
Chapter 1
A Different Catch for Poisson

A. Derya Bakiler, Ali Javili

Abstract Poisson’s ratio, similar to other material parameters of isotropic elasticity,
is determined via experiments corresponding to small strains. Yet at small-strain
linear elasticity, Poisson’s ratio has a dual nature; although commonly understood
as a geometrical parameter, Poisson’s ratio is also a material parameter. From a
geometrical perspective only, the concept of Poisson’s ratio has been extended to
large deformations by Beatty and Stalnaker. Here, through a variational analysis, we
firstly propose an alternative relationship between the Poisson ratio and stretches at
finite deformations such that the nature of Poisson’s ratio as a material parameter
is retained. In doing so, we introduce relationships between the Poisson ratio and
stretches at large deformations different than those established by Beatty and Stal-
naker. We show that all the nonlinear definitions of Poisson’s ratio coincide at the
reference configuration and thus, material and geometrical descriptions too coincide,
at small-strains linear elasticity. Secondly, we employ this variational approach to
bring in the notion of nonlinear Poisson’s ratio in peridynamics, for the first time.
In particular, we focus on bond-based peridynamics. The nonlinear Poisson’s ratio
of bond-based peridynamics coincides with 1/3 for two-dimensional and 1/4 for
three-dimensional problems, at the reference configuration.

Keywords: Non-linear Poisson’s ratio · Variational elasticity · Peridynamics

1.1 Introduction

In its classical definition, that being a kinematic definition in a small deformations
context, Poisson’s ratio is a constant obtained from the deformation of a domain
under uni-axial tension or compression in the axial and lateral directions, illustrated
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in Fig. 1.1. More precisely, it relates to the case where an isotropic domain is subject
to an axial strain εext in a uni-axial tension test, resulting in the lateral strain εlat. For
the small-strain case the Poisson’s ratio definition reads

ν = − εlat
εext

, (1.1)

which is obviously a purely geometrical description in that only geometrical, and
not material parameters, are present. The definition of the Poisson ratio (1.1) is
the most elementary one. It stems from a purely kinematic stand point, relating the
two different resultant strain values of a body, rendering a constant that essentially
describes the compressibility of the material. Note that, on the one hand, Poisson’s

Fig. 1.1 Affine deformation of a unit domain under uni-axial tension test. Lateral deformations
occur naturally to minimize the energy, while extension εxx is a prescribed value.

ratio definition is geometrical in nature and is constant for a material at small strains.
On the other hand, from the linear elasticity analysis of isotropic Neo-Hookean
materials, one can immediately establish a one-to-one relationship between the
geometrical description of Poisson’s ratio (1.1) and Lamé parameters as

2D : ν =
Λ

Λ+ 2µ
, 3D : ν =

Λ

2 [Λ+ µ]
, (1.2)

where Λ and µ are the first and second Lamé parameters, respectively. Table 1.1 elu-
cidates the dual nature of Poisson’s ratio associated with small-strain linear elasticity.
For common (non-auxetic) materials, the Poisson ratio ranges from zero associated
with a fully compressible material, to ν = 0.5 corresponding to incompressibility
limit in three-dimensional elasticity. The incompressibility limit for two-dimensional
or plane-strain elasticity corresponds to ν = 1, as it can be immediately realized
from the geometrical constraints that correspond to a constant area of the domain.
Henceforth, for the sake of brevity, we use the term “2D” to represent plane-strain
conditions or purely two-dimensional elasticity similar to the interface elasticity
theory, see (dell’Isola and Romano, 1987). Poisson’s ratio can also take values less
than zero, attributed to auxetic materials.
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Table 1.1 Poisson’s ratio in small-strain linear elasticity and its dual nature as a material parameter
(left) or a geometrical definition (right).

Table 1.2 Poisson’s ratio at large deformations nonlinear elasticity. The geometrical description of
Poisson’s ratio has been extended to large deformations (top). We propose an extension of the
material description of Poisson’s ratio (bottom), via a variational approach. At the reference
configuration, both nonlinear variants coincide with their linear counterparts in Table 1.1.

Remark on the forthcoming approach to explain the dual nature of Poisson’s ratio.
Here, we have started from the elementary, geometrical definition of Poisson’s ratio
since it is themore established one compared to its material description. Nonetheless,
we demonstrate that for linear elasticity, the starting point is preferential because
both descriptions of Poisson’s ratio render identical results. However, for the rest
of the derivations we start from the material definition of Poisson’s ratio. This
particular approach, as we will see shortly, is motivated by the foresight gained from
the large-deformation analysis of the problem.
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1.1.1 Key Objectives

This contribution aims to define Poisson’s ratio from a variational perspective. The
variational approach at small-strain linear elasticity does not result in new findings.
At large deformations, however, it leads to an alternative description of the Poisson
ratio, different from those that stem from the commonly accepted approach by Beatty
and Stalnaker (1986). In summary, the objective of this contribution is two-fold.

Firstly, we show that the two descriptions of Poisson’s ratio, namely the geomet-
rical description (1.1) and the material description (1.2), coincide at small-strain
elasticity. We argue that both descriptions can be extended to large deformations.
The extension of the geometrical description (1.1) of Poisson’s ratio to large de-
formation elasticity was introduced by Beatty and Stalnaker (1986). In contrast, we
suggest an extension of the material description (1.2) to large deformations via a
variational approach. The analysis here results in a relationship between the Poisson
ratio and stretches at large deformations different than those currently established in
the literature on the topic. Table 1.2 summarizes the key features of this contribution
associated with Classical Continuum Mechanics (CCM).

Having established the variational formulation to capture Poisson’s ratio, in the
second part of the contribution, we introduce the notion of nonlinear Poisson’s ratio
to Peridynamics (PD). We demonstrate that the variational approach established for
CMM in the first part can also be adopted to define a nonlinear Poisson’s ratio in
PD at large deformations. In particular, we focus on bond-based PD, for the sake
of simplicity. We show that the nonlinear Poisson’s ratio of bond-based PD is not
constant, but it coincides with 1/3 for two-dimensional and 1/4 for three-dimensional
problems, at the reference configuration.

1.1.2 Notation and Definitions

Direct notation is adopted throughout. Occasional use is made of index notation, the
summation convention for repeated indices being implied. The scalar product of two
vectors a and b is denoted a · b = ai bi. The scalar product of two second-order
tensors A and B is denoted A : B = Aij Bij . The composition of two second-
order tensors A and B, denoted A ·B, is a second-order tensor with components
[A · B]ij = AisBsj . The identity tensor i is denoted as I when it is associated
with the material configuration. Trace of a second order tensorA is obtained via its
double-contraction with identity, i.e. TrA = A : I . The fourth-order identity tensor
is denoted as . Similarly, other fourth-order constitutive tensors are also written with
the same font, such as for the fourth-order constitutive tensor. The tensor product
of two second-order tensors A and B is a fourth-order tensor = A ⊗ B with
Dijkl = Aij Bkl. The two non-standard tensor products of two second-order tensors
A and B are the fourth-order tensors [A⊗B]ijkl = Aik Bjl and [A⊗B]ijkl =
AilBjk .

C
I

D
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1.1.3 Organization of the Manuscript

The remainder of this contribution is organized as follows. Section 1.2 elaborates
on Poisson’s ratio in the context of classical continuum mechanics (CCM), and the
variational approach that underpins the discussion in this contribution is introduced.
Afterwards, this variational framework is employed to formulate a uni-axial tension
test for small-strain linear elasticity in Section 1.2.1, resulting in the well-known
definitions of the Poisson ratio, for both two-dimensional and three-dimensional
elasticity. Section 1.2.2 details on how the developed framework can be employed
for large deformation elasticity, resulting in novel definitions for the nonlinear Pois-
son ratio that mimic the material description of the Poisson ratio rather than its
geometrical one. Subsequently, Section 1.3 extends the discussion to Peridynamics
(PD) and introduces the notion of a nonlinear Poisson ratio in PD, for the first time. It
is shown that the variational approach can be immediately applied to bond-based PD,
resulting in a varying Poisson ratio dependent on deformation. Section 1.4 concludes
the work and provides further outlook.

1.2 Poisson’s Ratio in Classical Continuum Mechanics

In this section, we introduce a variational approach to capture Poisson’s ratio in
classical continuummechanics (CCM). To set the stage and convey the idea, we begin
with the case of small-strain linear elasticity in Section 1.2.1. We then employ the
same variational approach at large deformations nonlinear elasticity in Section 1.2.2.
For both discussions on small strains as well as finite deformations, the underlying
equation is the equilibrium of a domain under uni-axial tension. Hence, next we
formulate equilibrium for the problem at hand.

Under prescribed boundary conditions, equilibrium corresponds to a relaxed state
where the deformation field results in the minimum total energy functional. The total
energy functional Ψtot consists of the internal and external contributions denoted Ψint
andΨext , respectively. TominimizeΨtot , its first variationwith respect to deformation,
or rather motion, is set to zero as

Ψtot = Ψint + Ψext , δΨtot
.
= 0 ⇒ δΨtot = δΨint + δΨext

.
= 0 . (1.3)

The external energy Ψext , in first-order classical continuum mechanics, is essentially
minus work as

δΨext = −δW with δW =

∫
B0

b0 · δϕ dV +

∫
∂B0

t0 · δϕ dA , (1.4)

in whichW denotes the “working”, and b0 and t0 are the external body force density
and surface force density in the material configuration, respectively. For further
details and generalized boundary conditions, see (dell’Isola et al, 2012a,b; Javili
et al, 2013; Auffray et al, 2015). The arbitrary variation of motion, denoted as δϕ,
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is a vector-valued test function δϕ ∈ H 1
0 (B0) that is vanishing where Dirichlet-type

boundary conditions are imposed. For a uni-axial tension test which is of interest
here, the external body forces are zero and therefore the first integral in Eq. (1.4)
vanishes identically. The second integral in Eq. (1.4) vanishes too, since (i) δϕ is
zero where displacements are prescribed on the two ends of the domain and (ii)
t0 is zero everywhere that a homogeneous Neumann-type boundary condition is
imposed. That is, for the particular problem of a uni-axial tension test, we seek for
the solutions of δΨint = 0. The internal energy Ψint reads

Ψint =

∫
B0

ψ dV , (1.5)

and therefore equilibrium for the current problem reduces to

δΨint =

∫
B0

δψ dV
·
= 0 . (1.6)

For a uniform deformation in the domain, which holds for a uni-axial tension test,
the equilibrium (1.6) then corresponds to

δψ
·
= 0 . (1.7)

The variational constraint (1.7) is an underlying relationship that holds throughout
this discussion, and also holds for finite deformations as well as small strains.

1.2.1 Poisson’s Ratio for Small-Strain Linear Elasticity

Let ε be the strain tensor associated with small-strain linear elasticity. In order to
establish a variational approach, one needs to begin from the scalar free energy
density ψ corresponding to small-strain linear elasticity

ψ =
1

2
ε : : ε , (1.8)

with being the fourth-order constitutive tensor. The fourth-order constitutive tensor
in terms of the first and second Lamé parameters Λ and µ, respectively, reads

= µ [I⊗I + I⊗I] + Λ I⊗I , (1.9)

and therefore
ψ = ψ(ε) = µ ε : ε+

1

2
ΛTr2ε . (1.10)

Using the relationship (1.2), the free energy density (1.10) in terms ofµ and Poisson’s
ratio ν reads

C

C

C
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2D : ψ = µ ε : ε+

µν

1− ν Tr
2ε ,

3D : ψ = µ ε : ε+
µν

1− 2ν
Tr2ε .

(1.11)

For a uni-axial tension test in Fig. 1.1, the strain tensor simplifies to a diagonal tensor

2D : ε = Diag(εxx, εyy) , 3D : ε = Diag(εxx, εyy, εzz) , (1.12)

wherein εyy = εzz is the lateral strain in 3D. Inserting strains (1.12) into the internal
energy density (1.11) furnishes

2D : ψ = µ [ε2
xx + ε2

yy] +
µν

1− ν [εxx + εyy]2 ,

3D : ψ = µ [ε2
xx + 2 ε2

yy] +
µν

1− 2ν
[εxx + 2 εyy]2 .

(1.13)

Next, we set δψ ·
= 0 in order to impose equilibrium (1.7). In doing so, note that

ψ = ψ(εxx, εyy) and therefore

δψ =
∂ψ

∂εxx
δεxx +

∂ψ

∂εyy
δεyy

·
= 0 . (1.14)

However, for the problem at hand, the extension εxx is a prescribed quantity and
therefore εyy is the only remaining variable. This immediately results in

δψ
·
= 0 ⇒ ∂ψ

∂εyy

·
= 0 . (1.15)

Finally, we insert the energy densities (1.13) into the reduced equilibrium equa-
tion (1.15). That is

∂ψ

∂εyy

·
= 0 ⇒


2D : 2µ εyy +

2µν

1− ν [εxx + εyy]
·
= 0 ,

3D : 2µ εyy +
2µν

1− 2ν
[εxx + 2 εyy]

·
= 0 .

(1.16)

Solving each relation in Eq. (1.16), results in

2D : ν = − εyy
εxx

, 3D : ν = − εyy
εxx

, (1.17)

which shall be compared with Eq. (1.2). That is, starting from energy, via a varia-
tional procedure for a uni-axial tension test, one can show that the material descrip-
tion of Poisson’s ratio indeed coincides with its geometrical definition. This finding
per se is not surprising. Nonetheless, as we will see shortly, the same procedure at
finite deformations results in relationships for Poisson’s ratio that are different from
those previously reported in literature.
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1.2.2 Poisson’s Ratio for Large Deformations Nonlinear Elasticity

Consider the deformation of a continuum body, as illustrated in Fig 1.2. The con-
tinuum body occupies the material configuration B0 ⊂ 3 at time t = 0 that is
mapped to the spatial configuration Bt ⊂ 3 at any time t > 0 via the nonlinear
deformation map ϕ, with X and x identifying points in the material and spatial
configurations, respectively. The deformation gradient in the bulk, denoted F , is a
linear deformation map that relates an infinitesimal line element dX ∈ TB0 to its
spatial counterpart dx ∈ TBt via the relation dx = F · dX where F := Gradϕ.

Fig. 1.2 The deformation of a continuum body which occupies the material configuration
B0 ⊂ 3 at time t = 0 that is mapped to the spatial configuration Bt ⊂ 3 at any time t > 0 via
the nonlinear deformation map ϕ.

For large deformations, and from a geometrical perspective, the Poisson ratio can
still be expressed as minus the ratio of lateral strain to extensional strain, similar to
small-strain linear elasticity, if the strain measures themselves correspond to large
deformations. That is

ν = − lateral strain
extensional strain

with strain ≡ any finite strain measure , (1.18)

holds intuitively as an extension of the geometrical description of Poisson’s ratio to
finite strains. This case has been first explored by Beatty and Stalnaker (1986), who
essentially constructed the general definition for nonlinear Poisson’s ratio (1.18). In
its original definition, extensional and lateral strains were the (Biot) strain measures
Exx = λ− 1 and Eyy = η− 1, respectively, with λ and η being the extensional and
lateral stretches, respectively, associated with a uni-axial tension test. Nonetheless,
the term “strain” can be extended to a larger Seth-Hill family of strain functions,
collectively expressed as

E(U) =

 lnU if m = 0 ,

1

m
[Um − I ] if m 6= 0 ,

(1.19)

R
R

RR
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withU being the (right) stretch tensor. In particular, the most commonly used strain
measures are

m = 1 ⇒ Biot : EB = U − I ,
m = 0 ⇒ Hencky : EH = lnU ,

m = 2 ⇒ Green : EG = 1
2 [U2 − I] ,

m = −2 ⇒ Almansi : EA = − 1
2 [U−2 − I] .

(1.20)

Obviously, the definition (1.18) is in essence the same as the previously mentioned
Poisson ratio measure for linear, small deformations. What makes this case different
is that for finite deformations, there is not a single measure for strain. Hence every
strain measure renders a different definition of nonlinear Poisson ratio. This prohibits
us from directly equating the two kinematic measures of Poisson’s ratio associated
with Eq. (1.1) and Eq. (1.18). For instance, for the most commonly used strain
measures, the nonlinear Poisson ratio reads

Biot : ν =
1− η
λ− 1

, Hencky : ν = − ln η

lnλ
,

Green : ν =
1− η2

λ2 − 1
, Almansi : ν =

1− η−2

λ−2 − 1
.

(1.21)

Note that in all the definitions (1.21), but also throughout this contribution, λ and η
denote the extensional and lateral stretches, respectively, associated with the defor-
mation gradient

2D : F = Diag(λ, η) , 3D : F = Diag(λ, η, ζ) , (1.22)

wherein ζ = η is the lateral stretch in 3D. Notice that we now have a definition for
a nonlinear Poisson’s ratio where the Poisson’s ratio is not simply a constant for a
given material, but changes according to the stretch applied to the material.

Now moving onto the material description in a nonlinear setting, we employ the
variational approach established previously. To do so, we begin from a (polyconvex)
hyperelastic free energy density ψ = ψ(F ). For instance, for a compressible Neo-
Hookean model ψ reads

ψ = ψ(F ) =
1

2
µ [F : F − 3− 2 ln J ] + Λ [

1

4
[J2 − 1]− 1

2
ln J ] , (1.23)

where F is the deformation gradient defined previously, and J := DetF . The free
energy density (1.23) shall be compared with its counterpart (1.10) for small-strain
linear elasticity. Analogous to what was established in Section 1.2.1, using the
relationship (1.2), the free energy density in terms of µ and Poisson’s ratio ν reads
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2D : ψ =

1

2
µ [F : F − 2− 2 ln J ] +

2µν

1− ν [
1

4
[J2 − 1]− 1

2
ln J ] ,

3D : ψ =
1

2
µ [F : F − 3− 2 ln J ] +

2µν

1− 2ν
[

1

4
[J2 − 1]− 1

2
ln J ] .

(1.24)

For a uni-axial tension test, the deformation gradientF simplifies to a diagonal tensor
expressed in Eq. (1.22). Inserting the corresponding deformation gradient (1.22) into
the internal energy density (1.24) furnishes

2D : ψ =
1

2
µ
[
λ2 + η2 − 2− 2 ln(λη)

]
+

2µν

1− ν [
1

4
[(λη)2 − 1]− 1

2
ln(λη) ] ,

3D : ψ =
1

2
µ
[
λ2 + 2η2 − 3− 2 ln(λη2)

]
+

2µν

1− 2ν
[

1

4
[(λη2)2 − 1]− 1

2
ln(λη2) ] .

(1.25)

Next, we set δψ ·
= 0 in order to impose equilibrium (1.7). In doing so, note that

ψ = ψ(λ, η) and therefore

δψ =
∂ψ

∂λ
δλ+

∂ψ

∂η
δη
·
= 0 . (1.26)

However, for the problem at hand, the extension λ is a prescribed quantity and
therefore η is the only remaining variable. This immediately results in

δψ
·
= 0 ⇒ ∂ψ

∂η

·
= 0 . (1.27)

Finally, we use the energy densities (1.25) in the reduced equilibrium equation (1.27).
That is

∂ψ

∂η

·
= 0 ⇒


2D :

1

2
µ

[
2η − 2

η

]
+

2µν

1− ν

[
1

2
λ2η − 1

2η

]
·
= 0 ,

3D :
1

2
µ

[
4η − 4

η

]
+

2µν

1− 2ν

[
λ2η3 − 1

η

]
·
= 0 .

(1.28)

Solving each relation in Eq. (1.28), results in

2D : ν =
1− η−2

1− λ2
, 3D : ν =

1− η−2

2− η−2 − λ2η2
, (1.29)

which shall be compared with Eq. (1.21). That is, for large deformations too, starting
from energy, via a variational procedure for a uni-axial tension test, one can establish
a material description of Poisson’s ratio that no longer coincides with its commonly
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accepted geometrical definitions. Table 1.3 extends Table 1.2 and summarizes the
aspects of Poisson’s ratio at large deformations.

Table 1.3 Poisson’s ratio at large deformations nonlinear elasticity. The geometrical description of
Poisson’s ratio has been extended to large deformations (top). Via a variational approach, we
propose an extension of the material description of Poisson’s ratio (bottom).

Fig. 1.3 illustrates the different kinematic measures of Poisson’s ratio, namely that
of Biot, Hencky, Green and Almansi, as gathered in Eq. (1.21), at the incompressibil-
ity limit, against the current kinetic definition (1.29). The nonlinear Poisson ratio ν,
obtained for the various definitions, is plotted versus the axial stretch λ, which ranges
from 0.5 to 1.5, thus covering both contraction and extension. Clearly, all of the defi-
nitions coincide at λ = 1, to the expected, incompressible value of ν = 1 for 2D and
ν = 1

2 for 3D. The significance of this point lies in the fact that deformations close
to λ = 1 correspond to small stains. Hence as we move away from this small-strain
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limit, the geometrical and material descriptions of Poisson’s ratio move away from
each other, since the nonlinearity of the Poisson ratio becomes more pronounced
and consequently, the different functions begin to portray different behaviors. Only
the current definition and the Hencky definition at the incompressibility limit remain
constant regardless of the stretch λ.

Fig. 1.3 Comparison of the current kinetic nonlinear Poisson’s ratio definition with previously
established, kinematic definitions.

Equipped with the nonlinear Poisson’s ratio (1.29), another interesting aspect to
investigate is the relationship between the lateral stretch η and the Jacobian J . This
combination is particularly intriguing since J = DetF is the ratio of the current over
reference volume of the domain for 3D and the ratio of the current over reference
area of the domain for 2D. Therefore J serves as an indication of compressibility
of a material too. That is, for nearly incompressible materials we expect J → 1.
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In doing so, it proves helpful to define a dimensionless “compressibility parameter”
α = Λ/2µ, with α ranging from 0 at full compressibility, to α → ∞ at the
incompressibility limit. Using the relationships established for the nonlinear Poisson
ratio (1.29), we can immediately see that α boils down to the same function in terms
of η and J , for both 2D and 3D. That is

α =
Λ

2µ
⇒


2D : α =

ν

1− ν

3D : α =
ν

1− 2ν

 ⇒ α =
1− η2

J2 − 1
. (1.30)

Therefore, it is possible to express the lateral stretch η as a function of the compress-
ibility parameter α and the Jacobian J , where for a uni-axial tension test, J = λη in
2D and J = λη2 in 3D. That is

η =
√

1− α [J2 − 1] . (1.31)

Fig. 1.4 Illustration of the lateral stretch η versus Jacobian J and compressibility parameter α for
2D (left) and 3D (right). As we move towards full incompressibility, J converges to 1, as expected.

Even though the definition (1.31) is obtained through a variational approach
associated with the material description of the Poisson ratio, the geometrical inter-
pretation of it is still visible. As the domain becomes increasingly compressible,
this suggests geometrically that no matter what the axial stretch, λ is, there would
be close to no contraction in the lateral direction, corresponding to η → 1. This is
clearly seen in Fig. 1.4, for both 2D (left) and 3D (right), with the curve flattening and
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converging to a single value of η = 1, regardless of J hence of λ, as α→ 0. On the
other hand, as the material gets more and more incompressible with increasing α, the
range of admissible values for η increases. Additionally, as we move towards full in-
compressibility, since at full incompressibility the volume is preserved, J converges
to 1. We also see that the whole range of η becomes viable at the incompress-
ible limit. This stems from the fact that incompressibility dictates that J = 1 and
therefore η = 1/λ in 2D, or η = 1/

√
λ in 3D, which shows that for any value of ax-

ial stretch λ there exists a solution for the lateral stretch η to ensure incompressibility.

Remark on generalizing the methodology. The variational framework here to extend
the material description of Poisson’s ratio to large deformations was carried out so
far for the hyperelastic free energy density (1.23). This particular choice of (Ogden)
free energy density was only made to simplify the derivations and highlights the
key features of the procedure while avoiding technical complexities. Nonetheless,
the developed framework itself is generic and can be applied to any other free en-
ergy density of an elastic material. That is, while the nonlinear Poisson ratio (1.29)
is exclusively derived for the free energy density (1.23), it can be shown that any
ψ = ψ(F : F , J) furnishes a relationship between λ, η and ν akin to the nonlinear
Poisson ratio (1.29). Generalizing even further, the framework can also be applied to
any isotropic free energy density ψ = ψ(I1, I2, I3) with I1 := TrC, I2 := TrCofC
and I3 := DetC being the three principal invariants of the right Cauchy–Green
tensor C.

Remark on the utility of the nonlinear Poisson’s ratio. One application of the
nonlinear Poisson definition developed herein lies in understanding the instability
behavior of soft, compressible materials under plane deformations. Instabilities
that occur when a domain under compression buckles at a certain point to release
energy have found several applications and are ubiquitous in nature. However,
until recently, the large deformation instability analysis of a compressible domain
under compression had not been thoroughly carried out. For instance, it is well-
established that an incompressible half-space reaches instability at the critical stretch
of λ = 0.544, referred to as Biot instability. However, with the use of a compressible
material model, such as (1.23), imposing the uniform deformation related to uni-axial
compression yields the nonlinear Poisson ratio (1.29). The nonlinear Poisson ratio
can then be employed to solve for the critical stretch at which bifurcation occurs,
showing that the critical stretch ranges from λ = 0.486 at full compressibility
to λ = 0.544 at the incompressible limit. This utility is valid since, unlike the
commonly accepted definitions of nonlinear Poisson’s ratio, in our approach at
large deformations too the Poisson’s ratio is retained as a material parameter .
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1.3 Poisson’s Ratio in Peridynamics

Peridynamics (PD) established by Silling (2000), following the pioneering works
of Piola (dell’Isola et al, 2015, 2017), is a non-local continuum mechanics theory.
In PD, the behavior of each material point is dictated by its interactions with other
material points in its vicinity. Various applications and extensions of PD have been
investigated in the past two decades. For a brief description of PD together with a
review of its applications and related studies in different fields to date, see (Javili
et al, 2019) and the references therein. Similar to the variational approach developed
in Section 1.2, via minimizing the internal energy density, the Poisson ratio of
bond-based peridynamics is investigated next.

Again, consider the deformation of a continuum body that is mapped from thema-
terial configuration B0 to the spatial configuration Bt via the nonlinear deformation
map ϕ, as illustrated in Fig. 1.5. Here also,X and x identify points in the material

Fig. 1.5 Motion of a continuum body within the PD formulation. The neighborhood ofX is
mapped to the neighborhood of x.

and spatial configurations, respectively. The non-locality assumption of PD dictates
that any point X in the material configuration can interact with other points X |

within its horizonH0(X). Themeasure of the horizon in the material configuration,
denoted as δ, is generally the radius of a spherical neighborhood atX . The relative
positions between a point and its neighbors are denoted byΞ | and ξ| in the material
and spatial configurations, respectively. That is

Ξ
|

:= X
| −X , ξ

|
:= x

| − x .
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The bond stretch S| is defined by S| = l
|
/L
| with L| := |Ξ | | and l| := |ξ| | where

L
| and l| are the bond lengths in the material and spatial configurations respectively.
For an affine deformation, with a linear deformation map F between the line

elements dΞ
| ∈ TB0 and dξ

| ∈ TBt, the mapping reads

dξ
|

= F · dΞ
|

, ⇒ ξ
|

= F ·Ξ | . (1.32)

Of particular interest for this contribution is the deformation map F associated with
a uni-axial tension test, illustrated in Fig. 1.6. In order to compute the Poisson ratio

Fig. 1.6 Affine deformation of a unit domain via the linear deformation map F , for 2D (left) and
3D (right). The prescribed deformation represents a uni-axial tension test. Extensional and lateral
stretches are denoted as λ and η, respectively.

associated with the bond-based PD, we follow the same variational argument in
Section 1.2. That is, we minimize the internal energy density via imposing δψ = 0.
In contrast to CCM, however, the free energy density ψ itself is an integral over the
horizon.

For a two-dimensional domain, the internal energy density of PD per unit area
in the material configuration is the integral of its density ψ| over the horizon H0.
Similarly, for a three-dimensional domain, the internal energy density of PD per unit
volume in the material configuration is the integral of its density ψ| over the horizon
H0. Accordingly, ψ

| is the internal energy density per area squared for 2D and per
volume squared for 3D in the material configuration. That is

2D : ψ =
1

2

∫
H0

ψ
|

dA
|

, 3D : ψ =
1

2

∫
H0

ψ
|

dV
|
. (1.33)

wherein the factor one-half before the integral is introduced to prevent double-
counting since the combination of each pair of points within the horizon occurs
twice when going over the global integral. This means that for each pair of points
A and B, the pair-wise energy density gets counted twice, one from the sum over
point A, and once from the sum over point B. The density of the internal energy
density ψ| is commonly expressed via a harmonic potential with a bond constant C.
Therefore
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ψ
|

=
1

2
C L

|
[S
| − 1 ]2 ⇒


2D : ψ =

1

2

∫
H0

1

2
C L

|
[S
| − 1 ]2 dA

|
,

3D : ψ =
1

2

∫
H0

1

2
C L

|
[S
| − 1 ]2 dV

|
.

(1.34)

The bond-based interaction energy density (1.34) of PD shall be compared with its
counterpart (1.24) in CCM. Therefore, for the uni-axial tension test of interest here,
the internal energy density ψ reads

2D : ψ =
1

2

∫
H0

1

2
C |Ξ | |

[ |F ·Ξ | |
|Ξ | | − 1

]2
dA
|
,

3D : ψ =
1

2

∫
H0

1

2
C |Ξ | |

[ |F ·Ξ | |
|Ξ | | − 1

]2
dV

|
.

(1.35)

wherein F = Diag(λ, η) for 2D and F = Diag(λ, η, η) for 3D.
Next, we evaluate the internal energy densities (1.35) and identify their mini-

mum to obtain a relationship between the lateral contraction η and the prescribed
extensional stretch λ. More specifically, via setting δψ = 0, we compute a nonlinear
Poisson’s ratio associated with bond-based PD. In doing so, similar to the discussion
in Section 1.2.2, we recall ψ = ψ(λ, η) and therefore

δψ =
∂ψ

∂λ
δλ+

∂ψ

∂η
δη
·
= 0 ⇒ ∂ψ

∂η

·
= 0 , (1.36)

wherein the last step follows from the fact that for the problem at hand the extension
is a prescribed quantity and therefore η is the only remaining variable.

Figures 1.7 and 1.8 illustrate the energy densities (1.35) and its derivative with
respect to η, for a wide range of values for λ and η.

Furthermore, these two sets of graphs demonstrate how ∂ψ/∂η varies with re-
spect to the ratio 1−η

λ−1 that is of particular interest since it is reminiscent of Biot
nonlinear Poisson’s ratio. We emphasize, the prescribed longitudinal stretch λ is
not necessarily close to one and in fact, it ranges from nearly zero to four for both
two-dimensional and three-dimensional cases in the numerical studies here. Clearly,
large deformations can lead to Poisson’s ratio other than 1

3 for two-dimensional and
other than 1

4 for three-dimensional problems, associated with bond-based PD.
The nonlinear Poisson’s ratio in these graphs follow the Biot definition. Nonethe-

less, a similar study can be carried out for all the other canonical definitions based
on a geometrical interpretation of Poisson’s ratio, as well as the material description
thereof. With a little mathematical effort, and using L’Hospital’s rule if necessary, it
can be shown that in the vicinity of the reference configuration, the analysis leads to
ν = 1

3 for all the canonical definitions of the nonlinear Poisson’s ratio, as expected.
That is
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Fig. 1.7 Two-dimensional energy density ψ and its derivative with respect to the lateral stretch η
and the ratio 1−η

λ−1
for a wide range of values for λ and η. The ratio 1−η

λ−1
depends on the stretch λ

but approaches 1
3
as λ→ 1, as expected. Therefore, one can identify the ratio 1−η

λ−1
as a nonlinear

Poisson’s ratio associated with bond-based peridynamics.

if
1− η
λ− 1

=
1

3
⇒



Biot : ν =
1− η
λ− 1

⇒ ν =
1

3
,

Hencky : ν = − ln η

lnλ
⇒ ν =

1

3
,

Green : ν =
1− η2

λ2 − 1
⇒ ν =

1

3
,

Almansi : ν =
1− η−2

λ−2 − 1
⇒ ν =

1

3
,

Current : ν =
1− η−2

1− λ2
⇒ ν =

1

3
.

(1.37)
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Fig. 1.8 Three-dimensional energy density ψ and its derivative with respect to the lateral stretch η
and the ratio 1−η

λ−1
for a wide range of values for λ and η. The ratio 1−η

λ−1
depends on the stretch λ

but approaches 1
4
as λ→ 1, as expected. Therefore, one can identify the ratio 1−η

λ−1
as a nonlinear

Poisson’s ratio associated with bond-based peridynamics.

The same conclusion also holds for 3D. More specifically, in the vicinity of the
reference configuration, all the canonical definitions of the nonlinear Poisson’s ratio
coincide at ν = 1

4 , as expected. That is
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if
1− η
λ− 1

=
1

4
⇒



Biot : ν =
1− η
λ− 1

⇒ ν =
1

4
,

Hencky : ν = − ln η

lnλ
⇒ ν =

1

4
,

Green : ν =
1− η2

λ2 − 1
⇒ ν =

1

4
,

Almansi : ν =
1− η−2

λ−2 − 1
⇒ ν =

1

4
,

Current : ν =
1− η−2

2− η−2 − λ2η2
⇒ ν =

1

4
.

(1.38)

1.4 Conclusion

Among the material parameters of classical first-order linear elasticity, Poisson’s
ratio stands out in that (i) it is a dimensionless parameter and (ii) it can be interpreted
both as a material or a geometrical parameter. Due to its geometrical definition
in terms of strains, the Poisson ratio shall be revisited when it comes to large de-
formations. Beatty and Stalnaker (1986) extended the geometrical interpretation of
Poisson’s ratio to large deformations. In this contribution, however, we have extended
the material description of Poisson’s ratio via a variational approach. The variational
approach at small strains leads to the trivial outcome that the material and geometri-
cal descriptions of Poisson’s ratio coincide. For an example of a hyperelastic material
at finite deformations, we have proposed a novel definition for nonlinear Poisson’s
ratio. Inspired by the findings of the variational approach for classical elasticity, we
then employed the samemethodology to peridynamics, and in particular, bond-based
peridynamics. It is shown that the nonlinear Poisson’s ratio of bond-based peridy-
namics is no longer a constant, but it coincides with 1/3 for two-dimensional and
1/4 for three-dimensional problems, at the reference configuration, as expected. This
view can be extended to other formulations of PD and lattice structures. Also, it can
be utilized in the up-and-coming field of metamaterial design (Greaves et al, 2011),
specifically considering auxetic materials and pantographic structures (Barchiesi
et al, 2019; dell’Isola et al, 2019).
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