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ABSTRACT

ENGINEERING THE NONLINEAR DYNAMICS OF
PHOTONIC SYSTEMS: DEMONSTRATION OF THE

SOLITON-SIMILARITON FIBER LASER AND
NONLINEAR LASER LITHOGRAPHY

Bülent Öktem

Ph.D. in Materials Science and Nanotechnology

Supervisor: Asst. Prof. Dr. F. Ömer İlday

September, 2013

Nonlinear effects easily and unavoidably arise in ultrafast optics, often acting

as sources of limitation to performance. However, many fascinating phenomena,

from generation to utilization of ultrashort laser pulses rely on the very same

nonlinear effects. Deep understanding of the governing dynamics, coupled with

mechanisms through which they can be controlled or manipulated holds potential

for observing new phenomena, as well as achieving new functionalities, which can

be difficult or even impossible to achieve otherwise.

This thesis presents a series of work, starting from a novel mode-locked oscilla-

tor for generating ultrashort pulses, followed by amplification of ultrashort pulses

to microjoule-level energies, finally a novel nanostructuring mechanism relying

on the nonlinear interaction of such pulses with the surface of a metal.

The novel mode-locked laser developed in this thesis is one in which pulses

propagate self-similarly in the presence of amplification, as similaritons, in one

part of the cavity and as soliton-like pulses in the rest of the cavity. The co-

existence of the seemingly incompatible similariton and soliton-like waves subject

to the boundary conditions of a laser oscillator requires in the presence of a narrow

bandpass filter and result in spectral breathing of the waves by unprecedented one

order of magnitude, constituting the observation of the strongest nonlinear effects

in any mode-locked laser to date. The laser reduces to the dispersion-managed

laser in limit of large filter bandwidth and to the all-normal-dispersion laser in

the limit of vanishing anomalous-dispersion fiber. Thus, all the four basic mode-

locking regimes are covered. As such, we believe the unraveling of this regime

can be instrumental in deeper understanding of all the mode-locking regimes.
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Importantly, by showing that two attractor solutions can co-exist in a single

laser cavity opens the door to new future designs. From an applications point of

view, the laser is easy to mode-lock and exhibits excellent short-term and long-

term stability, indicating high potential for high precision materials processing

applications.

We also illustrate, to our knowledge, the first high-energy, all-fiber implemen-

tation of the nonlinear chirp pulse amplification technique, which allows us to

achieve in-fiber peak powers of 57 kW. We demonstrate a fiber amplifier with

no free space beam pump or signal beam propagation, producing 70-ps chirped

pulses with 3 µJ and 4 µJ pulse energies, which are compressible to 140 fs and

170 fs, respectively, via a grating compressor. The amplified output can be used

directly, as a picosecond source, or compressed externally in a grating compres-

sor. This approach results in a completely robust, misalignment-free system,

with peak powers approaching 10 MW. This was, at the time of publication, the

highest peak power obtained from an integrated fiber amplifier.

Finally, we apply the laser systems we developed, together with the lessons

learned from our implicit control of the nonlinear dynamics to demonstrate a

method that utilizes positive nonlocal feedback to initiate, and negative local

feedback to stabilize growth of self-organized metal oxide nanostructures, initiated

and controlled by ultrafast pulses. We achieve unprecedented uniformity at high

speed, low cost, and on non-flat or flexible surfaces. By exploiting the nonlocal

nature of the feedback to stitch the nanostructures seamlessly, we are able to cover

indefinitely large areas with sub-nm uniformity in periodicity. We demonstrate

our approach through fabrication of TiO2 and tungsten oxide nanostructures,

which can be extended in principle to a large variety of materials.

Keywords: Fiber optics amplifiers and oscillators, mode-locked lasers, ultrafast

lasers, laser materials processing.
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Genellikle performans sınırlayıcı kaynaklar olarak davranan doğrusal olmayan

etkiler, ultrahızlı optikte kendini kolayca ve kaçınılmaz olarak gösterir. Fakat

ultrahızlı atımların üretiminden kullanımına kadar birçok etkileyici fenomen de

doğrusal olmayan etkilere dayanmaktadır. Doğrusal olmayan etkilerin dinamik-

lerini ve bunları kontrol edebilecek veya yönetebilecek mekanizmaları etkili bir

şekilde anlamak, başka yöntemlerle erişilmesi zor hatta imkansız fenomenlerin

gözlemlenmesine ve yeni fonksiyonların elde edilmesine olanak sağlar.

Bu tez, ultrakısa atımlar üreten yenilikçi bir kip-kilitli salıngaçtan, bu

atımların mikrojul enerji seviyesine yükseltilmesine, ve son olarak metal bir

yüzeyle doğrusal olmayan etkileşimine dayanan yenilikçi bir nano-yapılandırma

mekanizmasına kadar bir dizi bilimsel çalışma ortaya koymaktadır.

Tez kapsamında geliştirilen yenilikçi kip-kilitli lazer kovuğunda atımlar,

yükseltgenme varlığında özbenzeş yani similariton olarak, geri kalan kısımda

ise soliton olarak ilerlemektedir. Görünüşte birbiriyle uyumsuz olan similari-

ton ve soliton benzeri atımların, lazer salıngacının sınır koşullarını sağlayacak

şekilde, birlikte var olabilmesi darbantlı bir spektral filtre gerektirir ve görülmemiş

büyüklükte bir spektral nefes alımına sebep olur ki bu da şimdiye kadar

üretilen herhangi bir kip-kilitli lazerdeki en kuvvetli doğrusal olmayan etkilerin

gözlemlenmesini sağlamıştır. Geliştirilen lazer, filtrenin bant genişliği arttıkça
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saçılım-kontrollü lazere, anormal-saçılımlı fiberin boyu kısaldıkça ise salt-normal-

saçılım lazerine indirgenmektedir. Böylelikle dört temel kip-kilitli rejim de kap-

sanmaktadır. Dolayısıyla, bu rejimin çözümlenmesinin, diğer tüm kip-kilitli re-

jimlerin daha iyi anlaşılmasına vesile olacağını düşünüyoruz. Daha önemlisi,

iki çekici çözümün tek bir lazer kovuğunda var olabilmesi, gelecekte yeni lazer

tasarımlarına kapı aralayacaktır. Uygulama yönünden bakıldığında ise laz-

erin kolayca kip-kilitlenebilmesi ve mükemmel kısa ve uzun vadeli kararlılığı,

hassas malzeme işleme uygulamaları için büyük potansiyele sahip olduğunu

göstermektedir.

Bu çalışmayla, bildiğimiz kadarıyla Dünya’da ilk defa, fiber içerisinde 57 kW

tepe gücüne ulaşılmasını sağlayan, yüksek enerjili, fiberde tümleşik, doğrusal ol-

mayan zamanla frekansı değişen atımlı yükseltgenme tekniğini göstermekteyiz.

Buna bağlı olarak, pompa ve sinyal ışınlarının dışarı çıkmaksızın fiber içinde il-

erlediği, 3 µJ ve 4 µJ enerjiye sahip, 70 ps uzunluğunda, kırınım ağı sıkıştırıcısında

sırasıyla 140 fs and 170 fs uzunluğuna sıkıştırılabilen atımlar üreten fiber lazer

yükselteci göstermekteyiz. Yükseltecin çıktısı, bir pikosaniye kaynağı olarak di-

rek olarak kullanılabileceği gibi, lazer sistemi dışındaki bir kırınım ağı yardımıyla

sıkıştırılarak da kullanılabilir. Bu yaklaşım, 10 MW tepe gücüne ulaşabilen

ve hassas ayar gerektirmeyen dayanıklı bir lazer sistemi ortaya konabilmesini

sağlamaktadır.

Son olarak, doğrusal olmayan dinamiklerin kontrolünden öğrendiklerimizle

beraber geliştirdiğimiz bu lazer sistemini, pozitif yerel olmayan geri bildirim-

lerle kendinden organize metal oksit nano yapıların büyümesini başlatan ve

negatif yerel geri bildirimlerle de bu yapıları stabilize eden bir üretim metodunu

göstermek için kullanıyoruz. Böylelikle eşsiz bir tekdüzeliği, yüksek hızda ve

düşük maliyetle, düz olmayan veya esnek yüzeylerde elde edebiliyoruz. Kesintisiz

biçimde nanoyapıları birleştirmek üzere geri bildirimin yerel olmayan doğasından

yararlanarak, periyodisitede nm-altı tekdüzeliğe sahip belirli bir sınırı olmayan

çok büyük alanları kaplayabiliyoruz. Prensipte çok çeşitli malzemeler üzerinde

uygulanabilecek bu yaklaşımı TiO2 ve tungsten oksit nanoyapıların fabrikasy-

onunda gösteriyoruz.

Anahtar sözcükler : Fiber optik yükselteçler ve salıngaçlar, kip-kilitli lazerler,

ultrahızlı lazerler, lazerle malzeme işleme.
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Bayındır, Dr. Doğan Abukay, Dr. Ali Bozbey, and Dr. Alpan Bek for their

constructive suggestions while reviewing my thesis.

I wish to give my special thanks to my dear wife Burcu Öktem for always
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Chapter 1

Introduction

Ultrafast fiber lasers are currently used in a large variety of engineering and

industrial applications which range from high-tech, such as high-speed circuit

testing and biological imaging, to more everyday applications such as inspection

of packaged food, owing to their simplicity of operation, low cost and excellent ro-

bustness, allowing uninterrupted operation for long periods of time. The markets

that will be influenced include industries such as telecommunications, automo-

tive, electronics, medical (device manufacturing, diagnostics, therapy), dental,

and ophthalmic. Nonlinear effects easily and unavoidably arise in ultrafast op-

tics, particularly in fiber lasers, owing to the tight confinement of the optical

beam in the fiber core and meters-long propagation distances. These effects are

quite often as sources of limitation to performance and there are countless stud-

ies aiming at the avoidance or circumvention of the nonlinear effects. However,

many fascinating phenomena, from generation to utilization of ultrafast pulses in

a laser cavity in the first place, rely on the very same nonlinear effects. Thus, deep

understanding of the governing dynamics is should be the preferred approach and

while avoidance or circumvention are warranted in certain cases, a broader view

should be taken, including clever control or manipulation of these effects. We

believe strongly that this broader approach holds the potential for fascinating

new phenomena and this thesis is an attempt to implement our approach.

The first work covered in this thesis targets mode-locked oscillators, from
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which ultrafast (sub-picosecond in duration) pulses are generated. Mode-locked

oscillators are well-known to exhibit rich dynamics governing the pulse forma-

tion, which arises from the interplay of gain, dispersion and nonlinear effects [1].

Several new mode-locking regimes have been identified in recent years, namely

the self-similar (similariton) operation [2] and the all-normal dispersion opera-

tion [3] of fiber lasers have been demonstrated. Work building on these discov-

eries have led to significantly improved laser parameters, with more than 10 nJ

generated from a wave-breaking-free fiber laser [4] and the development of all-

normal dispersion lasers with pulse energies of 30 nJ [5]. The new mode-locking

regimes add to the list of well-known mode-locking regimes of soliton-like [6] and

stretched pulse (dispersion-managed soliton-like) [7]. In particular, optical sim-

ilaritons have emerged as a new class of ultrashort pulse in recent years [8].

Self-similarity is a fundamental physical property in a diverse range of nonlin-

ear phenomena and its observation signifies the presence of internal order and

symmetry. Kruglov et al. [9] and Fermann et al. [10] have demonstrated the ex-

istence of similaritons in normal-dispersion fiber amplifiers. These results have

extended previous theoretical and numerical studies of parabolic pulse propaga-

tion in undoped fibers, without gain by Anderson et al. [11, 12]. The similaritons

obtained in a laser cavity by Ilday et al. [2] were non-dissipative pulses. There

has not been any experimental demonstration of amplifier similaritons inside of

a laser cavity. Here, we report experimental and theoretical observation of a new

mode-locking regime, where the pulse propagates as a similariton in part of the

laser cavity with normal dispersion and gain, and as a soliton in the rest of the

cavity with anomalous dispersion. The co-existence of similariton and soliton

evolutions within the same cavity is remarkable, given the incompatible charac-

teristics of these two fundamental nonlinear waves. As a result, the pulse is able

to withstand extremely large nonlinear effects and copes by order-of-magnitude

variations in its spectral width within one roundtrip, which much higher than

any observed to date. In other words, the present laser has strongest nonlinear

effects observed in any laser to date. From a conceptual point of view, this new

regime connects all four mode-locking regimes: similariton and soliton evolutions

are contained in its normal operation, in addition, taking the cavity parameters
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to limiting values, the laser becomes an all-normal dispersion laser or a stretched-

pulse laser. Thus, understanding of this new regime of operation is likely to lead

to a more general understanding of pulse shaping in mode-locked lasers. Finally,

the similaritons supported by the laser are dissipative unlike the first similari-

ton laser [2], which constitutes the first observation of amplifier similaritons in

a laser cavity. Remarkably, this construct is extremely robust; though the pulse

experiences nonlinear effects strong enough to cause order-of-magnitude spectral

variations of the pulse, much higher than in any laser to date, the laser exhibits

excellent short and long-term stability, indicating high potential for low-noise

applications, particularly for nonlinear laser lithography.

While mode-locked oscillators are the sources of ultrafast pulses, they rarely

provide enough power for their intended applications. The remedy is amplification

external to the cavity, but as the pulse energy is increased, nonlinear effects gain

in strength and once again emerge as a technical limitation. In this thesis, we

also demonstrate generation of pulses with up to 4 µJ energy at 1 MHz repetition

rate through nonlinear chirped-pulse amplification in an entirely fiber-integrated

amplifier, seeded by the soliton-similariton fiber oscillator. The peak power and

the estimated nonlinear phase shift of the amplified pulses are as much as 57

kW and ∼22π, respectively. The shortest compressed pulse duration of 140 fs is

obtained for 3.1 µJ of uncompressed amplifier output energy at 18π of nonlinear

phase shift. At 4 µJ of energy, the nonlinear phase shift is 22π and compression

leads to 170-fs-long pulses. Numerical simulations are employed to model the

experiments and identify the limitations. Amplification is currently limited in

this setup by the onset of Raman amplification of the longer edge of the spectrum.

With its microjoule energy output, this setup has provided the starting point for

our nonlinear laser-material processing studies.

Finally, we introduce a novel mechanism for laser-induced and laser-controlled

fabrication of nanostructures on surfaces, inspired and guided by our experience

in understanding the governing dynamics of mode-locked lasers and apply very

simple, but universal lessons to the fabrication of the nanostructures. This ap-

proach works even though the physical systems considered are vastly different

due to the universality of the basic dynamics. Technical motivation for this
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study comes from the recognition of the importance of efficient, low-cost and

high-precision fabrication of nanostructures on surfaces in nanotechnology and

materials science [13, 14, 15, 16]. There are established methods such as electron

beam lithography, imprint lithography [15], laser interference lithography [16, 17],

as well as nonconventional approaches such as self-assembly [13, 14, 18], micro-

contact printing [19], and direct laser writing [20, 21]. These approaches either

require highcost and complex systems or offer limited flexibility. In this thesis,

we demonstrate ultrafast-laser-controlled self-assembly of highly uniform titania

(TiO2) nanostructures on titanium surfaces as a flexible, high-speed, and low-cost

fabrication technique. Our approach is unique in that it incorporates principles

underlying mode-locking of lasers [22]; the growth process is driven by a positive

feedback mechanism, involving interplay between the laser beam and its scatter-

ing from existing nanostructures; a negative feedback mechanism, which arises

from reduced availability of O2 as the TiO2 nanostructures grow and cover Ti,

regulates and stabilizes the growth process. We obtain nanostructures that grow

self-similarly, with parabolic spatial profiles, similar to the temporal profile of

the pulses [8, 10, 2, 23], which are used to create them. These nonlinear mech-

anisms regulate the key features of the nanofabrication, resulting in excellent

long-range order, unprecedented for laser-induced nanostructures and rivalling

that of conventional lithography. Structures can self-stitch to existing ones, al-

lowing coverage of indefinitely large areas at high speed. By controlling the scan

direction and polarization of the laser beam over the sample, various patterns can

be obtained. The main features of the structures are unaffected by several-fold

variations in laser power, exposure or scan speed, allowing creation of structures

on non-planar surfaces, in contrast to established techniques.

1.1 Dispersion in fibers

Material dispersion occurs as the refractive index of silica changes with the optical

frequency w. When an electromagnetic wave interacts with the bound electrons of

a dielectric, the medium response depends on the optical frequency w. The origin

of material dispersion is related to the characteristic resonance frequencies at
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which the material absorbs the electromagnetic radiation through oscillations of

bound electrons [24]. The refractive index n(w) is approximated by the Sellmeier

equation [25]

n2(w) = 1 +
m∑
k=1

Bkw
2
k

w2
k − w2

, (1.1)

where wk is the resonance frequency and Bk is the strength of kth resonance. Here

n stands for n1 or n2, depending on whether the dispersive properties of the core

or the cladding are considered.

Consider a single-mode fiber of length L. A spectral component at the fre-

quency w would arrive at the output end of the fiber after a time delay T = L/vg,

where vg is the group velocity, described as [26]

vg = (
dβ

dw
)−1. (1.2)

The effects of fiber dispersion are accounted for by expanding the mode-

propagation constant β in a Taylor series about the frequency w0 at which the

pulse spectrum is centered:

β(w) = n(w)
w

c
= β0 + β1(w − w0) +

1

2
β2(w − w0)

2 +
1

6
β3(w − w0)

3 + ..., (1.3)

where

βk =

(
dkβ

dwk

)
w=w0

(k = 0, 1, 2, ...). (1.4)

The parameters β1 and β2 are related to the refractive index n(w) and its deriva-

tives through the relations

β1 =
dβ

dw
=

1

c

(
n+ w

dn

dw

)
, (1.5)
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β2 =
d2β

dw2
=

1

c

(
2
dn

dw
+ w

d2n

dw2

)
. (1.6)

By using Eq. 1.5 in Eq. 1.2, one can show that

vg =
1

β1

=
c

ng

, (1.7)

where ng is the group index written as

ng = n+ w(
dn

dw
). (1.8)

The frequency dependence of the group velocity causes pulse broadening as dif-

ferent spectral components of the pulse disperse during propagation and do not

arrive simultaneously at the fiber output. If ∆w is the spectral width of the pulse,

the extent of pulse broadening for a fiber of length L is given by [26]

∆T = ∆w
dT

dw
=

d

dw
(
L

vg
)∆w = L

d2β

dw2
∆w = Lβ2∆w, (1.9)

where Eq. (1.2) is used. The envelope of an optical pulse moves at the group

velocity, while the parameter β2 represents dispersion of the group velocity and

determines how much an optical pulse would broaden on propagation inside the

fiber. This phenomenon is known as the group-velocity dispersion (GVD), and

β2 is the GVD parameter [26].

The frequency spread ∆w is determined by the range of wavelengths ∆λ

emitted by the optical source. It is conventional to use ∆λ in place of ∆w. By

using w = 2πc/λ and ∆w = (−2πc/λ2)∆λ, Eq. (1.9) is defined as

∆T =
d

dλ

(
L

vg

)
∆λ = DL∆λ, (1.10)

where

D =
d

dλ

(
1

vg

)
=

dβ1

dλ
= −2πc

λ2
β2 = −λ

c

d2n

dλ2
. (1.11)
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D is called the dispersion parameter and is expressed in units of ps/(km-nm).

Both β2 and D vanish at the zero-dispersion wavelength, denoted as λD,

and change sign for longer wavelengths. Pulse propagation near this wavelength

requires inclusion of the cubic term in Eq. 1.3. The coefficient β3 appearing in

that term is called the third-order dispersion (TOD) parameter [26].

Nonlinear effects in optical fibers show different behaviors depending on the

sign of the GVD parameter [24]:

• For wavelengths such that λ<λD, the fiber is said to exhibit normal disper-

sion as β2>0 and D<0. High-frequency components of an optical pulse

travel slower than low-frequency components of the same pulse in the

normal-dispersion regime.

• The opposite occurs in the anomalous-dispersion regime in which β2<0

and D>0. Optical fibers support solitons through a balance between the

dispersive and nonlinear effects in this regime.

1.2 Nonlinear effects in fibers

The response of any dielectric to light becomes nonlinear for intense electromag-

netic fields, and optical fibers are no exception. The waveguide geometry which

confines light to a small cross section over long fiber lengths makes nonlinear

effects quite important in the design of fiber laser systems although silica is in-

trinsically not a highly nonlinear material [24].

The origin of nonlinear response is related to harmonic motion of bound elec-

trons under the influence of an applied field. Consequently, the total polarization

P induced by electric dipoles is not linear in the electric field E, but satisfies the

general relation [27]

P = ε0

(
χ(1) · E+ χ(2) : EE+ χ(3)...EEE+ ...

)
, (1.12)
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where ε0 is the vacuum permittivity and χ(k) is kth order susceptibility.

• The linear susceptibility χ(1) represents the dominant contribution to P.

Its effects are included through the refractive index n and the attenuation

coefficient α [24].

• The second-order susceptibility χ(2) is responsible for such nonlinear effects

as second-harmonic generation and sum-frequency generation [28]. Op-

tical fibers do not normally exhibit second-order nonlinear effects. The

electric-quadrupole and magnetic-dipole moments produce weak second-

order nonlinear effects. Moreover, defects inside the fiber core contribute

to second-harmonic generation under certain conditions.

• The lowest-order nonlinear effects in optical fibers arise from the third-

order susceptibility χ(3), which is responsible for phenomena such as third-

harmonic generation, four-wave mixing, and nonlinear refraction [28]. The

nonlinear processes that involve generation of new frequencies are not effi-

cient in optical fibers if special efforts are not made to achieve phase match-

ing. Thus, most of the nonlinear effects in optical fibers arise from nonlinear

refraction which is a phenomenon referring to the intensity dependence of

the refractive index that is defined as [24]

n̆(w, |E|2) = n(w) + n2|E|2, (1.13)

where n(w) is the linear part given by Eq. 1.1, |E|2 is the optical intensity

inside the fiber, and n2 is the nonlinear-index coefficient related to χ(3).

The intensity dependence of the refractive index gives rise to a large number

of interesting nonlinear effects; the two most extensively studied are known as

self-phase modulation (SPM) and cross-phase modulation (XPM) [24].

Self-phase modulation (SPM) is a nonlinear optical effect of light matter in-

teraction. An ultrashort pulse of light, when travelling in a medium, will induce

a varying refractive index of the medium due to the optical Kerr effect. This vari-

ation in refractive index produces a phase shift in the pulse, leading to a change

8



of the pulse’s frequency spectrum. Its magnitude is obtained by noting that the

phase of an optical field changes by [24]

ϕ = n̆k0L = (n+ n2|E|2)k0L, (1.14)

where k0 = 2π/λ and L is the fiber length. The intensity dependent nonlinear

phase shift,

ϕn = n2k0L|E|2, (1.15)

is due to SPM which is responsible for spectral broadening of ultrashort pulses and

formation of optical solitons in the anomalous-dispersion regime of fibers [29, 30].

Cross-phase modulation (XPM) is the change in the optical phase of a light

beam caused by the interaction with another beam having a different wavelength,

direction, or state of polarization in a nonlinear medium, specifically a Kerr

medium. Its origin is understood by noting that the total electric field E in

Eq. 1.12 is written as [24]

E =
x̂

2
[E1e

−iw1t + E2e
−iw2t + c.c.], (1.16)

when two optical fields at frequencies w1 and w2, polarized along the x axis,

propagate simultaneously inside the fiber. The nonlinear phase shift for the field

at w1 is defined as

ϕn = n2k0L(|E1|2 + 2|E2|2), (1.17)

where we have neglected all terms that generate polarization at frequencies other

than w1 and w2 because of their non-phase-matched character. The two terms

on the righthand side of Eq. 1.17 are due to SPM and XPM, respectively [24].
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1.3 Pulse propagation in fibers

Propagation of optical fields in fibers is governed by Maxwells equations. For a

nonconducting medium without free charges, these equations take the form [31]

∇× E = −∂B

∂t
, (1.18)

∇ ·D = 0, (1.19)

∇×H =
∂D

∂t
, (1.20)

∇ ·B = 0, (1.21)

where E and H are the electric and magnetic field vectors, respectively, and D

and B are the corresponding flux densities. The flux densities are related to the

field vectors by the constitutive relations [31]

B = M+ µ0H, (1.22)

D = P+ ε0E, (1.23)

where M and P are the induced magnetic and electric polarizations, respectively,

and µ0 and ε0 are the vacuum permeability and permittivity. For a nonmagnetic

medium such as optical fibers, M=0. Maxwells equations is used to obtain the

wave equation that describes light propagation in optical fibers. By taking the

curl of Eq. 1.18

∇× (∇× E) = − ∂

∂t
(∇×B), (1.24)
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and using the mathematical identity

∇× (∇× E) = ∇(∇ · E)−∇2E, (1.25)

we can obtain

∇(∇ · E)−∇2E = − ∂

∂t
(∇×B). (1.26)

Using Eqs. 1.20, 1.22, and 1.23, we can obtain

∇×B = µ0ε0
∂E

∂t
+ µ0

∂P

∂t
. (1.27)

Substituting equation 1.27 in 1.26 gives

∇(∇ · E)−∇2E = −µ0ε0
∂2E

∂t2
− µ0

∂2P

∂t2
. (1.28)

Since ∇ · D = 0, ε0∇ · E = 0 and using the relation µ0ε0 = 1/c2, equation is

reduced to the wave equation

∇2E− 1

c2
∂2E

∂t2
= µ0

∂2P

∂t2
. (1.29)

If we include only the third-order nonlinear effects governed by χ(3), the induced

polarization consists of two parts such that

P(r, t) = Pl(r, t) +Pn(r, t), (1.30)

where the linear part Pl and the nonlinear part Pn are related to the electric field

by the general relations [26]

Pl(r, t) = ε0

∫ t

−∞
χ(1)(t− t′) · E(r, t′) dt′, (1.31)

Pn(r, t) = ε0

∫ t

−∞
dt1

∫ t

−∞
dt2

∫ t

−∞
dt3
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×χ(3)(t− t1, t− t2, t− t3)
...E(r, t1)E(r, t2)E(r, t3). (1.32)

By using Eq. 1.30, the wave equation is written in the form

∇2E− 1

c2
∂2E

∂t2
= µ0

∂2Pl

∂t2
+ µ0

∂2Pn

∂t2
. (1.33)

It is necessary to make several simplifying assumptions before solving Eq.

1.33 [24]:

• The optical field is assumed to maintain its polarization along the fiber

length so that a scalar approach is valid.

• The optical field is assumed to be quasi-monochromatic, that is, the pulse

spectrum, centered at w0, is assumed to have a spectral width ∆w such

that ∆w/w0 ≪ 1. Since w0 ∼ 1015 s−1, the assumption is valid for pulses

as short as 0.1 ps.

• Pn is treated as a small perturbation to Pl.

In the slowly varying envelope approximation adopted here, it is useful to separate

the rapidly varying part of the electric field by writing it in the form

E(r, t) =
x̂

2
[E(r, t)e(−iw0t) + c.c.], (1.34)

where E(r, t) is a slowly varying function of time, and x̂ is the polarization unit

vector. The polarization components Pn and Pl are expressed in a similar way

by writing [24]

Pl(r, t) =
x̂

2
[Pl(r, t)e

(−iw0t) + c.c.], (1.35)

Pn(r, t) =
x̂

2
[Pn(r, t)e

(−iw0t) + c.c.]. (1.36)

The nonlinear component Pn(r, t) is obtained by substituting Eq. 1.36 in Eq.

1.32. Considerable simplification occurs if the nonlinear response is assumed to
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be instantaneous so that the time dependence of χ(3) in Eq. 1.32 is given by the

product of three delta functions of the form δ(t− t1). Equation 1.32 reduces to

Pn(r, t) = ε0χ
(3)...E(r, t1)E(r, t2)E(r, t3). (1.37)

When Eq. 1.34 is substituted in Eq. 1.37, Pn(r, t) is found to have a term

oscillating at w0 and another term oscillating at the third-harmonic frequency

3w0. The latter term requires phase matching and is generally negligible in optical

fibers. By making use of Eq. 1.36, Pn(r, t) is given by

Pn(r, t) ≈ ε0εnE(r, t), (1.38)

where the nonlinear contribution to the dielectric constant is described as [26]

εn =
3

4
χ(3)|E(r, t)|2. (1.39)

It is more convenient to work in the Fourier domain to obtain the wave equation

for the slowly varying amplitude E(r, t). This is not possible as Eq. 1.33 is

nonlinear because of the intensity dependence of εn. εn is treated as a constant

during the derivation of the propagation equation [32]. The approach is justified

in view of the slowly varying envelope approximation and the perturbative nature

of Pn. Substituting Eqs. 1.34 through 1.36 in Eq. 1.33, the Fourier transform

Ĕ(r, w − w0), described as;

Ĕ(r, w − w0) =
∫ ∞

−∞
E(r, t)e[i(w−w0)t] dt, (1.40)

is found to satisfy the Helmholtz equation [24]

∇2Ĕ + ε(w)
w2

c2
Ĕ = 0, (1.41)

where

ε(w) = 1 + χ̆(1)(w) + εn, (1.42)
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is the dielectric constant. The Helmholtz equation is solved by using the method

of separation of variables. If we assume a solution of the form

Ĕ(r, w − w0) = F (x, y)Ă(z, w − w0)e
[iβ0z], (1.43)

where Ă(z, w) is a slowly varying function of z and β0 is the wave number. Eq.

1.41 causes the following two equations for F(x,y) and Ă(z, w) [24]:

∂2F

∂x2
+

∂2F

∂y2
+ [ε(w)

w2

c2
− β̆2]F = 0, (1.44)

2iβ0
∂Ă

∂z
+ [β̆2 − β2

0 ]Ă = 0. (1.45)

In obtaining Eq. 1.45, the second derivative ∂2Ă/∂z2 is neglected because Ă(z, w)

is assumed to be a slowly varying function of z. The wave number β̆ is deter-

mined by solving the eigenvalue equation 1.44 for the fiber modes. The dielectric

constant ε(w) in Eq. 1.44 is given by

ε = (n+∆n)2 ≈ n2 + 2n∆n, (1.46)

where ∆n is a small perturbation defined as

∆n = n2|E|2 + ic

2w
ᾰ. (1.47)

Equation 1.44 is solved using first-order perturbation theory [33]. ε is replaced

with n2. We obtain the modal distribution F (x, y), and the corresponding wave

number β(w). ∆n does not affect the modal distribution F (x, y) in the first-order

perturbation theory. However, the eigenvalue β̆ becomes

β̆(w) = β(w) + ∆β(w), (1.48)

where
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∆β(w) =
w2n(w)

c2β(w)

∫ ∫∞
−∞∆n(w)|F (x, y)|2 dx dy∫ ∫∞

−∞ |F (x, y)|2 dx dy
. (1.49)

Using equations 1.34 and 1.43, the electric field E(r,t) is defined as [24]

E(r, t) =
x̂

2
[F (x, y)A(z, t)e[i(β0z−w0t)] + c.c.], (1.50)

where A(z, t) is the slowly varying pulse envelope. The Fourier transform Ă(z, w−
w0) of A(z, t) satisfies Eq. 1.45, which is defined as

∂Ă

∂z
= i[β(w) + ∆β(w)− β0]Ă, (1.51)

where we used Eq. 1.48 and approximated β̆2 − β2
0 by 2β0(β̆ − β0). As an exact

functional form of β(w) is barely known, it is useful to expand β(w) in a Taylor

series around the carrier frequency w0 as

β(w) = β0 + (w − w0)β1 +
1

2
(w − w0)

2β2 +
1

6
(w − w0)

3β3 + ..., (1.52)

where β0 ≡ β(w0) and other parameters are described as [34]

βn =

(
dnβ

dwn

)
w=w0

, (n = 1, 2, ...). (1.53)

A similar expansion is made for ∆β(w), i.e.,

∆β(w) = ∆β0 + (w − w0)∆β1 +
1

2
(w − w0)

2∆β2 + ..., (1.54)

• The cubic and higher-order terms in the expansion 1.52 are negligible if the

spectral width of the pulse satisfies the condition ∆w ≪ w0.

• If β2 ≈ 0 for some specific values of w0, it is necessary to include the β3

term.
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• The approximation ∆β ≈ ∆β0 in Eq. 1.54 is used under the same condi-

tions [24].

After these simplifications in Eq. 1.51, we take the inverse Fourier transform

using [24]

A(z, t) =
1

2π

∫ ∞

−∞
Ă(z, w − w0)e

[−i(w−w0)t] dw. (1.55)

During the Fourier-transform operation, w − w0 is replaced by the differential

operator i(∂/∂t). The resulting equation for A(z, t) becomes

∂A

∂z
+ β1

∂A

∂t
+

iβ2

2

∂2A

∂t2
= i∆β0A. (1.56)

The ∆β0 term on the right side of Eq. 1.56 includes the effects of fiber loss and

nonlinearity. Using β(w) ≈ n(w)w/c and assuming that F(x,y) in Eq. 1.49 does

not vary over the pulse bandwidth, Eq. 1.56 takes the form

∂A

∂z
+ β1

∂A

∂t
+

iβ2

2

∂2A

∂t2
+

αA

2
= iγ(w0)|A|2A, (1.57)

where the nonlinear parameter γ is written as

γ(w0) =
n2(w0)w0

cAe

. (1.58)

• Eq. 1.57 describes propagation of picosecond optical pulse in single-mode

fibers.

• The term on the right side of Eq. 1.57 governs the nonlinear effects of

self-phase modulation (SPM).

• The pulse amplitude A is assumed to be normalized such that |A|2 repre-

sents the optical power.

• The quantity γ|A|2 is measured in units of m−1 if n2 is expressed in units

of m2/W [24].
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• It is related to the nonlinear Schrödinger (NLS) equation and it is reduced

to that form under certain conditions.

• It includes the effects of fiber losses through α, of chromatic dispersion

through β1 and β2, and of fiber nonlinearity through γ.

• The pulse envelope moves at the group velocity vg ≡ 1/β1, while the effects

of group-velocity dispersion (GVD) are governed by β2.

• The GVD parameter β2 is positive or negative depending on whether the

wavelength λ is below or above the zero dispersion wavelength λD of the

fiber.

• The parameter Ae, depending on fiber parameters such as the core radius

and the core-cladding index difference, is known as the effective mode area

and is described as [24]

Ae =
(
∫ ∫∞

−∞ |F (x, y)|2 dx dy)2∫ ∫∞
−∞ |F (x, y)|4 dx dy

. (1.59)

If F(x,y) is approximated by a Gaussian distribution, the effective area is

simply

Ae = πw2. (1.60)

Ae can vary in the range of 1 to 100 µm in the 1.5-µm region, depending on the

fiber design. γ takes values in the range 1-100 W−1/km if n2 ≈ 2.6x10−20 m2/W

is used. Equation 1.57 is modified for ultrashort optical pulses whose widths are

close to or <1 ps [35]. We obtain the following equation for pulse evolution inside

a single-mode fiber after some algebra [24]:

∂

∂z
A+

1

2

(
α(w0) + iα1

∂

∂t

)
A+ β1

∂

∂t
A+

i

2
β2

∂2

∂t2
A− 1

6
β3

∂3

∂t3
A

= i

(
γ(w0) + iγ1

∂A

∂t

)(
A(z, t)

∫ ∞

0
R(t′)|A(z, t− t′)|2 dt′

)
. (1.61)
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For pulses wide enough to contain many optical cycles (pulse width >100 fs),

we simplify Eq. 1.61 by setting α1 = 0 and γ1 = γ/w0 and using the following

Taylor-series expansion [24]:

|A(z, t− t′)|2 ≈ |A(z, t)|2 − t′
∂

∂t
|A(z, t)|2. (1.62)

This approximation is reasonable if the pulse envelope evolves slowly along the

fiber. Defining the first moment of the nonlinear response function as

TR ≡
∫ ∞

0
tR(t) dt. (1.63)

A frame of reference moving with the pulse at the group velocity vg used by

making the transformation T = t− z/vg ≡ t− β1z and
∫∞
0 R(t) dt=1, Eq. 1.61 is

approximated by

∂A

∂z
+
αA

2
+
iβ2

2

∂2A

∂T 2
− β3

6

∂3A

∂T 3
= iγ

(
|A|2A+

i

w0

∂(|A|2A)
∂T

− TRA
∂|A|2

∂T

)
. (1.64)

• The last term proportional to TR in Eq. 1.64 has its origin in the delayed

Raman response, and it is responsible for the Raman-induced frequency

shift induced by intrapulse Raman scattering [26].

• The term proportional to w−1
0 results from the frequency dependence of ∆β

in Eq. 1.49.

• The term proportional to β3 governs the effects of third-order dispersion

and becomes important for ultrashort pulses because of their wide band-

width [24].

For pulses of width T0 > 5 ps, the parameters (w0T0)
−1 and TR/T0 become so

small (< 0.001) that the last two terms in Eq. 1.64 are neglected [24]. As the

contribution of the third-order dispersion term is quite small for such pulses, we

obtain the simplified equation
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i
∂A

∂z
= −i

αA

2
+

β2

2

∂2A

∂T 2
− γ|A|2A, (1.65)

where A is the slowly varying amplitude of the pulse envelope and T is measured

in a frame of reference moving with the pulse at the group velocity vg.

• The three terms on the right-hand side of Eq. 1.65 govern the effects of

fiber losses, dispersion, and nonlinearity on pulses propagating inside optical

fibers respectively [24].

• Depending on the initial width T0 and the peak power P0 of the incident

pulse, either dispersive or nonlinear effects dominate along the fiber [26].

1.4 Group-velocity dispersion

It is useful to introduce two length scales, known as the dispersion length Ld and

the nonlinear length Ln. Depending on the relative magnitudes of Ld, Ln, and the

fiber length L, pulses evolve differently. Let us introduce a time scale normalized

to the input pulse width T0 as [24]

τ =
T

T0

=
t− z/vg

T0

, (1.66)

we introduce a normalized amplitude B as

A(z, τ) =
√
P 0e

(−αz
2

)B(z, τ), (1.67)

where P0 is the peak power of the incident pulse. The exponential factor in Eq.

1.67 accounts for fiber losses. By using Eqs. 1.65-1.67, B(z, τ) is found to satisfy

i
∂B

∂z
=

sgn(β2)

2Ld

∂2B

∂τ 2
− e(−αz)

Ln

|B|2B (1.68)

where sgn(β2)=±1 depending on the sign of the GVD parameter β2 and
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Ld =
T 2
0

|β2|
, (1.69)

Ln =
1

γP0

, (1.70)

where T0 is the initial pulse width, P0 is the pulse peak power, and γ is related

to the nonlinear-index coefficient n2. The dispersion length Ld and the nonlinear

length Ln provide the length scales over which dispersive or nonlinear effects

become important for pulse evolution. Depending on the relative magnitudes

of L, Ld, and Ln, the propagation behavior is classified in the following four

categories [24].

• When fiber length L is such that L≪Ln and L≪Ld, neither dispersive nor

nonlinear effects play a significant role during pulse propagation. The pulse

maintains its shape during propagation.

• When the fiber length L is such that L≪Ln but L∼Ld, the pulse evolution

is governed by GVD, and the nonlinear effects play a relatively minor role.

The dispersion-dominant regime is applicable whenever the fiber and pulse

parameters are such that

Ld

Ln

=
γP0T

2
0

|β2|
≪ 1, (1.71)

• When the fiber length L is such that L ≪ Ld but L ∼ Ln, the dispersion

is negligible compared to the nonlinearity. Pulse evolution in the fiber

is governed by SPM that produces changes in the pulse spectrum. The

nonlinearity-dominant regime is applicable whenever

Ld

Ln

=
γP0T

2
0

|β2|
≫ 1, (1.72)

• When the fiber length L is longer or comparable to both Ld and Ln, disper-

sion and nonlinearity act together as the pulse propagates along the fiber.

The interplay of the GVD and SPM effects leads to a qualitatively different

behavior compared with that expected from GVD or SPM alone. The fiber
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support solitons in the anomalous-dispersion regime (β2 < 0). The GVD

and SPM effects are used for pulse compression in the normal-dispersion

regime (β2>0) [26].

1.5 Self-phase modulation

An interesting manifestation of the intensity dependence of the refractive in-

dex in nonlinear optical media occurs through self-phase modulation (SPM), a

phenomenon that causes spectral broadening of optical pulses [29]. In terms of

the normalized amplitude B(z, T ) written as in Eq. 1.68, the pulse propagation

equation 1.69 in the limit β2 = 0 becomes [24]

∂B

∂z
= i

e−αz

LN

|B|2B, (1.73)

where α accounts for fiber losses. The nonlinear length is defined as

Ln =
1

γP0

, (1.74)

where P0 is the peak power and γ is related to the nonlinear-index coefficient n2.

Equation 1.73 is solved by using

B = Reiϕn (1.75)

and equating the real and imaginary parts so that

∂R

∂z
= 0

∂ϕn

∂z
=

e−αz

Ln

R2. (1.76)

As the amplitude R does not change along the fiber length L, the phase equation

is integrated analytically to obtain the general solution
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B(L, T ) = B(0, T )eiϕn(L,T ), (1.77)

where B(0, T ) is the field amplitude at z=0 and

ϕn(L, T ) = |B(0, T )|2Le

Ln

, (1.78)

The effective length Le for a fiber of length L is given by

Le =
1− e−αL

α
. (1.79)

• The nonlinear phase shift ϕn in Eq. 1.78 increases with fiber length L.

• The quantity Le plays the role of an effective length that is smaller than L

because of fiber losses.

The maximum phase shift ϕmax occurs at the pulse center located at T = 0. With

B normalized such that |B(0, 0)| = 1, it is written as

ϕmax =
Le

Ln

= γP0Le. (1.80)

Spectral changes induced by SPM are a direct consequence of the time depen-

dence of ϕn. A temporally varying phase implies that the instantaneous optical

frequency differs across the pulse from its central value w0. The difference δw is

defined as [24]

δw(T ) = −∂ϕn

∂T
= −Le

Ln

∂|B(0, T )|2

∂T
. (1.81)

• The time dependence of δw is referred to as frequency chirping.

• The chirp induced by SPM increases in magnitude with the propagated

distance. In other words, new frequency components are generated contin-

uously as the pulse propagates down the fiber.
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• These SPM-generated frequency components broaden the spectrum over its

initial width at z = 0 for initially unchirped pulses.

1.6 Fiber solitons

The temporal and spectral shape of a short optical pulse changes during propa-

gation in a transparent medium due to the Kerr effect and chromatic dispersion.

However, under certain circumstances the effects of Kerr nonlinearity and disper-

sion can exactly cancel each other so that the temporal and spectral shape of the

pulses is preserved even over long propagation distances. When SPM is included

together with fiber dispersion and losses, the propagation of an optical bit stream

through optical fibers is governed by the NLS equation [26]

∂A

∂z
+ i

β2

2

∂2A

∂t2
− β3

6

∂2A

∂t3
= iγ|A|2A− αA

2
, (1.82)

where fiber losses are included through the α parameter while β2 and β3 account

for the second- and third-order dispersion (TOD) effects. The nonlinear param-

eter γ = 2πn2/(λAe) is defined in terms of the nonlinear-index coefficient n2,

the optical wavelength λ , and the effective core area Ae. To discuss the soliton

solutions of Eq. 1.82 as simply as possible, we first set α = 0 and β3 = 0. It is

useful to write this equation in a normalized form by introducing [26]

τ =
t

T0

, (1.83)

ξ =
z

LD

, (1.84)

B =
A√
P0

, (1.85)

where T0 is a measure of the pulse width, P0 is the peak power of the pulse, and

Ld = T 2
0 /|β2| is the dispersion length. Equation 1.82 then takes the form
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i
∂B

∂ξ
− s

2

∂2B

∂τ 2
+N2|B|2B = 0, (1.86)

where s = ±1, depending on whether β2 is positive (normal GVD) or negative

(anomalous GVD). The parameter R is defined as

R2 =
Ld

Ln

=
γP0T

2
0

|β2|
. (1.87)

It represents a dimensionless combination of the pulse and fiber parameters.

Consider the case of anomalous GVD by setting s = −1 in Eq. 1.86. The param-

eter R appearing in Eq. 1.87 is removed by introducing b = RB as a renormalized

amplitude. With this change, the NLS equation takes on its canonical form [26]

i
∂b

∂ξ
+

1

2

∂2b

∂τ 2
+ |b|2b = 0. (1.88)

This equation is solved by the inverse scattering method. Details of this method

are available in several books devoted to solitons. The main result is summarized

as follows. When an input pulse having an initial amplitude

b(0, τ) = Rsech(τ), (1.89)

is launched into the fiber, its shape remains unchanged during propagation when

R = 1 but follows a periodic pattern for integer values of R > 1 such that the

input shape is recovered at ξ = kπ/2, where k is an integer. An optical pulse

whose parameters satisfy the condition R = 1 represents a fundamental soliton.

Pulses corresponding to other integer values of R are called higher order solitons.

The parameter R represents the order of the soliton. The soliton period z0 that

is defined as the distance over which higher-order solitons recover their original

shape is given by [26]

z0 =
πLd

2
=

πT 2
0

2|β2|
. (1.90)
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The solitons appear in a situation where the pulse does not exchange energy

with the fiber. Thus, these ordinary solitons are called conservative solitons.

1.7 Optical similaritons

We have focused on solitons which maintain not only their shape but also their

width during propagation. Pulses evolving in a self-similar fashion are sometimes

called similaritons. The nonlinear Schrödinger equation is used to obtain the

self-similar solution for optical amplifiers [34]

∂A

∂z
+ i

β2

2

∂2A

∂T 2
= iγ|A|2A+

g

2
A, (1.91)

where g=g0-α is the net gain. A self-similar solution is [34]

A(z, T ) = mp(z)K(τ)exp
[
icp(z)T

2 + ϕp(z)
]
, (1.92)

where the three pulse parameters, mp(z), cp(z), and ϕp(z), are allowed to evolve

with z. The function K(τ) which acts as the self-similarity variable governs the

pulse shape [34].

K(τ) = (1− τ 2

τ 20
)1/2, (1.93)

mp(z) =
1

2
(gE0)

1/3(γβ2/2)
−1/6exp(gz/3), (1.94)

cp(z) =
g

6β2

, (1.95)

ϕp(z) = ϕ0 + (3γ/2g)m2
p(z), (1.96)

where E0 is the input energy and ϕ0 is an arbitrary constant phase of a pulse

whose shape evolves as K(τ) with τ = T/Tp(z)
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Tp(z) = 6g−1(γβ2/2)
1/2ap(z). (1.97)

Tp(z) is interpreted as a pulse width that scales linearly with the amplitudemp(z).

• Because of self-similarity, the pulse maintains its parabolic shape although

its width and amplitude increase with z in an exponential fashion.

• Self-similar solution is that the amplified pulses are linearly chirped across

their entire temporal profile.

• A purely linear chirp is possible through SPM only when pulse shape is

parabolic [34].

1.8 Split-step fourier method

The split-step fourier method is a pseudo-spectral numerical method used to

solve nonlinear partial differential equations in numerical analysis. The method

relies on computing the solution in small steps, and treating the linear and the

nonlinear steps separately [24]. The split-step Fourier method is used to solve

the pulse-propagation problem in nonlinear dispersive media [36]. It is useful to

write the NLSE;

∂A

∂z
+
αA

2
+
iβ2

2

∂2A

∂T 2
− β3

6

∂3A

∂T 3
= iγ

(
|A|2A+

i

w0

∂(|A|2A)
∂T

− TRA
∂|A|2

∂T

)
, (1.98)

formally in the form

∂A

∂z
= (d̂+ n̂)A, (1.99)

where d̂ is a differential operator that accounts for dispersion and losses within

a linear medium and n̂ is a nonlinear operator that governs the effect of fiber

nonlinearities on pulse propagation. These operators are defined as [24]
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d̂ = −α

2
− iβ2

2

∂2

∂T 2
+

β3

6

∂3

∂T 3
, (1.100)

n̂ = iγ

(
|A|2 + 1

A

i

w0

∂

∂T
(|A|2A)− TR

∂|A|2

∂T

)
. (1.101)

Dispersion and nonlinearity act together along the length of the fiber. The

split-step Fourier method obtains an approximate solution by assuming that in

propagating the optical field over a small distance h, the dispersive and nonlinear

effects are assumed to act independently. Propagation from z to z + h is carried

out in two steps. In the first step, the nonlinearity acts alone, and d̂=0. In the

second step, dispersion acts alone, and n̂=0. Mathematically,

A(z + h, T ) ≈ exp(hd̂)exp(hn̂)A(z, T ). (1.102)

The exponential operator exp(hd̂) is evaluated in the Fourier domain using the

prescription

exp(hd̂)B(z, T ) = F−1
T exp[hd̂(−iw)]FTB(z, T ), (1.103)

where FT denotes the Fourier-transform operation, d̂(−iw) is obtained from Eq.

1.100 by replacing the operator ∂/∂T by −iw, and w is the frequency in the

Fourier domain. As d̂(iw) is a number in the Fourier space, the evaluation of Eq.

1.103 is straightforward.

The accuracy of the split-step Fourier method is improved by adopting a

different procedure to propagate the optical pulse over one segment from z to

z + h. Eq. 1.102 is replaced by [24]

A(z + h, T ) ≈ exp

(
h

2
d̂

)
exp

(∫ z+h

z
n̂(z′)dz′

)
exp

(
h

2
d̂

)
A(z, T ). (1.104)

• The main difference is that the effect of nonlinearity is included in the mid-

dle of the segment rather than at the segment boundary. This scheme is
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known as the symmetrized split-step Fourier method because of the sym-

metric form of the exponential operators in Eq. 1.104 [37].

• The integral in the middle exponential is useful to include the z dependence

of the nonlinear operator n̂.

1.9 Amplification in rare-earth doped fibers

Fiber amplifiers amplify incident light through stimulated emission, the same

mechanism which is used by lasers. The optical gain depends not only on the

wavelength of the incident signal, but also on the local beam intensity at any

point inside the amplifier. Depending on the energy levels of the dopant, pumping

schemes are classified as a three- or four-level scheme. Let us consider the case

in which the gain medium is modeled as a homogeneously broadened two-level

system. The gain coefficient is defined as [34]

g(w) =
g0

1 + (w − w0)2T 2
2 + P

Psat

, (1.105)

where g0 is the peak value of the gain, w is the optical frequency of the incident

signal, w0 is the atomic transition frequency, and P is the optical power of the

signal being amplified. The saturation power Psat depends on dopant parameters

such as the fluorescence time T1 and the transition cross section σ. The parameter

T2 is known as the dipole relaxation time and is quite small (∼0.1 ps) for fiber

amplifiers. Consider the unsaturated regime in which P/Psat ≪ 1 throughout

the amplifier. By neglecting the term P/Psat in Eq. 1.105, the gain coefficient

becomes

g(w) =
g0

1 + (w − w0)2T 2
2

, (1.106)

This equation shows that the gain is maximum when the signal frequency w

coincides with the atomic transition frequency w0. The gain bandwidth is defined
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as the full width at half maximum of the gain spectrum g(w). For the Lorentzian

spectrum, the gain bandwidth is written as

∆vg =
∆wg

2π
=

1

πT2

. (1.107)

As an example, ∆vg ∼ 5 THz for semiconductor optical amplifiers for which

T2 ∼ 60 fs. Incorporating the gain term into the NLSE given by Eq. 1.65

∂A

∂z
+

i

2
(β2 + igT 2

2 )
∂2A

∂T 2
= iγ|A|2A+

g − α

2
A. (1.108)

This equation is called the Master Equation of Mode-locking.
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Chapter 2

Soliton-Similariton Fiber Laser

2.1 Introduction

Rapid progress in passively mode-locked fiber lasers [4, 5, 38, 39, 40, 41] is cur-

rently driven by the recent discovery of new mode-locking mechanisms, namely,

the self-similarly evolving pulse (similariton) [2] and the all-normal-dispersion

(dissipative soliton) regimes [3, 42]. These are fundamentally different from the

previously known soliton [6] and dispersion-managed soliton (stretched-pulse) [7]

regimes. Here, we report a fiber laser in which the mode-locked pulse evolves

as a similariton in the gain segment and transforms into a regular soliton in the

rest of the cavity. To our knowledge, this is the first observation of similaritons

in the presence of gain, that is, amplifier similaritons, within a laser cavity. The

existence of solutions in a dissipative nonlinear cavity comprising a periodic com-

bination of two distinct nonlinear waves is novel and likely to be applicable to

various other nonlinear systems. For very large filter bandwidths, our laser ap-

proaches the working regime of dispersion-managed soliton lasers; for very small

anomalous-dispersion segment lengths it approaches dissipative soliton lasers.

Passively mode-locked fiber lasers are being used in a diverse range of appli-

cations, including optical frequency metrology [43, 44], material processing [45]

and terahertz generation [46]. Historically, major advances in laser performance
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have followed the discovery of new mode-locking regimes [4, 5, 38, 39, 40, 41, 47],

so there is always a strong motivation to search for new regimes.

The physics of mode-locked fiber lasers comprises a complex interaction of

gain, dispersion and nonlinear effects [22]. Such lasers are a convenient exper-

imental platform for the study of nonlinear waves subject to periodic bound-

ary conditions and dissipative effects. These characteristics profoundly alter the

behaviour of nonlinear waves, so this area of research is interesting in its own

right. In addition to the vast literature on optical solitons [48], optical sim-

ilaritons have recently emerged as a new class of nonlinear waves [8]. Other

researchers [9, 49, 50, 10] have demonstrated their existence in fiber amplifiers.

These results have extended earlier predictions of parabolic pulse propagation in

passive fibers by Anderson and colleagues [11] and experiments on amplification

at normal dispersion [12]. Similaritons were first observed in a laser cavity by

Ilday and colleagues [2]. These similaritons existed in segments of the cavity

without any gain and loss to avoid the large spectral broadening that is charac-

teristic of amplifier similaritons. Formation of a self-consistent solution in a laser

cavity requires the compensation of spectral broadening, which has proved to

be non-trivial [40]. Despite numerical predictions of their existence dating back

almost a decade, amplifier similaritons had yet to be observed in a laser cavity.

Here, we present our experimental and theoretical work demonstrating an en-

tirely new mode-locking regime, in which the pulse propagates self-similarly in

the gain fiber with normal dispersion, and following spectral filtering, gradually

evolves into a soliton in the rest of the cavity, where the dispersion is anoma-

lous. All mode-locked lasers to date have had a single type of nonlinear wave

propagating within the cavity; however, in our laser, distinctly different similari-

ton and soliton pulses co-exist, demonstrating that transitions between these are

possible. Remarkably, this construct is extremely robust against perturbations.

Although the pulse experiences nonlinear effects strong enough to cause unprece-

dented, order-of-magnitude variations of the spectral bandwidth, the laser shows

excellent short- and long-term stability.
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2.2 Pulse evolution in the laser

A schematic model for the laser is illustrated in Fig. 2.1a. Numerical simulations

of the model laser, based on a modified nonlinear Schrödinger equation, are used

to analyse its operation. Parameters are chosen to match the experimental values.

Numerical simulations are based on a modified nonlinear Schrödinger equation:

∂U

∂z
+

iβ2

2

∂2U

∂τ 2
− β3

6

∂3U

∂τ 3
=

g

2
U + iγ|U |2U + iγTR

∂|U |2

∂τ
U. (2.1)

Here, U = U(z, τ) is the slowly varying amplitude of the pulse envelope, z

the propagation coordinate, and τ the time delay parameter. β2 and β3 are the

second order (GVD) and third-order dispersion (TOD) parameters, respectively.

γ is the nonlinearity parameter given by

γ =
n2w0

cAe

, (2.2)

where n2 is the Kerr coefficient, w0 is the central angular frequency, c is the

velocity of light in vacuum and Ae is the effective mode area. TR = 5 fs is related

to the slope of the Raman gain spectrum, which is assumed to vary linearly with

frequency around the central frequency. The gain is given by

g =
gss

1 +W/W0 + (w − w0)2/∆w2
, (2.3)

where gss ≈ 3.45 is the small-signal gain (corresponding to 30 dB in power and

non-zero only for the gain fiber), ∆w is the gain bandwidth, which is chosen to

correspond to 50 nm, and

W (z) =
∫
|U |2dτ, (2.4)

is the pulse energy. The gain is assumed to saturate over a large number of pulses

with a response time much longer than the cavity round trip time. As such, the

saturated values of the gain along the erbium fiber are assumed to depend on av-

erage power only. W0 is an effective gain saturation energy corresponding to the
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saturation power (determined by pump power) for a given repetition rate. The

saturable absorber is modelled by a transfer function that describes its transmit-

tance

T (τ) = 1− q0
1 + P (τ)/P0

, (2.5)

where q0 is the unsaturated loss, P (z, τ) = |U(z, τ)|2 is the instantaneous pulse

power, and P0 is the saturation power. The specific shape of the transmittance

function is found not to be important. The numerical model is solved with a

standard symmetric split-step beam propagation algorithm, and the initial field

is white noise. The same stable solutions are reached from different initial noise

fields.

The parameters used in the numerical simulations are the same as their ex-

perimental values. Experimentally, we are able to vary the net dispersion of the

cavity (by varying the length of the SMF section), the pulse energy and use filters

with bandwidth of either 10 or 12 nm, both of which are centred at 1550 nm.

The erbium-doped gain fiber is 1 m long, with a mode field diameter (MFD) of

3.57 µm, numerical aperture (NA) of 0.32, β2 = 76.9 fs2 mm−1, β3 = 168 fs3

mm−1, and γ = 0.00932 W−1 m−1 at 1550 nm. The rest of the cavity comprises

∼3 m (varied to adjust the net dispersion value) of SMF-28 just before the gain

fiber and a total of 65 cm of OFS-980 as the lead fibers of the fiber components.

SMF-28 has an MFD of 10.4 µm, NA of 0.14, γ = 0.0011 W−1 m−1, β2 = −22.8

fs2 mm−1, and β3 = 86 fs3 mm−1. The OFS-980 has an MFD of 7.5 µm, NA of

0.16, γ = 0.0021 W−1 m−1, β2 = 4.5 fs2 mm−1, and β3 = 109 fs3 mm−1. We set

P0 = 2.13 kW and W0 = 2.21 nJ to obtain an intracavity pulse energy of 3.13

nJ, which is the measured value for a 12-nm-wide filter, β2,net = 0.0136 ps2, and

repetition rate of 39 MHz. For the results presented in Fig. 2.1 and Fig. 2.2,

β2,net = 0.0136 ps2 and the filter bandwidth is 15 nm. For the results presented

in Fig. 2.4, β2,net = 0.0136 ps2 and the filter bandwidth is 12 nm.

Experimentally, a maximum of 350 mW of pump light at 980 nm from a

laser diode is delivered to the cavity by means of a 980/1550 nm wavelength

division multiplexer. Although continuous-wave (c.w.) output power can be
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as high as 150 mW, the intracavity power is limited to ∼120 mW in mode-

locked operation. An optical isolator ensures unidirectional operation. NPE,

implemented with wave plates and a polarizer, functions as an artificial saturable

absorber [51]. Self-starting mode-locked operation is achieved readily and very

stably by adjustment of the wave plates. The repetition rate of the laser varies

between 29 MHz (at β2,net = −0.025 ps2) and 58 MHz (at β2,net = +0.045 ps2).

The pulse energy is limited to ∼3.1 nJ, limited by the self-similar evolution in

the gain fiber, which has a value of γ about a factor of 9 larger than that of

regular fiber at 1550 nm. At higher pulse energies, gain filtering starts to suppress

further spectral broadening, which distorts self-similar propagation. It is easier to

avoid overdriving the soliton propagation at higher energies because the output-

coupling ratio can be increased. With the use of a suitably designed gain fiber,

pulse energies exceeding 30 nJ should be possible.

We measure the intensity noise to be 0.008% (from 1 to 250 kHz) and timing

jitter to be 27 fs (from 1 kHz to the Nyquist limit), even though no effort was

made to improve the noise performance. These measurements suggest that this

modelocking regime may lead to lower relative intensity noise and phase noise

compared to conventional fiber lasers.

The solution obtained for a filter bandwidth of 15 nm and net group velocity

dispersion (GVD) of β2,net = 0.0136 ps2 illustrates the principle characteristics

of the laser operation. The evolution is illustrated by plots of the pulse duration

and spectral bandwidth as functions of position in the cavity (Fig. 2.1a). The

gain fiber has normal GVD, where the incident pulse evolves into an amplifier

similariton. A bandpass filter then filters the spectrum. Following the filter, the

pulse enters a long segment of single-mode fiber (SMF) with anomalous GVD,

and it evolves into a soliton in the long SMF segment. Because the pulse energy

can easily exceed that of a fundamental soliton by up to a factor of 2, it undergoes

soliton compression before its temporal and spectral widths stabilize. Similaritons

have parabolic temporal profiles with linear chirp, and their temporal as well as

spectral widths grow exponentially. In contrast, the first-order soliton pulse has

a hyperbolic secant temporal profile and maintains a constant shape both in

time and frequency, balancing nonlinear effects with dispersion. The transition
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Figure 2.1: Pulse evolution in the laser. a, Conceptual model of the laser
with snapshots of different sections: at the end of the gain fiber (i), after the
filter (ii), inside the SMF (iii), at the entrance of the gain fiber (iv). S+F denotes
the saturable absorber and the optical bandpass filter. Evolution of the spectral
width (FWHM, black circles) and the pulsewidth (FWHM, red circles) is plotted
along the cavity. The shaded regions correspond to the main sections of the
conceptual model. b, Snapshots of the temporal (red, solid lines) and spectral
(black, dash-dotted lines) profiles of the pulse at the indicated locations.
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Figure 2.2: Numerical simulation results. a,b, Temporal intensity and chirp
profiles obtained at the end of the gain fiber (a) and the SMF (b). Black solid
curve, intensity profile obtained through simulation; curve formed from black
open circles, chirp profile; blue dashed curve, sech2(t) fit, red dash-dotted curve,
parabolic fit.

from similariton to soliton is initiated by the bandpass filter, which filters both

in the time and frequency domains due to the large chirp present. When the

soliton re-enters the gain medium, it is shaped back into a similariton, which is

an attractor state for any input pulse shape [50]. A closer look confirms that a

parabolic temporal profile with linear frequency chirp is obtained at the end of

the gain fiber and a chirp-free hyperbolic secant profile is obtained at the end of

the SMF (Fig. 2.2).

2.3 Comparison of experimental and numerical

results

Guided by the simulation results, we constructed an erbium doped fiber laser

(Fig. 2.3). Characterization results for the laser operating with a 12-nm-wide

filter and β2,net = 0.0136 ps2 are shown in Fig. 2.4. We measured full-width

at half-maximum (FWHM) values of 12, 64 and 85 nm for the optical spectra

from the 1%, 5% and polarization rejection ports, respectively (Fig. 2.4a,b).
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Figure 2.3: Experimental set-up. Simplified schematic of the erbium-doped
fiber laser. QWP, quarter wave plate; HWP, half wave plate; PBS, polarizing
beamsplitter; WDM, wavelength-division multiplexer; SMF, single-mode fiber.

The corresponding spectral broadening ratio was 7.1. Figure 2.4a,b shows a

good match between the simulations and the experiments. Pulse shapes were

inferred from autocorrelation and spectrum measurements using the PICASO

algorithm [52, 53]. The pulse shapes agree well with numerical simulations and

match a parabolic (hyperbolic secant) temporal profile for the similariton (soliton-

like) pulses shortly after the end of the gain fiber (near the end of the SMF section;

Fig. 2.4c,d). The laser generates ∼750-fs-long chirped pulses from the nonlinear

polarization evolution (NPE) port, which are compressed to 110 fs with a 1.2-m-

long (−0.03 ps2 of dispersion) SMF fiber outside the laser cavity. A zero-phase

Fourier transform calculation yields a theoretical lower limit of 75 fs, as shown

in inset of Fig. 2.4f. The uncompressed FWHM widths of the pulses from the

5% and 1% ports are 0.82 ps (assuming parabolic shape) and 0.28 ps (assuming

sech2(t) shape), respectively (Fig. 2.4e,f). The laser is very stable both in the

short and long term. The RF spectrum shows 105 dB (>120 dB, limited by

the measurement) suppression of noise, including (excluding) the sidebands at 50

and 100 Hz coupled from the power supply (inset of Fig. 2.4e). Also, the laser

maintains uninterrupted mode-locked operation for many weeks.

37



Figure 2.4: Comparison of experimental and numerical results for oper-
ation at β2,net = 0.0136 ps2. a,b, Measured (black solid curve) and corresponding
numerically simulated (red dashed curve) spectra of the pulse from the 5% port
(a) and the 1% port (b). The measured spectrum (green dashdotted curve, b)
of the pulse from the NPE rejection port is also plotted to show the spectral
breathing. c,d, PICASO retrieved (black solid curve) and numerically simulated
temporal intensity profile (red dashed curve) of the pulse from the 5% port with
a parabolic fit (blue dotted curve) (c) and from the 1% port with a sech2(t) fit
(blue dotted curve) (d). e,f, Intensity autocorrelation of the pulse from the 5%
port (e), the 1% port (f) and NPE rejection port (f, inset), and the RF spectrum
of the repetition of the laser with the central frequency shifted to zero for clarity
(e, inset).
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Figure 2.5: Spectral breathing ratio of the laser. a, Dependence on the net
GVD of the laser cavity: the red stars (green spheres) show the experimental
(numerical) results. b, Dependence on filter bandwidth normalized to the gain
bandwidth of 50 nm: the red stars indicate the experimental result at 10 and 12
nm filter bandwidth and the green spheres represent the numerical results.

To gain a broader understanding of the mode-locking dynamics, we investi-

gated the effect of net dispersion and filter bandwidth on the spectral breathing

ratio. To investigate the effect of varying dispersion, the filter bandwidth was set

at 12 nm and the net dispersion was varied as shown in Fig. 2.5a. Simulations

and experiments indicate that a small positive dispersion of 0.013 ps2 maximizes

the spectral breathing. The behaviour of the laser at the large anomalous GVD

limit follows the soliton-like regime, the pulses being significantly narrower in

bandwidth and, correspondingly, the effect of the filter being weakened [54]. In

the case of large normal dispersion, the limiting behaviour is that of the all-

normal dispersion fiber laser [3]. The maximum bandwidth is ultimately limited

by the gain, and the filter dictates the lower limit to the bandwidth. Decreas-

ing the filter bandwidth increases the breathing ratio up to a maximum of ∼9

for a filter bandwidth of 8 nm at β2,net = 0.0136 ps2 (Fig. 2.5b). A further

decrease of the bandwidth increases the cavity losses and the regeneration of

the spectrum becomes increasingly difficult. Mode-locking is unattainable for fil-

ter bandwidths lower than 3 nm. We numerically explored increasing the pulse

energy, the lengths of the gain fiber and SMF for different values of the filter
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bandwidth and net dispersion to determine the maximum spectral breathing ra-

tio. We obtained spectral breathing as much as 13 times greater for a 7-nm-wide

filter, also at β2,net = 0.013 ps2.

2.4 Noise performance and stability of the laser

Long-term power stability was characterized by sampling the optical power output

of the laser at 1 s intervals up to 10,000 s (upper panel of Fig. 2.6). It is found that

the root-mean-square (RMS) variations in the power output are within 0.033%

over this range. Even though this level of stability is already good, it appears to

be pump laser dominated and hence can be improved. Presently, the pump diode

is operating at a constant current and the specified output power stability of the

diode is <0.5%.

Short-term power stability was characterized by measuring the relative inten-

sity noise (RIN) (lower panel of Fig. 2.6) using the standard method [55, 56]. A

high-dynamic-range and low-noise baseband signal analyzer (Rohde & Schwarz,

Audio Analyzer UPV) was used, following photodetection with a free-space In-

GaAs detector, and filtering off frequencies higher than 1.9 MHz. The integrated

RIN is 0.008% (0.013%) over the frequency range 1 kHz to 250 kHz (3 Hz to 250

kHz) for the laser operating at β2,net = 0.0136 ps2.

The single-side band phase noise and timing jitter of the laser system was

characterized using direct photodetection (12 GHz photodetector, ET-3500 from

Electro-Optics Technology). The RF signal at 1.3 GHz (corresponding to the

12th harmonic of the repetition rate) was selected with a bandpass filter and

characterized using a signal source analyzer (Rohde & Schwarz FSUP26). The

measured phase noise and the equipment-limited noise levels are shown in Fig.

2.7. The corresponding timing jitter is 15.9 fs (27.3 fs) from 1 kHz to 10 MHz

(20 MHz), where 20 MHz is the Nyquist limit. This is among the lowest values

reported to date for an Er-doped fiber laser [57, 58]. The measurement is clearly

limited by the stability of the internal reference oscillator of the signal source
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analyzer as well as added timing jitter during photodetection.

We made no particular effort to improve the noise performance of the laser,

which was constructed for the purpose of demonstrating the physics of the new

mode-locking regime: the cavity was uncovered, it had extra output ports, and

was modified numerous times leading to extra fiber splices.

2.5 Numerical experiment on long-range prop-

agation of the intra-cavity soliton

The pulse evolves gradually into a soliton upon entering the SMF section, while

undergoing soliton compression. Since the SMF section is limited in length, it

is natural to inquire about the stability of the pulse over much longer lengths

to establish definitively that it is a fundamental soliton. Using numerical sim-

ulations, we checked that propagation over extended fiber lengths in the SMF

segment yields nearly ideal fundamental soliton propagation, confirming our in-

terpretation of these dynamics. Numerical simulations show that after the initial

temporal compression and spectral broadening, the pulse propagates as a funda-

mental soliton for arbitrarily long distances (Fig. 2.8).

2.6 Pulse energy as a function of net cavity dis-

persion

Maximizing the intracavity pulse energy maximizes the spectral breathing ratio at

any given setting of the cavity. Consequently, pulse energy and spectral breathing

ratio have similar dependence on the cavity dispersion (Fig. 2.9).
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Figure 2.6: Short and long-term power stability. Upper panel: Output
power fluctuations measured at 1 s intervals up to 10,000 s. The RMS power
drift level is 0.033% over 10,000 s. Lower panel: Measured relative intensity
noise (RIN) of the laser (black line) operating at β2,net = 0.0136 ps2. Blue line
shows the equipment noise floor. Red line shows the total noise as a function of
frequency.
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Figure 2.7: Phase noise and timing jitter. Solid black line: single-sideband
phase noise of the laser measured at 1.3 GHz. Dashed red line: RMS timing jitter
obtained by integrating the phase noise. Dotted blue line: instrument noise limit.
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Figure 2.8: Soliton propagation. Evolution of the pulse into a fundamental
soliton and propagation over an extended SMF section (total length of 10 m).
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Figure 2.9: Pulse energy as a function of cavity dispersion. Dependence
on the net dispersion of the laser cavity is shown for the same conditions as in
Fig. 2.5 of the main text: the red stars (green spheres) show the experimental
(numerical) results.
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2.7 Conclusion

In conclusion, we report a novel mode-locking regime of an erbium-doped fiber

laser, with similariton and soliton propagation occurring in each half of the cav-

ity. The similaritons are of the amplifier type, which constitutes their first exper-

imental observation inside a laser cavity. Indeed, we can interpret this mode of

operation as a dissipative similariton, where the dissipation is viewed in a general

sense of energy non-conservation and not necessarily only loss; in this way we may

anticipate further links of this work with the wider class of nonlinear dynamics

in non-Hamiltonian systems. The combination of an optical filter to undo the

spectral broadening of the amplifier similariton and soliton formation to reshape

the pulse into a chirp-free pulse, which can reseed the similariton formation, is

the key step in overcoming the instabilities that have prevented the experimen-

tal demonstration of an amplifier similariton laser for nearly a decade [40]. The

transitions between the similariton and soliton-like pulses are inherently inter-

esting due to their vastly different characteristics and lead to variations of the

spectral width of the pulse by an order of magnitude, an unprecedented factor.

In the limit of increasing filter bandwidth, the laser becomes identical to the

dispersion-managed soliton laser. In the other extreme of vanishing SMF section,

the cavity becomes identical to that of an all-normal-dispersion laser. Thus, this

new mode-locking regime sits at a nexus of all other known regimes of operation.

Finally, it is remarkable that, in spite of the influence of these strong nonlinear

effects, the laser is easier to mode-lock and more robust than any erbium fiber

laser incorporating NPE in our experience. The asymptotic attractive nature of

the amplifier similariton may be key to the increased robustness against pertur-

bations and low-noise operation of the laser. All of the results presented in this

chapter have been published in Ref. [23].
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Chapter 3

All-Fiber-Integrated Nonlinear

Chirped-Pulse Amplifier

3.1 Introduction

There is much worldwide interest in the development of powerful, robust, and

simple-to-operate ultrafast fiber lasers. Their biggest drawback is the limitation

to peak power by nonlinear effects. While most efforts are focused on weakening

these effects through the use of large core specialty fibers [59], another approach

is to manage the nonlinear effects. Examples of this approach include proposals

on direct compensation of nonlinear effects [60], mitigation by spectral preshap-

ing [61], and indirect compensation via third order dispersion [62, 63, 64]. The

latter, also known as nonlinear chirped-pulse amplification (nonlinear CPA), has

led to the generation of 30 µJ, 240 fs pulses [65] and 100 µJ, 650 fs pulses [63]

using 40-µm-core specialty photonic crystal fibers, along with 100 µJ, 270 fs [66]

pulses using a 80-µm-core rod-type amplifier. The main advantages of nonlin-

ear CPA are that it enables generation of short pulses from a fiber stretcher,

grating-compressor pair with unmatched third-order dispersion and allows the

accumulation of significant nonlinear phase shift. The main drawback is that

pulse quality is significantly reduced. Nevertheless, this is acceptable for many
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applications based on peak power, where pulse quality is of secondary concern.

To date, all implementations of nonlinear CPA producing high-energy pulses

have relied on the use of specialty Yb-doped fibers with extremely large core

diameters requiring the use of bulk optics to couple signal and pump light into the

fiber. Although these fibers allow higher energies to be generated, they require

special preparation of the fiber ends and much care in bulk coupling of pump

light and maintaining single-mode operation. These aspects negate some of the

primary advantages of fiber amplifiers. To make full use of the advantages of

the nonlinear CPA approach, the entire amplifier should be implemented in fiber.

Recently, we demonstrated a 10 W fiber amplifier at 40 MHz repetition rate,

where pulse propagation from fiber oscillator until the grating compressor was in

fiber [67].

Here, we demonstrate an all-fiber-integrated nonlinear CPA system, seeded by

a fiber oscillator, generating pulses with energy up to 4 µJ at 1 MHz repetition

rate. The integrated architecture allows truly robust long-term operation. The

shortest dechirped pulse duration of 140 fs is obtained for 3.1 µJ amplifier output,

corresponding to a total nonlinear phase shift of 18π. Peak powers of the chirped

pulses from the amplifier are up to 57 kW, which corresponds to the generation of

largest nonlinear phase shifts from a fiber amplifier while maintaining compress-

ibility to sub-200 fs, in addition to being the highest peak powers obtained from

an all-fiber-integrated amplifier, to the best of our knowledge. Numerical simu-

lations provide better agreement with experiments compared with prior reports

and give insight into the trade-offs of nonlinear fiber CPA systems.

3.2 Experimental setup

The experimental arrangement of the Yb-doped fiber laser amplifier system is

shown in Fig. 3.1. The seed pulses are generated from a mode-locked Yb-doped

fiber laser oscillator similar to that in [23]. The fiber section of the Yb laser

oscillator consists of 6.6 m of regular single mode fiber (SMF) and 0.30 m of
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highly doped Yb fiber, followed by another 0.93 m of SMF. The Yb-doped fiber

has mode field diameter (MFD) of 6 µm, numerical aperture (NA) of 0.14, 1000

dB/m absorption at 976 nm and group velocity dispersion (GVD) of 28 fs2/mm

at 1030 nm while the SMF has MFD of 6.18 µm, NA of 0.14, and GVD of

22 fs2/mm at 1030 nm. The total dispersion of the cavity is calculated to be

about 6150 fs2. The gain fiber is pumped in-core by a 976-nm fiber-coupled laser

diode with an output power of 550 mW. The pump light is coupled to the cavity

via a 980/1030 nm wavelength division multiplexer (WDM). The pump diode is

protected against optical damage due to coupling of pulses from the cavity by an

in-line pump protection filter (PPF), which transmits the pump wavelength and

blocks wave-lengths above 1020 nm. An optical isolator ensures unidirectional

operation, which facilitates self-starting operation. Mode-locking is initiated and

stabilized by the nonlinear polarization evolution (NPE) effect, implemented with

a polarizing beam splitter and in-line polarization controllers. The laser output

is checked against multiple pulsing by way of long-range autocorrelation and 12

GHz-bandwidth RF spectral measurements.

The all-fiber-integrated amplifier consists of a 100 m long HI-1060 fiber

stretcher, a fiber-pigtailed acoustooptic modulator (AOM) for reducing the pulse

repetition rate, a core-pumped preamplifier and a cladding-pumped power am-

plifier. Finally, the amplified pulses are compressed in a grating compressor.

The pump light for the entire system is delivered through fiber couplers. The

preamplifier consists of a 0.30-m-long Yb-doped fiber (of the same type as in the

oscillator) pumped backward in-core by a 300 mW of 976 nm pump laser diode.

The power amplifier is pumped co-directionally to protect the pump diodes from

optical damage due to leakage of the high-peak-power signal to the pump ports.

Pump and signal delivery to the gain fiber is accomplished with a multi-port

pump signal combiner (MPC) incorporating a single-mode signal feed-through.

Four 975 nm diodes, each with up to 10 W power coupled to a 105-µm-core

multimode fiber, are used as pump. It is essential to use appropriate PPF’s to

protect the diodes. The amplifier consists of 2 m-long large mode area (LMA),

double-clad (DC) ytterbium-doped fiber with a 20-µm-core with NA of 0.06, and

a 125-µm octagonal-shaped cladding with NA of 0.46. Peak core absorption of
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Figure 3.1: Schematic diagram of the amplifier system. PC, polarization con-
troller; PBS, polarization beam splitter; AOM, acousto-optic modulator; WDM,
wavelength division multiplexer; LMA, large mode area; DC, double clad; MPC,
multiport pump-signal combiner.
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Figure 3.2: a,b,c, Measured spectra of the pulse from the oscillator (a), the
preamplifier (b), and the power amplifier (c) at 3.1 W of average power (black
curve). Retrieved spectral phase using the PICASO algorithm (jagged curve).
d, Measured pulse duration from the preamplifier (red dashed-dotted curve) and
the power amplifier (green solid curve).
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the gain fiber is 1200 dB/m. The gain fiber is spliced with the LMA DC passive

output fiber of the MPC with less than 10% loss. The output is taken through a

fiber pigtailed isolator-collimator device with a transmission ratio of 90%. While

the system is capable of generating much higher average output power, the output

is currently limited by the nonlinear effects.

The fiber laser oscillator produces 3-ps-long chirped pulses with a bandwidth

of 45 nm at a repetition rate of 28 MHz (Fig. 3.2a). An output power of 105

mW, which corresponds to a pulse energy of 3.8 nJ and 1.4 kW of peak power,

seeds the amplifier directly through a 50% output coupler placed after the gain

fiber and traverses the fiber-integrated AOM, reducing the repetition rate to 1

MHz to obtain high energy pulses by further amplifications. The pulses are then

stretched to ∼150 ps in a 100-m-long fiber stretcher (comprising HI-1060, with

an estimated group velocity dispersion of 22 fs2 /mm and third-order dispersion

(TOD) of 74 fs3 /mm) and amplified to 104 nJ in the preamplifier. The FWHM

bandwidth of the pre-amplifier spectrum is measured to be about 20 nm (Fig.

3.2b). The pulse width at the output of the pre-amplifier, which is also reduced

owing to gain narrowing, is measured to be ∼80 ps using a 20 GHz bandwidth

sampling scope and a fast detector with a rise time of 35 ps (Fig. 3.2d). The

50% reduction in the pulse duration is due to the dominance of the gain filtering

in the preamplifier over self-phase modulation (SPM). The situation is reversed

in the power amplifier.

3.3 Results and discussion

Numerical simulations of the pulse generation and amplification based on the

model described in [67] guide the experiments at all stages. As can be seen in

Fig. 3.3a, experimentally the compressed pulse width decreases from 350 to 150

fs with increasing pulse energy from 0.5 to 3 µJ as a result of the compensation

of TOD by SPM, and as supported by numerical simulations (Fig. 3.3a,b). The

broadening mechanism at the long wavelength edge of the spectrum is attributed

to the Raman effect, which occurs mainly in the 75-cm-long undoped lead fiber of
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Figure 3.3: a,b, Variation of the compressed pulse width as a function of pulse
energy (a) and total nonlinear phase shift (b) in the power amplifier. Red (green)
circles are experimental (simulated) results.

the collimator, where more than half of the nonlinear phase shift is accumulated.

This has been confirmed by observing reduction of the Raman effect by reducing

the undoped fiber length, while keeping the total nonlinear phase shift fixed. The

Raman amplification is suppressed by the gain filtering during amplification. This

likely explains the absence of Raman shifts in reports on fiber amplifiers based

on rod-type fibers and other photonic crystal fibers, where the output is taken

directly out of the amplifier [65, 66]. The Raman amplified spectral components

acquire an irregular phase shift [68], which is not straightforward to compen-

sate, leading to accelerated deviation from the transform limit at higher energies.

While the use of a fiber-coupled isolator-collimator component is essential for ro-

bust operation and to prevent back coupling of light during, for example, material

processing, it enhances the nonlinear effects.

The shortest compressed pulses are obtained in the 2.5-3.1 µJ range with the

corresponding nonlinear phase shift of 14-18π. At 3.1 µJ of pulse energy, the spec-

tral width is about 25 nm (Fig. 3.2c). The pulses are compressed with FWHM

durations of 140 fs and 170 fs at 3.1 µJ and 4.0 µJ, respectively, as inferred from
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Figure 3.4: a, Intensity autocorrelation (green solid curve) and autocorrelation of
the retrieved pulse (red dashed curve) of the compressed pulse at 3.1 W output
from the power amplifier. b, Retrieved pulse shape using the PICASO algorithm
based on the experimental autocorrelation and spectrum measurements (green
solid curve), simulated pulse form (red dotted curve).
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the autocorrelation and optical spectrum measurements using the PICASO algo-

rithm [52] (Fig. 3.4). The simulated and experimental time-bandwidth products

are, respectively, 0.90 and 0.92 at 3.1 J, and 1.14 and 1.25 at 4.0 J. The efficiency

of our grating compressor is fairly low, at 33%, resulting in a compressed pulse

energy of 1 µJ. The peak power is estimated to be ∼4.6 MW by integrating the

portion of the energy inside the pedestal in the retrieved pulse. 10 MW of peak

power should be attainable with the use of higher-quality gratings.

3.4 Conclusion

In conclusion, we have demonstrated an all-fiber integrated amplifier, implement-

ing nonlinear CPA, with no free-space pump or signal-beam propagation, produc-

ing 70-ps-long pulses with up to 4 µJ of pulse energy, 57 kW of peak power, and

total nonlinear shift of ∼22π at 1 MHz repetition rate. These are the highest peak

power, pulse energy, and nonlinear phase shifts reported thus far from an all-fiber-

integrated amplifier, to our knowledge. The chirped pulses from the amplifier are

compressible to 140 fs and 170 fs duration at 3.1 µJ and 4.0 µJ of amplifier output

energy, respectively. Intrapulse Raman amplification in the undoped lead fiber

of the collimator-isolator device after the gain fiber limits compressibility and

increases the pedestal at higher pulse energies. The absence of Raman-shifted

components in previous reports on nonlinear fiber CPA systems is attributed to

gain filtering during amplification and no subsequent propagation in undoped

fiber. The amplifier is misalignment free and extremely robust and is currently

being used for nonlinear laser lithography applications in our laboratory. All of

the results presented in this chapter have been published in Ref. [69].
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Chapter 4

Nonlinear Laser Lithography For

Indefinitely Large Area

Nanostructuring With

Femtosecond Pulses

4.1 Introduction

Dynamical systems based on interplay of nonlinear feedback mechanisms are ubiq-

uitous in nature [70, 71, 72, 73, 74]. Well-understood examples from photonics

include mode-locking [75] and a broad class of fractal optics [76], including self-

similarity [8]. In addition to the fundamental interest, fascinating technical

functionalities, which are difficult or even impossible to achieve with linear sys-

tems, can emerge naturally from such systems [76], if the right tools of control

can be applied. Here, we demonstrate a method that exploits positive nonlocal

feedback to initiate, and negative local feedback to regulate growth of ultrafast-

laser-induced metal-oxide nanostructures with unprecedented uniformity at high

speed, low cost, and on non-planar or flexible surfaces. The nonlocal nature of
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the feedback allows us to stitch the nanostructures seamlessly, enabling cover-

age of indefinitely large areas with sub-nanometer uniformity in periodicity. We

demonstrate our approach through fabrication of titanium dioxide and tungsten

oxide nanostructures, which can be extended to a large variety of materials.

Fabrication of nanostructures on surfaces is of paramount importance in nan-

otechnology and materials science [13]. There are established techniques such

as photolithography, electron beam lithography, imprint lithography [16], laser

interference lithography [17], as well as non-conventional approaches including

self-assembly [18] and direct laser writing [21]. These techniques require either

high-cost, complex systems or offer limited flexibility. A flexible and potentially

very low-cost method is laser-induced periodic surface structuring (LIPSS). The

first observation of LIPSS dates back to 1965 [77]. However, after almost 50

years and a large body of published work, demonstrating LIPSS on various met-

als, semiconductors and glasses [78, 79, 80, 81, 82], this method has not found

widespread use due to a stubborn problem of quality control [81, 82].

Despite the evident role of self-assembly in the LIPSS process, uniformity

and long-range order remain poor, for which we identified the main reasons as

follows: The structures are initiated from multiple seed locations concurrently and

independently, constituting an irregular pattern. Since the process is irreversible,

without self-correction, these irregularities get frozen in. Our solution relies on

carefully exploiting feedback mechanisms to tightly regulate the formation of

nanostructures induced by ultrashort pulses, which can be summarised in three

steps:

• The laser beam, with peak intensity close to the ablation threshold for Ti,

is focused on the Ti surface, where it is scattered by existing nanostructures

or any surface defects [78]. The interference of the scattered and incident

fields leads to intensity variations in the immediate neighbourhood of the

scattering point.

• At points where the threshold intensity for ablation is exceeded, Ti reacts

rapidly with O2 from the air, forming titanium dioxide TiO2. The use

of ultrashort pulses is necessary to ensure this process occurs faster than
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Figure 4.1: Conceptual model. a, Cartoon of the nanostructure formation
process as a laser beam is scanned over the surface. b, Cartoon showing cross-
sectional view of the surface, depicting the deceleration of the growth process due
to negative feedback.

heat diffusion, which can smear out the nanometre-scale localisation of the

deposited laser energy. The first two steps constitute a positive feedback

loop (Fig. 4.1a); as the nanostructure grows, so does its scattering power.

• The growth mechanism has an imbedded negative feedback loop, as well. As

TiO2 grows on top of Ti, penetration of O2 through the oxide layer decreases

exponentially, decelerating and eventually halting the growth process (Fig.

4.1b).

The experimental setup (Fig. 4.2) consists of an ultrafast fiber laser [69],

coupled to a microscope system for realtime observation of the nanofabrication

process. All the experiments were guided by a semi-phenomenological theoretical

model that we have developed. The main features of the model are summarised

below and the details are discussed in the theoretical model section. Scattering of

the incident laser field from a single point is modelled as dipole radiation [78, 79],
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with the relative height of the surface point setting the scattering amplitude.

This is confirmed experimentally (Fig. 4.3a) and numerically (Fig. 4.3b) by the

structure formed around an isolated scatterer. The polarisation of the laser sets

the dipole radiation pattern, which results in regularly spaced nanolines parallel

to the laser polarisation. Circular polarisation, which can be visualised as rotating

linear polarisation, results in an array of nanocircles. The period of the structures

ranges between 600 and 900 nm, depending on film thickness, which sets the

effective index together with the substrate below and air above it. The total

field at any surface point is a sum of the incident field and the total scattered

field, which is given by an integral of the product of the surface height and the

incident field over the entire surface. This surface integral is the mathematical

origin of the nonlocal feedback. The amplitude of the dipole radiation decays

with distance, which sets a finite range for the nonlocal feedback, such that two

distant points on the surface have negligible mutual influence. For this reason,

processing a large area at once results in structures with poor long-range order

as seen experimentally (Fig. 4.3c) and numerically (Fig. 4.3d). By limiting the

size of the laser beam to ≤10 wavelengths, we ensure that even the most distant

points under the beam have contributions on their mutual fields. This way, the

problem of independent structure initiation is solved.

At points where the total intensity exceeds the ablation threshold (∼1012

W/cm2), the metal (Ti) is disassociated from solid phase under non-equilibrium

conditions created by the ultrashort pulse and reacts with oxygen from the ambi-

ent atmosphere, forming metal oxide (TiO2) of an amount that is proportional to

the laser-activated metal (Ti) or available O2 at that point, whichever is smaller.

Here, we simply refer to this controlled transformation as ablation since similar

physical processes underlie it, even though the metal does not get removed, but

chemically transformed. As a result of the ablation threshold, no processing of

the surface should occur between the nanolines, where partially destructive inter-

ference leads to total intensity being below the ablation threshold. The presence

of this threshold, which is confirmed experimentally (Fig. 4.3), is the main source

of nonlinearity.
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Figure 4.2: Experimental setup. Setup comprises of an amplified fiber laser
coupled to a custom-built, computer-controlled optical microscope setup.
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When scanning a small-diameter beam, the nanostructures are created sequen-

tially, with existing structures creating new structures, similar to the toppling of

dominos. This enables the formation of extremely uniform nanostructures (exper-

imental and simulated results are shown in Fig. 4.3e and Fig. 4.3f, respectively).

Moreover, it is possible to tile indefinitely large areas with nanostructures with-

out a discernible reduction in the long-range uniformity using a small laser beam.

When the laser beam is scanned along a line, shifted laterally, while maintain-

ing partial beam overlap with existing nanostructures, and scanned again, new

nanostructures seamlessly stitch to existing structures via the nonlocal feedback.

Further evidence of the role of nonlocal feedback are that the new structures form

a tilted front and the nanolines get distorted into a wavy pattern at the end of

each scan line due to incomplete nonlocal feedback.

The nanostructure formation mechanism exhibits a significant degree of ro-

bustness against distinct types of perturbations:

• The resultant field at any point is formed collectively by the entire sur-

rounding area, so the contributions of isolated defects or rough patches on

the surface are easily overwhelmed. When a defect is placed along the beam

path (under conditions otherwise the same as in Fig. 4.3f), the nanolines

suffer only minor distortions (Fig. 4.3g).

• The beam focus was not maintained well during scanning, owing to the

poor mechanical stability of our setup. However, key features, such as the

nanoline period and width are independent of laser power. Due to this

insensitivity, partial loss of focus during scanning is inconsequential. In

fact, we found the standard and Allan deviations of nanoline period of this

structure to be 0.9 nm and 0.14 nm, respectively.

• As a result of the negative feedback mechanism, the growth of the nanos-

tructures saturates at a given height. Even minutes-long of exposure to

a stationary beam or multiple scans of the laser over the same area have

no discernible effect. Robustness against such a range of perturbations is

a coveted feature of nonlinear systems [74], which is extremely difficult to

achieve in strictly linear systems.
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A diverse range of nanostructures has been fabricated using this approach. Pho-

tograph of nanostructures covering a 3-mm2-area fabricated on thin and flexible

glass slide is shown in Fig. 4.4a. SEM image of a section of the same structure is

shown in Fig. 4.4b. A mesh-structure of Ti dots surrounded by a mesh of TiO2

is obtained by scanning over with a linearly polarised beam, followed by a second

pass with 900-rotated polarisation (Fig. 4.4c). Using circularly polarised light,

a regular array of nanocircles is obtained (Fig. 4.4d). An important advantage

of this method is the capability to create these structures on non-planar surfaces

due to the insensitivity of the process to variations in laser intensity. This is in

clear contrast to conventional lithography techniques. As a demonstration, we

have scanned the beam over a Ti-coated optical fiber (125-µm diameter), creating

structures despite the very strong surface curvature (Fig. 4.4e). Synchronously

rotating the polarisation during a circular scan results in optical resonator-like

patterns (Fig. 4f), which could be interesting given the high index of TiO2. The

structures can be imprinted on a substrate such as silicon, where the Ti film is

used only as a transfer material (Fig. 4.4g). If desired, Ti can be selectively etched

away afterwards. Although we focused on Ti in this work, our approach should

be applicable to other materials. Figure 4.4h shows tungsten oxide structures

fabricated on a tungsten surface.

4.2 Integrated laser-microscope setup

The laser source is a home-built Yb-doped fiber laser, operating at a central

wavelength of 1060 nm and generating pulses with up to 1 µJ energy at 1 MHz,

which can be compressed to 100 fs. The powers incident on the samples ranged

from 100 mW to 1 W. The pulse-to-pulse power stability is in order of 0.05%

(measured from 3 Hz to 250 kHz) [69].

The pulses from the laser are coupled into a modified inverted microscope

(Nikon Eclipse Ti) using a dichroic mirror with high reflectivity for 1 µm and

high transmission of visible light. Focussed spot size was set to ∼12 µm (full

width at half-maximum intensity) in most of the experiments. Beam positioning
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Figure 4.3: Nanostructure formation dynamics. a,b, (a) SEM image of ex-
perimental results and (b) numerical simulation results of nanostructures formed
around an isolated scatterer by a few, high-energy pulses with linear polarisation.
c,d, (c) SEM image of experimental results and (d) numerical simulation results
of nanostructures obtained with large and stationary laser beam. e, SEM image
of uniform nanostructures obtained by scanning a small laser beam. f, Numerical
simulation results of nanostructures obtained by scanning a small laser beam. g,
Numerical simulation results showing robustness of the nanostructure formation
against a defect, showing minor distortion and quick subsequent recovery. Colour
bars indicate height in nanometres.
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Figure 4.4: Examples to fabricated nanostructures. a, Photograph of nanos-
tructures covering 1 mm by 3 mm, coloration due to diffraction of room light. b,
SEM image of a portion of the same structure. c, SEM image of mesh-structure
obtained by two scans of the beam with orthogonal polarisations. d, Nanocircles
with diameter of 370 nm obtained with circularly polarised light. e, Nanostruc-
tures fabricated on the side of a Ti-coated optical fiber, demonstrating the capa-
bility to fabricate on non-planar surfaces. f, Circular pattern of nanostructures
obtained by rotation of the polarisation direction. g, Cross-sectional SEM image
of structures created on a thin-film of Ti on a Si substrate showing imprinting of
the nanostructures to the underlying substrate. h, Nanostructures obtained on a
tungsten film over glass substrate.
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is achieved by moving the sample on a dual-axis step-motor stage (Thorlabs,

MAX203) with repeatability of ∼1 µm. The samples are illuminated with a

halogen source and imaging is made with a 100x oil-immersion objective. The

images are recorded with an EMCCD camera (Andor, Luca).

4.3 Theoretical model

The semi-phenomenological 3-step model is based on an integro-difference equa-

tion with decoupled time scales. The laser beam is modelled as a Gaussian beam

centred at a point (x0, y0) on the surface. When the nth pulse of the pulse train

is incident, it scatters from the surface protrusions and depressions, described by

the local height of Ti, hn(x, y). The total laser intensity is calculated for every

point (x, y) on the surface by integrating the contributions from the surrounding

surface elements. Ablation occurs in a picosecond timescale, much faster than

thermal diffusion, which would otherwise smear out the nanoscale localisation of

the absorbed laser energy.

At points, where the laser intensity exceeds the ablation threshold, Ti is ab-

lated from its top surface down to the point, where intensity drops below the

ablation threshold. The amount of O2 available is calculated based on the thick-

ness of TiO2 layer at that point. Ablated Ti and O2 react readily on time scale

much slower than the ablation process, but faster than the arrival of the next

pulse (in 1 µs). The amount of TiO2 formed is determined by the amount of

ablated Ti and O2, whichever is smaller. Then, the surface profile is updated as

hn+1(x, y). The entire process is repeated for the n + 1th pulse with an updated

the beam position (x0, y0).

The incident pulse train is modelled as a Gaussian beam along the z axis and

normally incident on the surface, which lies in the (x, y) plane at z = 0. The

local height (in nm) of the metallic surface, h(x, y), is nominally initially set to

h(x, y) = δ(x, y)∆h, where δ(x, y) is a random variable with an average value of

zero and root-mean-square (rms) value of 1. ∆h characterises the rms roughness
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of the surface.

Iinc(x, y, t) =
∑
n

In(x, y, t), (4.1)

In(x, y, t) = I0exp

(
−(x− x0,n)

2 + (y − y0,n)
2

w2
− (t− nTR)

2

τp

)
. (4.2)

Here, n is the pulse number, (x0,n, y0,n) determine the centre of the beam,

which is slowly (compared to TR) shifting if the beam is being scanned over the

surface, w is the beam width, TR is pulse-to-pulse separation, and τp is the pulse

width. For typical scanning speeds we have utilised, up to 1 million pulses are

incident at a point on the surface.

The interaction of a laser with a metal target is largely independent of the

pulse shape and even of the duration for pulse durations in the sub-picosecond

regime [83, 84]. Consequently, we simplify the description that follows by assum-

ing the pulse shape to be of square shape and drop the explicit time dependence.

The corresponding electric field of the beam within the pulse duration for arbi-

trary polarisation is given by

E⃗n(x, y) = (Exx̂+ Eye
iϕŷ)exp

(
−(x− x0,n)

2 + (y − y0,n)
2

2w2

)
. (4.3)

Here, we have chosen the units such that In = |E⃗n|2. We consider the scat-

tered field from a single defect to be dipole-like. The amplitude of the scattered

electrical field at point (x, y) on the surface, due to a surface element at coordinate

(x′, y′) (Fig. 4.5) is given by

E⃗scat(x
′, y′) =

(
[Ex′(gθcos

2θ − frsin
2θ)Ey′e

iϕ(fr + gθ)sinθcosθ]x̂′

+[Ex′(gθ − fr)sinθcosθ + Ey′e
iϕ(frcos

2θ + gθsin
2θ)]ŷ′

)

×exp

(
−
(x′ − x′

0,n)
2 + (y′ − y′0,n)

2

2w2

)
. (4.4)
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calculate the total scattered field at (x, y), it is necessary to integrate over all
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In addition, we have

fr = 2ξh(x′, y′)
(
1

r2
− i

kr3

)
ei(wt−kr), (4.5)

gθ = ξh(x′, y′)

(
k

r
− i

r2
− i

kr3

)
ei(wt−kr), (4.6)

where ξ is a proportionality coefficient, h(x′, y′) is the local height of the metallic

surface at coordinates (x′, y′), and k = 2π/Λ is the wave number of the scattered

wave, x̂′(ŷ′) is the unit vector along the x′(y′) axis, θ is the angle between r⃗ and

ŷ′, and r⃗ is the displacement vector between (x, y) and (x′, y′). In order to find

the total local field at an arbitrary point (x, y) on the surface, we integrate over

the contributions from all points on the surface,

E⃗surf,n = E⃗n(x, y) +
∫∫

E⃗scat(x
′, y′)dx′dy′. (4.7)

Here, normalization of this result to ensure that the sum of the total power

scattered over the surface and that of the reflected light equals the incoming

power is implicit. In order to clarify the underlying physics, let us consider the

special case of linearly polarised light along the y axis. As such, ϕ = 0, Ex′ = 0

and Ey′ = E0. Then, our result reduces to

E⃗scat(x
′, y′) = E0

(
sinθcosθ(fr + gθ)x̂′ + (frcos

2θ + gθsin
2θ)ŷ′

)

×exp

(
−
(x′ − x′

0,n)
2 + (y′ − y′0,n)

2

2w2

)
. (4.8)

For large r, further simplification is in order,

E⃗scat(x
′, y′) =

(
Ey′e

iϕgθsinθcosθx̂′ + Eye
iϕgθsin

2θŷ′
)

×exp

(
−
(x′ − x′

0,n)
2 + (y′ − y′0,n)

2

2w2

)

68



= E0exp

(
−
(x′ − x′

0,n)
2 + (y′ − y′0,n)

2

2w2

)

×ξh(x′, y′)
(
k

r

)
sin2θei(wt−kr)ŷ′. (4.9)

Thus, the total electric field and intensity formed on the surface during the nth

pulse reduce to

Esurf,n(x, y) = En(x, y) + ξ
∫∫

E0h(x
′, y′)

(
k

r

)
sin2θ

ei(wt−kr)exp

(
−
(x′ − x′

0,n)
2 + (y′ − y′0,n)

2

2w2

)
dx′dy′, (4.10)

Isurf,n(x, y) = |Esurf,n(x, y)|2, (4.11)

where we have ignored the component along (x̂′), since it does not interfere with

the incoming light, which is along (ŷ′) and the implicit normalisation operation

suppresses its influence.

Interpretation of this result is straightforward. The total field is a surface

integral with the product of the surface height and the incident field at each

point contributing. The form of the integral is suggestive of an interpretation as

a Fourier integral over the surface height, h(x′, y′), albeit with important differ-

ences. First, there is a preferred direction due to the sin2θ term, which sets the

direction of the nanolines to be parallel to the polarization direction. Second, the

contribution of each scattering point decays with r−1. This effectively sets sort

of a coherence range; two regions of the surface, some sufficiently large distance

away from each other, can have no influence on each other, but each region will

contribute to nanostructure formation in its immediate vicinity (Fig. 4.6). This

is the mechanism through which concurrent and independent nanostructure for-

mation occurs when large spot sizes are used and it must be prevented to achieve

a globally ordered structure, which we accomplish by restricting the spot size

on the surface: The envelope of the beam, exp (−[(x− x0,n)
2 + (y − y0,n)

2]/2w2),

also appears in the integrand, which effectively sets the upper range of the in-

tegral since near the edge of the beam the laser intensity will be lower than the
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Figure 4.6: Cartoon showing two regions, Region I and Region II, which con-
tribute to the formation of nanostructures in their immediate vicinity, but which
are far apart enough that they have no mutual influence, resulting in concurrent,
but independent growth of the nanostructures.

minimum intensity required to activate the surface. This is a key point, through

which we ensure that during each pulse, every single point illuminated by the laser

beam contributes to the total field at every other point. Finally, the eikr term

imposes the periodicity of the nanostructures. Next, we formulate the chemical

reaction between the metallic surface and oxygen from the air, which leads to the

production of the metal-oxide. Light intensity reaching a planar slice of thickness

dz, at a depth z below the surface, is given by

In(x, y, z) = Isurf,n(x, y)e
−z/zs , (4.12)

where zs is the skin depth of the metal (Ti). The ablated volume element of Ti

below the surface corresponding to a differential area of dA is given by

dV (x, y) = dA
∫
α(x, y, z)dz, (4.13)

where α(x, y, z) is the probability of ablation, which depends on the laser intensity.

As a simplifying approximation, we assume that the ultrafast ablation of the

metal (e.g., Ti) surface occurs only if the deposited energy per unit area (fluence)

exceeds the threshold for this process. This is justified for few-picosecond and

shorter pulse durations [83, 84]. Here, we use the term ultrafast ablation to

refer to disassociation of the Ti from solid form under non-equilibrium conditons

created by the use of energetic, ultrashort pulses. Thus, for a given pulse duration,

τp, there is a corresponding threshold peak intensity, Ith, which must be exceeded.
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For intensities below this critical level, no ablation occurs. Consequently,

α(x, y, z) = H(In(x, y, z)− Ith), (4.14)

where H(x) is the Heaviside function.

We assume, for simplicity, that the metal-oxide (TiO2) synthesis is directly

proportional to the amount of free (ablated) metal (Ti) and O2 at that point in

space. Therefore, the volume element ablated by the nth pulse at point (x, y) on

the surface is given by

dV (x, y) = dA∆zn, (4.15)

∆zn(x, y) =

 zsln(Isurf,n(x, y)/Ith) for Isurf,n(x, y) > Ith

0 for Isurf,n(x, y) < Ith.
(4.16)

The number of evaporated Ti atoms at any point of surface is given by

NTi(x, y) = dV (x, y)ρNA/MTi, (4.17)

where ρ is the density of Ti, MTi is the molar mass, and NA is the Avogadro’s

number. In the calculation of Ith, we neglect energy transfer from the evaporated

volume during to the surrounding region, which is justified for pulses shorter than

a few picoseconds. Accordingly, the amount of energy that needs to be absorbed

per volume element, dV, to provide the energy for ablation, is approximately

given by dW = ρLdV . Here, L is an effective total heat capacity for Ti for

ablation, which includes energy required for heating, as well as the latent heat

capacities for melting and evaporation.

The amount of absorbed fluence is given by Wabs = Isurf,nτp(1− exp(−z/zs),

from which we estimate the energy that must be absorbed within a thin slice to

achieve ablation as
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dWabs = Isurf,n
τp
zs
e−z/zsdzdA. (4.18)

The minimum intensity for ablation on the surface should be,

Ith = ρLzs/τp. (4.19)

For Ti, using zs = 30 nm, L = 11500 J/g, ρ = 4500 kg/m3,and τp = 170

fs, we obtain Ith = 1 × 1012 W/cm2, corresponding to a fluence of 0.17 J/cm2,

which agrees well with published ablation thresholds for Ti with sub-picosecond

pulses [85, 86]. The experimentally determined threshold value for the incident

fluence per pulse is ∼ 0.1 J/cm2, the value of which depends weakly on the surface

roughness. Given the simplicity of this model, the agreement is considered to be

good.

As for the amount of oxygen molecules available to react with Ti, we assume

that this number is decreasing exponentially with the thickness of the titanium

dioxide layer that forms on top of the evaporated Ti and acts as a barrier. We

formulate this as

NO2 = C1e
−h′(x,y)/hc , (4.20)

where C1 is a proportionality constant, h′(x, y) = ηh(x, y) is the height of TiO2

layer, which is related to the height of the Ti layer, h(x, y), by a proportionality

constant, η, and hc is a critical thickness parameter, which characterises the

extend of diffusion of O2 into TiO2.

The number of TiO2 molecules produced after every pulse is highly dependant

on the partial pressures of the reactants, Ti and O2. Lack of availability of the

either of the reactants will halt further production of TiO2. In other words,

the number of TiO2 molecules formed cannot exceed the number of ablated Ti

atoms, or the number of O2 molecules present at that point, whichever is smaller.

Therefore, quite simply,

NTiO2 =

 NT i if NTi < NO2

NO2 if NTi > NO2 .
(4.21)
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The change in height through the action of by the nth pulse at point (x, y) on

the surface is taken to be proportional to the number of TiO2 molecules,

∆hn(x, y) = C2NTiO2 . (4.22)

We take ξ = 103 m, C2 = 1720 m, and incident wave peak intensity to be

1× 1012 W/cm2, which is similar to the calculated value of Ith.

Once the calculation of the effect of the by the nth pulse is finished, the process

is repeated for the by the (n+1)th pulse with the updated values of (x0,n+1, y0,n+1),

if the beam is being scanned and with the updated values of Ex, Ey, and ϕ, if

the polarization is changed. Even though the theoretical model we have devel-

oped is semi-phenomenological, the numerical simulations based on this model

form the core of our physical understanding and have guided the experimental

development of nanostructures towards achievement of unprecedented levels of

uniformity. Furthermore, the model predicts all the salient features observed ex-

perimentally. We find that the exact details of the formulation do not change

the qualitative nature of the results and influence only the details, as long as sev-

eral essential features of the model are retained. In the remaining sections, each

of these essential features and the important results of our model are discussed

further and compared to experimental results.

4.4 Modulational instability of a flat surface be-

yond critical laser intensity

The spontaneous formation of nanostructures under the influence of the laser

beam needs to be explained theoretically. As one can see from our model even by

inspection, a perfectly flat (i.e., defect-free) surface is a state of equilibrium state

as the laser field intensity will be uniform over the surface. However, this does not

necessarily mean that this state is stable against defects (or surface roughness).

Here, we show that a flat surface becomes unstable in the presence of a single
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infinitesimal defect if the laser intensity exceeds a critical value. This situation is

of similar nature to various physical systems, including modulational instability

in the context of solitons.

In order to simplify the problem, we consider a toy model for a 1D surface, i.e.,

a line, since the generalisation of the main results of this section to a 2D surface

is straightforward, but complicated. Let the height of the surface be given by

h(x) = h0 + δ(x− x0)∆h, (4.23)

i.e., an otherwise perfectly flat surface, but with a single defect of height, ∆h,

located at x = x0. In 1D, the total electric field is given by

Esurf,n(x) = E0 + ξ
∫∫

E0h(x
′)

k

|x− x′|
e−ik|x−x′|dx′

= E0 + ξ
∫∫

E0[h0 +∆hδ(x′ − x0)]
k

|x− x′|
e−ik|x−x′|dx′

= E0

(
1 + ξ∆h

k

|x− x0|
e−ik|x−x0|

)
,

(4.24)

where we have assumed that the beam width on the surface is extremely large

(plane wave limit), since our interest is in the stability of the surface. The com-

ponent of the integral over h0 vanishes due to symmetry. Assuming the defect on

the surface is small, we proceed with a linearized stability analysis.

Isurf,n(x) = I0

∣∣∣∣∣1 + ξ∆h
k

|x− x0|
e−ik|x−x0|

∣∣∣∣∣
2

= I0

(
1 + 2ξk∆h

e−ik|x−x0|

|x− x0|
+O(∆h2)

)
,

(4.25)

after which we will keep only the first-order term in ∆h. Similar to the previous

section, the ablation depth for our hypothetical 1D surface will be given by,
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∆zn(x) =

 zsln(Isurf,n(x)/Ith) for Isurf,n(x) > Ith

0 for Isurf,n(x) < Ith.
(4.26)

Initially, the surface is flat, except for the small defect point. Thus,

zsln

[
I0
Ith

(
1 + 2ξk∆h

e−ik|x−x0|

|x− x0|

)]
=

zsln

[
I0
Ith

+ 2ξk∆h
e−ik|x−x0|

|x− x0|
+O(∆h2)

]
. (4.27)

Clearly, we have, to a good approximation,

∆zn(x) =

 zsln(I0/Ith) + 2zsξk∆he−ik|x−x0| 1
|x−x0| for I0 > Ith

0 for I0 < Ith.
(4.28)

This result shows that there will be no change at any point on the surface

unless I0 > Ith if ∆h is sufficiently small. An important corollary of this result is

that for a sizeable defect, the laser threshold for nanostructure formation is less

Ith, which is consistent with our experimental observation that the laser threshold

for nanostructure formation is significantly reduced, when starting around an

existing defect. The result obtained from our toy model is valid for k|x−x0| > 1.

Nevertheless, it is capable of illustrating the relevant physics. The most relevant

case is when the peak intensity is very close to the threshold intensity, in which

case we have the changing in surface height as follows,

∆hn(x) = η∆zn(x) =

 2zsηξk∆he−ik|x−x0| 1
|x−x0| for I0 > Ith

0 for I0 < Ith.
(4.29)

Here, we have recognized that the ablated metal structure will be fully con-

verted (within a proportionality constant, η) to a change in metallic surface

height, since saturation due to oxygen unavailability can be safely neglected for a
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Figure 4.7: Plot of change in surface height after one pulse as a function of position
along the 1D surface. Red line represents the location of the infinitesimal defect,
δ(x− x0)∆h.

defect of infinitesimal size. This result shows, very importantly, that the change

an isolated defect leads to growth at adjacent peaks separated by the period,

Λ = 2π/k (Fig. 4.7). When the next pulse arrives, the two slightly larger defects

formed immediately on either side of the original defect by the first pulse will

both contribute to the further growth of the original defect, as well as their own

neighbours. Since the growth rate is proportional to the size of the defect, ∆h,

growth is exponential (positive feedback) until saturation kicks in.

In summary, our toy model for 1D demonstrates the important result that a

flat surface is unstable against infinitesimal defects, if I0 > Ith. The instability is

strongly reminiscent of modulational instability in nonlinear optics. In addition,

the fact that growth occurs at adjacent peaks separated by Λ is a key result,

demonstrating the non-local, yet periodic nature of the positive feedback and

consequently, the spontaneous emergence of the periodicity of the nanostructures.

Numerical simulations clearly show that the full model corresponding to a 2D

surface exhibits modulation-instability-like behaviour for a perfectly flat surface

with just a single defect. This is consistent with our experimental experience that

the better polished the surface is, the higher laser intensity needed to start the

nanostructure formation (i.e., if ∆h is small, the minimum required laser intensity

is higher). As expected, once the first structures are formed, the laser intensity

can be reduced to values significantly less than the value required to initiate the
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nanostructure formation.

4.5 Experimental evidence for the threshold for

intensity

The nonlinear characteristic of the process is evident from the existence of a sharp

threshold in intensity for the formation of TiO2 structures. In laser interference

lithography, material modification occurs through linear absorption of (typically

UV) light in a photoresist material. There is no power threshold for this process

and the volume of material processed is essentially a linear function of the laser

intensity. Therefore, the intensity determines the rate of the chemical transfor-

mation. However, there is no on/off mechanism and at the points with partially

destructive interference, the process is simply slower. Consequently, an interfer-

ence pattern can easily be erased through overexposure. In our case, however, no

processing occurs at surface points, where the intensity is below a critical value.

Therefore, the pattern will not change once it is formed, even with indefinitely

long exposure. There is no possibility of over exposure; once the nanopattern

has formed, spatial points with intensity below the threshold will no longer be af-

fected. The complete lack of processing of the surface in the troughs, between the

peaks is demonstrated by experiments done on bulk Ti samples. Some of these

samples had shallow surface scratches, which were determined to be 10-20 nm in

depth by atomic force microscope (AFM) analysis. We have observed that these

scratches are perfectly preserved in between the nanolines (Figure 4.8), proving

that the complete absence of laser-induced TiO2 formation at these points, and

confirming the existence of a sharp threshold on local intensity. The existence of

an intensity threshold and absence of possibility of overexposure is an essential

difference from linear laser interference lithography that stems directly from the

nonlinear nature of the process.
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Figure 4.8: Pre-existing scratches on surface are preserved between the nano-
lines. SEM image of nanolines showing continued existence, after nanostructure
formation, of a pre-existing crack on the surface. According to AFM analysis,
the depth of these cracks range between 5-20 nm.
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4.6 The role of nonlocal positive feedback

The positive feedback that arises from the surface integral in Equation (9) can

easily be visualised through numerical simulations. Fig. 4.9a illustrates nanos-

tructures formed by scanning a laser beam over the surface, which constitutes a

snapshot in the numerical simulations. Fig. 4.9b shows the contributions to the

field formation at a specific point marked in Fig. 4.9a. The contributions, cor-

responding to the kernel of Equation (9), arise from the entire area surrounding

the point, which underlies the built-in robustness of the nanostructure forma-

tion mechanism: The contributions of a reasonably small defect will always be

overwhelmed by a much larger surrounding area.

4.7 Saturation of growth due to negative feed-

back

The negative feedback that arises due to the increased difficulty of oxygen reach-

ing the ablated Ti structures as the TiO2 structure grows is responsible for the

halting of the growth process. We model oxygen available to be decreasing ex-

ponentially with increasing thickness of the TiO2 layer. Therefore, the growth of

the height of the structures should increase only logarithmically with the number

of incident pulses. The numerical simulations confirm this behaviour (Fig. 4.10).

Simulations are carried out only to 1000 pulses due to excessive computational

time required to continue further.

Experimental evidence comes from the videos, which show clearly that even

when the beam is stationary for tens of seconds, during which more than 107

pulses are incident on the surface, the existing structure remains unchanged.

This confirms that even a very large number of pulses leads to no further pro-

cessing, and experimentally confirms the heavily saturated growth mechanism

demonstrated in Fig. 4.10.
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Figure 4.9: a, Numerically simulation of formation of nanostructures. The white
cross denotes the point for which the electric field is calculated. b, Contribution
to the field at the point marked with the white cross from the surrounding area.
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Figure 4.10: Results of numerical simulations showing total height (red circles)
and change in height after each pulse (blue crosses). Green line shows logarithmic
fit, which is valid in the deep saturation limit. In experiments, typically around
106 pulses are incident on each spot.
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Figure 4.11: a, Energy-dispersive X-ray spectroscopy obtained from regions of
a Ti disk with (ii) and without (i) the nanostructures. b, Raman spectroscopy
obtained from regions of the Ti disk with (ii) and without (i) the nanostructures.
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4.8 Material composition of the TiO2 nanos-

tructures

The material properties of the nanostructures that are created in this process

have been characterised through Energy-dispersive X-ray spectroscopy (EDX)

and Raman spectroscopy. The EDX measurements clearly show the introduc-

tion of oxygen following the process, while it is practically absent in parts of the

Ti samples without nanostructures (Figure 4.11a). The Raman spectra (Figure

4.11b) of Ti samples over the range 150-750 cm−1 show that areas where nanos-

tructures have been formed have three distinct peaks at 241, 439 and 613 cm−1.

These three peaks can be identified as arising from multi-photon process, Eg and

A1g active Raman modes for the tetragonal rutile structure of TiO2, respectively.

Raman spectra from unexposed sections of the surface have suppressed peaks.

Thus, we conclude that the nanostructures comprise predominantly of TiO2 of

rutile form. The peaks associated with Al and V arise because the nanostructures

under investigation was created on bulk Ti, which was not pure but contained

small amounts of Al and V. We also characterised nanostructures created from

thin films of Ti on glass substrates. The main results were unchanged, but there

were additional peaks associated with the elements found in the glass substrate.

4.9 Insensitivity of the nanostructure features

to laser power and exposure time

A crucial aspect of the formation mechanism reported here is that the nonlin-

ear dynamics of the process, together with the material properties sets the key

features such as the nanoline width and nanoline period (Figure 4.12). The ori-

entation of the structures is determined by the polarization of the incident pulses.

We characterised the dependence of these parameters to exposure time (i.e., the

total number of incident pulses) and incident laser intensity. Figure S8 shows
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the dependence of nanoline width and period on the scan rate and the pulse en-

ergy. For these experiments, the pulse duration was ∼170 fs, (full-width at half

maximum intensity) spot size was 12 µm and repetition rate was 1 MHz. The

pulse energy and peak intensity are proportional to incident average power for

given pulse duration, repetition rate and spot size. Neither of these parameters

lead to a measurable change in the nanoline width or period despite a factor of

4-fold change in the exposure time and a factor of 3-fold increase in pulse energy.

This insensitivity to exposure time and pulse power is central to the uniformity

of the structures and pave the way to processing of non-planar surfaces. Even if

the peak pulse intensity varies due to noise from the laser or displacement of the

sample partially out of focus due to a mechanical perturbation or simply because

the surface has curvature, the structures are unaffected. In fact, this should allow

the creation of the nanostructures not only on non-planar surfaces, but also on

rough surfaces. This flexibility is in contrast to conventional laser lithography,

which requires the samples to be extremely flat.

With increasing exposure time (reduction of the scanning speed) or pulse en-

ergy, the lateral extent over which the nanostructures reach, in other words, the

pattern width is increased (Figure 4.13). This is expected from our theoretical

model: As each portion of a nanostructure is created through the nonlinear feed-

back mechanism, involving scattering from the existing structures, surface points

at the edge of the beam, where the total intensity barely exceeds the ablation

threshold still grow, but with much smaller growth rates.

4.10 Characterization of the uniformity of the

nanostructures

Given that the nanoline periodicity, as well as the other features of the nanostruc-

tures is determined by the nonlinear laser-material interaction, it is important to

characterise the long-range uniformity of these structures. We have used atomic

force microscopy (AFM) imaging to obtain the surface profile in a thin and long

strip perpendicular to the nanolines from the sample shown in Fig. 4.4b. From
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Figure 4.12: a, Nanoline width (red circles) and period (black circles) as a func-
tion of scanning speed, which controls the exposure time. b, Nanoline width
(red circles) and period (black circles) as a function of pulse energy under fixed
repetition rate and pulse duration. It is seen that neither exposure time (total
fluence), nor peak power affect the width and period.
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Figure 4.13: (a) SEM image, where the nanoline pattern width is indicated.
(b) The width of the pattern of nanolines formed is characterized with respect
to scanning speed (to which the exposure time is inversely proportional) (green
circles) and incident pulse energy (red circles).
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this, we have extracted distances between successive peaks (for a total of 69 mea-

sured nanoline periods), constituting the nanoline periods of the structure (Fig.

4.14a). The average value of the nanoline period is 646.18 nm in this experiment.

In addition to calculating the standard deviation of these measurements, which

yields 0.9 nm, we utilised Allan deviation statistics, a commonly used technique in

metrology, to characterise the variation of the nanoline period as we scan over in-

creasingly large distances over the sample. The modified Allan deviation reaches

as low as 0.1 nm. If overlapping Allan deviation is used, quite similar results are

obtained (Fig. 4.14b). These results are limited by the manufacturer-specified

accuracy of the AFM equipment, which is set by temperature-related nonlineari-

ties of the piezo-stages inside it. We believe that the actual average periodicity of

the structures is likely to be superior since it is determined by lesser stable one of

two factors, either the stability of the laser wavelength or the material uniformity

of the Ti thin film. The wavelength of the laser used in this study has a measured

stability of better than 10−7 fractional variation even without any active stabil-

isation and the thickness of the thin film can, in principle, be controlled at the

atomic-layer level. Therefore, it appears plausible that the long-range uniformity

of the periodicity is significantly better than the AFM-limited, measured values

reported here (Figure 4.14).

4.11 Influence of film thickness and laser wave-

length

The direction of the nanostructures is directly controlled through the laser po-

larization. Other key features, namely the nanoline width and period can be

chosen through the thickness of the Ti thin film. For a glass substrate, the nano-

line width and period can be varied at least between 330 nm-400 nm and 610

nm-790 nm, respectively, for film thicknesses of 50 nm to 300 nm (Figure 4.15a).

Similarly, the nanoline period can be controlled through the laser wavelength, as

demonstrated by measurements at 1050 nm with the fibre laser and a regenera-

tively amplified Ti:sapphire laser system (100 fs-long pulses at 1 kHz repetition
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Figure 4.14: Experimental characterisation of the long-range uniformity. Upper
panel: Fractional variation of the nanoline period, Λ, for 69 consecutive samples.
Lower panel: Allan deviation of the nanoline periods for the corresponding data.
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Figure 4.15: a, Experimentally determined variation of the nanoline width (red
circles) and nanoline period (green circles) as a function of the thin film thick-
ness on glass substrate. b, Experimentally determined variation of the nanoline
width (red circles) and nanoline period (green circles) as a function of the laser
wavelength on glass substrate.
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rate) (Figure 4.15b). A fuller characterization would require a tuneable source of

femtosecond pulses, which we did not have access to. However, on-the-fly control

over the periodicity and the creation of complex structures should be possible

with a tuneable laser source such as an optical parametric oscillator or amplifier.

4.12 Analogy to mode-locking dynamics and

parabolic profiles of the nanostructures

An analogy can be made between these dynamics and mode-locking of lasers.

Mode-locking [75] is similarly initiated from noise, more precisely, from cavity

modes with no mutual coherence, by positive feedback due to nonlinear gain

and stabilised by negative feedback of the pulse shaping dynamics [23], often in

the form of solitons or similaritons [10]. Here, the spatial modes of the surface

structure develop coherence as a result of positive feedback, stabilised and made

uniform by negative feedback.

Cross-sectional profiles of the nanostructures, measured with AFM and con-

firmed by scanning electron microscope (SEM) images, are parabolic in shape

for all sizes. We note that the nearly parabolic curves used to fit the measured

profiles are of the same mathematical form as used to fit temporal shape of the

similariton pulses in (Fig. 4.16), even though the physical systems are entirely

different [2].

4.13 Scaling of the nanoline width with the

nanoline height

It is informative to consider how the height and width parameters are related.

The nanoline height and widths determined from AFM profiles are plotted in

Figure 4.17. It is seen that the height of the nanostructures saturates as the Ti

below is depleted and/or the growth process suffocates due to TiO2 that forms
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Figure 4.16: a, AFM image showing the position of the cross-sectional profiles.
b, Measured cross-sectional profiles (dashed lines) of the nanostructures demon-
strating parabolic shape that scales up self-similarly. Solid lines denote parabolic
fits.
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Figure 4.17: Experimentally determined variation of the nanoline height versus
width. Throughout this range, the spatial profile remains parabolic. The sample
comprised of a glass substrate covered by a 100 nm-thick Ti thin film.
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on top effectively blocking the reach of oxygen to Ti below.

4.14 Thin film preparation

The thin films were deposited by DC magnetron sputtering onto cleaned glass

substrates at room temperature. For Ti thin films, we used a Ti target (50.8

mm diameter×3.17 mm thick, 99.995% pure), mechanically clamped to the DC

magnetron cathode of a conventional sputtering system (Vaksis, NanoD-4S). The

substrates were cleaned by rinsing in ultrasonic baths of acetone and methanol

and dried under nitrogen gas. The base pressure of 2 × 10−6 Torr was obtained

in our deposition system and the sputtering was carried out in a 99% pure argon

atmosphere. The target-substrate distance was kept at 100 mm during deposition.

The ambient argon gas pressure was kept at 8 mTorr for all depositions. The

films were deposited at fixed sputtering power of 125 W. The thicknesses of the

films used in this study ranged from 50 to 400 nm as confirmed by using optical

interferometry and verified by cross-sectional viewing of the thin films by SEM.

4.15 Conclusion

To conclude, we report on a simple, low-cost and high-speed method based on

exploiting naturally occurring feedback mechanisms for creation of metal-oxide

nanostructures with femtosecond pulses. We demonstrated periodic nanostruc-

tures covering square-millimetres with ∼1-nm long-range uniformity on bulk and

thin metal films on flexible substrates, and on the surface of an optical fibre,

proving that nonplanar surfaces can be processed. These features, which are

nominally not achievable with conventional lithography techniques, along with a

substantial degree of robustness, constitute another demonstration that unique

technological capabilities can emerge naturally by exploitation of nonlinear pho-

tonics systems [76]. Although we optimised the process for the oxidation of Ti
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and tungsten under regular atmosphere, many metals, semiconductors and di-

electrics have been shown to support LIPSS formation [78, 79, 80, 81, 82]. In

principle, any of these materials can be subjected to variety of chemical reac-

tions under a suitable atmosphere, to fabricate nanostructures from a virtually

inexhaustible list of material compositions. The fabricated nanostructures can

find applications in plasmonics [87], plasmonic nanolithography [88], photon de-

tection [89], nanophotonics [90], memristors [91] and metallic nanostructures [92]

for nanoelectronics, control of cell behaviour through patterned surfaces [93], and

in low-cost fabrication of highly ordered TiO2 structures, which have been shown

to significantly increase efficiency of dye-sensitised solar cells [94].
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Chapter 5

Conclusions

In this thesis, we have presented studies that we believe to constitute, effectively,

engineering the nonlinear dynamics of several photonic systems, from the soliton-

similariton fiber laser to nonlinear laser lithography. These are two very different

physical systems, which were nevertheless found to exhibit analogous dynamics,

including self-similarity.

We demonstrate that the first system is a new femtosecond laser design that

combines two distinct regimes of pulse propagation, soliton and similariton evo-

lution, in a single cavity. Both of these regimes are nonlinear attractors, showing

that multiple nonlinear attractors can coexist in a single cavity, if transitions

between them can be arranged. The similaritons are of the amplifier type, which

constitutes their first experimental observation inside a laser cavity. Due to their

vastly different characteristics, the transition between the similariton and soliton-

like sections is interesting in itself. Overall balance is attained only when spectral

width of the pulse is allowed to vary by almost an order of magnitude, an un-

precedented factor. We believe the existence of this hybrid mode-locking regime

is important for a unified understanding of the different regimes of mode-locking.

In addition, in the limit of increasing filter bandwidth, it gradually reduces to the

stretched pulse regime. In the other extreme of vanishing SMF section, the cavity

is same as that of an all normal dispersion laser. Thus, this new mode-locking
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regime sits at a nexus of all four known regimes of operation. Unraveling its dy-

namics could point towards a unified theory of mode-locked laser physics. Finally,

it is remarkable that under the influence of these extremely strong nonlinear ef-

fects the laser is extremely robust. Detailed noise and stability characterization

of the laser indicates the high potential of this laser for low-noise applications,

particularly for nonlinear laser lithography.

We also demonstrate a similariton all fiber integrated amplifier, implementing

nonlinear chirped pulse amplification, with no free space beam pump or signal

beam propagation, producing 70 ps-long pulses with up to 4 µJ of pulse energy,

57 kW of peak power and total nonlinear shift of ∼22π at 1 MHz repetition rate.

These are to our knowledge the highest peak power, pulse energy, and nonlinear

phase shifts obtained from an all fiber integrated amplifier. The chirped pulses

from the amplifier are compressed to 140 fs and 170 fs duration at 3.1 µJ and

4.0 µJ of amplifier output energy, respectively. Significantly, the laser system

is virtually misalignment free, completely robust and currently being used for

material processing applications in our laboratory.

We illustrate that the second system is self-organised formation of metal-oxide

nanostructures under the femtosecond laser irradiation. Laser-induced formation

of micro- and nano-scale surface structures is almost as old as the history of

the laser, but this technique has suffered to date from a stubborn lack of long-

range order. We have formulated an approach through which we demonstrate

unprecedented levels of uniformity over indefinitely large areas by simply scanning

the laser beam over the surface. We report on a simple, low-cost and high-

speed method for creation of highly uniform TiO2 nanostructures by scanning

a tightly focused beam of femtosecond pulses at 1 MHz repetition rate. We

obtain excellent uniformity and long-range order, approaching those of state-

of the- art laser lithography. Creation of laser-induced nanostructures is well

known, but has been set back due to lack of long-range order and uniformity. We

overcome this via a unique and simple idea, based on principles governing mode-

locking of laser oscillators: we set the right conditions a priori and let the system

dynamics initiate and tightly regulate the fabrication process through positive

and negative nonlinear feedback mechanisms. This is accomplished by scanning
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and using a small laser spot, analogous to the roles of cavity feedback and single

spatial mode beam propagation in a mode-locked laser, respectively. Therefore,

it should not be surprising that the nanostructures can self-stitch, enabling us

to cover arbitrarily large areas or that their growth is revealed to be self-similar

together with spatial profiles that are identical to the temporal pulse profiles of

the similariton lasers. The mechanism is explained through a simple three-step

model, which qualitatively reproduces the experimental results.

These are demonstrations of our approach, which we refer to as nonlinearity

engineering, which aims to exploit complex nonlinear systems to achieve advanced

technological functionalities that would be extremely difficult or even impossible

to obtain from their linear counterparts.

The studies described in this thesis suggest many interesting directions to

pursue for the future:

• At the fundamental level, what inspires us is the underlying nonlinear dy-

namics. We want to understand it better and explore where we can go from

here. We think this will be very exciting. Consider how much richer the

system will become with the many new degrees of freedom we will obtain

by controlling the atmosphere. Although we optimized the process only

for Ti and TiO2, we have observed similar nanostructures with other met-

als. In fact, many metals, semiconductors and dielectrics have been shown

to support laser-induced nanostructure formation. These materials can be

subjected not only to oxidization but nitride or carbide formation under

a sufficiently reactive atmosphere of suitable radicals or atomic species.

Therefore, the logical next step would be to combine our technique with

low temperature reactive plasmas, which are already utilized to fabricate

a rich variety of nanomaterials. Plasma fabrication of nanostructures com-

pletely lacks spatial selectivity, orientation and long-range order, which we

believe can be imparted through nonlinear laser lithography. For example,

this could open the way to creating nanostructures of organic materials,

which are not compatible with high temperatures.

• We could produce square-meters of nanostructures at low cost and high
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speed. We will try to fabricate nanostructures of important materials such

as TiN, SiC, ZnO, and WO3. Each of these have countless applications.

• Even with a rudimentary level of control on the scanning and polarization

directions, we have created various patterns, from grating or mesh struc-

tures to a hexagonal pattern of nanocircles and resonator-type structures.

By controlling the phase and amplitude of the beam, nearly arbitrary struc-

tures should be possible. These structures can find applications in plasmon-

ics, nanoelectronics, nanophotonics, control of cell behaviour through micro

and nanopatterned surfaces, cells-on-chips applications, and solar cells. For

example, highly ordered titania tubules and mesoporous structures have

been shown to significantly increase efficiency of dye-sensitized solar cells

compared to randomly distributed titania nanoparticles.

• We have created structures on the highly curved surface of an optical fiber,

demonstrating the capability to work with non-planar and uneven surfaces.

If we can fabricate nanostructures on plastics and flexible materials, this

could be extremely interesting for flexible electronics. These features are

nominally not achievable with conventional nanofabrication techniques.

• We have also shown that we can impress the TiO2 nanopattern onto a Si

substrate underneath, suggesting that the Ti film can be used merely as a

transfer material to be etched away after nanostructuring the substrate. We

believe this is a generally applicable technique, using Ti as a transfer mate-

rial TiO2 nanostructures can, in principle, be imprinted on any transparent

material.
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