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Abstract

Generalization of two-band Ginzburg–Landau (GL) theory to the case of anisotropic mass is presented. The temperature dependence
of the anisotropy parameter of upper critical field cc2ðT Þ ¼ H kc2ðT Þ=H?c2ðT Þ and angular dependence of Hc2(h,T) are calculated using
anisotropic mass two-band Ginzburg–Landau theory of superconductors. It is shown that, with decreasing temperature anisotropy
parameter cc2(T) is increased. Results of our calculations are in agreement with experimental data for single crystal MgB2.
� 2007 Published by Elsevier B.V.
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1. Introduction

Recently discovered [1] superconducting compound
MgB2 has led to a growing amount of both experimental
and theoretical works due to the fact that it holds the high-
est superconducting transition temperature of about
Tc = 39 K for a binary compound of a relatively simple
crystal structure. Calculations of the band structure and
the phonon spectrum predict a double energy gap [2,3], a
larger gap attributed to two-dimensional px�y orbitals (r-
band) and smaller gap attributed to three-dimensional pz

bonding and anti-bonding orbitals (p-band). As a super-
conductor the electron–phonon mechanism of supercon-
ductivity [4] in MgB2 involves giant anharmonicity and
nonlinear electron–phonon coupling [5]. Two-band charac-
teristic of the superconducting state in MgB2 is clearly evi-
dent in the recently performed tunneling measurements
[6,7] and specific heat measurement [8]. Another class of
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two-band superconductors are the nonmagnetic borocar-
bides [9] Lu(Y)Ni2B2C.

Magnetic phase diagram for bulk samples of MgB2 and
nonmagnetic borocarbides Lu(Y)Ni2B2C has been of inter-
est to researchers. In contrast to common superconductors,
the upper critical field for bulk samples of MgB2 and boro-
carbides Lu(Y)Ni2B2C have a positive curvature near Tc.
To understand the nature of the unusual behavior at a
microscopic level, a two-band Eliashberg model of super-
conductivity was first proposed by Shulga et al. [9] for
LuNi2B2C and YNi2B2C and recently [10] for MgB2.
Two-band Ginzburg–Landau (GL) model for bulk MgB2

was successfully applied to fit the experimental results of
the temperature dependence of upper and lower critical
fields for MgB2 and nonmagnetic borocarbides [11–13].

Systematic deviation from single-band anisotropic GL
behavior was observed in recent experimental works (see
below) on angular dependence of upper critical field in
MgB2 single crystals. It is necessary to take into account
different characteristics of anisotropy in different bands.
Motivated by these experiments, in this paper we extend
our previous analysis of the two-band effects [11–13] on
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angular dependence of the upper critical field Hc2(h,T). We
also study the temperature dependence of anisotropy
parameter cc2 ¼ H kc2=H?c2 of upper critical field Hc2 in single
crystals of MgB2. Within the two-band GL theory our cal-
culations yield good agreement with experiments on the
angle dependence of Hc2(h,T).

The rest of this paper is organized as follows. In the next
section, we outline the two-band Ginzburg–Landau theory
and derive the expressions for the upper critical field
Hc2(T). In Section 3, we concentrate on the angle depen-
dence of Hc2 and obtain expressions valid in the vicinity
of the critical temperature Tc. Our results for MgB2 are
presented in Section 4 and discussed in the light of avail-
able experimental data.

2. Basic equations

In the presence of two order parameters W1 and W2 in a
superconductor, GL free energy functional F can be writ-
ten as [11–13]

F W1;W2½ � ¼
Z

d3r F 1 þ F 12 þ F 2 þ H 2=8p
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; ð1Þ
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In the above equations, mi denotes the effective mass of the
carriers belonging to band i (i = 1, 2), Fi is the free energy
of the ith band, and U0 = hc/2e is the flux quantum. The
coefficient a is given as ai = ci(T � Tci), which depends on
temperature linearly, ci is the proportionality constant,
while the coefficient b is independent of temperature. ~H is
the external magnetic field related to the vector potential
~A by ~H ¼ r�~A. The quantities e and e1 describe inter-
band interaction of two order parameters and their gradi-
ents, respectively. Intergradient interaction term is equal
to zero in the free energy employed by Zhitomirsky and
Dao [14]. However, the intergradient term as introduced
by Doh et al. [15] and Affleck et al. [16] seems to be crucial.
As shown by Askerzade [11–13] presence of this term leads
to measurable effects in the study of Hc1 and Hc2. For in-
stance, the effect of positive curvature in Hc2 is enhanced
due to the inclusion of intergradient interaction term. In
a very recent work [17] it is shown that this term is also
important in the case of inclusion of anisotropic order
parameters.

Minimization of the free energy functional with respect
to the order parameters yields GL equations for two-band
superconductors with the choice ~A ¼ ð0;Hx; 0Þ
� �h2
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where l2
s ¼ �hc=2eH is the square of the so-called magnetic

length. In the derivation of the GL equations above,
small spatial variation of the gap function is assumed.
Thus, the higher order derivatives are not significant in
the calculation of upper critical field. As shown by Zhito-
mirsky and Dao [14] higher order derivatives become
important for the study of the orientation of the vortex
lattice along c-axis in MgB2 crystals. In this work, sixth
order gradient terms were included to the free energy
functional.

For the calculation of upper critical field Hc2, the system
of Eqs. (4a) and (4b) can be linearized in the vicinity of Tc

and solved using the ansatz [11] W1;2 / e�x2=2l2
s . Equation

that determines the upper critical field in the isotropic case
has the form

eH�h
2m1c

þ a1ðT Þ
� �

eH�h
2m2c
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� �

¼ e� e1

2eH
�hc
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and the solution for Hc2(T) can be written as

H c2ðT Þ ¼
U0

2pn2
; ð7Þ

where the coherence length n of two-band superconductors
is given by the expression

n2 ¼ �h2
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In the vicinity of the critical temperature Tc, we may
neglect terms of order H2 in Eq. (5) and obtain the approxi-
mate expression for the upper critical field

H c2ðT Þ �
2c
e�h
ðe2 � a1ðT Þa2ðT ÞÞ
a1ðT Þ

m2
þ a2ðT Þ

m1
þ 8ee1
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We note [11–13] that the critical temperature Tc of a two-
band superconductor as a result of inter-band interaction
is higher than Tc1 and Tc2, i.e., (Tc � Tc1)(Tc � Tc2) =
e2/c1c2.
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3. Angular effects

Let us now consider the out-of-plane behavior of the
upper critical field. In the single-band GL theory [18], when
the magnetic field H is tilted from the c-axis by an angle h,
the upper critical field has an elliptic angular dependence

H sbGLðh; T Þ ¼
H?c2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos2 hþ c�2
c2 sin2 h

q ; ð10Þ

where H kc2 and H?c2 are the parallel and perpendicular com-
ponents of ~H c2, respectively, and their ratio cc2 ¼ H kc2=H?c2

is a constant independent of temperature. It is determined
by the anisotropy of the effective mass in single-band
superconductors

cc2 ¼
ffiffiffiffiffiffi
mc

m

r
; ð11Þ

where mc is the effective mass in c-direction, and m is the
effective mass in ab-plane. Experimental works on upper
critical field in MgB2 have shown that not only cc2 changes
with temperature [19–23], but deviation from the elliptic
angular dependence given in Eq. (7) grows with increasing
temperature. Theoretical calculations of angular depen-
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H kc2ðT Þ

� 1 ’ � 1

2
dðT � T c1Þ

mc
2

m2

� �1=2

þ ðT � T c2Þ
mc

1

m1

� �1=2
" #

p
2
� h

� 	2

dðT � T c1Þ
m2

mc
2

� �1=2

þ ðT � T c2Þ
m1

mc
1

� �1=2
"

þ 8e2dgT c þ
1

2
dðT � T c1Þ

mc
2

m2

� �1=2

þ ðT � T c2Þ
mc

1

m1

� �1=2
" #

p
2
� h

� 	2
#�1

: ð15Þ
dence using quasi-classical Uzadel equations were per-
formed by Golubov and Koshelev [24]. Anisotropy effects
in the framework of above presented two-band GL theory
[13] was calculated very recently by Udomsamuthirun et al.
[17]. However, in this work masses in different bands were
taken to be the same and different character of effective
masses in different bands was not taken into account. Cal-
culations of the Fermi surface of MgB2 reveals that we
have a four-sheet character of the surface [25]. From this
point of view, it seems natural to consider two-band GL
theory with different anisotropy of masses in different
bands. The method presented above for the calculation of
the upper critical field Hc2, is the same also in this case.
To proceed, one replaces the effective masses m1 and m2

by an angular dependence

1

mi
) 1

mi
cos2 hþ mi

mc
i

sin2 h

� �1=2

; ð12Þ

in an approximate way, even though the effective masses in
an anisotropic superconductor are tensor quantities.

In the vicinity of the critical temperature Tc, expression
for the upper critical field Hc2 can now be expressed as
H c2ðh;T Þ
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The above expression is essentially the same as obtained by
Gurevich [26] in a similar study making use of Usadel
equations. We thus infer that the effective mass replace-
ment introduced above is a reasonable approximation for
the moderately anisotropic MgB2, as an expression similar
to Eq. (11) was already derived by Gurevich [26].

At small angles h� 1 we obtain the following equation
for upper critical field Hc2(h,T)

H c2ðh;T Þ
H?c2ðT Þ

�1’
ðT �T c2Þ 1� m1

2mc
1

� 	
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ð14Þ
where we introduced dimensionless parameters as in [13]:
d = m1c1/m2c2 is the parameter which is determined by
the ratio of masses in different bands, g = m2c2Tce1/�h2e is
the intergradient interaction parameter in energy units.
At large tilt angles, i.e., cosh� 1, upper critical field is
given by the following formula:
4. Results and discussion

We now present our numerical results for the angle
dependence of Hc2(h,T) calculated for the material param-
eters of MgB2. We also compare and discuss our results
with available experiments. As follows from Eq. (12), if
each band has the same mass anisotropy ðm1=mc

1 ¼
m2=mc

2Þ, due to intergradient interaction Hc2(h,T) deviates
from elliptic dependence. Expression for the upper critical
field Hc2(h,T) shows that the deviation grows with the
disparity between m1=mc

1 and m2=mc
2. On the other hand,

disparity in two-band GL theory depends on the tempera-
ture. Thus, it increases away from Tc. Examples of angular
dependence of upper critical field at low and high tempera-
tures are presented in Fig. 1. In this figure, the solid line
corresponds to single-band GL elliptic law and the dotted
line corresponds to two-band GL calculations with mass
anisotropy. Due to contributions from the p-band (which
corresponds to the band with critical temperature
Tc2 = 10 K, see below), one can see significant deviation
from single-band anisotropic model at high temperatures.
As input parameters we have used the values Tc1 = 20 K,
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Tc2 = 10 K, obtained from various experiments on heat
capacity, thermal expansion, and thermal conductivity
[27] in MgB2, which yields e2=c1c2 ¼ ð3=8ÞT 2

c . Note that,
based on the experimental results it has been argued in
the extensive review by Buzea and Yamashita [28] that
Tc1/Tc2 ’ 2. We have also used e1 = 0.0976 which corre-
sponds to MgB2 employed in previous calculations
[11–13]. As shown by Mazin et al. [29] the inter-band impu-
rity scattering in MgB2 is small, even in low quality
samples, therefore in our calculations the value for e1 is
not sample dependent. According to microscopic calcula-
tions the ratio of masses in different bands is d = 3. We
also use the following data for mass anisotropies in differ-
ent bands (m1=mc

1 ¼ 0:03, m2=mc
2 ¼ 1:3). Similar values

were also used by Miranovich et al. [30] in a related calcu-
lation. For these parameters and for the intermediate
angles h we obtain the following approximate expression
for Hc2(h,T):
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As we observe from Fig. 1 and Eq. (15), at high tempera-
tures maximum deviation from the single-band theory is
achieved around h 	 77�. At low temperatures deviation
from the single-band effective mass behavior is small
(Fig. 1).
Fig. 1. Angular dependence of the upper critical field hc2 ¼ H c2ðh; T Þ=H?c2

at high (T = 0.9Tc) and low temperatures (T = 0.6Tc): full line anisotropic
single-band GL theory, dotted line anisotropic two-band GL theory.
In Fig. 2 we show the temperature dependence of the
anisotropy parameter of upper critical field cc2ðT Þ ¼
H kc2=H?c2, which can be calculated as

cc2ðT Þ ¼
ffiffiffiffiffiffi
mc

2

m2

r
ðT � T c2Þ þ dðT � T c1Þ þ 8e2dgT cffiffiffiffiffiffiffiffi

m1mc
2

m2mc
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q
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:
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In this figure, the solid line is the two-band GL calculation
result, based on the expression given in Eq. (16). Experi-
mental data for single crystals of MgB2 of Angst et al.
[19] are given by the full circles, Shi et al. [21] results by
squares, and Lyard et al. [22] results by triangles. It is nec-
essary to note here that even though the experiments have
systematic differences amongst themselves, there seems to
be a general decreasing trend in cc2 as Tc is approached.
In contrast to the single-band GL theory (see Eqs. (9)
and (10)), the two-band GL theory evidently yields the
experimentally observed behavior in cc2 as a temperature
dependent parameter.

The enhanced deviation from single-band GL theory
Eq. (9) can be characterized by the parameter maxh(1 � A),
where A ¼ H c2ðh; T Þ=H sb

c2ðh; T Þ is the ratio of the upper
critical field in the two-band and single-band models. The
Fig. 2. Temperature dependence of anisotropy parameter cc2 as a function
of temperature. The solid line is anisotropic two-band GL calculations,
full circles experimental data of Angst et al. [19], squares experimental
data of Shi et al. [21], and triangles experimental data of Lyard et al. [22].



Fig. 3. Temperature dependence of deviation from single-band GL
theory, full circles experimental data of Rydh et al. [20].
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temperature dependence of this parameter is presented in
Fig. 3. The result of the two-band GL calculations is given
by the solid line, while experimental data of Rydh et al. [20]
are presented by full circles. As seen from Fig. 3 at low tem-
peratures deviation is small and with increasing tempera-
ture it first increases and as Tc is approached it starts to
decrease. At T/Tc 	 0.9 the deviation parameter reaches
maximum (	0.2). As shown by our calculations, the two-
band GL yields qualitative and quantitative agreement
with experimental data. In particular, in contrast to the
results of Dao and Zhitomirsky [32], inclusion of intergra-
dient interaction correctly describe low temperature behav-
ior of deviation parameter.

It is instructive to estimate the region of validity of the
GL theory applied to MgB2 within our approach. Due to
the large difference in anisotropy, c-axis coherence length
of second (weak) band nc

2 ¼ � �h2

4mc
2
a2ðT Þ

is much larger than

coherence length of first (strong) band nc
1 ¼ � �h2

4mc
1
a1ðT Þ. In

the case of common superconductivity, effective coherence
length will be nc < nc

2 at low temperatures. Applicability of
Ginzburg–Landau approach is determined by the condi-
tion: nc � nc

2 which is equivalent to (see Eq. (8))
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Using dimensionless parameters, the above expression can
be written as
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� 	
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mc
2
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where s = T/Tc and the other parameters have been defined
after Eq. (13). Using the numerical values of these para-
meters, we can show that the violation of the above condi-
tion occurs for T 	 27 K. This means that, the temperature
region of applicability of GL theory is much wider than the
narrow region suggested by Golubov and Koshelev [24].
It appears that Golubov and Koshelev [24] approach corre-
sponds to an effective single-band GL theory. In their pa-
per, the ratio of order parameters is temperature and
field-independent. In our approach, however, the ratio of
order parameters is temperature and field-dependent, i.e.,
W1(x) = CW2(x), where C ¼ � e�e1d

�h2
4m1

dþa1ðT Þ
, (see the relevant

equations given by Askerzade [13]).

As stated above, all coefficients a and b in the GL model
are field-independent. Other generalizations of the present
model are possible by introducing field-dependent para-
meters a and b [31]. Inclusion of field-dependent coeffi-
cients in the framework of two-band GL is a subject for
future investigations. Another interesting problem is the
study of Hc1(h,T) and k(h,T) dependence in the framework
of anisotropic two-band GL theory.

We conclude that the anisotropic two-band GL theory
explains the deviation from elliptic law for the angular
dependence of Hc2(h,T). We have used the two-band GL
theory with two different mass anisotropy in different
bands. The deviation from single-band GL theory is max-
imum in the vicinity of Tc. A compact formula for the
cc2ðT Þ ¼ H kc2=H?c2 is found using anisotropic two-band
model. Temperature dependence of the upper critical field
of two-band superconductors cc2(T) is in good agreement
with experimental data for MgB2.
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