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Paraxial Space-Domain Formulation for
Surface Fields on a Large Dielectric
Coated Circular Cylinder
V. B. Ertürk and R. G. Rojas

Abstract—A new method to evaluate the surface fields excited
within the paraxial (nearly axial) region of an electrically large
dielectric coated circular cylinder is presented. This representation is obtained by performing the Watson’s transformation in the
standard eigenfunction solution and using the fact that the circumferentially propagating series representation of the appropriate
Green’s function is periodic in one of its two variables. Therefore,
it can be approximated by a Fourier series where the two leading
terms of the expansion yield engineering accuracy in most cases.
This work can be used in conjunction with a method of moments
solution for the design/analysis of conformal microstrip antennas
and arrays. Numerical results are presented and compared with a
standard eigenfunction expansion.
Index Terms—Coated cylinders, Green’s function, paraxial
representation.

I. INTRODUCTION

T

HE STUDY of surface fields, created by a current distribution on the surface of a thin dielectric layer deposited on
a perfect electrically conducting (PEC) circular cylinder, serves
as a canonical problem for the analysis of conformal microstrip
antennas/arrays mounted on dielectric coated arbitrarily convex
bodies. A derivation of the rigorous dyadic Green’s function
using a spectral domain Green’s function (radially propagating)
for an electric dipole located on the surface of a dielectric coated
PEC circular cylinder has been presented by several authors
[1]–[5]. This representation is known to have convergence problems for large cylinders and separations between source and
observation points. A few asymptotic representations for the
dyadic Green’s function has been presented to overcome this
difficulty [6]–[9].
The uniform theory of diffraction (UTD)-based Green’s functions for the surface fields on a dielectric coated circular cylinder
derived by Munk [6] were implemented in [7] and [8] and numerical calculations showed that reasonable results can be obtained for large separations if only the leading terms are included. Recently, a steepest descent path (SDP) representation
of the dyadic Green’s function for the dielectric coated circular
cylinder has been presented [9], which is based on a circum-propagating series representation of the approferentially
priate Green’s function and its efficient numerical evaluation
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along a SDP on which the integrand decays most rapidly. This
method reduces to the saddle point integration considered in
[6]–[8] and in contrast to most asymptotic solutions, the results
are valid for arbitrarily small separations of source and field
points. However, none of these asymptotic solutions ([6]–[9])
yields accurate results within the paraxial (nearly axial) region.
This is a well-known problem that has been observed for PEC
and impedance cylinders in the past [10]–[14]. Among these solutions, Boersma and Lee [13] used a two-term Debye approximation for the logarithmic derivatives of Hankel functions and
obtained a closed-form solution for a PEC cylinder which remains accurate in the paraxial region. Unfortunately, to the best
of our knowledge, it is not possible to obtain such closed-form
solutions for a dielectric coated cylinder.
In this paper, a new space-domain representation for the surface fields excited by an elementary current source is presented.
These new expressions are valid within the paraxial region
as opposed to the previously presented asymptotic solutions
[6]–[9]. The essence of this formulation is based on the fact that
the -propagating series representation of the Green’s function
is periodic in one of its variables after an appropriate change
of variables. Hence, it can be approximated by a Fourier series
(FS) where the coefficients of this series expansion can be
easily obtained by a simple numerical integration algorithm.
Based on numerical experimentation, it appears that only the
two leading terms of the expansion are necessary in most cases.
As expected, the accuracy of the Green’s function, as well
as the ease of its evaluation, are determined by the type of
algorithm used to calculate the FS coefficients. In Section II,
the development of this novel approximate Green’s function
representation, as well as new expressions for the surface fields
valid within the paraxial region, are presented. Numerical
calculations are presented in Section III, which indicate that
the results shown here are valid for arbitrarily small and large
time dependence
separations of source and field points. An
is assumed and suppressed throughout this paper.
II. PARAXIAL SURFACE FIELD FORMULATION
Consider an elementary surface electric current source given
by
(1)
located on the surface of a dielectric coated circular cylinder
. The surface
whose geometry is given in Fig. 1
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Fig. 2.

Space (s;  ) and spectral (; ) polar coordinates (after [15]).

As a result of this process, the surface field component is given
by

(3)
The integral given by (3) can be expressed in polar coordinates by performing the following transformations [15]
where

(4)

and
(5)
Fig. 1. Dielectric coated PEC circular cylinder where the radius of the PEC
cylinder is a and the thickness of the dielectric coating is t
d a.

= 0

field component in the -direction (
by a -directed source defined in (1) (
as

where the definitions of , , , and are shown in Fig. 2. The
result of this procedure can be written as

or ) at
excited
or ) can be written

(2)
is the -propagating series representation of
where
the appropriate dyadic Green’s function component which is
explicitly given in [9] for both source and observation points
. In this paper, we are only
located on the surface
interested in the tangential components of the surface fields
due to the tangential current sources since most of the moment method based conformal printed antenna analysis/design
algorithms require the use of these components. Therefore,
the -components, which might be important for applications
involving an excitation via a probe, are not considered here
due to space limitations. However, note that the computation
of the normal components are similar to that of the tangential
components considered here.
It is known that the series in (2) converges very slowly for
electrically large cylinders because the Green’s function involves Bessel and Hankel functions along with their derivatives.
Their computation for large values of is not a trivial matter
due to the numerical instabilities that occur when the order and
argument of these functions become large. Therefore, (2) can
be transformed into a more rapidly convergent -propagating
series representation by using the Watson’s transformation [9].
Provided that the cylinder is electrically large (at least one
wavelength in radius), it is enough to retain the leading term.

(6)
The inner integral of (6) can be evaluated asymptotically in
closed form with respect to using the stationary phase method
[16] where the stationary points [the point(s) where the most sigand
nificant contribution to the integral occurs] are at
. Applying this method to (6) and keeping the leading
term, yields

(7)
An analysis with respect to reveals that the tangential components of the dyadic Green’s function are periodic with (i.e.,
) and hence, (7) becomes

(8)
is the large argument
Noting that
[18], (8) can be
approximation for the Bessel function
approximately written as
(9)
Note that expression (9) is similar to the leading term of the
surface field expression for the planar case (infinite radius of
curvature) [17]. Although expressions (8) and (9) do not yield
accurate results within the paraxial region for some field components, they serve as a guide for the development of a more
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accurate paraxial formulation. The accuracy of (8) and (9) can
be improved by adding the second term in the stationary phase
integration, however, an alternative approach is followed here.
is periodic in (with period
Keeping in mind that
), it can be represented by a FS, namely
of

where the identity
has been
used to simplify the expressions. Substituting (15) and (16) into
is given by
(10),

(17)

(10)
where

and

are coefficients given by
(11)
(12)

, for
and
, for
. As seen in
where
(11) and (12), the FS coefficients are only functions of . As a
result of this, the variables and are separated in the approximate Green’s function representation simplifying the surface
field calculations significantly. The FS coefficients are calculated using numerical integration, namely

(13)

(14)
are the appropriate weights. The stationary phase
where
method shows that the strongest contributions to the -integral
and
(
along the axial direccome from
tion). Thus, to obtain a valid solution within the paraxial region,
should be exact at
the Green’s function components
and
. Using this information, the abscissas
least at
in (13) and (14) should include these two points. An additional
become much simbenefit is that the expressions for
,
and (due to the terms involving
,
pler when
), resulting in a simpler numerical integration with respect
to in (6).
Although the essence of the method is the same for all components, each of them has certain unique features and hence, has
been treated slightly different as discussed in Sections II-A–C.
A.

Component

is even with respect
In addition to its periodicity,
yielding
. Furthermore, based on numerical exto
perimentation, including the leading two terms gives enough
accuracy for this component. Therefore, using a three-point
for the calculation
trapezoidal rule [18] in the interval
and
, yields the following simple expressions:
of
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A similar approximate form is given in [15] (although it was
obtained in a heuristic fashion). The expression in (17) is exact
(and also at
). This implies that using (17) in
at
or
(6) yields accurate results around the paraxial region (
). However, it loses accuracy as becomes large for
large values of .
Component

B.

component, which is an odd function with
The
respect to , is written as
(18)
as defined in [9], except that
is excluded.
, which
is an even function in , is approximated with a FS where including only the leading term gives enough accuracy. The FS cocan be obtained in the same fashion as
efficients for
. Thus, the FS coefficient
the FS coefficients of
is calculated performing a numerical integration in the
interval using a two-point trapezoidal rule and is given by
where

is

(19)
yielding
(20)
. Numerical results reveal that if we
which is exact at
use (20) in (6), accurate results are obtained around the paraxial
, but the accuracy deteriorates as
region
increases for large separations (large ).
C.

Component

Evaluation of this component differs from the others because the methods used for the calculation of the components
and
do not yield results with enough
is written as the sum of planar
accuracy. Therefore,
curvature correction terms, namely
(21)

(15)

or and denotes “planar” whereas
stands
where
, correfor “curvature correction.” The planar term,
sponds to a cylinder with an infinitely large radius of curvature.
It is written as

(16)

(22)
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Fig. 3.
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Real and imaginary parts of the mutual impedance (Z ) between two identical z -directed current sources ( = 90 ) for a coated cylinder with a = 3 ,
= 3:25.

:  ,

= 0 06

Note that, the planar term
is already written
and can be integrated in
as a two term FS expansion in
closed-form with respect to . However, the curvature correc, has a behavior similar to
. It is
tion term,
. Furthermore,
an even function in which implies that
based on numerical experimentation, including the first two
terms of the FS expansion gives accurate results. After an
extensive testing of different numerical integration routines
and number of sample points, accurate numerical results are
and
with the following algorithm:
obtained for
(23)
(24)
As a result of this process, the final expression for the curvature
correction term becomes

(26)
and
cases, using (26) in (6) yields
As in the
or
),
accurate results around the paraxial region (
however it loses accuracy as becomes large for large values
of .
Equations (17), (20), and (26) are the components of the approximate space domain Green’s function representation which
are substituted into (6) to find the surface fields due to tangential
current elements located on the coating. In all components, the
common feature is the separation of the and variables which
allows the closed-form integration with respect to in (6). Substituting (17), (20), and (26) into (6), and calculating the integrals in closed form, the following expressions are obtained for
the surface fields:

(25)

(27)

Combining (22) with (25), the Green’s function component
is given by

(28)
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Fig. 4.
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Real and imaginary parts of the mutual impedance (Z ) between two identical z -directed current sources ( = 70 ) for a coated cylinder with a = 3 ,
= 3:25.

:  ,

= 0 06

Fig. 5. Real and imaginary parts of the mutual impedance (Z ) between z - and -directed current sources (
t = 0:06 ,  = 3:25.

(29)
,
,
,
,
,
,
, and
where
are given in (31) through (75), respectively, in Appendix 1. Note,
and
are exactly the same special functions dethat
fined in [17] (special functions used for the Sommerfeld integral
representation for the single layer microstrip dyadic Green’s
function) for the planar case.

= 88 ) for a coated cylinder with

a = 3

,

The -integrals are evaluated numerically along the real axis
using a Gaussian quadrature algorithm. In all functions, except
,
, and
, an envelope extraction technique is used
to overcome the difficulties in the numerical integration arising
from their oscillatory as well as slowly decaying behavior of
,
, and
are
the integrands. The special functions
relatively smooth and absolutely integrable. Therefore, the use
of an envelope extraction technique to integrate these functions
is not required. Furthermore, the singularities which are on the
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Fig. 6. Real and imaginary parts of the mutual impedance (Z ) between z - and -directed current sources (
t = 0:06 ,  = 3:25.

real axis (for lossless case) along the path of integration are
handled by regularizing the integrands. To implement this step,
the singularities are found by means of a Newton–Raphson
method.
III. NUMERICAL RESULTS
To assess the accuracy of this method, numerical results for
the mutual impedance between two tangential electric current
modes are obtained using (27)–(29) and compared with a standard eigenfunction solution given by (2) for a large cylinder with
,
,
(
free-space wavebetween the curlength). Note that the mutual impedance
rent modes is simply given by
(30)
is the field due to source (current mode)
and
where
is the area occupied by source (current mode)
. The current
modes are defined by a piecewise sinusoid along the direction of
the current and by a constant along the direction perpendicular
(along
to the current. Each element has dimensions of
. This particular choice
the direction of the current) by
of current modes guarantees the convergence of the reference
spectral domain solution (2) for large cylinders, even though
the rate of convergence is very slow. In all figures, the real and
imaginary parts of the mutual impedance between two current
modes are plotted versus separation. For each component, the
.
results are given for various values of the angle

= 75 ) for a coated cylinder with

a = 3

,

Figs. 3 and 4 depict the mutual impedance between two -directed sources for equals to 90 and 70 , respectively. As ex(in the
pected, the mutual coupling is strongest for
same direction of the current sources) and becomes weaker as
moves away from the axial direction. The oscillatory nature of
the coupling as the separation changes indicates that there are at
least two types of field contributions adding in and out of phase.
Note that for the planar case [19] the sum of space and surface
wave contributions also results in a curve that oscillates.
The next set of results, namely, Figs. 5 and 6, show the mutual impedance between a - and a -directed current sources.
Keeping in mind that the mutual impedance is zero along the
axial direction, the angle has been set to 88 and 75 . In this
case, the mutual impedance becomes stronger as moves away
from the axial direction. Actually, it can be shown [20] that it
reaches at maximum at some angle around 45 and starts to decrease again as approaches 0 . The oscillations also become
stronger as approaches 45 .
Figs. 7 and 8 show the last set of numerical results for the
mutual impedance between two -directed current sources for
and
, respectively. Note that the mutual
compared to
impedance is slightly stronger when
. As a matter of fact, it can be shown [20] that the
, reaches a
mutual coupling for this case is maximum at
minimum at some angle larger or equal to 45 (it depends on
) and begins to increase again as approaches
the value of
90 (the axial direction).
In all numerical results shown here, the agreement between
the reference solution and the new paraxial expressions is excel-
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Fig. 7. Real and imaginary parts of the mutual impedance (Z ) between two identical -directed current sources ( = 90 ) for a coated cylinder with a = 3 ,
t = 0:06 ,  = 3:25.

Fig. 8. Real and imaginary parts of the mutual impedance (Z ) between two identical -directed current sources ( = 70 ) for a coated cylinder with a = 3 ,
t = 0:06 ,  = 3:25.
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lent. On the other hand, the CPU time for the proposed method
is approximately five times faster than the reference solution
for this particular cylinder. Moreover, the elapsed CPU time for
the solution presented here is fairly independent from the size
), whereas, the elapsed
of the cylinder’s radius (for radii
CPU time for the eigenfunction solution increases as the electrical size of the cylinder’s radius becomes larger. This clearly
shows that the present method is a much more efficient for large
cylinders than the standard eigenfunction solution.

(35)
(36)

where

(37)
IV. DISCUSSION AND CONCLUSION
An efficient and accurate scheme for the evaluation of surface
fields within the paraxial region of an electrically large dielectric
coated circular cylinder is developed. These surface fields are
excited by electric current sources mounted on the surface of the
coated cylinder. Note that most previously published results for
large cylinders (with or without coating) fail to yield accurate
results in the paraxial region.
The essence of this representation is based on the fact
that the circumferentially propagating series representation of
the appropriate Green’s function is periodic and hence,can
be approximated by a Fourier series. Based on numerical
experimentation, it appears that only the two leading terms
of the expansion yield enough accuracy in most cases. The
accuracy of this Green’s function as well as the ease of its
evaluation are determined by the type of integration algorithm
used to calculate the Fourier series coefficients. The algorithm
used here is based on information obtained from the stationary
integral in (6).
phase points of the
This novel representation of the Green’s function for a large
coated cylinder, which complements previously published
asymptotic representations [9], can be used in conjunction with
the method of moments to analyze and design arbitrarily shaped
conformal printed antennas on coated cylinders. Finally, for
some of the field components, the scheme developed here can
be made valid for regions outside the paraxial region (arbitrary
values of the angle ) with some minor modifications.

(38)
(39)
(40)
with
(41)

elsewhere
(42)
(43)

(44)

APPENDIX
The special functions used in (27)–(29) are given by
(45)
(31)

(32)
(33)
(34)

(46)
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(52)

(53)

(54)

(55)

(56)
(57)

(58)
(59)
(60)
(61)
(62)

(63)
(64)

(65)

(66)

(67)

(68)
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(49)

(69)

(70)
(71)
(72)

(73)

The special functions
and
, which are related to the
curvature correction term, are given by
(47)
and
(48)
where [please refer to (49) at the top of this page] and

(50)

(51)
The functions used in (49)–(51) are defined in (52)–(68) on the
previous page and (69)–(73) at the top of this page, and finally

elsewhere.
(74)
(75)

Note, that a superscript 0’ or
’ denotes that a function is
or
, respectively. In all these exevaluated at
is the free-space wavenumber and
pressions
is the wavenumber inside the dielectric medium with a relative
.
permittivity
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