Ḟ±共t兲 ⯝ − 共i⌬ + ⌬C兲F±共t兲

共42兲

C⫿共t兲 =

F±共0兲 −a t/2 q t/2 −q t/2
e ± 共e ± − e ± 兲
q±

共43兲

共q± = 冑a±2 − 4b±兲. Restricting again our attention to the stationary limit, we further assume, for simplicity, that both the
31
vandetuning ⌬ and the dipole-dipole coupling strength ⌬AB
ish. Since even under these conditions the explicit form of
the expansion coefficients ␣±, Eq. 共37兲, and ␤, Eq. 共38兲, is
rather involved, we renounce its presentation here but consider instead some instructive special cases.
From Eqs. 共27兲 and 共43兲 it is seen that the damping constant of C± is determined by the sum of the half width at half
maximum of the field resonance strongly coupled to the transition 兩3典 ↔ 兩1典 and the half width at half maximum of the
transition 兩3典 → 兩2典 , ⌬C and ⌫32 / 2, respectively. Due to the
finite ⌬C, an atom tends to occupy the state 兩1典, while the
effect of the finite ⌫32 is that the atom prefers to occupy the
state 兩2典. We may therefore restrict ourselves to situations in
which
⌫32 Ⰷ ⌬C.

⌫±31
31
⌫⫿

Ⰷ 1,

32
⌫±共⫿兲
32
⌫⫿共±兲

Ⰷ 1,

␤ = 关⌫+32F+共0兲F−*共0兲 + ⌫−32F+*共0兲F−共0兲兴

⌫32
4
2g+共−兲

共48兲

共49兲

for g+共−兲 Ⰷ g−共+兲.
(b) g± Ⰷ g⫿ Ⰷ ⌫32 Ⰷ ⌬C. When both g± and g⫿ dominate
the other parameters, then the states 兩+13典 and 兩−13典 are both
strongly coupled to the medium-assisted electromagnetic
field, and Eq. 共43兲 approximates to
C±共t兲 =

F±共0兲 −⌫32t/4
e
sin共g±t兲,
g±

共50兲

which is exactly analogous to Eq. 共46兲. The steady-state density operator parameters ␣± and ␤ take the approximate form
of
兩F+共0兲兩2 1 32 兩F−共0兲兩2
1
␣± = ⌫±32 2 32 + ⌫⫿
2
2
g +⌫
g−2⌫32

共51兲

and, for g+共−兲 Ⰷ g−共+兲,

␤ = 关⌫+32F+共0兲F−*共0兲 + ⌫−32F+*共0兲F−共0兲兴

⌫32
.
4
2g+共−兲

共52兲

(c) ⌫32 Ⰷ g± Ⰷ g⫿ , ⌬C. When the value of ⌫32 sufficiently
exceeds the values of the other parameters, then from Eq.
共43兲 it follows that
C±共t兲 =

共45兲

where the upper sign conventions belong together and the
lower sign conventions belong together. Note that the first
inequality is equivalent to g± Ⰷ g⫿ 关cf. Eq. 共29兲兴. We now

共47兲

2
兩F−共+兲共0兲兩2
1 32 兩F+共−兲共0兲兩
32
␣± = ⌫±共⫿兲 2
+ ⌫⫿共±兲 32 2
,
2
共⌫ 兲 ⌬C
g+共−兲⌫32

共44兲

To achieve noticeable entanglement, the interatomic cou31
pling should be sufficiently strong, i.e., 兩⌫AB
兩 → ⌫31 and
32
兩⌫AB兩 → ⌫32, equivalently,

2F⫿共0兲 −⌬ t −⌫32t/2
关e C − e
兴.
⌫32

It is seen that C±共t兲 undergoes damped Rabi oscillations of
frequency g±, while C⫿共t兲 undergoes a two-channel exponential decay. The steady-state density operator parameters
␣±, Eq. 共37兲, and ␤, Eq. 共38兲, approximate to

is valid, so that the term on the right-hand side in Eq. 共26兲
can be omitted. Obviously, this is the case when initially the
共Lorentzian兲 field resonance of mid-frequency C and width
⌬C is excited 共for details, see Sec. III D兲. Under the initial
conditions C±共0兲 = 0 and Ċ±共0兲 = F±共0兲, the solution to Eq.
共26兲 can then be written in the form of
C±共t兲 =

共46兲

and

thus C → ␣+共␣−兲. Needless to say, the entanglement condition
共41兲 is already expected from inspection of Eq. 共36兲.
C. Different coupling regimes

F±共0兲 −⌫32t/4
e
sin共g±t兲
g±

C±共t兲 =

2F±共0兲 −⌬ t −⌫32t/2
关e C − e
兴,
⌫32

共53兲

i.e., the behavior typical of weakly coupled states is observed
关cf. Eq. 共47兲兴. In this approximation, the steady-state density
operator parameters ␣± and ␤ read
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␣± = ⌫±32

兩F+共0兲兩2
共⌫32兲2共⌬C + 2g+2/⌫32兲

32
+ ⌫⫿

兩F−共0兲兩2
共⌫32兲2共⌬C + 2g−2/⌫32兲
共54兲

and, for g+共−兲 Ⰷ g−共+兲,

␤=

⌫+32F+共0兲F−*共0兲 + ⌫−32F+*共0兲F−共0兲
2
共⌫32兲2共⌬C + g+共−兲
/⌫32兲

共55兲

.

D. Preparation of the initial state

One possible way to initially prepare the medium-assisted
electromagnetic field in the desired quantum state 共22兲 is to
˜ D31 = 
˜ A31
use an additional atom, say atom D, such that 
˜ B31 = C. Let the transition 兩1典 ↔ 兩3典 of atom D strongly
=
interact with the medium-assisted electromagnetic field in
the absence of atoms A and B. When atom D is initially
prepared in the excited state and the medium-assisted electromagnetic field is initially prepared in the vacuum state,
then the probability amplitude of finding, after some interaction time ⌬t, atom D 共regarded as an effective two-level
system兲 in the ground state and the f̂ fields in a singlequantum state is 关29兴
C共r, ,t = 0兲 =

i
ប

冕

0

−⌬t

*
dt⬘dD31
G̃*共rD,r, 兲ei共−˜ D31兲t⬘CUD共t⬘兲,

共56兲
where
CUD共t兲 = e−⌬C共t+⌬t兲/2cos关gD共t + ⌬t兲兴

31
⌬C/2
gD = 冑⌫DD

共58兲

is the single-atom Rabi frequency. It is seen that F±共t兲, Eq.
共30兲, calculated by using Eq. 共56兲 satisfies Eq. 共42兲. To calculate F±共0兲, we fix the interaction time ⌬t such that
CUD共0兲 = 0; thus


.
2gD

F±共0兲 = −

31
31
共⌫AD
± ⌫BD
兲⌬C

2冑2gD

冉

exp − ⌬C

冊


.
2gD

共60兲

31
31
31
Note that the definition of ⌫AD
, ⌫BD
, and ⌫DD
is analogous to
that in Sec. III A.
In Eq. 共60兲, the exponential factor characterizes the photon loss during the interaction time due to the finite width of
the field resonance. Obviously, the better the strong-coupling
condition ⌬C Ⰶ gD is satisfied, the less the photon loss is.
For example, when atom A changes places with atom D and
the orientations of the transition dipole moments of atoms A
and D are the same, then from Eq. 共60兲 关together with Eq.
共29兲兴 it follows that 共⌬C Ⰶ gD兲

冑共⌫+31 + ⌫−31兲⌬C/2 ;

共61兲

IV. ATOMIC ENTANGLEMENT NEAR A DIELECTRIC
MICROSPHERE

Let us apply the theory to two atoms near a dispersing and
absorbing dielectric microsphere 共of radius R兲 characterized
by a Drude-Lorentz type permittivity
共兲 = 1 +

2P
T2

− 2 − i␥

共62兲

共 P is the coupling constant; T is the transverse resonance
frequency; ␥ is the absorption parameter兲, which features a
band gap in the region T ⬍  ⬍ L = 冑T2 + 2P, where
Re 共兲 ⬍ 0.
A. Two-atom coupling

We first estimate how well the conditions 共45兲 can be
satisfied. Making use of the Green tensor as given in Ref.
关31兴, one can show, on assuming radial dipole orientations,
that Eq. 共9兲 leads to
⬁

l共l + 1兲共2l + 1兲 共1兲
3
hl 共kr兲
⌫AB = ⌫0Re
2
共kr兲2
l=1

兺

⫻关 jl共kr兲 + BNl 共兲h共1兲
l 共kr兲兴 Pl共cos 兲,

共59兲

Combining Eq. 共30兲 with Eqs. 共56兲–共59兲, we derive, on applying the Lorentz approximation to the field resonance,

g±2

thus F+共0兲 ⯝ −g+ and F−共0兲 ⯝ −g−2 / g+ if ⌫+31 / ⌫−31 Ⰷ 1, while
F−共0兲 ⯝ −g− and F+共0兲 ⯝ −g+2 / g− if ⌫−31 / ⌫+31 Ⰷ 1. When atom
B changes places with atom D and the orientations of the
transition dipole moments of atoms B and D are the same,
then the signs of both F+共0兲 and F−共0兲 are reversed 关cf. Eq.
共60兲兴. The state preparation is not affected though 关cf. Eqs.
共37兲, 共38兲, and 共43兲兴. It is worth noting that, as we will see in
Sec. IV, the highest degree of entanglement can be achieved
in case of equal positions of atoms D and A 共or B兲.

共57兲

is the probability amplitude of finding the atom in the upper
state. Here,

⌬t =

F±共0兲 ⯝ −

共63兲

mn
˜ Amn = 
˜ Bmn ⬎ 0, and r ⬅ rA = rB.
,k=/c,⬅
where ⌫AB ⬅ ⌫AB
Since the following discussion applies to both the transitions
兩3典 ↔ 兩1典 and 兩3典 ↔ 兩2典, we omit the level labels m and n.
Further, ⌫0 is the corresponding single-atom decay rate in
free space, jl共z兲 and h共1兲
l 共z兲 are the spherical Bessel and Hankel functions, respectively, Pl共x兲 is the Legendre function, 
is the angle between the two transition dipole moments
共兩dA兩 = 兩dB兩兲, and BNl 共兲 are the scattering coefficients 关31兴.
Note that radially oriented dipoles couple only to TM waves,
whereas tangentially oriented dipoles couple to both TM and
TE waves 共for details, see, e.g., 关32兴兲.
The complex roots of the denominator of the reflection
coefficients BNl 共兲 determine the positions and the widths of
the sphere-assisted electromagnetic field resonances. When
 coincides with a resonance frequency, say C, then the
corresponding l term in Eq. 共63兲 is the leading one; thus
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FIG. 2. The two-atom collective decay rate ⌫AB 关Eq. 共63兲兴 as a
function of the angle  between the transition dipole moments for
 ⯝ 1.0501T. The two atoms are at distances ⌬r ⬅ r − R
= 0.14T共T = 2c / T兲 from the surface of a dielectric sphere 共 P
= 0.5 T , ␥ = 10−6T , R = 10 T兲.

再

3
l共l + 1兲共2l + 1兲 共1兲
⌫AB ⯝ ⌫0Re
hl 共kr兲
2
共kr兲2
⫻关 jl共kr兲 + BNl 共兲h共1兲
l 共kr兲兴 Pl共cos 兲

冎

共64兲

共 ⯝ C兲. Equation 共64兲 implies that when the two atoms are
at diametrically opposite positions with respect to the sphere,
i.e.,  =  and hence Pl共cos 兲 = 共−1兲l, then the interaction of
the symmetric 共antisymmetric兲 state with the sphere-assisted
electromagnetic field is enhanced, while the antisymmetric
共symmetric兲 state almost decouples 关cf. Eq. 共29兲兴.
The dependence on  of ⌫AB as given by Eq. 共63兲 is illustrated in Fig. 2, where the atomic transition frequency  is
chosen to be close to a resonance frequency of the sphereassisted electromagnetic field, namely, the first one on the
left in Fig. 3. Note that ⌫AB → ⌫ ⬅ ⌫AA = ⌫BB for  → 0. From
Fig. 3 it is clearly seen that the value of ⌫+共⌫−兲 can drastically exceed the value of ⌫−共⌫+兲 when the two atoms approach the microsphere and the transition frequency equals a

FIG. 4. The two-atom decay rates ⌫+ = ⌫ + ⌫AB 共solid curve兲 and
⌫− = ⌫ − ⌫AB 共dotted curve兲 for the symmetric and antisymmetric
states, respectively, as functions of the distance ⌬r between the
atom and the surface of the dielectric sphere, with ⌫AB from Eq.
共63兲 共⌫ ⬅ ⌫AA = lim→0⌫AB兲. The other parameters are the same as in
Fig. 2.

resonance frequency of the sphere-assisted electromagnetic
field. Recall that ⌫+共⌫−兲 is a measure of the strength of coupling of the symmetric 共antisymmetric兲 state to the sphereassisted field. Figure 4 reveals that, for chosen resonance
frequency of the microsphere, there is an optimum
distance—the distance at which the solid curve attains the
minimum—for which the best contrast between ⌫+ and ⌫−
can be realized. With increasing distance of the atoms from
the sphere, the values of both ⌫+ and ⌫− tend to the freespace value ⌫0 as they should.
Figures 2–4 refer to atomic transition frequencies within
the band gap. In this case, the strong two-atom interaction
observed when the atoms are at diametrically opposite positions with respect to the sphere is mediated by SG waves. Of
course, the effect of enhanced ⌫+共⌫−兲 and simultaneously
reduced ⌫−共⌫+兲 can also be observed for transition frequencies below the band gap. In this case, the sphere-assisted
field resonances correspond to WG waves. An example is
shown in Fig. 5. Figures 3 and 5 also convey a feeling of the
sharpness of the field resonances, which ranges from being
very sharp to being less so. The sharpness can be improved
by increasing the microsphere radius or by reducing the material absorption. Note that WG waves suffer much more
from absorption than do SG waves 共see, e.g., Ref. 关32兴兲.
B. Entanglement of two ⌳-type atoms

FIG. 3. The two-atom decay rates ⌫+ = ⌫ + ⌫AB 共solid curve兲 and
⌫− = ⌫ − ⌫AB 共dotted curve兲 for the symmetric and antisymmetric
states, respectively, as functions of the transition frequency , with
⌫AB from Eq. 共63兲 共⌫ ⬅ ⌫AA = lim→0⌫AB兲. The other parameters are
the same as in Fig. 2.

The results given in Sec. IV A show that the optimal positions of two ⌳-type atoms A and B, which are desired to
entangle with each other near a microsphere, are diametrically opposite with respect to the sphere. Further, the transi˜ A31 = 
˜ B31 should coincide with the
tion frequency 
共mid-兲frequency C of a sufficiently sharply peaked sphereassisted electromagnetic field resonance, so that the strongcoupling regime is realized and the first of the conditions
˜ A32
共45兲 is satisfied. Finally, the transition frequency 
˜ B32 should coincide with the 共mid-兲frequency of some
=
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lifetime ⬃共⌫32兲−1 of the short-living state 兩+13典, while the
long-living state 兩−13典 of lifetime ⬃共⌬C兲−1 is practically
unpopulated 关cf. Eqs. 共46兲 and 共47兲兴.
(b) g± Ⰷ g⫿ Ⰷ ⌫32 Ⰷ ⌬C. For definiteness, let again
assume that ⌫+31 Ⰷ ⌫−31 and ⌫+32 Ⰷ ⌫−32. From Eqs. 共51兲 and 共52兲
together with Eq. 共61兲 we obtain

␣+ ⯝ 1,
␣− ⯝
FIG. 5. The two-atom decay rates ⌫+ = ⌫ + ⌫AB 共solid curve兲 and
⌫− = ⌫ − ⌫AB 共dotted curve兲 for the symmetric and antisymmetric
states, respectively, as functions of the transition frequency , with
⌫AB from Eq. 共63兲 共⌫ ⬅ ⌫AA = lim→0⌫AB兲. The other parameters are
the same as in Fig. 2.

moderately peaked field resonance, so that the second of the
conditions 共45兲 is also satisfied, but the weak-coupling regime applies, thereby giving rise to an irreversible decay
channel. As a result, the condition 共44兲 can also be expected
to be satisfied. By choosing atoms with appropriate transition
dipole matrix elements 共for more detailed estimations, see
Ref. 关29兴兲, all the conditions including both the inequalities
characterizing the three cases 共a兲-共c兲 in Sec. III C and the
field-preparation conditions 共61兲 can be satisfied. Let us examine the cases 共a兲-共c兲 in more detail.
(a) g± Ⰷ ⌫32 Ⰷ ⌬C Ⰷ g⫿. For definiteness, let ⌫+31 Ⰷ ⌫−31
and ⌫+32 Ⰷ ⌫−32. When atom A 共or B兲 changes places with atom
D, which provides the initial field excitation, and Eq. 共61兲
applies, then Eqs. 共48兲 and 共49兲 lead to

␣+ ⯝ 1,
␣− ⯝

⌫−32
2g−4
+
Ⰶ 1,
2⌫32 g+2⌫32⌬C

共65兲

␤⯝

冉 冊
⌫32g−
g+2

⌫−32 2g−2
+
Ⰶ 1,
2⌫32 g+2

␣+ ⯝

冉 冊
⌫32g−
g+2

2

Ⰶ 1.

共68兲

2g+2/⌫32
⌬C + 2g+2/⌫32

共69兲

.

To generate the entangled state 兩+12典, i.e., ␣+ ⯝ 1, the additional condition
g+
⌬C
32 Ⰷ
⌫
g+

共70兲

must be required to be satisfied, as can be seen from Eq.
共69兲. The parameters ␣− and ␤ then read

␣− ⯝

Ⰶ 1.

Hence, an almost perfectly entangled state is produced, %̂at
⯝ 兩+12典具+12兩 关see Eq. 共36兲兴, and, accordingly, C ⯝ 1 is
achieved. Clearly, ␣+ = 1共C = 1兲 cannot be exactly realized,
because of the losses unavoidably associated with the always
finite width of the field resonance. It is worth mentioning that
when the positions of atoms D and A 共or B兲 are different
from each other 共e.g., atom D is equidistant from atoms A
and B兲, then the degree of entanglement that can be achieved
is smaller than that in the case of equal positions in general.
Note that when ⌫−31 Ⰷ ⌫+31 and ⌫−32 Ⰷ ⌫+32, then %̂at
31
32
⯝ 兩+12典具+12兩 is also valid. For ⌫±31 Ⰷ ⌫⫿
and ⌫⫿
Ⰷ ⌫±32, however, the roles of ␣+ and ␣− are interchanged and %̂at
⯝ 兩−12典具−12兩.
For ⌫+31 Ⰷ ⌫−31 and ⌫+32 Ⰷ ⌫−32, the two-atom system undergoes fast 兩1 , 1典 ↔ 兩+13典 Rabi oscillations as long as one of the
two atoms jumps to state 兩2典, but we do not know which one.
Hence, the result is an entangled state between one atom in
the state 兩2典 and the other in the state 兩1典. The time after
which the stationary limit is established is determined by the

␤⯝

Thus, this coupling regime leaves the two atoms in an entangled state analogous to case 共a兲. However, since the inequality g± Ⰷ g⫿ requires g± to be as large as possible and g⫿
to be as small as possible, while the inequality g⫿ Ⰷ ⌫32 requires that g⫿ is much larger than ⌫32, it may be more difficult to realize this regime. Note that g⫿ is the smallest or one
of the smallest parameters in the cases 共a兲 and 共c兲.
(c) ⌫32 Ⰷ g± Ⰷ g⫿ , ⌬C. In this case, the irreversible decay
from state 兩3典 to state 兩2典 is so dominant that Rabi oscillations
are fully suppressed in the time evolution of both C+ and C−
关see Eq. 共53兲兴. From Eq. 共54兲 we obtain, on making use of
Eq. 共61兲 and again assuming ⌫+31 Ⰷ ⌫−31 and ⌫+32 Ⰷ ⌫−32,

2

共66兲

共67兲

⌫−32 g−2
+
Ⰶ 1,
2⌫32 g+2

␤⯝

2g−2
g+2

Ⰶ 1.

共71兲

In a similar fashion, it can be shown that in case of ⌫±31
31
32
Ⰷ ⌫⫿
and ⌫⫿
Ⰷ ⌫±32 the antisymmetric entangled state 兩−12典
is generated.
The inequality 共70兲 can be understood as follows. For
F+共0兲 ⯝ −g+, Eq. 共53兲 yields
C+13共t兲 ⯝ − 共2g+/⌫32兲关e−⌬Ct − e−⌫

32t/2

兴,

共72兲

i.e., C+13共t兲 ⬃ g+ / ⌫32. Thus, though one can allow for
g+ / ⌫32 Ⰶ 1, this ratio has still to satisfy the inequality 共70兲
such that there is a nonvanishing probability that one of the
atoms can reach the state 兩3典 from the initial state 兩1典 to jump
to the state 兩2典.
V. SUMMARY AND CONCLUSIONS

We have proposed a scheme for nonconditional preparation of two spatially well-separated identical atoms in longliving highly entangled states. The scheme uses ⌳-type atoms passing a resonatorlike equipment of realistic,
dispersing, and absorbing macroscopic bodies which form
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electromagnetic field resonances, the heights and widths of
which are determined by the radiative and nonradiative 共absorption兲 losses. The lowest-lying atomic state and the lowerlying excited state, which can be the ground state and a
metastable state or two metastable states, play the role of the
basis states of an atomic qubit. The atoms initially prepared
in the lowest-lying states are pumped by a single-excitation
“pulse” of the body-assisted electromagnetic field, thereby
strongly driving the dipole-allowed transition between the
lowest- and highest-lying atomic states. In this way, one of
the two atoms—we do not know which one—can absorb the
single-photonic excitation, and subsequent irreversible spontaneous decay of the excited atomic state to a lower-lying
excited state, the transition of which to the lowest-lying state
is dipole forbidden, results in a metastable two-atom entangled state.
To be quite general, we first developed the theory, without
specifying the atoms and the equipment whose body-assisted
electromagnetic field is used for the the collective atom-field
interaction. For the case of two ⌳-type atoms, we have derived the general solution of the coupled field-atom evolution
equations and presented special coupling conditions under
which high-degree entanglement can be achieved. We have
then applied the theory to the problem of entanglement of
two ⌳-type atoms near a microsphere. In particular, we have

shown that the scheme is capable of realizing strong coupling in one arm and weak coupling in the other arm of the ⌳
configuration. In this context, we have also analyzed the
preparation of the initial single-photonic field excitation required for initiating the process of entanglement.
In contrast to the common sense idea that the existence of
dissipation spoils the quantum coherence of a system, dissipation is here essential to transfer the entanglement from the
strongly driven transitions to the dipole-forbidden transitions. The fact that only ground or metastable states serve as
basis states of the qubits guarantees the long lifetime of the
entangled state. It is worth noting that the scheme renders it
possible to test nonlocality for a two-atom system. The atoms
in a pair passing by a microsphere and being entangled there
can be separated from each other and one can be sure that in
the meantime the entanglement is not lost.
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