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a b s t r a c t
Expected consumption growth increases the real interest rate as one tries to smooth consumption over time.
We demonstrate that placing it in the Fisher relation 1) is consistent with the Euler equation governing the
purchase of nominal bonds, 2) explains observed procyclicality of the real interest rate, 3) is supported
empirically, and 4) provides an alternative method for estimating the consumer's degree of relative risk
aversion.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
The Fisher relation simply states that the nominal interest rate
equals the sum of the consumer's real rate of time preference and the
expected inﬂation rate. Recent empirical studies (Crowder and
Hoffman, 1996; Caporale and Pittis, 2004; Sun and Phillips, 2004;
Phillips, 2005; Christopoulos and Leon-Ledesma, 2007; Westerlund,
2008) have addressed problems around the estimation of this relation,
such as the existence of procyclical ﬂuctuations in the real interest rate
and the coefﬁcient of inﬂation not being equal to 1. While they focus
solely on ﬁnding methodological solutions for the empirical failures of
this relation, we suggest that theory can lend a hand. To be more
speciﬁc, we use Fisher's argument that the time shape of income is a
determinative factor of the real interest rate:
“The fact that a person's income1 is increasing tends to make his
preference for present over future income high, as compared with
what it would be if his income were ﬂowing uniformly or at a
slackening rate; for an increasing income means that the present
income is relatively scarce and future income relatively abundant
(Fisher, 1930, p. 73–74).”
To our knowledge, no previous empirical study has included the
income trend found in Fisher's quote. The few studies that did include
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By ‘income’ Fisher meant what we now refer to as ‘consumption’ (Fisher, 1930, I.I.61).
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income (Levi and Makin, 1978; VanderHoff, 1984; Dotsey et al., 2003)
view it as one of many factors deﬁning general equilibrium market
dynamics rather than justifying it as consumption smoothing. With the
introduction of Lucas (1978) one can now formalize Fisher's statement
with a time-dynamic optimization of the consumer's problem. In this
study, we do just that and derive an augmented Fisher relation from the
standard representative agent's Euler equation governing the demand
for bonds that differs from the standard Fisher relation by the inclusion
of an expected consumption growth term. We also demonstrate that this
inclusion i) explains the observed procyclical ﬂuctuations in the real
interest rate, ii) is empirically signiﬁcant, and iii) provides an alternative
way to estimate the consumer's degree of relative risk aversion.
The paper is organized as follows: Section 2 elaborates on why and
how we should add the consumption growth rate into the Fisher
relation, Section 3 empirically examines the implications and
interprets the results, and Section 4 concludes.
2. Model
Fisher's quote above is consistent with the analysis of the
consumer's Euler equation for bond purchases:



~ uc ðcVÞ
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Here a prime denotes variables measured at time t + 1, a tilde
distinguishes the interest rate in levels from the log of one plus the
interest rate used in some of the equations below and E is the
expectations operator at time t. The optimizing consumer equates the
marginal utility of current consumption with the discounted expected
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future utility of consumption in the next period. Assuming a constant
degree of relative risk aversion utility function,
8
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Eq. (1) becomes
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where γ represents the consumer's degree of relative risk aversion.
Expanding the expectation term we obtain
    γ
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To simplify this expression we deﬁne the following terms
 

c
~
p
; g e ¼ − ln E
α ¼ ln β−1 ; i ¼ ln 1 þ i ; πe ¼ − ln E
pV
cV

ð5Þ

where α represents the consumer's rate of time preference, i represents
the nominal interest rate, π e is the expected inﬂation rate, and ge
represents the expected consumption growth rate.2
Assuming that the covariance term in Eq. (4) is negligible, as expected
in a low inﬂation risk economy (Sarte, 1998), we obtain our augmented
Fisher equation by taking the natural log of both sides of Eq. (4) and
substituting in the terms from Eq. (5)
i ¼ α þ πe þ γ ge

ð6Þ

The nominal interest rate must compensate the consumer for the
rate of time preference, the loss in purchasing power due to inﬂation,
and the utility cost of expected consumption ﬂuctuations. Since the
coefﬁcient on the consumption growth rate is the consumer's degree
of relative risk aversion, Eq. (6) also provides us with an alternative
way to estimate this important parameter.
3. Data and estimation
In testing the implications of our model, we use US quarterly data
for 3-month Treasury constant-maturity bonds (Board of Governors),
seasonally-adjusted real personal consumption expenditures (Bureau
of Economic Analysis), and the consumer price index for urban
consumers (Department of Labor) for the sample period of 1960Q4 to
2005Q4. Inﬂation and consumption growth expectations are proxied
for by the actual 3-month growth rates of CPI and consumption data,
respectively. To avoid artiﬁcial moving average problems, we select
non-overlapping data points for (3-month) inﬂation and consumption
growth, also dividing the T-Bill rates by four. Finally, since the Treasury
rate reﬂects the yield to be collected one quarter after purchase, we
align next quarter's inﬂation and consumption growth rates with the
current quarter's interest rate (Sun and Phillips, 2004).
The standard cointegration techniques by Crowder and Hoffman
(1996), Ng and Perron (1997), Dotsey et al. (2003), Caporale and Pittis
(2004), and Sun and Phillips (2004) do not ﬁt the purposes of our study
since the consumption growth component is found to be stationary,3 and
2
The proper inﬂation measure is the ‘inverse of the expected rate of decrease in
purchasing power due to inﬂation’ rather than the ‘rate of inﬂation’ itself. According to
Jensen's inequality these are not the same in the presence of risk. The same also
applies to the consumption growth rate. In this study we proxy for the measure of
inﬂation and consumption expectations by a single point, namely the actual inﬂation
or growth, so there is no difference between −ln E(p/p′) and ln E(p′/p) or −ln E(c/c′) and
ln E(c′/c).
3
ADF tests, using the modiﬁed Akaike information criteria for lag selection, ﬁnd that
the T-Bill and inﬂation rates have a unit root, while rejecting the non-stationarity of
consumption growth; the corresponding test statistics are −1.87, −2.38, and −5.92,
respectively.

Table 1
Reduced form and structural parameters from the joint test of the long- and short-run
Fisher relation
OLS (reduced)
ψ0
ψ4 (πt − 1)
ψ5 (gt − 1)
ψ6 (it − 1)
ψ1,0 (Δπt)
ψ1,1 (Δπt − 1)
ψ1,2 (Δπt − 2)
ψ2,0 (Δgt)
ψ2,1 (Δgt − 1)
ψ2,2 (Δgt − 2)
ψ3,1 (Δit − 1)
ψ3,2 (Δit − 2)
R̄¯2
Prob. Of J stat
DW

IV (reduced)

OLS (structural) IV (structural)

−0.04 (0.06)
−0.08 (0.06)
ρ0
0.14⁎⁎⁎ (0.03)
0.14⁎⁎⁎ (0.03) ρ1
0.06⁎ (0.03)
0.07⁎ (0.04)
ρ2
−0.11⁎⁎⁎ (0.03) −0.09⁎⁎⁎ (0.03)
0.10 (0.03)
0.11⁎⁎⁎ (0.04)
0.07⁎⁎⁎ (0.03) 0.07 (0.04)

−0.37
1.23†
0.51⁎

−0.82
1.46†
0.77⁎

0.004 (0.03)
−0.01 (0.02)
−0.01 (0.02)
−0.06⁎⁎⁎ (0.02) −0.09⁎⁎⁎ (0.03)
−0.02 (0.01)
−0.03 (0.07)
−0.12 (0.08)
−0.09 (0.09)
0.27
0.26
0.99
2.11
1.96

Notes: Standard errors are reported in the parentheses. ⁎⁎⁎Indicates 99% signiﬁcance
while ⁎⁎(⁎) indicates 95% (90%). The structural parameters are estimated using the
reduced form estimates, and their signiﬁcance levels are tested using Wald (ψ6 + ψ4 = 0)
and t-tests (ψ5 = 0,ψ0 = 0). †Indicates failure to reject the null of ρ1 = 1.

is used to explain the short run ﬂuctuations around the long-run Fisher
relation. We follow Mehra (1993) who uses an error correction method
to tackle a similar problem for the joint estimation of the long- and shortrun money demand function. While our long run Fisher equation is
it ¼ ρ0 þ ρ1 πt þ ρ2 gt þ ut

ð7Þ

its short run adjustment process incorporates the dynamic error
correction changes:
n1

n2

s¼0

s¼0

Δit ¼ θ0 þ ∑ θ1;s Δπt−s þ ∑ θ2;s Δgt−s þ θ3 ut−1 þ et

ð8Þ

Estimating both equations simultaneously in a reduced form
equation yields:
n1

n2

n3

s¼0

s¼0

s¼1

Δit ¼ ψ0 þ ∑ ψ1;s Δπ t−s þ ∑ ψ2;s Δgt−s þ ∑ ψ3;s Δit−s −ψ4 πt−1 −ψ5 gt−1

ð9Þ

þψ6 it−1 þ et
which provides us with consistent estimates of the model's structural
parameters: θ3 = ψ6, ρ0 ≅ − ψ0/ψ6 (since ψ0 = θ0 − θ3ρ0), ρ1 = − ψ4/ψ6
and ρ2 = − ψ5/ψ6. Due to possible endogeneity resulting from proxying
for expectations, we estimate the model with both OLS and IV
methodologies.4 The results are displayed in Table 1.
The ﬁrst two numeric columns of Table 1 present the reduced form
estimates while the last two display the structural parameters of
Eq. (7), which are derived from the reduced form estimates. While we
use standard t-statistics to calculate the signiﬁcance levels of reduced
form coefﬁcients, we use a combination of Wald and t-statistics to test
for null hypotheses of the long-run Fisher relation, namely ρ1 = 1 (ψ6 +
ψ4 = 0) and ρ0,ρ2 = 0 (ψ5 = 0, ψ0 = 0). First, we ﬁnd that the long run
inﬂation coefﬁcient is not signiﬁcantly different than one, as expected.
Second, the time preference rate is insigniﬁcantly different than zero,
which is consistent with the risk-free bond rate puzzle identiﬁed by
Weil (1989). Third, the ﬁndings support our theory that consumption
4
In OLS, n1, n2 and n3 are all chosen as 1 while they are 2 in the IV estimation. They
are determined by using the Schwartz information criterion. The instruments used in
the IV model are 2 non-coincident lagged levels of T-Bill rate, inﬂation and
consumption growth with 2 coincident lagged differences in interest rate and 4
lagged differences of inﬂation and consumption growth. Using lagged variables as
instruments implies that the expectations are formulated with an OLS type estimation.
Hence, it is as if we are replacing the actual inﬂation (and consumption growth) data
with the market expectations formed by using past inﬂation data.
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growth is an important element in the Fisher relation. While the long
run consumption growth parameter (ρ2) is only marginally signiﬁcant,
the short run ﬂuctuation of consumption growth (ψ2,1) is a very
signiﬁcant determinant of interest rate ﬂuctuations. This result is quite
expected. While consumption growth expectation is variable in the
short run, in the long run it is constant and thus difﬁcult to distinguish
from the consumer's constant pure rate of time preference. However,
the strong signiﬁcance of the dynamic error correction estimates (ψ2,1)
show that consumption growth changes are important in explaining
the short run adjustments in the interest rate. Last, we ﬁnd the
estimate for the coefﬁcient of expected consumption growth (ρ2) to be
around 0.5–0.8. This ﬁnding is compatible with earlier micro- and
macroeconomic studies, which ﬁnd the CRRA to be between 0.5 and
2.5.
4. Conclusion
The effect of expected consumption growth on the interest rate is
fundamental to the modern understanding of the consumer's
allocation over time. However, this has been overlooked in empirical
studies of the Fisher relation. We ﬁnd that including a consumption
growth term in the estimation of the Fisher equation helps explain the
long run level of the interest rate and short run adjustments toward
that level. The analysis also allows us to estimate the consumer's
degree of relative risk aversion. Therefore, we conclude that the future
studies of the Fisher relation would beneﬁt from including expected
consumption growth as an explanatory variable.
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