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Characteristic Attributes of Multiple Cascaded Terahertz
Metasurfaces with Magnetically Tunable Subwavelength
Resonators

Andriy E. Serebryannikov,* Akhlesh Lakhtakia, and Ekmel Ozbay

The characteristics of multiple cascaded metasurfaces comprising H-shaped,
magnetostatically controllable, subwavelength terahertz (THz) resonators
made of InAs were systematically investigated, using a commercial solver
based on the finite-integration method, for the design of tunable filters. Three
configurations of the biasing magnetostatic field were compared with each
other as well as with the bias-free configuration for filtering of normally
incident linearly polarized plane waves. A close study of only one metasurface
was found sufficient to broadly determine the sensitivity to the direction of the
magnetostatic field and the bandwidth of a stopband. Furthermore, the effects
of metasurface geometry and biasing field can be considered separately for
initial design purposes. All features in the transmittance spectra for the
bias-free configuration that are related to the number of cascaded
metasurfaces are also observed when the biasing magnetostatic field is
applied. The coupling of adjacent metasurfaces in a cascade is strongly
affected by the relative permittivity and the thickness of the spacer between
the two metasurfaces. The spectral locations of stopbands scale with respect
to the spacer’s relative permittivity, the scaling rule being different from a
classical one. The stopbands are redshifted when the spacer thickness is
increased, with the redshift dependent on the polarization of the incident
plane wave. Inter-metasurface coupling and inter-resonator coupling on the
same metasurface affect the spectral location of a stopband in opposite ways.
On-off type switching can be obtained by changing the orientation of
magnetostatic field. The elucidated characteristics are expected to be
important for not only filters but also other tunable THz devices.
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1. Introduction

The unprecedented ability to control the
frequency, polarization state, and the di-
rection of propagation of electromag-
netic plane waves and beams offered
by metasurfaces has made these pla-
nar analogs of metamaterials very at-
tractive subjects for both theoretical and
experimental research.[1–3] Generally, a
metasurface is a periodic or a nonperi-
odic array of subwavelength elements,
whether resonant or non-resonant, typi-
cally placed on a dielectric substrate.[3–7]

Many interesting effects and useful ap-
plications can be obtained by cascad-
ing several metasurfaces.[8–13] Further-
more, the coupling of two parallel meta-
surfaces, whether identical or differ-
ent, may yield significant effects for
reflection, transmission, and polariza-
tion conversion.[10,14–16] A study of the
cascade of two metasurfaces in which
one is the complement of the other
in accordance with the Babinet prin-
ciple must be noted, as it gives a
detailed physical insight on the cou-
pling and transmission mechanism.[17]

Dynamic control of a metasurface may
enable either fine tuning in a wide spec-
tral regime or on-off switching, without
mechanicalmodification of the structure.

As the dynamic-control approaches being explored for meta-
surfaces are, generally speaking, the same as those used ear-
lier for other types of structures and devices,[18–20] relevant ex-
perience can be transferred to metasurfaces. The approaches
involve the exploitation of thermal,[21–23] magnetostatic,[10,24]

electric-field/voltage,[25–28] photoconductive,[29,30] Raman[31] and
gas-filling[32] mechanisms, whether in the substrate or the sub-
wavelength elements of a metasurface.
The dynamic-control approach based on the sensitivity of con-

stitutive parameters such as the relative permittivity tensor to
variations in the magnitude B0 of a magnetostatic field B0 is al-
most universal. It can be implemented in a very wide frequency
range, e.g., from the microwave to the mid-infrared frequencies,
provided thatmaterials sensitive tomagnetostatic-field variations
are available and fulfill specific requirements connected with
a concrete application. Therefore, it has been investigated for
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metasurfaces as well.[10,33] Undoubtedly, it is most important to
realize efficient tunability when the magnetostatic field is rela-
tively weak in magnitude (i.e., when B0 does not exceed 1 T), so
that it cannot affect neighboring equipment.
The simplest way to implement dynamic tunability is the

use of a substrate with constitutive parameters that depend on
the control mechanism.[29,30] Alternatively, the resonant or non-
resonant elements of the metasurface can be made of a dynam-
ically tunable material.[10,22,24,33] The latter approach is desirable
because the volume of the elements is much smaller than of the
underlying substrate, the implementation of the control mecha-
nism in a smaller region requiring less of the tunable material.
Finally, just some parts of these elements can bemade of the tun-
able material.[34–36]

In this paper, we elucidate the characteristic attributes ofmulti-
ple cascaded metasurfaces with magnetically tunable resonators
as the subwavelength elements to operate in the terahertz (THz)
spectral regime. For definiteness, the resonators of thickness t are
H-shaped[10,37,38] and arranged on a square lattice of side a on ev-
ery metasurface. An H-shaped resonator allows us to distinguish
between two Voigt configurations of the applied magnetostatic
field, in contrast to Maltese-cross-shaped resonators.
The resonators are made of InAs, a material whose dielectric

properties are strongly sensitive in the THz regime to variations
in the strength and the direction of a magnetostatic field.[10,24]

With THz filters being the focus, the geometry of the chosen res-
onators enables high sensitivity to changes in the polarization
state and the direction of the incident THz wave. Although our
investigation is focused on filtering applications, the elucidated
characteristics are expected to be important for diverse tunable
THz devices.
We demonstrate that the coupling of adjacent metasurfaces

in a cascade is strongly affected by the relative permittivity εd
and the thickness b of the substrates, each substrate serving as
a spacer between two planar arrays of magnetically tunable sub-
wavelength resonators. The spectral locations of subwavelength
resonances are modified by the substrate/spacer’s relative per-
mittivity, leading to a scaling rule which differs from a classical
one.[39]

With all metasurfaces oriented parallel to the plane z = 0 of
a Cartesian coordinate system and considering only THz waves
that are incident normally on the multiple cascaded metasur-
faces, we compare three configurations that are distinguished by
the orientation of the magnetostatic field:

i. the Faraday configuration with the magnetostatic field
aligned parallel to the z axis (i.e., perpendicular to the meta-
surface planes),

ii. the Voigt-Y configuration in which the magnetostatic field is
aligned parallel to the y axis (i.e., parallel to one of the two
sides of the unit cell in the metasurfaces), and

iii. the Voigt-X configuration in which the magnetostatic field is
aligned parallel to the x axis (i.e., parallel to the other side of
the unit cell in the metasurfaces).

For economical presentation of the results, we assume that B0 =
1 T for all three configurations, and we compare the numerical
results with those for the bias-free configuration (i.e., B0 = 0).
We also discuss to some extent the effect of the lattice parameter

a. All numerical results presented here were obtained by using
CST Microwave Studio, a commercial solver based on the finite-
integration method.[40]

The paper is organized as follows. In Section 2, we introduce
the geometry of themultiple cascadedmetasurfaces as well as the
magnetostatically dependent relative permittivity tensor of InAs.
Section 3 is dedicated to the identification of the effects of inter-
metasurface coupling as well as of the coupling of resonators on
the samemetasurface. In Section 4, the effects of the relative per-
mittivity εd and the thickness b of the substrate/spacer on the
transmission and reflection characteristics are presented, and the
scaling of subwavelength resonances with appropriate choice of
εd is considered in detail. Section 5 presents key results for cas-
cades of four and eight metasurfaces. Concluding remarks are
provided in Section 6.

2. Geometry and Constitutive Parameters

We consider a stack of M � 1 metasurfaces. When M>1, the
metasurfaces are identical and stacked as closely as possible,
without change of orientation of the resonators on adjacentmeta-
surfaces and with the substrates serving as spacers, as shown
in Figure 1. Every metasurface comprises H-shaped subwave-
length resonators on a square lattice imprinted on a dielectric
substrate.
The lattice parameter a was taken to either equal or exceed

a0 = 15.56 μm for all results reported here. Each resonator con-
tains two w × h sections and one w × l section, all of thickness
t = 0.5 μm, the side of dimension l= 9 μm being oriented along
the x axis, the side of dimension h = 14 μm oriented along the
y axis, and w = 2.5 μm. The twofold symmetry of the H-shaped
resonators in the xy plane is the reason for the strong sensitivity
to the polarization state (either Einc || x̂ or Einc || ŷ) of the normally
incident plane wave. The structure’s total thickness is D = b + t
whenM = 1 and D = (M-1)b+ Mt whenM> 1.
In the absence of an external magnetostatic field (B0 ≡ 0),

InAs is an isotropic material. Its relative permittivity tensor ε

then simplifies to a scalar, with the diagonal components spec-
ified in the THz regime all equal as[10,24]

εxx = εyy = εzz = ε∞ − ω2
p

ω2 + iωγ
, (1)

and the off-diagonal elements all being zero. Here and
hereafter, ε∞ = 16.3 is the high-frequency relative permittiv-
ity scalar, γ /(2π ) = 7.5× 1011 Hz is the damping parame-

ter, and ωp =
√
Ne2 / ε0m∗ is the plasma frequency. With

N = 1.04× 1023m−3 as the free-career density at room tem-
perature, m∗ = 0.004me as the effective career mass, me =
9.1× 10−31 kg, e = 1.6× 10−19 C, and ε0 = 8.854× 10−12 F m−1,
we get ωp = 2.875× 1014 rad s−1. Thus, InAs is plasmonic
[Re(εxx) < 0] at frequencies lower than 11.3054 THz and non-
plasmonic [Re(εxx) > 0] at frequencies higher than 11.3054 THz,
but is dissipative [Im(εxx) > 0] at all frequencies, provided that
B0 ≡ 0.
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Figure 1. a) Front view of the unit cell of the metasurfaces; side views of the metasurfaces when b) M = 1, c) M = 2, d) M = 4, and e) M = 8;
and f) perspective view (3 × 3 unit cells) when M = 2, the spacer is shown as completely transparent, and the H-shaped resonators are shown as
semi-transparent. The axes of the Cartesian coordinate system shown are related to b)-e).

In the Faraday configuration, B0 = B0 ẑ and the non-zero com-
ponents of ε are

εxx = εyy = ε∞ − ω2
p(ω

2 +iγω)

(ω2 +iγω)2 − ω2 ω2
c

, (2)

εxy = − εyx = i
ωωc ω2

p

(ω2 +iγω)2 − ω2 ω2
c

, (3)

εzz = ε∞ − ω2
p

ω2 +iωγ
, (4)

where ωc = e B0 / m∗ is the cyclotron frequency. Simple analysis
of Eq. (2) shows that εxx and εyymay take large values for their
real and imaginary parts, much larger than ε∞. Furthermore, the
off-diagonal components of ε in Eq. (3) may also possess large
magnitudes. Figures 2 and 3 present values of the diagonal and
off-diagonal components of ε when B0 = 0 and 1 T. One can see
that the non-zero components of ε of InAs are of high magni-
tudes in the entire 1–5 THz frequency range when B0 = 1 T.
In the Voigt-Y configuration (B0 = B0 ŷ), εyy is given by the

right side of Eq. (4), while εxx = εzz and εzx = −εxz are given by
the right sides of Eqs. (2) and (3), respectively. Finally, in theVoigt-
X configuration (B0 = B0 x̂), εxx is given by the right side of Eq.
(4), whereas εyy = εzz and εzy = −εyz are given by the right sides
of Eqs. (2) and (3), respectively.
The specularly transmitted electric field is denoted by E

spec
tr =

(τxx x̂+ τyx ŷ) exp(i2πz/ λ0) when Einc = x̂ exp(i2πz/ λ0) and by
E
spec
tr = (τxy x̂+ τyy ŷ) exp(i2πz/ λ0) when Einc = ŷ exp(i2πz/ λ0),

where λ0 is the free-space wavenumber. We computed the spec-
tra of the four specular transmittances txx = |τxx|2, tyy = |τyy |2,
txy = |τxy |2, and tyx = |τyx|2 for all four configurations of themag-
netostatic field (i.e., Faraday, Voigt-Y, Voigt-X, and bias-free). We

use t (F )xx , t
(VY)
xx , t (VX)

xx , and t (0)xx to denote the value of txx in the Fara-
day, Voigt-Y, Voigt-X, and bias-free configurations; and similarly
for the other three specular transmittances.

3. Coupling of Two Metasurfaces

Let us begin by demonstrating how the coupling of two metasur-
faces can affect overall transmission and why cascading can be
desirable, and thereby introduce five design principles. To this end,
we compare the transmittance spectra of a single metasurface
(M= 1) and two coupledmetasurfaces (M= 2) with εd = 1.0 (i.e.,
the substrate is absent for M = 1 and the spacer is vacuous for
M= 2). Hence, the transmittance spectra are fully determined by
(i) the subwavelength resonances of the individual H-shaped res-
onators, (ii) the intralayer coupling of a unit cell with other unit
cells on the samemetasurface, and (iii) the interlayer coupling of
two metasurfaces. Couplings of both types can play positive roles
for enhancing performance.[17]

Figure 4 presents the co-polarized transmittance spectra for
the Faraday, Voigt-Y, Voigt-X, and bias-free configurations, for
both Einc || x̂ and Einc || ŷ. The distance between the metasurfaces
for M = 2 is taken as b = 1μm. A clear stopband centered at
a frequency fc somewhere between 1.5 THz and 2.5 THz and
another between 3.5 THz and 5 THz are evident for all four con-
figurations. The analogous spectra (not shown) for b = 0.75 μm
have the same features.
Sensitivities to the orientation of B0 and the polarization state

of the incident plane wave are evident in Figure 4. Whereas
t (0)yy ≈ t (VY)yy and t (0)xx ≈ t (VX)

xx , we notice that t (VY)yy and t (VX)
yy are

different from each other, and t (VY)xx and t (VX)
xx are also differ-

ent from each other, regardless of the value of M. Both of
the sensitivities had been observed earlier for εd = 2.1.[10]
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Figure 2. Plots of a) Re(εx x ) and b) Re(εx y ) vs frequency f ∈ [0.1, 5.5] THz for the Faraday configuration. Note that εzz defined in Eq. (4) for any value
of B0 is the same as εx x defined in Eq. (2) for B0 = 0. The values of B0 in Tesla are identified.

Figure 3. Plots of a) Im(εx x ) and b) Im(εx y ) vs frequency f ∈ [0.1, 5.5] THz for the Faraday configuration. Note that εzz defined in Eq. (4) for any value
of B0 is the same as εx x defined in Eq. (2) for B0 = 0. The values of B0 in Tesla are identified.

Furthermore, the stopband is deeper forM= 2 than forM= 1 in
Figure 4, which characteristic had also been observed earlier for
εd = 2.1.[10] Clearly from the data presented in Figure 4, both (i)
the sensitivities to the orientation of B0 and the polarization state
of the incident plane wave as well as (ii) the stopband’s depth are
mainly governed by the characteristics of a single metasurface
and can be modified by cascading two metasurfaces. These weak
effects point out the first design principle that a close study of only
one metasurface is sufficient to broadly determine the sensitivity
to the direction of the magnetostatic field and the bandwidth of
the stopband.
The spectra of t (F )xx and t (F )yy forM = 2 and b ∈ {1, 2.5, 5.5} μm

are provided in Figure 5, the Faraday configuration being the
most sensitive to themagnitude B0. A general trend in this figure
is the blueshift of fc for decreasing b when M = 2. This is due
to the capacitative coupling between two metasurfaces placed in
the proximity of each other. The center frequency fc is redshifted
toward that of a single metasurface when b is increased: the ca-
pacitative effect weakens, and so does the coupling between the
two metasurfaces, with increasing b.
The effect of b is clearly different for different polarization

states of the incident plane wave, but a quantitative understand-
ing of that effect turned out to be elusive. Every co-polarized-
transmittance spectrum in Figures 4(a,c) and 5(a) actually con-
tains a highly prominent stopband and a much muted stopband,
the prominent first stopband occurring with a lower center fre-
quency than the second stopband. Tables 1 and 2 present the cen-
ter frequencies of the first and second stopbands, respectively,
for all configurations, whenM = 2 and b ∈ {1, 2.5, 5.5} μm. For
comparison, the results are presented also for M = 1. Clearly,

the strongest redshifts of both the first and the second stopbands
by the application of the magnetostatic field occur for the Fara-
day configuration. Correspondingly, either txx or tyy is weakly
changed in a Voigt configuration when a magnetostatic field of
magnitude 1 T is applied, depending on whether the sign of
Re{Einc • ε • Einc} is preserved under biasing in the direction par-
allel to Einc.
The range � f (b)c of the variation of fc which is achievable with

M = 2 by varying b from 1.0μm to 5.5μm can depend on the
choice of configuration. For the Faraday configuration, we ob-
tain � f (b)c ≈ 0.2 THz and 0.34 THz for Einc || x̂ and Einc || ŷ, re-
spectively; for the Voigt-Y configuration, � f (b)c ≈ 0.2 THz and
0.39 THz; for the Voigt-X configuration,� f (b)c ≈ 0.18 THz and
0.31 THz; and for the bias-free configuration, � f (b)c ≈ 0.19 THz
and 0.44 THz. The analogous data for M = 1 are as follows: 0.3
THz and 0.45 THz for the Faraday configuration, 0.28 THz and
0.56 THz for the Voigt-Y configuration, 0.31 THz and 0.48 THz
for the Voigt-X configuration, and 0.31 THz and 0.56 THz for the
bias-free configuration. Thus, variations in b have weaker effects
on the range � f (b)c for Einc || x̂ than for Einc || ŷ. This is the second
design principle identified by us.
As mentioned earlier in this section, coupling between two

metasurfaces (M = 2) is stronger for smaller b. Thus, the case
of M = 1 can be regarded as the limiting case for that of M =
2 as b is increased. This feature qualitatively coincides with the
results for coupling of subwavelength (split-ring) resonators ob-
tained earlier by using the Lagrange formalism.[41–44] However,
the limiting case must be obtained with relatively small values
of b, because the underlying physics presents a richer palette of
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Figure 4. Computed spectra of a,c) tx x and b,d) tyy for a,b)M = 1 and c,d)M = 2 with b = 1μm, when εd = 1.0 and a = a0. Solid blue lines are for the
Faraday configuration when B0 = 1 T, dashed red lines for the Voigt-Y configuration when B0 = 1 T, dash-dotted green lines for the Voigt-X configuration
when B0 = 1 T, and the dotted black line for the bias-free configuration (B0 = 0).

Figure 5. Computed spectra of a) tx x and b) tyy for the Faraday configuration when B0 = 1 T, εd = 1 and a = a0. Dash-dotted lines are forM = 1, solid
lines forM = 2 and b = 1μm, dashed lines forM = 2 and b = 2.5μm, and dotted lines forM = 2 and b = 5.5μm.

phenomena for M = 1 than are covered in Refs. [41–44]. We
found that the cases with b > 5.5μm are not very useful for
cascaded metasurfaces and therefore confined ourselves to b ≤
5.5μm.
Whereas the choice of b definitely governs fc, the effect of b

is weaker on the range � f (m)c obtainable by switching the magne-
tostatic field, i.e., by changing from B0 = 0 to B0 = 1 T or vice
versa, in the most sensitive (in our case, the Faraday) configu-
ration when M = 2. Thus, the values of � f (m)c are 0.38 THz and
0.75 THz for Einc || x̂ and Einc || ŷ, respectively, when b = 1.0μm;
0.39 THz and 0.73 THzwhen b = 2.5μm; and 0.37 THz and 0.65

THz when b = 5.5μm. Hence, the effects of metasurface geom-
etry and biasing field can be considered separately for design pur-
poses, which is the third design principle.
All discussion in this section thus far has assumed that a= a0.

Tables 1 and 2 indicate that an increase of a starting from a0 still
leads to variations in fc , so that the choice of a can be used as a
design parameter to realize a specific stopband. This effect is not
surprising in view of Floquet theory[45] and the scale invariance
of the Maxwell equations,[46,47] subject of course to the frequency
dependences of the constitutive parameters involved. Within the
parameters of our investigation, the variation of fc with a
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Table 1. Center frequency fc (THz) of the first stopband (Einc || x̂) for M =
1 and M = 2 and specified values of a and b, when εd = 1.0 and a0 =
15.56 μm.

Faraday, B0 = 1 T Voigt-Y, B0 = 1 T Voigt-X, B0 = 1 T B0 = 0

M = 1, a = a0

1.78 1.94 2.11 2.15

M = 2, a = a0

b = 0.75 μm 2.11 2.24 2.45 2.49

b = 1.0 μm 2.08 2.22 2.42 2.46

b = 2.5 μm 1.96 2.10 2.31 2.35

b = 5.5 μm 1.88 2.02 2.24 2.25

M = 2, a = 1.1a0

b = 1.0 μm 2.30 2.45 2.67 2.71

M = 2, a = 1.25a0

b = 1.0 μm 2.43 2.58 2.79 2.85

M = 2, a = 1.5a0

b = 1.0 μm 2.50 2.65 2.86 2.93

Table 2. Center frequency fc (THz) of the second stopband (Einc || ŷ) for
M = 1 and M = 2 and specified values of a and b, when εd = 1.0 and
a0 = 15.56 μm.

Faraday, B0 = 1 T Voigt-Y, B0 = 1 T Voigt-X, B0 = 1 T B0 = 0

M = 1, a = a0

3.56 4.25 3.63 4.20

M = 2, a = a0

b = 0.75 μm 4.07 4.87 4.16 4.83

b = 1.0 μm 4.01 4.81 4.11 4.76

b = 2.5 μm 3.84 4.64 3.94 4.57

b = 5.5 μm 3.67 4.42 3.80 4.32

M = 2, a = 1.1a0

b = 1.0 μm 4.25 5.14 4.37 5.10

M = 2, a = 1.25a0

b = 1.0 μm 4.34 5.25 4.47 5.22

M = 2, a = 1.5a0

b = 1.0 μm 4.36 5.26 4.50 5.24

becomes smaller with increasing a due to weaker coupling be-
tween the elements on the same metasurface; for a in the neigh-
borhood of a0, the effect of coupling of this type is still significant.
An increase in a and an increase in b have opposite effects on

fc. Likewise, decreases in both a and b have opposite effects on fc.
In other words, inter-metasurface coupling and inter-resonator
coupling on the same metasurface affect the spectral location of
a stopband in opposite ways, which is the fourth design principle
identified by us.
Generally, the performances of cascaded metasurfaces involve

contributions from different effects whose identifications require
detailed parametric investigations.[17] We have correlated several
selected features in the spatial profiles of the fields with the ap-
pearance of stopbands. These features mainly indicate field en-
hancement in certain portions of the unit cell, which include the
regions between the two arms of the H-shaped resonator, as well

as in the close vicinity of and inside the arms. Although the pres-
ence of local enhancement does not always correspond to a strong
reflection, it very often serves as a signature thereof. Indeed,
strong confinement between the neighboring unit cells affects
the efficiency of beam deflection by gradient metasurfaces.[17]

Moreover, the spatial profiles are dynamically changeable inso-
far as ε is affected by the orientation and magnitude of the mag-
netostatic field. As an example, Figure 6 presents the spatial pro-
files for both linear polarization states (i.e., Einc || x̂ and Einc || ŷ)
of the incident plane wave at the frequency of the smallest re-
flectance in a stopband for M = 2 and Einc || x̂. When Einc || x̂, the
reflectance is high and the H-shaped resonators in adjacent unit
cells are strongly coupled to each other, the coupling being man-
ifested by (i) strong electric fields in the gaps identified by A and
(ii) strongmagnetic fields in the regions identified by C in Figure
6.When Einc || ŷ, the transmittance ismoderate and theH-shaped
resonators in adjacent cells are strongly coupled to each other so
that electric field is strong in the gaps identified by B in Figure
6, but the magnetic field is not strongly affected by the structure.
It is worth noting that the field components (including the ones
parallel to ẑ) that are absent in the incident plane wave, may nev-
ertheless appear in the array. A deeper study that includes phase
analysis is required to fully correlate specific features in the spa-
tial profiles of the fields to the stopbands for specific polarization
states of the incident plane wave and the magnetostatic-field con-
figuration. We plan to report those correlations in due course of
time.

4. Resonance Scaling via Substrate/Spacer
Permittivity

The choice of a material with appropriate constitutive character-
istics for the substrate/spacer is critical for fixing the stopband
when a dynamic-control mechanism is not being deployed.[48–56]

In particular, scaling of resonances can be achieved with proper
choice of εd .[15] In the general sense, this means that their spec-
tral locations can be changed in a controllable manner, whereas
other characteristics, e.g., field distribution and transmittances
are preserved either partially or substantially. The main effects
of a dielectric layer functioning either as a spacer between two
metasurfaces or as a substrate for a single metasurface, as in this
paper, are spectral shifts of the subwavelength resonances and
related stopbands.
From classical electromagnetic theory we know that varying

the relative permittivity εd of a dielectric material filling a closed
lossless cavity results in scaling of resonance frequencies by
ε

−1/2
d

[39]. Hence, replacing one dielectric material by another hav-
ing larger/smaller εd and occupying the same volume results in
redshifts/blueshifts of resonance frequencies. These shifts can
be quantified in terms of a scaling rule with respect to εd . The
situation is different when we study open structures instead of
the closed cavities. Indeed, in an open structure, at resonance
the field may be strong outside the resonator.
This situation is quite typical of an array of subwavelength res-

onators on a dielectric substrate, as in Figure 1. This means that
the resonance frequencies and the spatial profiles of the electro-
magnetic fields of a metasurface at any resonance frequency may
be strongly affected by the substrate characteristics. This effect is
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Figure 6. Spatial profiles of the electromagnetic fields at 2.08 THz in a 2 × 2 array of unit cells, for M = 2, b = 1μm, a = a0, and εd = 1.0 when the
magnetostatic field is in the Faraday configuration with B0 = 1 T. a) |E x | and b) |Hy | when Einc || x̂, the cutting plane being placed midway between the
arms of two adjacent H-shaped resonators; c) |E y | and d) |Hx | when Einc || ŷ, the cutting plane being placed midway between the arms of two adjacent
H-shaped resonators, x = 7.78μm; e) |E| and f) |H|, when Einc || x̂, the cutting plane being at the middle of the horizontal arms of H-shaped resonators,
i.e., it coincides with the plane y = 0.

asymmetric in the sense that the spatial profiles in the substrate
away from the adjacent side of the metasurface differ from those
in the neighboring free space away from the other side of the
metasurface. The presence of a superstrate identical to the sub-
strate will remove the asymmetry.
A partial analogy exists with a closed empty cavity into which

we first introduce an electrically small dielectric body that per-
turbs the resonance frequency as well as the spatial profiles of
the electromagnetic fields,[57,58] and then increase the volume of
the introduced body until it fills the whole cavity. If the dielec-
tric body is placed initially at the location of a local maximum of
the electric field, its effect on the cavity will be substantial[57,58];
the effect will continue to increase with the volume of the intro-
duced body. A sparsely investigated issue is of the variations in
resonance frequencies with gradual variation of that volume, i.e.,
when only a part of the cavity is kept unfilled. A similar but even

more complicated situation occurs in the open-resonance struc-
ture that a metasurface is, as the spatial profiles of the fields in
just a part of the original metasurface (i.e., the metasurface with-
out a substrate) are affected by the dielectric substrate.
Scaling of resonance frequencies can indeed be achieved in

open resonance structures with the capability to manipulate the
polarization state by changing only the constitutive properties of
the substrate/spacer, while all dimensions are fixed. As an exam-
ple, the variation of fc of the type ε−α

d has been demonstrated for
0.36<α < 0.45,[15] quite close to α = 0.5 required by the classical
rule.[39] What is even more interesting is that the secondary elec-
tromagnetic characteristics, such as the polarization-conversion
efficiency can be preserved while varying εd in a wide range.[15]

However, it remains unclear whether this situation is typical also
for other types of the structures comprising subwavelength res-
onators. For the sake of completeness, we must mention the
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Figure 7. Computed spectra of a,c,e) tx x and b,d,f) tyy for M = 2, b = 1μm, and a = a0, when a,b) εd = 5.8, c,d) εd = 9.6, and e,f) εd = 12.2. Solid
blue lines are for the Faraday configuration whenB0 = 1 T, dashed red lines for the Voigt-Y configuration whenB0 = 1 T, dash-dotted green lines for the
Voigt-X configuration when B0 = 1 T, and the dotted black line for the bias-free configuration (B0 = 0).

commonly used way of scaling is based on proportional changes
of all geometrical and constitutive parameters,[46,47] which may
not always be straightforward to implement because the consti-
tutive parameters of any material are frequency dependent.
Thus, resonance scaling means that (i) resonances and related

stopbands remain, (ii) their shifts can be parameterized, and
(iii) transmission and polarization characteristics are mostly pre-
served, when εd is varied but all dimensions are kept fixed. We
must also bear in mind that changing εdwhile keeping b fixed
may affect inter-metasurface coupling, whichmay affect the stop-
band spectrum ifM > 1.
In order to explore resonance scaling, the calculations for Fig-

ure 4 (c,d) were repeated for a= a0, b = 1μm, andM= 2, but for

three different values of εd : 5.8 (typical of chalcogenide glasses),
9.6 (typical of aluminum-oxide-based composites), and 12.2 (sili-
con). The results provided in Figure 7 indicate that the stopbands
for εd > 1 are redshifted and compressed analogs of the stop-
bands presented in Figure 4(c,d) for εd = 1. Neither the depths
of the stopbands nor the dependences on the magnetostatic-field
configuration are significantly affected by increasing εd in the
range [1,12.2].
Next, we increased the spacer thickness to b = 2.5μm while

keeping a = a0 and M = 2 fixed, and we recalculated the trans-
mittance spectra with the same three values of εd as in Figure 7.
The results are presented for this case in Figure 8. All the features
observed for b = 1 μm in Figure 7, including those related to
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Figure 8. Same as Fig. 7 but for b = 2.5μm.

switching and tuning by means of magnetostatic-field varia-
tions, are also found for b = 2.5 μm in Figure 8, indicating
that the spacer thickness does not qualitatively affect the inter-
metasurface coupling mechanism. Rather, its main effect is re-
lated to shifts of fc, at least for relatively small values of b for
which Fabry–Perot resonances are not expected to appear in the
spacer. In principle, Fabry–Perot resonances can be used but are
expected to be impractical because of large thickness of the re-
sulting structure.
Values of fcof the first and second stopbands for M = 1, b ∈

{1, 2.5} μm, a = 15.56 μm, and εd ∈ {1, 5.8, 9.6, 12.2} were ex-
amined in order to quantify resonance scaling, the data being
provided in Supporting Information Tables S1 and S2. Analo-
gous data for M = 2, b ∈ {1, 2.5, 5.5} μm, a = 15.56 μm, and
εd ∈ {1, 5.8, 9.6, 12.2} in Supporting Information Tables S3 and
S4 were also examined. Approximate fitting of these data to fc ∝

ε−α
d yielded 0.22 < α < 0.4. Thus, the deviation δ = |α − 0.5|
from the classical scaling rule can be quite significant. In addi-
tion to its dependence onM, the value of α depends on b, thereby
indicating the influence on the thickness of the substrate/spacer.
Besides, α depends on the polarization state of the incident plane
wave as well as on the magnetostatic-field configuration. Larger
values of α are observed for the Faraday configuration and for
Einc || x̂.
For fixed values ofM, a, and b, the relationship fc ∝ ε−α

d with
the fitted value of α underestimates fc except near the bound-
aries of the range 1 < εd < 12.2, where the relationship pre-
dicts fc very well. So, strictly speaking, a different relationship
should be sought, but the ε−α

d trend is very appropriate for qual-
itative comparison with the classical trend ε

−1/2
d . For the Faraday

configuration, Figure 9 presents the results calculated with εd =
5.8 and M = 2 for several different values of b. Comparing
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Figure 9. Computed spectra of a) tx x and b) tyy when M = 2 and εd = 5.8, for the Faraday configuration with B0 = 1 T. Dotted lines are for b = 1μm,
dashed lines are for b = 2.5μm, and solid lines are for b = 5.5μm.

Table 3. Range � f (εd )
c (THz) of fc as εd varies from 1 to 12.2, when a =

15.56 μm.

First Stopband (Einc || x̂), tx x Second Stopband (Einc || ŷ), tyy

b = 1 μm b = 2.5 μm b = 5.5 μm b = 1 μm b = 2.5 μm b = 5.5 μm

M = 1

Faraday,

B0 = 1 T
0.96 1.09 – 1.80 2.01 –

Voigt-Y,

B0 = 1 T
0.91 1.08 – 2.0 2.31 –

Voigt-X,

B0 = 1 T
1.0 1.19 – 1.68 1.94 –

B0 = 0 1.01 1.22 – 1.91 2.23 –

M = 2

Faraday,

B0 = 1 T
0.98 1.11 1.16 1.79 2.04 2.09

Voigt-Y,

B0 = 1 T
0.97 1.09 1.13 2.02 2.35 2.36

Voigt-X,

B0 = 1 T
1.04 1.22 1.28 1.88 1.97 2.05

B0 = 0 1.06 1.23 1.27 1.97 2.26 2.28

Figures 5 and 9, we can see that the effect of b becomes stronger
when εd is increased.
The data in Tables 3 and 4 illustrate that dynamic tunability

quantified by � f (m)c can be achieved by switching the magneto-
static field and varying the orientation of B0, whereas the value
of εd in the range � f (εd )c can be selected during the design phase
with the parameters M, a, and b fixed; furthermore, the ranges
� f (m)c and � f (εd )c are connected with resonance scaling. The cor-
responding values of fc are given in Supporting Information
Tables S1–S4. A comparison of the values of � f (εd )c in Table 3,
which were calculated for εd varying from 1 to 12.2, indicates that
a higher sensitivity to changes in εd exists for M = 2 than for
M = 1, and that this sensitivity is enhanced when b is increased.
This again confirms that a thicker substrate/spacer will affect the
resonances more, and that this effect can be enhanced by inter-
metasurface coupling. There is a strong difference in the range
� f (εd )c achievable for txx and tyy , the difference being the strongest
for the Voigt-Y configuration among the four magnetostatic-field
configurations chosen for this work. In Table 4, one can see that

Table 4. Range � f (m)
c (THz) of fc achievable by switching from the bias-

free to the Faraday configuration, when a = 15.56 μm.

First Stopband (Einc || x̂), tx x Second Stopband (Einc || ŷ), tyy

b = 1 μm b = 2.5 μm b = 5.5 μm b = 1 μm b = 2.5 μm b = 5.5 μm

M = 1

εd = 1.0 0.37 0.37 0.37 0.64 0.64 0.64

εd = 2.1 0.35 0.34 – 0.60 0.58 –

εd = 5.8 0.32 0.31 – 0.51 0.51 –

εd = 9.6 0.31 0.28 – 0.51 0.45 –

εd = 12.2 0.32 0.29 – 0.53 0.42 –

M = 2

εd = 1.0 0.38 0.39 0.37 0.75 0.73 0.65

εd = 2.1 0.37 0.35 0.35 0.69 0.66 0.63

εd = 5.8 0.34 0.31 0.30 0.62 0.58 0.53

εd = 9.6 0.31 0.30 0.28 0.58 0.58 0.50

εd = 12.2 0.30 0.27 0.26 0.57 0.51 0.46

the range � f (m)c achieved dynamically between the bias-free and
Faraday configurations for fixed εd is usually narrower than the
range� f (εd )c achieved at the design phase bymeans of εd variation
for a fixed configuration of magnetostatic field. In wide ranges of
variation of εd , b, M, their effect on � f (m)c is rather weak. For the
second stopband (Einc || ŷ), the sensitivity of � f (m)c to the varia-
tions in εd can be significant.
The obtained results show that resonance scaling takes place

in themanner defined earlier in this section. Accordingly, choices
of subwavelength resonators, arrays, substrate/spacer, and the
magnetostatic-field configuration can be made separately, which
should be considered as very desirable by metasurface designers.
Indeed, the separability of these choices is the fifth principle for
metasurface design.
Alongside the redshifts of the center frequencies of stopbands

with increasing εd , resonance scaling compresses the stopbands
in the f domain so that their edges become steeper. How-
ever, it can also lead to unwanted reflections and reduced trans-
mittances in the high-frequency neighborhood of a stopband.
Moderate values of εd can be optimal as the trade-off between
compactness and transmission efficiency above the stopband,
while substrate/spacer thickness should be chosen according to
specific design requirements. If simultaneous manipulation of
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Figure 10. Schematics of the structures for a)M = 1 and b)M = 2 with a
superstrate each. Computed spectrums of c) tx x and d) tyy for the Faraday
configuration with B0 = 1 T, when a= 15.56μm, b = 1μm, and εd = 5.8.
Solid blue lines are for M = 1 and dashed red lines are for M = 2, when
the superstrate is present. Dotted blue lines are forM= 1 and dash-dotted
red lines are forM = 2, when the superstrate is absent.

two polarization states of the incident plane wave by one device
is unnecessary, the design parameters can be less constrained.
Substrates/spacers with εd ≥ 6 and b ≥ 5.5μm are not recom-
mended, based on our calculations.
In addition to the possibility of separation of geometrical, con-

stitutive, and biasing-field-related stages of the design process,
we must also consider the transmittances in the lower-frequency
and the higher-frequency neighborhoods of a stopband. Indeed,
as seen in Figures 7 and 8, transmission in the lower-frequency
neighborhood is quite robust with respect to the magnitude
and orientation of B0, but transmission in the higher-frequency
neighborhood is strongly sensitive to B0. We also note the weak
difference in transmission between the Voigt-X and bias-free con-
figurations for Einc || x̂, and between the Voigt-Y and bias-free con-
figurations for Einc || ŷ.
When Einc || ŷ, Figures 7 and 8 indicate that one can realize an

intermediate ON state between an ON state and an OFF state.
One can first switch from the bias-free (OFF state) to either one
of the two Voigt configurations (intermediate ON state), and then
from the latter to the Faraday configuration (final ON state). This
two-step switching scheme comes with freedom to choose one of
two transmission regimes that differ in efficiency. Obtaining an
intermediate ON state that is nearly in the middle between t (F )yy

and tyy(0) � 0, i.e., either t (VX)
yy ≈ t (F )yy /2 or t (VY)yy ≈ t (F )yy /2, would

be desirable. When Einc || x̂, the contrast between t (F )xx and txx(0)

can be insufficient to realize such a two-step switching scheme.

Finally, Figure 10 presents the results for the structures simi-
lar to those in Figures 1 and 7, but with a superstrate that has the
same relative permittivity and thickness as the substrate/spacers.
The structure’s total thickness is D = 2b + t when M = 1 and
D = M(b + t)+ b when M > 1. The addition of the superstrate
leads to a significant redshift of fc. In particular, for M = 1 and
M = 2, respectively, the center frequency of the prominent first
stopband reduces by 0.52 THz and 0.84 THz when Einc || ŷ.
Hence, the superstrate allows flexibility in engineering fc with-
out affecting the stopband’s depth.

5. Cascading of M> 2 Metasurfaces

Now, let us consider the transmittance spectra obtainable by cas-
cading M > 2 metasurfaces. Figure 11 presents the spectra of
txx and tyy analogous to those in Figure 7 but for M = 4 (as
shown in Figure 1(d)). In addition, we fixed b = 0.5 μm in-
stead of b = 1 μm in order to keep the total thickness of the
same order as for Figure 7. For comparison, the results for
M = 4 and b = 1 μm are presented in Supporting Information
Figure S7. As expected,[10] the stopbands become deeper than for
M ∈ {1, 2}. There is more sensitivity in the Voigt-X and Voigt-Y
configurations to ON-OFF switching and the orientation of B0

in the high-frequency neighborhoods of the stopbands, as can
be seen by comparing Figure 11 with Figures 7 and 8. The cen-
ter frequency fc of each stopband for M = 4 and b = 0.5 μm
is blueshifted compared to the same stopband for M = 2 and
b = 1 μm, regardless of the magnetostatic-field configuration,
for both εd = 5.8 and εd = 12.2. On the contrary, fc is redshifted
for most of stopbands forM = 4 and b = 1 μm. Generally, the ef-
fects on fc of varyingM and εd run in either the same or opposite
directions and can be used to either enhance or counteract each
other. In addition, one can obtain a stopband with a desired cen-
ter frequency and depth by playing with the values of b and M.
However, if one needs high transmittance in the high-frequency
neighborhood of a stopband, structures with smaller b and M
may be preferable due to weaker reflections from the dielectric
layers. For further evidence of the effects of cascading, we have
presented the results for M ∈ {1, 2, 4, 8} in Supporting Informa-
tion Tables S5 and S6 for all four magnetostatic-field configura-
tions, when b ∈ {1, 2.5} μm, a = 15.56 μm, and εd ∈ {5.8, 12.2}.
For comparison, the results for b = 0.5 μm are also presented
therein.
Figure 12 provides the transmittance spectra for the Faraday

and bias-free configurations for M ∈ {1, 2, 4, 8}, b = 1 μm, and
εd = 5.8, these two configurations being usually sufficient to es-
timate transmittance characteristics for the Voigt-X and Voigt-Y
configurations. The basic features for B0 = 1 T in the Faraday
configuration are inherited from the bias-free configuration. A no-
ticeable trend is the narrowing of the stopbands for all four values
of M whenB0 �= 0, regardless of εd and the polarization state of
the incident plane wave.

6. Concluding Remarks

To summarize, we considered the basic principles of cascad-
ing magnetostatically tunable metasurfaces which comprise
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Figure 11. Computed spectra of a,c,e) tx x and b,d,f) tyy forM = 4, b = 0.5μm, and a = a0, when a,b) εd = 5.8, c,d) εd = 9.6, and e,f) εd = 12.2. Solid
blue lines are for the Faraday configuration whenB0 = 1 T, dashed red lines for the Voigt-Y configuration whenB0 = 1 T, dash-dotted green lines for the
Voigt-X configuration whenB0 = 1 T, and the dotted black line for the bias-free configuration (B0 = 0).

H-shaped InAs resonators. The coupling of two metasur-
faces with an air spacer can be strongly modified by vary-
ing the distance b between them, regardless of the studied
orientations and magnitudes of the magnetostatic field B0.
The inter-metasurface coupling as well as the coupling between
the resonators on the same metasurface can be used for efficient
tuning of the resonances and the related stopbands. At the same
time, the width of the tunability range realizable due to varia-
tions of the magnetostatic-field orientation depends on b rela-
tively weakly.
The relative permittivity εd of the dielectric substrate/spacer

may strongly affect the resonances and the related stopbands.

The range of tunability of the center frequency fc which can be
realized by variations in the magnetostatic-field orientation de-
pends on εd . Typically, this range is wider for smaller values of
εd , and the stopbands become narrower and redshift as εd is
increased. Moreover, the tunability range realizable by varying
εd depends on b, provided the magnetostatic-field orientation is
fixed.
The spectral shifts of the center frequencies of the stopbands

on varying εd for fixed B0 are usually stronger than those due to
variations of B0 for fixed εd . As expected, a stronger effect of εd
on the center frequencies of the stopbands is observed for thicker
substrate/spacers. This effect occurs since a larger portion of the
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Figure 12. Computed spectra of a,c) tx x and b,d) tyy for b = 1μm, a = a0, a,b) B0 = 1 T in the Faraday configuration and c,d) bias-free configuration,
when εd = 5.8. Solid lines are for M = 1, dashed lines for M = 2, dash-dotted lines for M = 4, and dotted lines for M = 8.

region containing the resonance field can be affected by the sub-
strate/spacers. The observed effects of the orientation of themag-
netostatic field on the center frequencies of the stopbands include
strong and (very) weak sensitivity of transmission to the changes
of magnetostatic-field orientation.
We deduced approximate scaling rules of the type fc ∝ ε−α

d
from the obtained numerical results, thereby quantitatively pre-
dicting the shifts of resonances by varying εd . These rules expect-
edly differ from the classical scaling rule fc ∝ ε

−1/2
d that is ap-

plicable to electromagnetic cavities, i.e., the effect of variations in
εd is weaker, since the substrate/spacers do not occupy the en-
tirety of the region in which the resonance field has high magni-
tudes. In spite of this, variations in εd remain a very efficient tool
for design, because the spectral locations of subwavelength res-
onances still strongly depend on εd . In many practical cases, the
effects of metasurface geometry, substrate/spacer material, and
biasing field can be considered separately, at least for the purposes
of initial-stage design.
Strong dependence of transmission on the polarization state

of the incident wave was observed in the considered ranges of
variation in the relative permittivity εd of the substrate/spacers,
the thickness b of the substrate/spacers, and the number M of
cascaded metasurfaces. This dependence gives an additional and
a very important degree of freedom for controlling transmis-
sion and reflection, and enables switching from one operational
regime to another by means of changing the polarization state of
the incident plane wave. On-off type switching can be obtained by
changing the orientation of magnetostatic field, at least for one of

the two mutually orthogonal linear polarizations of the incident
plane wave. Thus, the mutually reinforcing effects of the varia-
tions in the polarization state of the incident plane wave and the
orientation of themagnetostatic field can be exploited to enhance
dynamic tunability.
The characteristic attributes delineated for M ∈ {1, 2} appear

also at larger values ofM. All features in the transmittance spec-
tra for the bias-free configuration that are related to the number
of cascadedmetasurfaces are also observed when amagnetostatic
field is applied. Thus, analysis and design can further be simpli-
fied by only keeping the degrees of freedom related to the geom-
etry and substrate/spacer material at the first step. The obtained
results give us guidelines for efficient design of practical THz
devices which can be tuned with the aid of a magnetostatic bias
field.
A full assessment of dynamic tunability would require exper-

imental investigation of the rate at which B0 can be varied, be-
cause the switching time is determined significantly by the re-
sponse characteristics of the control circuit. Furthermore, either
the theoretical solution of an initial-value boundary-value prob-
lem for the metasurface (cascade) or experimental investigation
would be needed. These exercises lie outside the scope of this
paper. However, the sine qua non of dynamic tunability are the
sensitivities of the spectra of the response characteristics to the
control parameter, which we have amply established through
the solution of a boundary-value problem here. The strong sen-
sitivity to the variations of magnitude and orientation of the
magnetostatic field demonstrated in this paper indicates that
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the use of magnetically tunable resonators in metasurfaces for
polarization conversion[23] and vortex manipulation[13] is a
prospective research direction.
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