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Parallel algorithm design for multicomputers
can be
divided into two steps. The first step is the decomposition
of the problem into a set of interacting sequential subproblems (or tasks) which can be executed in parallel.
The second step is mapping each of these tasks to an
individual processor of the parallel architecture in such a
way that the total execution time is minimized. The second step, called the mapping problem [4], is crucial in
designing efficient parallel programs. In general, the mapping problem is known to be NP-hard [12, 131. Hence,
heuristics giving suboptimal solutions are used to solve
the problem [I, 4,7, 12, 13, 211. Two distinct approaches
have been considered in the context of mapping heuristics; one-phase and two-phase [7]. In one-phase approaches, referred as many-to-one mapping, tasks of the
parallel program are directly mapped onto the processors
of the multicomputer.
In two-phase approaches, a cfustering phase is followed by a one-to-one mapping phase.
In the clustering phase, tasks of the parallel program are
partitioned into as many equally weighted clusters as the
number of processors of the multicomputer,
while the
total weight of the interactions among clusters is minimized [21]. The problem solved in the clustering phase is
identical to the multiway graph partitioning problem. In
the one-to-one mapping phase, each cluster is assigned to
an individual processor of the multicomputer so that the
total interprocessor
communication
is minimized [21].
Kernighan-Lin
(KL) [8, 141 and Simulated Annealing
(SA) [15] heuristics are two attractive algorithms widely
used for solving the mapping problem [7. 19. 21, 221.
Heuristics proposed to solve the mapping problem are
computation intensive. Solving the mapping problem can
be considered as a preprocessing performed before the
execution of the parallel program on the parallel computer. Sequential execution of the mapping heuristic may
introduce unacceptable preprocessing overhead, limiting
the efficiency of the parallel implementation.
Efficient
parallel mapping heuristics are needed in such cases. The
KL and SA heuristics are inherently sequential, hence
hard to parallelize. Efficient parallelizations of these algorithms remain as important issues in parallel processing research.
In this work, a recently proposed algorithm, called
Mean Field Annealing (MFA) [18, 24, 251, is formulated

A new mapping heuristic is developed, based on the recently
proposed Mean Field Annealing (MFA) algorithm. An efficient
implementation scheme, which decreases the complexity of the
proposed algorithm by asymptotical factors, is also given. Performance of the proposed MFA algorithm is evaluated in comparison
with two well-known heuristics: Simulated Annealing and
Kernighan-Lin. Results of the experiments indicate that MFA
can be used as an alternative heuristic for solving the mapping
problem. The inherent parallelism of the MFA is exploited by
designing an efficient parallel algorithm for the proposed MFA
heuristic. 0 1992 Academic Press, Inc.
1. INTRODUCTION

Today, with the aid of VLSI technology, parallel computers not only exist in research laboratories, but are also
available on the market as powerful, general purpose
computers. Wide use of parallel computers in various
computation intensive applications makes the problem of
mapping parallel programs to parallel computers more
crucial. The mapping problem arises as parallel programs
are developed for distributed-memory,
message-passing
parallel computers, which are usually called multicomputers. In multicomputers,
processors have neither shared
memory nor shared address space. Each processor can
only access its local memory. Synchronization and coordination among processors are achieved through explicit
message passing. Processors of a multicomputer are usually connected by utilizing one of the well-known direct
interconnection
network topologies such as ring, mesh,
or hypercube. These architectures have nice scalability
features due to the lack of shared resources and the increasing communication
bandwidth with the increasing
number of processors. However, designing efficient parallel algorithms for such architectures is not straightforward. An efficient parallel algorithm should exploit the
full potential power of the architecture. Processor idle
time and the interprocessor
communication
overhead
may lead to poor utilization of the architecture, hence
poor overall system performance.
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for the many-to-one mapping problem. MFA combines
the collective computation property of Hopfield Neural
Network (HNN) with the annealing notion of SA. It was
originally proposed for solving the traveling salesperson
problem, as a working alternative to HNN [23]. MFA is
also a general strategy as SA, and can be applied to different problems with suitable formulations.
Previous
work on MFA [5, 6, 17, 18, 24, 251 shows that it can be
successfully applied to various combinatorial optimization problems. MFA has the inherent parallelism that exists in most neural network algorithms.
Section 2 presents a formal definition of the mapping
problem by modeling the parallel program design process. In Section 3, general formulation of the MFA heuristic is presented. Section 4 presents the proposed formulation of the MFA algorithm for the mapping problem.
An efficient implementation scheme for the proposed algorithm is also described in this section. Section 5
presents the performance evaluation of the MFA algorithm for the mapping problem in comparison with two
well-known mapping heuristics, SA and KL. Finally, an
efficient parallelization
of the MFA algorithm for the
mapping problem is proposed in Section 6.
2. THE MAPPING

PROBLEM

In various classes of problems, the interaction pattern
among the tasks is static. Hence, the decomposition of
the algorithm can be represented by a static task graph.
Vertices of this graph represent the atomic tasks and the
edge set represents the interaction pattern among the
tasks. Relative computational costs of atomic tasks can
be known or estimated prior to the execution of the parallel program. Hence, weights can be associated with the
vertices in order to denote the computational costs of the
corresponding tasks.
Two different models, the Task Precedence Graph
(TPG) and the Task Interaction Graph (TIG), are used for
modeling static task interaction patterns [ 13, 201. TPG is
a directed graph where directed edges represent execution dependencies. Each edge denotes a pair of tasks:
source and destination. The destination task can only be
executed after the execution of the source task is completed. In general, only the subsets of tasks which are
unreachable from each other in TPG can be executed
independently.
In the TIG model, interaction patterns are represented
by undirected edges between vertices. In this model,
each atomic task can be executed simultaneously and
independently. Each edge denotes the need for the bidirectional interaction between corresponding pair of tasks
at the completion of the execution of these tasks. Edges
may be associated with weights which denote the amount
of bidirectional information exchange involved between
pairs of tasks. TIG usually represents the repeated exe-
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cution of the tasks with intervening task interactions denoted by the edges.
The TIG model may seem to be unrealistic for general
applications since it does not consider the temporal interaction dependencies among the tasks [20]. However,
there are various classes of problems which can be successfully modeled with the TIG model. For example, iterative solution of systems of equations arising in finite
element applications [2, 201 and power system simulations [3, 161, and VLSI simulation programs [22] are represented by TIGs. In this paper, problems which can be
represented by the TIG model are addressed.
In order to solve the mapping problem, parallel architecture must also be modeled in a way that represents its
architectural features. Parallel architectures can easily be
represented by a Processor Organization Graph (POG),
where nodes represent the processors and edges represent the communication links. In fact, POG is a graphical
representation of the interconnection
topology utilized
for the organization of the processors of the parallel architecture. In general, nodes and edges of a POG are not
associated with weights since most of the commercially
available multicomputer
architectures are homogeneous
with identical processors and communication links.
In a multicomputer architecture, each adjacent pair of
processors communicate with each other over the communication link connecting them. Such communications
are referred as single-hop communications.
However,
each nonadjacent pair of processors can also communicate with each other by means of software or hardware
routing. Such communications are referred as multihup
communications.
Multihop communications are usually
routed in a static manner over the shortest paths of links
between the communicating pairs of processors. Communications between nonadjacent pairs of processors
can be associated with relative unit communication
costs. Unit communication cost is defined as the communication cost per unit of information. Unit communication cost between a pair of processors will be a function
of the shortest path between these processors and the
routing scheme used for multihop communications.
For
example, in software routing, the unit communication
cost is linearly proportional to the shortest path distance
between the pair of communicating processors. Hence,
the communication topology of the multicomputer can be
modeled by an undirected complete graph, referred here
as the Processor Communication
Graph (PCG). The
nodes of the PCG represent the processors and the
weights associated with the edges represent the unit communication costs between pairs of processors. As mentioned earlier, the PCG can easily be constructed using
the topological properties of POG and the routing scheme
utilized for interprocessor communication.
The objective in mapping TIG to PCG is the minimization of the expected execution time of the parallel pro-
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gram on the target architecture. Thus, the mapping problem can be modeled as an optimization
problem by
associating the following quality measures with a good
mapping: (i) interprocessor
communication
overhead
should be minimized; (ii) computational load should be
uniformly distributed among processors in order to minimize processor idle time.
A mapping problem instance can be formally represented with two undirected graphs, the Task Interaction
Graph (TIG) and the Processor Communication
Graph
(PCG). The TIG GT( V, E) has )VI = N vertices labeled as
(1, 2, . ..) i, j, . ..) N). Vertices of the G7 represent the
atomic tasks of the parallel program. Vertex weight M’i
denotes the computational cost associated with task i for
1 % i 5 N. Edge weight eij denotes the volume of interaction between tasks i and j connected by edge (i, j) E E.
The PCG Gp(P, D), is a complete graph with IPI = K
nodes and IDI = (f) edges. Nodes of the Gp, labeled as
(1, 2, . . . . P, q, . . . . K), represent the processors of the
target multicomputer.
Edge weight d,,y, for I 5 p, q 5 N
and p # q, denotes the unit communication cost between
processors p and q.
Given an instance of the mapping problem with the
TIG GT( V, E) and the PCG G&P, D), the question is to
find a many-to-one mapping function M: V -+ P, which
assigns each vertex of the graph CT to a unique node of
the graph Gp, and minimizes the total interprocessor
communication cost (CC)
cc =

c

eydM(i,M(j)

(1)

li.,jEE.M(i)fM(j)

while maintaining the computational
tional load of processor p)
CL, =

w;,
2
iEV.Mi)=p

load (CL,,: computa-

IlpSK

(2)

of each processor balanced. Here, M(i) denotes the label
(p) of the processor that task i is mapped to. In Eq. (I),
each edge (i, j) of the GT contributes to the communication cost (CC) only if vertices i and j are mapped to two
different nodes of the GP , i.e., M(i) # M(j). The amount
of contribution is equal to the product of the volume of
interaction eti between these two tasks and the unit communication cost dpy between processors p and 4, where
p = M(i) and 4 = M(j). The computational load of a processor is the summation of the weights of the tasks assigned to that processor. Perfect load balance is achieved
if CL, = (x:1 w;)lK for each p, 1 5 p % K. Computational load balance of the processors can be explicitly
included in the cost function using a term which is minimized when all processor loads are equal. Another
scheme is to include load balance criteria implicitly in the
algorithm. Figure 1 illustrates a sample mapping problem
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FIG. 1. A mapping problem instance. with (a) TIC. (b) POG (which
represents a 2-dimensional hypercube), and (c) PCG.

instance. Figure la shows a TIG with N = 8 tasks. Figure lb shows a POG of a 2-dimensional hypercube with
K = 4 processors, and Fig. Ic shows the corresponding
PCG. In Fig. 1 numbers inside the circles denote the
vertex labels, and numbers within the parentheses denote
the vertex or edge weights. Binary labeling of the 2-dimensional hypercube is also given in Fig. lb. Note that
unit communication
cost assignment to edges of PCG is
performed assuming software routing protocol for multihop communications. A solution to the mapping problem
instance shown in Fig. 1 is

i I12345678
M(i)14

4 2

1 3 2

1 3

Communication cost of this solution can be calculated as
CC = 8. Computational
loads of the processors are
CL, = 3 for 1 5 p 5 4. Hence, perfect load balance is
achieved, since (x!=, ~$4 = 3.
3. MEAN

FIELD

ANNEALING

Mean Field Annealing (MFA) merges collective computation and annealing properties of Hopfield Neural
Network (HNN) [9-111 and Simulated Annealing (SA)
[15], respectively, to obtain a general algorithm for solving combinatorial optimization problems. HNN is used
for solving various optimization problems and it obtains
reasonable results for small problems [9]. However, simulation of this network reveals that it is hard to obtain
feasible solutions for large problem sizes. Hence, the algorithm does not have a good scaling property, which is a
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very important performance criterion for heuristic optimization algorithms. MFA has been proposed as a successful alternative to HNN [18,23-251. In the MFA algorithm, problem representation is identical to HNN [9, 23,
241, but the iterative scheme used to relax the system is
different. MFA can be used to solve a combinatorial optimization problem by choosing a representation scheme in
which the final states of the spins can be decoded as a
solution to the target problem. Then, an energy function
is constructed whose global minimum value corresponds
to the best solution of the problem to be solved. MFA is
expected to compute the best solution to the target problem, starting from a randomly chosen initial state, by
minimizing this energy function.
The MFA algorithm is derived by making an analogy to
the Ising spin model which is used to estimate the state of
a system of particles or spins in thermal equilibrium. This
method was first proposed for solving the traveling salesperson problem [23] and then was applied to the graph
partitioning problem [S, 6, 17, 2.51. Here, the general formulation of the MFA algorithm [2.5] is given for the sake
of completeness. In the Ising spin model, the energy of a
system with S spins has the following form:
H(s) = ; $ c pk,sks, + i hxsx.
h-l /#h
h=I

(3)

Here, pw indicates the level of interaction between spins
k and 1, and So E (0, I} is the value of spin k. It is assumed
that pu = fllk and /3kl = 0 for 1 5 k, 1 5 S. At the thermal
equilibrium, spin average (sk) of spin k can be calculated
using Boltzmann distribution as follows [23]
1
(Sk) = 1 + e-di/T’

(4)

Here, #Q = (H(s))l,,=, - (H(s))~,,=~ represents the mean
jield acting on spin k, where the energy average (H(s)) of
the system is

W(s)) = $, 2. Pubs/)

+ h$, hh).

(5)

The complexity of computing $Q using Eq. (5) is exponential [25]. However, for large numbers of spins, the mean
field approximation
can be used to compute the energy
average as

W(s)) = ; 2 c ,&/h)(~/)
k-l

I#!.

+ g hxh>.

(6)

Since (H(s)) is linear in (sk), the mean field & can be
computed using the equation
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(s) = [(s,),

system

3.1.1

Select a spin k at random.
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Oh= WW)l,,=,- (H(s))(,,=,
= - y$ I
=- (2 PL/(s/)
+ h) .
Thus, the complexity of computing $k reduces to O(S).
At each temperature, starting with initial spin averages, the mean field acting on a randomly selected spin is
computed using Eq. (7). Then the spin average is updated
using Eq. (4). This process is repeated for a random sequence of spins until the system is stabilized for the current temperature. The general form of the MFA algorithm derived from this iterative relaxation scheme is
shown in Fig. 2. The MFA algorithm is used to find the
equilibrium point of a system of S spins using an annealing process similar to SA.
HNN and SA have a major difference: SA is an algorithm implemented in software, whereas HNN is derived
with a possible hardware implementation in mind. MFA
is somewhere in between; it is an algorithm implemented
in software, having the potential for hardware realization
[24, 251. In this work MFA is treated as a software algorithm. The performance of MFA is comparable to other
software algorithms such as SA and KL, conforming this
point of view.
4. MEAN

FIELD

ANNEALING
PROBLEM

FOR THE MAPPING

In this section, we propose a formulation of the Mean
Field Annealing (MFA) algorithm for the mapping problem. The TIG and PCG models described in Section 2 are
used to represent the mapping problem. The formulation
is first presented for problem instances modeled by dense
TIGs. The modifications in the formulation for the mapping problem instances that can be modeled by sparse
TIGs are presented later. In this section, we also present
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an efficient implementation
mulation.

scheme for the proposed for-

4.1. Formulation

A spin matrix, which consists of N task-rows and K
is used as the representation
processor-columns,
scheme. That is, N x K spins are used to encode the
solution. The output sip of a spin (i, p) denotes the probability of mapping task i to processor p. Here, s;,, is a
continuous variable in the range 0 zs sip I 1. When the
MFA algorithm reaches to a solution, spin values converge to either 1 or 0 indicating the result. If Sipconverges
to 1, this means that task i is mapped to processor p. For
example, a solution to the mapping problem instance
given in Fig. 2 can be represented by the following N x
K spin matrix:
K Processors

1
0
0
1
0

6
7
8

0
0
1
0
0

0
1
0
0
1

0
0
0
0
0

the weighted interprocessor comsjq ’
dam represents
munication overhead introduced due to the mapping of
tasks i andj to different processors. Note that, in Eq. (8),
the first quadruple summation term covers all processor
pairs in PCG for each edge pair in TIG. Hence, this term
denotes the total interprocessor communication cost for
a mapping represented by an instance of the spin matrix.
Then, minimization
of the first quadruple summation
term corresponds to the minimization of the interprocessor communication overhead.
The second triple summation term in Eq. (8) computes
the summation of the inner products of the weights of the
tasks mapped to individual processors. The global minimum of this term occurs when equal amounts of task
weights are mapped to all processors. If there is an imbalance in the mapping, the second triple summation
term increases with the square of the amount of the imbalance, penalizing imbalanced mappings. The parameter
r in Eq. (8) is introduced to maintain a balance between
the two optimization objectives of the mapping problem.
Using the mean field approximation described in Eq.
(7), the expression for the mean field $ip experienced by
spin (i, p) is
- i i ei,jsjqdp, - r f SjpM’iti>.
/#i
j#;i y#p

Note that this solution is identical to the solution given at
the end of Section 2.
The following energy (i.e., cost) function is proposed
for the mapping problem:

(9)

In a feasible mapping, each task should be mapped exclusively to a single processor. However, there exists no
penalty term in Eq. (8) to handle this feasibility constraint. This constraint is explicitly handled while the
spin values are updated. As is seen in Eq. (4), individual
spin average Sip is proportional to ehJT, i.e., Sip x ebJT.
Then, Sip can be normalized as
(10)

H(S) = $ $ C 2 2 eisipsjqdpq
I I JZI p I yip

(8)
+

i

$
I-I

C
Jfl

2
p-l

SipSjpu’iwj.

Here eij denotes the edge weight between the pair of tasks
i and j, and Wi denotes the weight of task i in TIG. The
edge weight between processors p and q in PCG is represented by dp4. Under the mean field approximation, the
expression (H(s)) for the expected value of the cost function will be similar to the expression given for H(s) in Eq.
(8). However, in this case, Sip, siy , and sjp should be replaced with (Sip), (siq), and (Sjp) respectively. For the sake
of simplicity, sir, is used to denote the expected value of
spin (i, p) (i.e., spin average (sip)).
In Eq. (8), the term Sip X sjy denotes the probability
that task i and taskj are mapped to two different processors p and q, respectively. Hence, the term ei x sip x

This normalization compels the summation of each row
of the spin matrix to be equal to unity. Hence, it is guaranteed that all rows of the spin matrix will have only one
spin with output value 1 when the system is stabilized.
Equation (9) can be interpreted in the context of the
mapping problem as follows. The first double summation
term represents the increase in the total interprocessor
communication
cost by mapping task i to processor p.
The second summation term represents the increase in
the computational load balance cost associated with processor p by mapping task i to processor p. Hence, -$ir,
may be interpreted as the decrease in the overall solution
quality obtained by mapping task i to processor p. Then,
in Eq. (lo), Sipis updated so that the probability of task i
being mapped to processor p increases with increasing
mean field 4ip experienced by spin (i, p). Hence, the
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MFA heuristic can be considered as a gradient-descent
type algorithm in this context. However, it is also a stochastic algorithm, similar to SA, due to the random spin
update scheme.
In the general MFA algorithm given in Fig. 2, a single
randomly chosen spin is updated at a time. However, in
the proposed formulation of MFA for the mapping problem, K spins of a randomly chosen row of the spin matrix
are updated at a time. Mean fields I#+ (1 5 p I K) experienced by the spins at the ith row of the spin matrix are
computed using Eq. (9) for p = 1, 2, . . . . K. Then the
spin averages sip, 1 5 p 5 K are updated using Eq. (IO)
forp = 1,2, . . . . K. Each row update of the spin matrix is
referred as a single iteration of the algorithm.
The system is observed after each spin-row update in
order to detect the convergence to an equilibrium state
for a given temperature [24]. If the energy function H
does not decrease after a certain number of consecutive
spin-row updates, this means that the system is stabilized
for that temperature [24]. Then T is decreased according
to the cooling schedule, and the iteration process is reinitiated. Note that the computation of the energy difference AH necessitates the computation of H (Eq. (8)) at
each iteration. The complexity of computing H is O(N?
x K*), which drastically increases the complexity of one
iteration of MFA. Here, we propose an efficient scheme
which reduces the complexity of energy difference computation by an asymptotical factor.
The incremental energy change 6Hjp due to the incremental change 6siPin the value of an individual spin (i, p)
is
6H = 6Hip = $ip6~;p 9

(11)

from Eq. (7). Since H(s) is linear in sir, (see Eq. (8)), the
above equation is valid for any amount of change Asip in
the value of spin (i, p); that is,
AH = AHip = +inAsip.

(12)

At each iteration of the MFA algorithm, K spin values are
updated synchronously.
Hence, Eq. (12) is valid for all
spin updates performed in a particular iteration. Thus,
the energy difference due to the spin-row update operation in a particular iteration can be computed as
AH = 5 $ipAsip,
p=t

(13)

where As. = sFeW- sgd. The complexity of computing
Eq. (13) g onl; O(K) since mean field (4,) values are
already computed for the spin updates.
The formulation of the MFA algorithm for the mapping
problem instances with sparse TIGs is as follows. The
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FIG. 3. The proposed MFA algorithm for the mapping problem.

expression given for $ir, (Eq. (9)) can be modified for
sparse TIGs as

4ip = -

C

5

JEAdj(i)

y#p

ei,jsjqdpq - r 5 sjpti’iwj.

(14)

J=+

Here, Adj(i) denotes the set of tasks connected to task i
in the given TIG. Note that the sparseness of TIC can
only be exploited in the mean field computations since
the spin update operations given in Eq. (10) are dense
operations which are not affected by the sparseness of
TIG.
Figure 3 illustrates the MFA algorithm proposed for
solving the mapping problem. The complexities of computing the double summation terms in Eqs. (9) and (14) are
O(N x K) and O(d,,, x K) for dense and sparse TIGs,
respectively. Here, davg denotes the average vertex degree in the sparse TIG. The second summation operations in Eqs. (9) and (14) are both O(N) for dense and
sparse TIGs. Thus, the complexity of a single mean field
computation
is O(N x K) and O(d,,, x K + N) for
dense (Eq. (9)) and sparse (Eq. (14)) TIGs, respectively.
Hence, the complexity of mean field computations for a
spin row is O(N X K*) for dense TIGs and O(d,,, x
K2 + N x K) for sparse TIGs (step 3.1.2 in Fig. 3). Spin
update computations (steps 3.1.3, 3.1.4, and 3.1.6) and
energy difference computation (step 3.1.5) are both O(K)
operations. Hence, the overall complexity of a single
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MFA iteration is O(N x K’) for dense TIGs,
O(d,,, x K’ + N x K) for sparse TIGs.
4.2. An Ejjicient

Implernentcrtion

and

Scheme

As mentioned earlier, the MFA algorithm proposed for
the mapping problem is an iterative process. The complexity of a single MFA iteration is due mainly to the
mean field computations. In this section, we propose an
efficient implementation scheme which reduces the complexity of the mean field computations, and hence the
complexity of the MFA iteration, by asymptotic factors.
Assume that the ith spin-row is selected at random for
update in a particular iteration. The expression given for
& (Eq. (9)) can be rewritten by changing the order of the
first double summation as

computing A, and $ip are both O(N). The complexities of
constructing A; and Vi vectors are both O( N x K), since
both vectors contain K such entries. The complexity of
computing the matrix-vector
product required in Eq.
(18) is O(K?). Hence, the overall complexity of computing the $ vector (Eq. (18)) reduces to O(N x K +
K’) = O(N x K), since N ZQKin general. The complexity of K spin updates and the computation of AH are both
O(K). Thus, the proposed scheme reduces the computational complexity of a single MFA iteration to O( N X K)
for dense TIGs with N % K.
The complexity analysis of the proposed implementation for sparse TIGs is as follows. Note that the sparseness of TIG can only be exploited in the computation of
Ai, values since

(20)

(15)
where
Aiq =

%

jti

(16)

t’,,,j”jq

Here, A, represents the increase in the interprocessor
communication
by mapping task i to a processor other
than q (for the current mapping on processor q), assuming uniform unit communication cost between all pairs of
processors in PCG. Similarly, Gil, represents the increase
in the computational
load balance cost associated with
processor p by mapping task i to processor p (for the
current mapping on processor p).
For an efficient implementation,
the overall mean field
computations involved in a single iteration can be computed using the matrix equation
-8;

- rWj.

(18)

Here, D is a K X K adjacency matrix representing PCG
(i.e., D,,q = &,), and a;, Ai, Vr,, and 8; = D x hi are
column vectors with K elements, where

The complexity analysis of the proposed implementation
scheme for dense TIGs is as follows. The complexities of

for sparse TIGs. Hence, the complexity of computing an
individual hi, is only O(d,,,). Thus, the complexity of
constructing the A; vector reduces to O(d,,, x K). The
complexity of computing the 8; vector in Eq. (18) reduces to 0(&s x K + K’). However, the complexity of
constructing the qi vector required in Eq. (18) is O(N x
K), dominating the overall complexity of the mean field
computations. The complexity of computing the Wi vector can be reduced if the computation of $ip in Eq. (17) is
reformulated as

= w;( yp - wisip )3

(21)

where yp = C,?Lt wjsjr, . Here, y,, represents the computational load of processor p, for the current mapping on
processor p. Note that, computationally,
y,, represents
the weighted sum of the spin values of the pth column of
the spin matrix. At the beginning of the MFA algorithm,
the initial yI, value for each column p (1 I p 9 K) can be
computed for the initial spin values. Then, y,, values can
be updated at the end of each iteration (i.e., after spin
updates) using
new

YP

-

old

- YP

-

w;$

+

w;sy

for 1 5 p 5 K.

(22)

The computation of initial yr, values can be excluded from
the complexity analysis since they are computed only
once at the very beginning of the algorithm. In this
scheme, the computation of an individual $;,, using Eq.
(21) is an O(1) operation. Hence, the construction of the
‘I’; vector required in Eq. (18) becomes an O(K) operation. Thus, the complexity of mean field computations
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involved in a single iteration reduces to O(d,,, x K +
K*). Note that the update of an individual y,, value (using
Eq. (22)) at the end of each iteration is an 0( 1) operation.
Hence, the overall complexity of yp updates is O(K),
since K weighted column sums should be updated at each
iteration, The complexities of spin updates and energy
difference computation are also O(K) for sparse TIGs.
Hence, the implementation
scheme proposed for sparse
TIGs reduces the complexity of a single MFA iteration to
O(d,,, x K + K?).
5. PERFORMANCE

OF MEAN FIELD
ALGORITHM

ANNEALING

This section presents the performance evaluation of
the Mean Field Annealing (MFA) algorithm for the mapping problem, in comparison with two well-known mapping heuristics:
Simulated
Annealing
(SA) and
Kernighan-Lin
(KL). Each algorithm is tested using randomly generated mapping problem instances. The following sections briefly present the implementation details of
these algorithms.
5.1. MFA Implementation
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In the slow cooling phase, temperature is decreased using
(Y = 0.9 until T is less than Toil .5. Then, in the fast cooling phase, L is set to L/4, (Y is set to 0.5, and cooling is
continued until T is less than T,,/5.0. At the end of this
cooling process, maximum spin values at each row are
set to 1 and all other spin values are set to 0. Then the
result is decoded as described in Section 4, and the resulting mapping is found. Note that all parameters used in
this implementation are either constants or found automatically. Hence, there is no parameter setting problem.
5.2. Kernighan-Lin

implementation

The Kernighan-Lin
heuristic is not directly applicable
to the mapping problem since it was originally proposed
for graph bipartitioning. The two-phase approach is used
to apply the KL heuristic to the mapping problem. In the
first phase, TIG is partitioned into K clusters, where K is
equal to the number of processors. These K clusters are
then mapped to PCG using a one-to-one mapping heuristic in the second phase. The one-to-one mapping heuristic used in this work is a variant of the KL heuristic.
For the clustering phase, the Kernighan-Lin
heuristic
is implemented efficiently as described by Fiduccia and
Mattheyses [8]. Two different schemes are utilized to
apply KL to K-way graph partitioning. The first scheme,
partitioning by recursive bisection (KL-RB), recursively
partitions the initial graph into two partitions until K partitions are obtained. The other scheme, partitioning by
pairwise min-cut (KL-PM), starts with an initial K-way
partitioning and then iteratively minimizes the cut sizes
between each pair of partitions until no improvement can
be achieved. In the KL heuristic, computational load balance is maintained implicitly by the algorithm. Vertex
(task) moves causing intolerable load imbalances are not
considered.
In the beginning of the second phase, K clusters
formed in the first phase are mapped to the K processors
of the multicomputer
randomly. After this initial mapping, communication cost is minimized by performing a
sequence of cluster swaps between processor pairs.

The MFA algorithm (Fig. 3) described in Section 4 was
implemented in order to evaluate its performance. The
cooling process was started from an initial temperature
which was found experimentally.
It was not feasible to
search for an initial temperature for each problem instance, as this process may take more time than solving
the original problem. In order to avoid this, we performed experiments for only a small number of instances
and chose an initial temperature which worked for each
one. For the mapping problem instances used in these
experiments, the initial temperature was found to be
To = 5.0. This value for To was used for all 26 mapping
problem instances involved in the experiments.
The coefficient Y, which determines the balance between two optimization criteria of the mapping problem,
is computed at the beginning of the MFA algorithm. After
the spins are initialized randomly, r is computed using
these initial spin values as

5.3. Simulated Annealing

As is seen from the equation, r is used to balance the two
summation terms in the cost function. Note that Y is inversely proportional to the number of processors.
At each temperature, iterations continue until AH < E
for L consecutive iterations, where L = N initially. The
parameter E is chosen to be 0.5. The cooling process is
realized in two phases, slow cooling followed by fast
cooling, similar to the cooling schedules used for SA [ 181.

The SA algorithm, implemented to solve the mapping
problem, uses the one-phase approach to map TIG onto
PCG. In simulated annealing, starting from a randomly
chosen initial configuration,
the configuration space is
searched for the best solution using a probabilistic hillclimbing algorithm. A configuration of the mapping problem is a mapping between TIG and PCG, which assigns
each task in TIG to a processor in PCG. In order to
search the configuration space, the neighborhood of a
configuration must be defined. For the implementation in
this work, the neighborhood of a configuration consists of
all configurations which result from moving one vertex
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among the vertices of these TIGs are constructed as follows. A maximum vertex degree, d,,, , is selected for
each test TIG (d,,, = 8, 16, 32), and degree di of each
vertex i is randomly chosen between 1 and d,,,,, (i.e., 1 9
di 5 d,,, , for 1 5 i 5 N). Then each vertex i of TIG is
connected to di randomly chosen vertices. Resulting
edges are weighted randomly with integer values varying
between 1 and 10. These TIGs are mapped to 3-, 4-, and
S-dimensional hypercubes and to 4 x 4 and 4 x 8 twodimensional meshes. PCGs corresponding to these interconnection topologies are constructed assuming software
routing as is described in Section 2.
Tables I, II, and III illustrate the performance results
of the KL-RB, KL-PM, SA, and MFA heuristics for the
generated mapping problem instances. In these tables, N
and lE/ denote the numbers of vertices and edges in the
test TIGs, respectively, and K denotes the number of
processors in the target PCG. The interconnection topology of the target POG is denoted by T, where H denotes
the hypercube interconnection
topology and A4 denotes
the mesh interconnection topology. Each algorithm is executed 10 times for each problem instance starting from
different, randomly chosen initial configurations. Averages and standard deviations of the results are illustrated
in Tables I, II, and III.
Tables I and II illustrate the quality of the solutions
obtained by the KL-RB, KL-PM, SA, and MFA heuristics. Total communication
cost averages (and standard

(task) of TIG from the maximally loaded node (processor) of PCG to any other node of PCG. At each iteration
of the simulated annealing algorithm, one of the possible
moves is chosen randomly as a candidate move. Then the
resulting decrease in the total communication
cost
caused by the candidate move is calculated without
changing the configuration.
If the candidate move decreases the cut size, it is realized. If it increases the cut
size, then it is realized with a probability which decreases
with the amount of increase in the total cut size. Acceptance probabilities of moves that increase the cost are
controlled by a temperature parameter T which is decreased using an annealing schedule. Hence, as the annealing proceeds, acceptance probabilities
of uphill
moves decrease. An automatic cooling schedule is used
in the implementation
of the SA algorithm [18].
5.4. Experimental

Results

In this section, performance of the MFA algorithm is
discussed in comparison with the SA and KL algorithms.
These heuristics are experimented with by mapping randomly generated TIGs onto mesh and hypercube connected multicomputers.
Six test TIGs are generated with N = 200 and 400 vertices. Vertices of these TIGs are weighted by assigning a
randomly chosen integer weight between 1 and 10 to each
vertex (I 5 I$‘~5 10, for 1 5 i 5 N). Interaction patterns

TABLE I
Total Communication Cost Averages (and Standard Deviations) of the Solutions Found by the KL-RB, KL-PM, SA, and MFA
Heuristics, for Randomly Generated Mapping Problem Instances
1
[ N

PROBLEM
1 IEl

SIZE

11

1 I< 1 T

11

AVERAGE
KL-RB

11

KL-PM

COMMUNICATION
11

COST
SA

MFA
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TABLE II
Percent Computational Load Imbalance Averages (and
Standard Deviations) of the Solutions Found by the KL-RB,
KL-PM, SA, and MFA Heuristics, for Randomly Generated
Mapping Problem Instances

BASED

301

ON MFA

TABLE III
Execution Time Averages (in s) of the KL-RB, KL-PM, SA, and
MFA Heuristics, for Randomly Generated Mapping Problem
Instances
1

PROBLEM

1 N

1 /El

SIZE

11 AVERAGE

1 I< 1 T

11 KL-RB

[ 16 I H

3.5
7.6

EXECUTION
11 KL-PM

I.9

I

200 1 2152
200 1 2152

11
1 32 1 H 11

I(

23.7
45.4

11 SA

64.2
156.7

TIMES

1

11 MFA

]

2.2
5.5

Id n

_“-.”

400

4298

32

200
200
200

544
544
1120

I6
32
16

400 1 2283

deviations) of the solutions are displayed in Table 1, and
percent computational
load imbalance averages (and
standard deviations) are displayed in Table II. Percent
load imbalance for each solution is computed in proportion to the computational load difference between maximum and minimum loaded processors. Table III displays
the execution time averages of the KL-RB, KL-PM. SA,
and MFA heuristics. Table IV is constructed for a better
illustration of the overall performance of the MFA algorithm in comparison with the KL and SA heuristics. For
each problem instance, results given in Tables I, II, and
III are normalized with respect to the results of the MFA
algorithm. The averages of the normalized results of Tables constitute the first, second and fourth rows of Table
IV, respectively. The average solution quality for each
algorithm is computed using
SOL’N QUALITY

= l/(COMM. COST
+ LOAD IMBALANCE).

(24)

The third row of Table IV illustrates the solution quality
value of each algorithm normalized with respect to the
MFA algorithm.
As is seen in Tables I, II, and IV, the qualities of solutions obtained by the MFA and SA heuristics are superior
to those of the KL-RB and KL-PM heuristics. Solutions

H
M
M
M

1 32 1 M

(1

12.6

125.1

604.9

32.2

1.5
3.3
2.3

13.7
29.6
14.8

135.0
258.7

5.7
16.5
5.7
13.4

.,““.”

L

8.7

11 82.8

.,..,

11 573.5 11 35.0

produced by SA are slightly better compared with the
solutions produced by MFA, whereas the MFA algorithm is significantly faster (23 times on the average). As
is seen in Tables III and IV, the average execution time
of the MFA algorithm is comparable with that of the
efficient KL heuristic. The MFA algorithm is 2.8 times
faster than the KL-PM heuristic and 2.5 times slower
than the KL-RB heuristic on the average. These results
indicate that the proposed MFA algorithm is a promising
alternative heuristic for solving the mapping problem.
6. PARALLELIZATION OF THE MEAN FIELD
ANNEALING ALGORITHM

As mentioned earlier, the heuristic used for solving the
mapping problem is a preprocessing overhead introduced
for the efficient implementation
of a given parallel proTABLE IV
Average Performance Measures of the KL-RB, KL-PM, and SA
Heuristics Normalized with Respect to the MFA Heuristic
KL-RB
COMM.
COST
LOAD IMBALANCE
SOL’N QUALITY
EXECIJTION
TIME

1.114
2.718
0.522
0.407

KL-PM
1.148
1 714
0.699
2.800

SA
0.957
0.875
1.092
23.308

MFA
1.0
1.0
1.0
I.0
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gram on the target multicomputer.
If the mapping heuristic is implemented sequentially, this preprocessing can be
considered in the serial portion of the parallel program
which limits the maximum efficiency of the parallel program on the target machine. For a fixed parallel program
instance, the execution time of the parallel program is
expected to decrease with increasing number of processors in the target multicomputer.
However, as is seen in
Table III, for a fixed TIG, the execution time of all mapping heuristics increase with increasing number of processors in the target multicomputer.
Hence, the serial
fraction of the parallel program will increase with increasing number of processors. Thus, this preprocessing
will begin to constitute a drastic limit on the maximum
efficiency of the overall parallelization due to Amdahl’s
Law. Hence, parallelization of these mapping heuristics
on the target multicomputer is a crucial issue for efficient
parallel implementations.
Unfortunately,
parallelization
of the mapping heuristics introduces another mapping problem. The computations of the mapping heuristics should be mapped to the
processors of the same target architecture. However, in
this case, the parallel algorithm for the mapping heuristic
should be such that its mapping can be achieved intuitiuely. Furthermore,
the intuitive mapping should lead to
an efficient parallel implementation
of the mapping heuristic. For these reasons, the target mapping heuristic to
be parallelized should involve regular and inherently parallel computations. The MFA algorithm proposed in Section 4 for the general mapping problem has such nice
properties for an efficient parallelization. Following paragraphs discuss the efficient parallelization of the proposed mapping heuristic for multicomputers.
Assume that, the MFA algorithm is used to map a
given parallel program represented by a TIG having N
vertices on a target multicomputer
with K processors.
The MFA algorithm will use an N x K spin matrix for
the mapping operation. The question is to map the computations of the MFA algorithm to the same target multicomputer (with the same number of K processors). As is
mentioned earlier, the MFA algorithm is an iterative algorithm. Hence, the mapping scheme can be devised by
analyzing the computations involved in a particular iteration of the algorithm. The atomic task can be considered
as the computations required for updating an individual
spin. Note that K spin averages at a particular row of the
spin matrix are updated at each iteration. Hence, these K
spin updates can be computed in parallel by mapping
each spin in a row of the spin matrix to a distinct processor of the target architecture. Thus, the N x K spin matrix is partitioned column-wise such that each processor
is assigned an individual column of the spin matrix. That
is, column p of the spin matrix is mapped to processor p
of the target architecture. Each processor is responsible
for maintaining and updating the spin values in its local

AYKANAT

column. Assume that task i is selected at random in a
particular iteration, Then each processor is responsible
for updating the probability of task i being mapped to
itself.
A single iteration of the MFA algorithm can be considered as a three-phase process, namely, mean field computation phase, spin update phase. and energy difference
computation phase. Each processor p should compute its
local mean field value +ip (Eq. (9) or Eq. (14)) in the first
phase, in order to update its local spin value Sip(Eq. (10))
in the second phase. As is mentioned earlier, mean field
computation phase is the most time consuming phase of
the MFA algorithm. Fortunately,
mean field computations are inherently parallel since there are no interactions among the mean field computations involved in a
particular iteration. However, a close look to Eq. (9) reveals that each processor needs the most recently updated values of all spins except the ones in the ith row in
order to compute its local mean field value. Recall that
each processor maintains only a single column of updated
spin values due to the proposed mapping scheme. Hence,
this computational
interaction necessitates global interprocessor communication just prior to the distributed
mean field computation at each iteration. The volume of
global interprocessor communication
is proportional to
O(N x K) for dense TIGs. As is seen in Eq. (14), the
volume of global interprocessor communication
is prox
K)
for
sparse
TIGs.
The
volume
of
portional to O( davg
global interprocessor communication
can be reduced to
O(K) for both dense and sparse TIGs by considering
the parallelization of the matrix equation given in Eq.
(18).

Equation (18) involves the following operations: construction of the Ai and W; vectors, dense matrix vector
product 6; = D X A;, and vector sum @; = -8i - r-q;.
Note that each processor p only needs to compute the
pth entry 8, of the 0i vector and the pth entry $ip of the
qj vector in order to compute its local mean field value
+ip in parallel. The matrix-vector
product can be performed in parallel by employing the scular accumulation
(SA-MVP) scheme. In this scheme, each processor needs
only the pth row d,, of the dense D matrix and the whole
column vector Ai.
Each processor p can concurrently compute the pth
entry h;,, of the A; vector using Eq. (16) or Eq. (20) without any interprocessor communication.
Note that q, in
these equations should be replaced by p in these computations. Then a global collect (GCOL) operation is required for each processor to obtain a local copy of the A,
vector. The GCOL operation is essentially appending K
local scalars, in order, into a vector of size K and then
duplicating this vector in the local memory of each processor. The GCOL operation requires global interprocessor communication.
Note that only K local spin values
should be collected globally, thus reducing the volume
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of communication
during the GCOL operation by an
asymptotical factor.
After the GCOL operation, each processor has a local
copy of the global hi vector. Hence, each processor p
can concurrently compute its local I!$.,by performing the
inner-product
8ip = d,, x hi. Then, each processor p
should compute the pth entry $ip of the Wi vector. Note
that each processor p already maintains the y,“‘” value.
Hence, each processor can concurrently compute $il, using Eq. (21). Then each processor p can concurrently
compute its local mean field value &, by performing the
local computation
&,, = -dir, - v$+. Note that these
computations are completely local and involve no interprocessor communication.
The second phase of an individual MFA iteration is
highly sequential since global interaction exists among
spin updates due to the normalization process indicated
by Eq. (10). Fortunately, this global interaction can be
relieved by noting the independent exponentiation operations involved in the numerator of Eq. (10). Hence, each
processor p can concurrently compute its local e4,JT
value. Then a global sum (GSUM) operation is required
for each processor to obtain a local copy of the global
sum of the local exponentiation results. The GSUM operation requires global interprocessor communication. After the GSUM operation each processor p can concurrently update its local spin value by computing Eq. (IO).
After computing s g”. each processor a should concurrently update its local y,, values according to Eq. (22) for
use in the next iteration.
In the third phase, each processor should compute the
same local copy of the global energy difference AH for
global termination detection. Each processor p can concurrently compute its local energy difference AH, =
$ipAsir, = $ip(sgw - s$~) due to its local spin update.
Then a GSUM operation, which requires global interprocessor communication,
is required for each processor to
compute a local copy of the global sum AH = cf=, AH,.
Hence, the proposed parallel MFA algorithm necessitates three global communication
operations due to the
GCOL operation involved during the first phase and two
GSUM operations involved in the second and third
phases. In fine grain multicomputers,
the volume of interprocessor communication
is the important factor in
predicting the complexity of the interprocessor communication overhead. However, in medium grain multicomputers, the number of communications is also important
since high set-up time overhead is associated with each
communication step. The set-up time is the dominating
factor for short messages in such architectures. Note that
only a single floating-point variable, representing the running sum, is communicated during the GSUM operations
involved in the last two phases of the parallel MFA algorithm.
Reducing the number of GSUM operations required in
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the MFA algorithm will be a valuable asset in achieving
efficient implementations on medium grain multicomputers. As seen in Eq. (13), there is an execution dependency between the computation of the energy difference
AH and spin-row updates. This execution dependency
between the second and the third phase computations
can be relieved by rewriting the expression for AH as

(25)

where A. = c”= L>h’T = c;=, ui,l, B; = c;=, ~iprW
= X:=1 b,; and “c,’ = xi=, &,s$’ = z;=i cil,. Hence, after each processor p computes its local N;,, = t’6’fs:F9b, =
+i~e’~p’rand tip = $ips$t values, three global summations
Ai = CF=i ai,, Bi = Z.,“=i b,,,, and Ci = CF=i cir, can be
accumulated in a single GSUM operation. After this single GSUM operation, each processor p can concurrently
update its local spin value and compute the same local
copy of the global energy difference as si,, = uj,,lAi and
AH = Bi/Ai - Ci, respectively. Note that this scheme
reduces the number of GSUM operation from two to one.
Three floating point variables, representing the running
sums A;, Bi, and Ci, are communicated during the communications involved in the GSUM operation.
The node program (of processor p, for 1 5 p 5 K) for
a single iteration of the parallel MFA algorithm proposed
for solving the mapping problem is given in Fig. 4. Note
that variables with “ip” and “p” subscripts denote the
local variables. Variables with “i” subscripts denote the
global variables which are constructed and duplicated at
the local memory of each processor after performing the
indicated global operations. As is seen in Fig. 4, the proposed parallel MFA algorithm exhibits very regular computational structure even for mapping arbitrarily irregular
TIGs. The communication structure is also very regular
since it necessitates only GSUM and GCOL operations.
Hence, the proposed parallel MFA algorithm can easily
be implemented on both MIMD and SIMD types of multicomputers.
The parallel communication
complexity of a single
MFA iteration can be analyzed as follows. The interconnection schemes used in the processor organization of
the multicomputers are usually symmetric in nature (i.e.,
POG is symmetric). Hence, GSUM and GCOL type
global operations in such architectures are usually performed by a sequence of concurrent communication
steps. Each communication step involves concurrent sin-
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munication overhead will reduce with increasing number
of processors. Thus, the proposed parallel algorithm is
expected to scale even on medium-to-coarse-grain
multicomputers.
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FIG. 4. Node program of processor p (for 1 5 p 5 K) for one iteration of the parallel algorithm for the mapping problem.

gle-hop communications.
The number of concurrent single-hop communications
is proportional to the diameter
of POG for both GSUM and GCOL operations. For example, diameters of hypercube and mesh POGs are logzK
and K”*, respectively. The overall volume of concurrent
interprocessor communications is proportional to the diameter and the number of processors (K) of POG for
GSUM and GCOL operations, respectively.
As is seen in Fig. 4, the proposed parallel MFA algorithm achieves perfect load balance. The parallel computational complexity of a single MFA iteration can be obtained as follows. During the parallel computation of Ai,
values (step 2) each processor performs N - 1 (di) multiplication/addition
operations for dense (sparse) TIGs.
Here, di denotes the degree of vertex i in TIG. During the
parallel SA-MVP computation (step 4), each processor
performs K multiplication/addition
operations for both
dense and sparse TIGs since the D matrix is a dense
matrix. Each processor performs the same constant
amount of arithmetic operations in the remaining steps
(steps 5-7 and steps 9-12). Hence, the parallel computational complexity of the proposed algorithm is O(N + K)
and O(&, + K) for dense and sparse TIGs, respectively. Hence, linear speed-up can easily be achieved if
communication
overhead remains negligible. Note that
the number of concurrent communications increases with
the diameter of POG (e.g., logzK, K”*), whereas computational granularity
per processor increases with the
number of processors (K) of POG. Hence, percent com-

In this paper, the recently proposed Mean Field Annealing (MFA) algorithm is formulated for the mapping
problem. An efficient implementation
scheme is also developed for the proposed algorithm. The performance of
the proposed algorithm is evaluated in comparison with
two well-known heuristics (Simulated Annealing (SA)
and Kernighan-Lin
(KL)) for a number of randomly generated mapping problem instances. The qualities of the
solutions obtained by the MFA and SA heuristics are
found to be superior to the qualities of the solutions obtained by the KL heuristic. Execution time of the MFA
algorithm is comparable to that of the efficient KL heuristic. The SA heuristic produces slightly better solutions
than the MFA algorithm, whereas MFA is significantly
faster. An efficient parallel algorithm is also developed
for the proposed MFA heuristic.
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