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Abstract

Interfaces significantly influence the overall material response especially when the area-to-volume ratio is
large, for instance in nanocrystalline solids. A well-established and frequently applied framework suitable for
modeling interfaces dates back to the pioneering work by Gurtin and Murdoch (1975) on surface elasticity
theory and its generalization to interface elasticity theory. In this contribution, interface elasticity theory is
revisited and different aspects of this theory are carefully examined. Two alternative formulations based on
stress vectors and stress tensors are given to unify various existing approaches in this context. Focus is on
the hyper-elastic mechanical behavior of such interfaces. Interface elasticity theory at finite deformation is
critically reanalyzed and several subtle conclusions are highlighted. Finally, a consistent linearized interface
elasticity theory is established. We propose an energetically consistent interface linear elasticity theory
together with its appropriate stress measures.

Keywords: Interface elasticity, Linearized elasticity, Coherent interfaces, Surface shear, Gurtin-Murdoch

theory

1. Introduction

Almost all materials, at some scale of observation, are made from different constituents. The transition
region between various phases in materials gives rise to the notion of finite thickness interphases [1H5]. For
practical purposes, an interphase can be sufficiently approximated by a zero-thickness interface model when
its thickness is relatively small compared to other length scales, thereby the interface is a two-dimensional
manifold representing the finite thickness interphase. In order to capture the interphase behavior, the
interface is endowed with its own energy density per unit area following the original ideas of Gibbs. This
approach leads to a particular in-plane elasticity theory on the interface pioneered by Gurtin and Murdoch in

their seminal work on surface elasticity theory [6]. Shortly afterwards, Murdoch [7] established an interface
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elasticity theory as a general form of the surface elasticity theory [6]. The interface elasticity theory treats
the interface essentially as a two-sided surface and thus, it is nearly identical to the surface elasticity theory.

The area-to-volume ratio is proportional to the inverse of the dimension for geometrically equivalent
objects. With decreasing scale follows an increasing area-to-volume ratio where interface elasticity theory
plays an increasingly important role on the overall behavior of materials resulting in size effects. With
the emerging applications of nanomaterials [S8HI3] and the utility of surface elasticity theory to capture
the behavior of solids at the nano-scale and particularly the size effect [14H23] the importance of interface
elasticity theory has dramatically increased. As an example, whereas the yearly number of citations to the
work of Gurtin and Murdoch [6] during the period 1975-2000 amounted to a few, the yearly number of
citations grew exponentially after year 2000 and the total number of citations up to 2015 exceeds 1000.

Figure [1] illustrates the citation record of [6].
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Figure 1: Citation record of the seminal work of Gurtin and Murdoch [6] on surface elasticity theory published in 1975. The
total number of citations up to 2015 exceeds 1000. The exponential increase of the citations is probably associated with

emerging applications of nano-materials. The data to produce this graph was obtained from Scopus.

The principal assumption of interface elasticity theory is to allow the zero-thickness coherent interface
to have its own thermodynamic structures per area; this applies to the Helmholtz energy, dissipation and
the like. This assumption results in an interface stress along the interface and consequently a traction
jump across the interface while the displacements remain continuous. Such interfaces are referred to as
thermodynamic singular surfaces by Daher and Maugin [24]. The governing equations of such interfaces
simplify to the generalized Young—Laplace equation [25H27], see [28H39] and references therein for further
details.

While interface elasticity theory is widely applied to explain the material response at the nano-scale,
certain aspects of the theory are still not well understood and require further clarifications. The implications
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of interface elasticity theory are essentially due to the two-dimensional nature of the problem in a three-
dimensional embedding space. Curvilinear coordinates and fundamental concepts of differential geometry
are vital to appropriately formulate interface elasticity [40H42]. Without a proper tensorial notation based on
convected coordinates, detailed contributions have recently emerged to explain relatively simple geometrical
concepts, see for instance [43]. In this manuscript, we employ (covariant) tensorial notation and elaborate
on the consequences of this more convenient framework. Within a finite deformation setting, several elusive
conclusions associated with interface elasticity theory are highlighted. Furthermore, we establish an interface
elasticity theory for small strains via linearizing the finite strain version and hence, guarantee the consistency
between the two versions. We show that the controversial non-symmetric gradient term in the linear interface
stress appears naturally through linearization of the geometrically exact interface elasticity theory.

In passing, we mention that interface elasticity theory may be understood as the exact opposite to the
cohesive interface model introduced by Barenblatt [44, 45], Dugdale [46] and Hillerborg [47]. In contrast
to the elastic interface model, the cohesive interface model allows for displacement jumps but the traction
remains continuous across the interface. Cohesive interface models, have been extensively studied in [48-62]

from both theoretical and computational aspects with various applications and traction-separation laws.

Key contributions of this manuscript

The objective of this manuscript is twofold. First, we establish a finite deformation interface elasticity theory.
In doing so, we formulate the problem in two alternative formats based on stress vectors and stress tensors to
unify diverse notations in the literature. Several exquisite consequences below, implied by interface elasticity

theory, are discussed:

e Superficiality of the interface deformation gradient implies tangentiality but the same analogy does

not hold for the interface Piola stress.
e Interface Piola stress is superficial by definition but not necessarily tangential.
e Interface Piola stress is tangential due to angular momentum balance.
e Dependence of the energy on the interface normal leads to the notion of surface shear.

e Material frame indifference as well as balance of angular momentum rule out the dependence of the

interface Helmholtz energy on the interface normal.
e Material frame indifference implies balance of angular momentum.

e Isotropic interface Helmholtz energy is expressed in terms of the two invariants of the interface right

Cauchy—Green tensor.



Secondly, we establish a consistent linear interface elasticity theory. The most important outcome is to
show that the controversial non-symmetric gradient term in the interface stress is meaningful and derives
from a consistent linearization of the geometrically non-linear interface elasticity theory. Furthermore, the
non-symmetric part is a consequence of the fact that the stress-free configuration does not coincide with the

strain-free configuration.

Organization of this manuscript

This manuscript is organized as follows. After briefly introducing the notations and definitions, Section 2]
deals with the kinematics of coherent material interfaces within a finite deformation setting. The geomet-
rically exact interface elasticity theory is briefly formulated in Section [3] whereby the main ingredients are
balance equations and constitutive laws. The geometrically exact interface elasticity theory is linearized in
Section[d] The linearized interface elasticity theory is particularly relevant to applications in nano-materials

and atomistic simulations. Section [5| concludes this work and discusses possible further research work.

Notations and definitions

The contents of this manuscript are heavily based on the differential geometry of interfaces as two-dimensional
manifolds within the three-dimensional space. Preliminaries of the differential geometry of interfaces are
briefly reviewed in[Appendix A] Here, {®} refers to an interface variable with its bulk counterpart being {e}.
Following this convention throughout the manuscript, surface, interface and curve quantities are denoted as
{®}, {®} and {e}, respectively and are therefore distinguishable from the bulk quantity {e} by an accent
on top. Direct notation is adopted throughout. Occasional use is made of index notation, the summation

convention for repeated indices being implied. The jump of the quantity {e} across the interface is defined

by [{e}] = {o}* —{o}".

2. Kinematics of interfaces

Consider a continuum body that takes the material configuration By at time ¢ = 0 and the spatial config-
uration B; at any time ¢ as shown in the Fig. [2} The interface Zy splits the material configuration By into
two disjoint subdomains By and Bi. Analogously, interface Z; in the spatial configuration is the common
boundary of the two subdomains B; and B;". The outward unit normal to the boundary of the material
configuration By is denoted N. The unit normal to the interface pointing from the minus to the plus side
is denoted N in the material configuration. The outward unit normal to the boundary of the interface 9Zy
but tangential to the interface Zy is denoted N. In the spatial configuration, the surface, interface and curve
normals are denoted 7, T and 7, respectively. It proves convenient to define the interface identity tensor

I:=1—- N ® N in the material configuration as the projector onto the interface. In contrast to the bulk



identity tensor 4 = I, the interface identity in the spatial configuration i := 4 — ™ ® T does not necessarily

coincides with its material counterpart.
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Figure 2: The material and spatial configuration of a continuum body and its associated motion and deformation gradient. The
two sides of the body in the material configuration, B, and Bg’, are bonded via interface Zp. The placements of the particles
in the material configuration X are mapped to their spatial counterpart @ via the non-linear deformation map @ = ¢(X). The

interface is material in the sense that ¥ = ¢|z, and it is also coherent, that is [x] = 0.

The placement of material particles in the bulk and on the interface are labeled X and X, respectively,
in the material configuration. The motions from the material to the spatial configuration in the bulk and on
the interface are denoted as ¢ and @, respectively. In the spatial configuration, the placement of material
particles in the bulk and on the interface are labeled & and @, respectively. The placements of particles in
the spatial configuration are related to their counterparts in the material configuration via the non-linear

deformation maps ¢ and @ as
x = p(X) VX € By , T =p(X) VX €1,. (1)

Henceforth, we assume the interface to be material such that it follows the motion of the bulk or more
precisely @ = ¢|z,. Furthermore, the interface is assumed to be coherent in the sense that the motion jump
across the interface vanishes or that [¢] = 0.

The deformation gradient in the bulk, denoted F', is a linear deformation map that relates an infinitesimal
line element dX € TBj to its spatial counterpart de € TB; via the relation de = F - dX whereby
F = Grade. Similarly to the bulk, we define the interface deformation gradient F as the linear map
between the infinitesimal line element dX € TZ, and d& € TZ, with d& = F - dX whereby F = %@.
Note, Grad{e} denotes the interface gradient operator defined by Grad{e} := Grad{e} - I as the projection



of the gradient operator onto the interface. It then follows that
F=g,®G" with ic{1,23} , F=g,9G" with ac{1,2}, (2)

in which g, and g, are the covariant base vectors in the spatial configuration, and where G' and G are
the conravariant base vectors in the material configuration.

Let dV and dv denote the volume elements of the bulk in the material and spatial configurations,
respectively. Similarly, dA and da denote the area elements of the interface in the material and spatial
configurations, respectively. The ratios of volume elements and area elements in the spatial over the material

configuration are denoted J and J, respectively, as
J=dv/dV  with  J:=DetF , J=da/dA  with  J:=DetF. (3)

From the view point of classic continuum mechanics, the area element on the interface in the material
configuration dA = dA N maps to its spatial counterpart da = dam according to the Nanson’s formula
da = J F*.dA. The line element dL tangential to the interface and normal to the boundary of the interface
in the material configuration maps to its spatial counterpart via the interface normal map Cof F = J F* as

dl = Cof F - dL in which dL = dL N and dl = di .

3. Geometrically exact interface elasticity theory

The objective of this section is to briefly formulate the interface elasticity theory within a finite deformation
setting. In particular, balance equations and constitutive laws of interface elasticity theory are established
in what follows. Detailed expositions on non-linear continuum mechanics can be found in [63H65] among

others. Further details on formulation of interfaces can be found in the references listed in the introduction.

3.1. Balance equations

The balance equations are derived by viewing configuration By as the entire continuum body or as an
arbitrary cutout volume of the continuum body. This view is only assumed to reduce the notations and
it does not alter the derivations nor the final equations. To proceed, we first write the global external

mechanical power P8l in an integral form

Pa- [
B

<,'o~b0dV+/

¢>~b0dv+/ ¢ bydA
By

By

+/ <'p~50dA+/ % bydL,
aBF 3Ty

in which ¢ and @ denote the material time derivatives of the bulk and interface motion ¢ and @, respectively.

0

(4)

Note, that boundaries 0B, and 8[33' follow the same motion as the bulk itself in the sense of kinematic
slavery and, thus, the surface is material. The same analogy holds for interface Z; as well as for the boundary
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of interface 0Zy. The force density of the bulk per unit volume in the material configuration is denoted by.
Similarly, the force density of the surface per unit area in the material configuration is denoted Bo, often
referred to as traction vector. In a similar way, the force density of the curve per unit length in the material
configuration is denoted g(), often referred to as a traction-like vector. The interface is assumed to be
completely flexible to bending, and thus, no bending moments or twisting moments exist in the interface.
Following Cauchy theorem type arguments, surface traction Bo can be related to the Piola stress P in
the bulk through surface normal N according to go = P N. Interface elasticity theory is based on Cauchy
theorem type arguments for a two-dimensional manifold. Bearing this in mind, the interface is provided with
its own Piola stress P, and traction EO on the boundary of the interface 0Zy is related to the interface stress
via Eo = P - N. The interface stress P is superficial in the sense that it possesses the property P- N = 0.
The superficiality of the interface stress is a crucial property in this context. It can be shown that the
superficiality property is the consequence of a first-order continuum theory [66, [67] and the zero-thickness
interface [68]. Rewriting Eq. in terms of stresses instead of tractions yields
<,'o~b0dV+/ @ -bpdV

By

Pe = Pele. o) = |

By

(5)
+/ <,b~P-NdA+/ <'p~P-NdA+/ %-P-NdL.
By oBF

Secondly, we impose the invariance of the global external mechanical power P8 with respect to super-

posed rigid body motions as
PE=PL(pP) =Ph@+v+wxe, P+vtwxT) Vo,w, (6)

where the constant, but otherwise arbitrary linear and angular velocities are denoted v and w, respectively.
To be more precise, neglecting inertia and body forcesE| the invariance with respect to translations renders
the global form of balance of linear momentum

/ v-P-ﬁdA+/ v~P-ﬁdA+/ v-P-NdL=0 Yo, (7)
By oBF 9Ty

and the invariance with respect to rotations renders the global form of balance of angular momentum

/ [wx:c]~P~ﬁdA+/ [wxm]-P-ﬁd/H—/ [WwxZ]-P-NdL=0 Vw. (8)
0By aBy G

Thirdly, through localization of the global balances and to an infinitesimal subdomain in the

bulk, the classic balance of linear and angular momentum in the bulk are obtained as

DivP =0 and e:[F-P'|=0 & P-F'=F.P', (9)

IFor simplicity, quasi-static problems are considered.



respectively, with & being the third-order permutation tensor. Along the same lines, via localization to an
infinitesimal subdomain on the interface, the balance of linear and of angular momentum on the interface

are obtained as

DWP +[P]-N=0 and e:[F.P'|=0 &« P.F' =F P, (10)
respectively, in which the interface divergence operator in the material configuration is denoted as Div{e} =
Grad{e} : I. Note, that the interface divergence operator embeds the information regarding the curvature
of the interface, and we therefore do not need to introduce the Christoffel symbol explicitly.

Using the expressions above for balance of the linear momentum, after some mathematical steps, the

external power densities in the bulk P.x and on the interface Peyx can be written as

Pu=P:F , ’Pexzﬁ:f, (11)

where {o} denotes the material time derivative of the quantity {e}. The rates of the deformation gradients

in the bulk and on the interface using convected curvilinear coordinates read

F=g,0G , F=g,2G". (12)
In view of Eq. , we emphasize that the rate of the interface deformation gradient is superficial but not
tangential in the sense that F' - N = 0 but 7 - F # 0. This should be compared with the properties of the
interface deformation gradient which is both superficial and tangential, that is F - N = n - F = 0. This
rather peculiar behavior occurs, since the basis vectors g, must lie on the interface but their variation can
contain an out of plane component due to the fact that the interface is a two-dimensional manifold within

a three-dimensional Euclidean space. By inserting Eq. into the the external power densities 7 and

after some manipulations, the external power densities can alternatively be expressed as

Pex =D - 0; where  p' = Piig; with 4,5 € {1,2,3}, 13)
Pex =D -G, where p~ = P'°g, with a € {1,2},
in which p’ and p* are energetically conjugate to the deformation vectors g, and g,, respectively. Note
that P and P are stress tensors energetically conjugates to the deformation gradient tensors F and F,
respectively. In an identical way, the quantities p’ and p* are termed stress vectors henceforth. Piola stress
tensors P and P are two-point tensors while stress vectors p’ and p® lie solely on the spatial configuration.

In passing, we mention that, as a dual of Eq. , the rate of the basis vectors g, and §a can be related

to the deformation gradients in the bulk and on the interface as
g,=F.G, , g,=F G, = F=g,08G , F=3,2G". (14)
Furthermore, as a dual of the definitions of the stress vectors based on Piola stress tensors 7 the Piola

stress tensors can be related to the stress vectors as

P=p'®G, , P=p"®G, & p =P'g, , p*=Prg,. (15)
8



3.2. Constitutive laws

In order to derive the constitutive laws, we start from the external power densities ((11)) or alternatively (13)).

We insert the external power densities into the Clausius—Duhem dissipation inequalities

D:/Pex_’i/')zo ) D:fex_az(h (16)

in which D and D denote the dissipation densities in the bulk and on the interface, respectively, in the
material configuration. In Clausius—Duhem dissipation inequalities , 1 and v denote the Helmholtz
energy densities in the bulk and on the interface, respectively. Replacing the external power in the dissipation

inequalities renders

D=P:F—4>0 7 D=P:F-9y>0, (17)
or alternatively
D=p.g,-b>0 .  D=p"G,—0>0. (18)

The first format for the dissipation inequalities suggests the Helmholtz energies in the bulk and on
the interface to be a function of F' and F, respectively. That is, ¢ = 1(F) and ¢ = 1 (F) and thus,

— . — . — [ > — : _—— = — — : > 19
D=P:F 9F F [P QF} F>0, D=P:F oF F {P 8F} F>0, (19)

and since these equations have to be fulfilled for any time derivative of the deformation gradients, the Piola
stresses for fully elastic processes, i.e. D = D = 0, are obtained as

P= g—iﬁ , P= 2—% . (20)
The second format for the dissipation inequalities suggests the Helmholtz energies in the bulk and on
the interface to be a function of g, and g,, respectively. That is, ¥ = 9(g,) and ¢ = 1(g,,) and thus,

] 9;20 , D=p"g,~v= [p“

7
and since these equations must hold for any time derivative of the basis vectors, the stress vectors for fully
elastic processes read
g2 a0 (22)
agi 89(1
3.3. Material frame indifference

So far, the balance equations and constitutive laws of interfaces have been established. Here, we study the
implications of material frame indifference on the Helmholtz energies ¢(F) or alternatively (g, ). For the
sake of brevity, we limit the discussion exclusively to the interfaces and omit the bulk.
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Let Q € SO(3) denote an arbitrary proper orthogonal tensor with the properties Q' = Q! and DetQ =
1. If the interface Helmholtz energy density is expressed in terms of the interface deformation gradient as
9 = 1(F), material frame indifference requires 1)(F') = ¢(Q-F). Therefore, this energy is frame indifferent if
and only if the interface deformation gradient F enters the energy through the interface right Cauchy—Green

tensor C as
¢ =p(F) Sweolllencindfance 5 _3%C) with C=F' - F=75,,G G . (23)

Alternatively, the interface Helmholtz energy density can be expressed in terms of the interface covariant
bases in the spatial configuration as 1) = (g, ). Material frame indifference requires 1 (g,) = ¥(Q - g,,)-
Therefore, this energy is frame indifferent if and only if the spatial vectors g, enter the energy through the

scalar-valued invariants g,z as

U =1(g,) SRURIEMRCREl Y= (F.,) With Fap=Ja- s (24)

where g, 5 are the coordinates of the interface spatial metric tensor. It bears emphasis that the Helmholtz
energy of the form v = (g, 5) is indeed frame indifferent but not automatically covariant. This shall be
compared with the Helmholtz energy of the form 1 = 1)(C) that is covariant implying a stronger material

frame indifference.

3.4. Consequences implied by the interface elasticity theory

This section collates some significant consequences following from the interface elasticity theory. Some of the

consequences are intuitive and well-established while others remain elusive and require detailed discussion.

F is both superficial and tangential. The interface deformation gradient F is superficial by definition
since F - N = 0. Due to the particular structure of F given by Eq. , it is also tangential since @ - F' = 0.

Consequently, F' is superficial with respect to the material configuration and tangential with respect to the

spatial configuration. ]

By definition, the interface Piola stress P is superficial, but not necessarily tangential. Follow-
ing the Cauchy theorem for a first-order continuum theory, it becomes evident that a fundamental property
of the interface elasticity theory is the superficiality of the interface Piola stress in the sense that P- N = 0.
Nevertheless, stresses P and P have different dimensions and refer to different phenomena and hence, can-
not be related, in general. Somewhat surprisingly, the rate of the interface deformation gradient is only
superficial but not necessarily tangential or F N=Obutm-F # 0. Therefore, the format of the inter-
face external power Pex = P: F suggests the interface stress P to span the same space as F hence, not

necessarily tangential by definition, see Eq. 2. m]
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Interface Piola stress P is tangential due to the angular momentum balance. Central to the
interface elasticity theory are superficiality properties of F and P. While F is also tangential, we cannot
at this state claim the same for P. However, balance of angular momentum on the interface 2 requires
P to be tangential as

by definition: n-F=0 o

ang. mom. bal.. P-F'=F.P¢ v

With these results, P is superficial with respect to the material configuration but tangential with respect
to the spatial configuration. In short, both the interface deformation gradient F and the interface Piola
stress P are superficial as well as tangential. Thus, the interface stress vectors and interface stress tensors

are related according to
P=p"®G, & p*=Pg; with «,B€{1,2}, (25)

which shall be compared with Eq. . While F is tangential by definition, P is tangential because of the
balance of angular momentum. This observation is particularly important since it rules out the existence of

the interface shear detailed next. m]

Dependence of energy on the interface normal  leads to the notion of interface shear. As pre-
viously discussed, the interface Helmholtz energy density 1) shall be a function of the interface deformation
gradient F' or equivalently a function of g,. Since the interface normal 7 depends on the interface deforma-
tion gradient F and can be constructed via the outer product of the interface base vectors, we may allow the
interface Helmholtz energy to depend explicitly on 7 as ¢ = ¢(F,m). Using relation on/0F = -n® F*
in index notation [R® F];;; = [n]; [F '], proven in we expand the interface stress

oY B @ onp om0

?:t_ _— =
OF O0Flm om oF o

<

—nmeT with T=_22.F", (26)

SISy
SN
]

.
in which T is a vector tangential to the interface on the material configuration. At first glance, the structure
of m ® T implies that the interface stress contains a normal component in the spatial configuration and
ties to the surface shear concept [69-71]. However, due to the interface balance of angular momentum, the

interface stress needs to be tangential and satisfy 7 - P = 0. Therefore,

T ST Fom 2 (27)

n-—| —-I'=0 = '=n - —| ,
OF Im OF Im

which essentially states that 9/OF|n does contain a non-tangential term but overall the surface shear
contribution cancels from the interface stress P. The interface stress P reads

- - o

P- _mer=-| _men 2

OF Im OF Im

. oY -
— i i (R 28
oF | [t — T ®n] T | 7 5 (28)
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which clearly reveals the projection via the interface identity on the spatial configuration from left. As we
will see next, the interface Helmholtz energy density 1 cannot depend on the interface normal, thereby
excluding the interface shear a priori. O

Note, that this manuscript and consequently the aforementioned discussions are particularly relevant
to material interfaces and deformational mechanics. The surface shear may exist in configurational me-
chanics [T2H75] or for evolving interfaces [76], see also [7]. For deformational mechanics and non-evolving

coherent interfaces though, the interface shear is not admissible at all.

Material frame indifference rules out the dependence of 1) on m. In the following, we prove that
the normal vector cannot enter the energy. In doing so, we start from the Helmholtz energy 1 = ¢ (F, )
explicitly accounting for the interface unit normal 7. Material frame indifference requires the energy v to

be invariant with respect to rotations as

v=0Fn)=0Q F,Q-n) VQecSO®3). (29)

The objectivity requirement (29) holds if (i) F enters the energy via C := F* - F and if (ii) 7 enters the
energy viam-mn or i - F. Consequently,

A e
=0 =1

in which we have used that F is tangential.

Material frame indifference implies balance of angular momentum. Enforcing material frame
indifference of the Helmholtz energy, requires the interface deformation gradient to enter the energy through

C. Therefore, the interface Piola stress reads

ﬁ:%_%:ng-g with 5122%

= ) (31)
OF 9C OF oC

whereby S denotes the symmetric interface Piola—Kirchhoff stress. An important consequence of the relation

P =F -8 is that

F -F.[F-§=F.P, (32)

W

P-F'=F-

and therefore, balance of angular momentum on the interface is satisfied a priori. Furthermore, note that

the relation P = F - § automatically furnishes a tangential as well as superficial interface stress P. O

Isotropic interface Helmholtz energy is expressed in terms of the two invariants of C. Following
the representation theorem for isotropic functions, the interface Helmholtz energy v(C) for isotropic interface

behavior shall be expressed as (I, I3) with I; = C : T and Iy = Det C being the invariants of C. An

12



interesting consequence of isotropic interface response is that the interface stresses, without loss of generality,

simplify to

[ [ — e O e O e

ar, - oL, . ol a1, Y o (a3)
o 0= O —, — O e 0D .

o1, - Car, o o1, 920" T, 29 ¢

which clearly indicate the structures of the interface stresses. Note that S is both superficial and tangential
in the material configuration while P is tangential in the spatial configuration and superficial in the material
configuration. Instead of I; and I, we could choose any set of two independent invariants of C such as
C : I and C? : I. Nevertheless, the resultant expressions for P and S would be formally identical regardless
of the choice of the invariants. ]

Table [I| summarizes the geometrically exact interface elasticity theory and fundamental concepts asso-
ciated to the theory. Furthermore, the governing equations are cast into the classic format [6l [7, 36l among

others] and the alternative format in accordance with [68].
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differential geometry of interfaces (corresponding to the material configuration)

co-variant and contra-variant bases G, ,G*

normal N =+G; x Gy /|Gy x Gy
gradient operator Grad{e} = 0{e}/0* ® G~
divergence operator Div{e} = 0{e}/O~ - G“
identity I=G,G*=T-N®N

kinematics of interfaces

material and spatial coordinates X,z

non-linear map %2 with 7 =%(X)

linear tangent map F with dz=F - -dX

linear normal map Cof F with dl = CofF-dL
determinant operator Det F=|F -Gy x F-G3|/ |G x Gs|

governing equations of interfaces

classic format alternative format
lin. mom. balance DivP+[P]-N=0 Gradp® -G, +[pP®G;]-N =0
ang. mom. balance e:[F-Pt]=0 e:[g,@p*] =0
external power P =P: b Pex =P - G
deformation rate F— g, G~ g, = F G,
stress measure P=p"2G, p* = PPog,
dissipation inequality D=P:F-9>0 D=p" g, — ¥>0
constitutive law P =0y/0F p* = 99 /0g,
objective energy b =1(C) P =19(Gog)

Table 1: Summary of interface elasticity theory. The interface unit normal N points from the minus to the plus side of the
interface and carries by definition a =+ sign to indicate that this formulation cannot determine the direction of the normal and
that shall be constrained with the surrounding bulk. The stress measures are energetically conjugate to the deformation rate
measures. The corresponding index for bulk quantities is denoted 7 € {1,2,3} to distinguish from the one associated to the

interface quantities with a € {1, 2}.
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4. Linearized interface elasticity theory

So far, we have introduced a geometrically exact interface elasticity theory at finite deformations together
with its natural consequences. However, many applications of the interface elasticity theory deal with the
behavior of materials not only at small scales but also at small strains. Therefore, it is extremely useful to
derive a consistently linearized interface elasticity theory, see [78] among others. Linearization means that
expressions for stresses and strains depend linearly on the displacements; essentially, this implies that an
exact non-linear relation is replaced by its tangent at the point in question. Obviously, a linearized theory
is meaningful if the displacement gradients are small, i.e. ||Gradu|| < § with sufficiently small § < 1.

We limit the linearization procedure to the interface as the corresponding derivations for the bulk are

standard and well-established. To proceed, we define the linearization operator . on the interface as

I+@ -[fff]:{o}‘IJraT : Gradw, (34)

_ {o}
A=A, o7 OF |1

with w being the infinitesimal displacement on the interface, but not necessarily tangential to the interface.

From definition , it follows instantly that

Y F =1+ Gradw, (35)
which takes an analogous format in the bulk. However, the linearized interface right Cauchy—Green tensor
C has some small but important differences from its bulk counterpart. Linearization of C reads

C_T.9T o - 10C 1
LC=I+2T"":Gradu with mym .— 100 _

—0 =0  —=a =0 —a =
_23F1_2[G G +G 0G| 0G ®Gs. (36)

It appears that I®™ has the property that, for any second-order tensor A, we have I*¥™ : A = [*¥™ : A
It is important to note that I¥™ not only does symmetrize the second-order tensor Gradw, but that it

functions as a projection to the reference configuration, see [(9] for further details in the bulk. Expression

can be written as

L C=1+1-Gradu+ [Gradu]" - T # I +2[Gradu ™™, (37)
which is different from its bulk counterpart. In fact, the symmetric interface displacement gradient
[Gradw | »™ = § [Grad@ + [Gradu]' | , (38)

is not necessarily tangential or superficial to the interface and, hence, cannot be a suitable interface strain

measure for linear elasticity. Instead, we define the linearized interface strain € as

€=1[I Gradu+ [Gradw]® - I| =T¥™ : Gradu = I : [ Gradw | ™ (39)

In this case, the linearized strain € relates to C through

ZC=1+2e. (40)
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Next, we apply the linearization procedure on the governing equations, namely (i) the balance of linear

momentum, (ii) the balance of angular momentum and (iii) the constitutive laws.

Linearized balance of linear momentum

Linearizing the balance of linear momentum on the interface at finite deformation (10f); reads

DvP+[P]- N=0 2% Dnl+[m.-N-o, (41)

in which IT and IT are the linear stresses in the bulk and on the interface, respectively. Bulk stress IT is

standard and we only elaborate on the interface stress IT as

_ _ o o F.S
H:,,?P:f(F-S):[FuS’H +u‘ : Gradw
I oF 1 (42)
:ﬁo+ [G:ﬁsym+1®ﬁo} :Gradﬂ,
where
_ _ —
T, = 5| oW Te=298 4 0 (43)
I oC 1 oC' 1 0CoC 1

It appears that the initial stress Iy is symmetric as it derives from (C). Moreover, the linear interface

stress IT may also be written as

M=1I,+ C:€+ Gradu - I . (44)

We observe that the last term, i.e. Gradw - Iy, is a result of a differentiation of F in the expression
P =F -8, iec. this term is related to the change of kinematics and not to the change of Helmholtz energy.
Finally, with , the linearized balance of linear momentum reads

Div (IIy + C: €+ Gradu -1y ) + [II] - N =0, (45)

subject to the boundary condition

[Ty + C:e+ CGradw -] - N =by. (46)

The format of Eq. indicates that IT is non-symmetric, in general, due to the controversial term Grad @,
see [43] BOH89] among others.
Let ITy denote the initial stresses in the bulk. Then, the linearized balance of linear momentum at

the reference configuration, i.e. F = I, reads
DivIIy + [II] - N =0. (47)
Inserting Eq. into Eq. yields

Div (C:€+ Gradw-IIy ) + [IT - II] - N = 0. (48)
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Eq. clearly shows that the controversial non-symmetric term Grad@ - Iy may play a significant role
even for an infinitesimal displacement gradient since its influence depends on the magnitude of the initial
stress ITy. Furthermore, the term Gradw itself is of the same order as €. Finally, in the presence of initial

stresses, the linearization of a bulk model also leads to non-symmetric stresses.

Linearized balance of angular momentum

In order to obtain the linearized balance of angular momentum, we apply the identity
Z(A-B)=%A-B|1+A|;- ¥B—-(A-B)r, (49)

on the interface angular momentum balance ((10))2. Therefore

P.-F'=F.P'
P (50)
= YP-F'|y+P|;- YF'—(P-F")|=%F -P'|y+F|;- P"'— (F-P")r.
Using F|; = I, P|r = IIy and the symmetry property of IT, we obtain
M- T+1L- [I+Gradu|'=[I+Gradu| I, + I -II". (51)

Inserting the linearized interface stress II from Eq. into the expression above shows that Eq. is

trivially fulfilled. Thus, the linearized balance of angular momentum on the interface is satisfied a priori.

Linearized constitutive laws

Let us first identify an expression for the linearized stress .ZS of S. It follows from that

_ _ — _
2:23523(28¢> :2% +2 id)i :a—g : Gradw, (52)
oC oC 1 0CoC 1 OF 1

Following and the definition of I¥™ we obtain
=TI+ C:T%™" : Gradu = Y=1,+C:€. (53)

Similar to the finite strain (exact) theory, for the linearized theory we can derive the interface stress from

the energy 1y, as

5 _ M , T T esleT.e

EzTé with wlin:HO:e+§e:®:e. (54)
From and we finally conclude that

II=X+Gradw - I . (55)

We observe that in this expression the term X is determined from the Helmholtz energy v, so that it gives
the expression shown in . However, in relation to the previous discussion following we again see
clearly that the last term in , i.e. Gradw - Iy, is a result of the change of kinematics.
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Potential function for the interface stress I1 differs from 1)y,. It is interesting to observe that IT
given by can be derived from the expression

aalin
0Gradw

However, as emphasized above, the potential function ¢, is different from the Helmholtz energy ;..

— _ _ 1 N -
II = with Glin = Yy + = o ¢ [[Grad @] - Gradu | . (56)

2

Furthermore, potential ¢y;, is not invariant with respect to rigid body motions and more specifically to
infinitesimal rotations. Clearly, the Helmholtz energy 1)y, does fulfill the invariance properties with respect

to rigid body motions. ]

Simplified versions of the interface potential @) are frequently used. The format of the en-
ergy (b6) in various simplified forms is frequently employed in the literature. For instance, if we enforce
the surface response to be isotropic and the initial stress to be ITy = 7 I with 5 denoting the scalar-valued
surface tension, the potential shall be compared to Eq. (10) of [43]. The interface stress IT obviously

includes the controversial non-symmetric gradient term. O

Linearized stress measures coincide in the absence of the residual stress IIy. Let II, ¥ and
o denote the linearized Piola, Piola—Kirchhoff and Cauchy stresses, respectivelyﬂ Via the linearization

operator (34)), one can show
¥ =11 - Gradw - I and & =TI —II;- Gradw — II, - [2T%°! — 2T¥™] : €, (57)

which clearly shows that various stress measures coincide when the interface residual stress Il vanishes. O

Linearized isotropic interface energy reveals the connection to available studies. Almost all
studies dealing with the interface or surface elasticity theory deal with the linearized isotropic case. Here,
we show how our framework simplifies to this model. In order to derive the isotropic linear elasticity theory
for interfaces, we start from the interface energy 1 being a function of invariants of C as ¢ = (I, I3) with
I, =C : I and I, = Det C. Next, we derive the constitutive tensor C from this energy and insert it in

Eq. together with isotropic residual stress ITp = 7 I with 7 denoting the scalar-valued surface tension.

It is proven in that the constitutive tensor C reads

C =201 +2Xg '™ with T=1[Tel] , IV =L1[IRT+1Ix1]. (58)
Therefore, the interface stress IT simplifies to
=71+ 204 ¥ + 2 g '] : € + 7 CGrad @, (59)

2The term Piola stress is used consistently instead of the commonly accepted first Piola—Kirchhoff stress. The term Piola—
Kirchhoff stress in this manuscript refers to the so-called second Piola—Kirchhoff stress which is symmetric and fully lies on

the reference configuration. Cauchy stress is the classic symmetric stress in the current configuration.
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in which fi,z and \eg are the effective interface material parameters analogous to the Lamé parameters
in the bulk. Inserting Eq. into Eq. , clarifies why we introduce the effective interface material
parameters to describe the linearized stress IT and how the material parameters are related to the surface

tension 7. In the case of isotropic interface behavior, IT, ¥ and & simplify to

=71+ 20T +2Xg '] : €+ 7Grad @,
T =AT + 27,5 V™ + 2 X '] : €, (60)
T =7+ [2[feg + 7TV + 2 A — 7] I : €.

It is common practice to identify the material parameters based on the Cauchy stress as
G =71+ [2aFY™ + 27T : €, (61)
with 77 and A being the interface Lamé parameters and, thus, the effective parameters can be identified as
Teg =F—7 »  Aer=A+7. (62)
Inserting the effective parameters into the linearized interface stress furnishes
T=75I1+[2[E—7I¥"+2N+7]T""]:€+7Gradu, (63)

or alternatively

NO=75I+2p—75:€e+A+7]Trel +yGradu  with Tre=¢e:1I, (64)

which is precisely the interface stress as proposed by Gurtin and Murdoch [90]. The mistake made by Gurtin
and Murdoch in their widely-cited paper was to omit 7 in the definition of the effective quantities. This

error was rectified in an addendum [90] to their original work [6]. a

The non-symmetric term originates due to the fact that the stress-free and strain-free confi-
gurations do not coincide. In order to study this, we linearize the interface Piola stress P at a stress-free

configuration F'* as

ﬁ*:z*ﬁ:?‘f +a£‘7 [F-F, (65)
F~  OF|F~
and since P = F - S, we have

2'(F-8) =2 F 8| _+F| 25— (F 8| =FW+F 25-F 1, (66)

in which the first and the last terms on the right-hand side vanish since the interface Piola stress IL} at the

configuration F™ is assumed to be zero and thus, we arrive at

I =F-2°5. (67)
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Equation clearly projects the symmetric linearized stress .#*S onto the linear stress measure IT* whose
divergence enters the balance of linear momentum on the interface. Note, that if F** is sufficiently close to
the identity, the linearized interface stress IT* is sufficiently close to symmetry. It comes to be evident that
in the limit of the stress-free configuration being strain-free, i.e. F* = I, the linearized interface stress IT*

becomes identically symmetric. o

5. Concluding remarks

In this manuscript, we have presented a concise formulation of interface elasticity theory at finite deforma-
tions using two alternative notations. Various aspects and consequences of the interface elasticity theory are
carefully examined and highlighted. Next, a consistent linearized interface elasticity theory is established.
We propose an energetically consistent linear theory together with its appropriate stress measures. Our
findings show that the controversial non-symmetric term in the linearized interface stress can play a crucial
role in the balance of momentum at small strains.

In summary, this manuscript presents an attempt to shed light on interface elasticity theory in both finite
and small deformations. The interface elasticity theory has received a particular attention in the past decade
due its capabilities to capture the behavior of nano-materials and especially the size effect. We believe that
our generic and consistent framework is broadly applicable to enhance our understanding of the behavior of

continua with a large variety of applications.

Appendix A. Differential geometry of interfaces

It is enlightening to briefly review some basic terminologies and results on interfaces in the sense of two-
dimensional manifolds in three-dimensional space. For further details the reader is referred to [40, 42}, 011 [92]
among others. A two-dimensional (smooth) surface Z in the three dimensional, embedding Euclidean space
with coordinates X is parameterized by two coordinates n® with o = 1,2 as X = X(n*). The corresponding
tangent vectors g, € TZ to the interface coordinate lines n®, i.e. the covariant (natural) interface basis
vectors, are given by g, = 0,-X. The associated contravariant (dual) interface basis vectors g* are defined
by the Kronecker property 5°‘ﬂ = g" - 8p and are explicitly related to the covariant interface basis vectors
8, by the co- and contra-variant interface metric coefficients g,4 (first fundamental form of the interface)

and g*?, respectively, as

Bo=Jap8  With  Go5 =8, B =[g""]"", 1)
g*=9"gy with g =g" 5" =[gasl "

The contra- and covariant base vectors g° and g3, normal to TZ, are defined by g := &, x g, and

B3 1= [73]718% so that & - 83 = 1. Thereby, the corresponding contra- and covariant metric coefficients,

20



Figure A.3: The key differential geometry concepts of the interface as a two-dimensional manifolds in three-dimensional
embedding Euclidean space E3. Coordinates X can be parameterized by two coordinates n' and n? as X = x(n',n?). The
covariance interface tangent vectors are denoted g; and g,. The unit normal to the interface is denoted .. The outward unit

normal to the boundary of the interface and tangential to the interface is denoted 1.

respectively, [¢23] and [g35] follow as

[7%°] = |3, x By* = det[g,s5] = [det[g*)] " = [gss] " (A.2)
Accordingly, the interface area element ds and the interface normal T are computed as

ds = [g; x Bs|dn' di® = [g%)'/2dp" dn® ! 0 =[g5)' 78" = [67]%5;. (A)

Moreover, with 1 denoting the ordinary mixed-variant unit tensor of the three-dimensional embedding Eu-

clidian space, the mixed-variant interface unit tensor i is defined as
1:=0%E, 08 =8, 08" =i-E; Q8 =i-0Qn. (A.4)

Clearly the mixed-variant interface unit tensor acts as an interface (idempotent) projection tensor. The

interface gradient and interface divergence of a vector field {e} are defined by
grad{e} := Oyo {0} ® 8" : div{e} := 0y {e} - B". (A.5)

As a consequence, observe that grad{e} - = 0 holds by definition. For fields that are smooth in a
neighbourhood of the interface, the interface gradient and interface divergence operators are alternatively

defined as
grad{e} := grad{e} -1 , div{e} := grad{e} : i = grad{e} : 1. (A.6)
Finally, the derivatives of the co- and contra-variant interface basis vectors read
0,8 = I 48, + kapll , 08" = —T9,8" + & 4, (A7)
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where I") 5 = OpsBo 8" denote the interface Christoffel symbols and kap are the coefficients of the curvature
tensor. The curvature tensor k = k58" ® g” and twice the mean curvatur k= Ez of the interface 7 are

defined as the negative interface gradient and interface divergence of the interface normal T, respectively,

k:=—gradi= 0,0 ®g" , k= —divii = -9,sm- 8. (A.8)

The covariant coefficients of the curvature tensor (second fundamental form of the interface) are computed
by kap =B k- Bs = —B, - 0,0
For an arbitrary vector field ¥ tangential to the interface, i.e. ¥ = ¥ -1, the interface divergence theorem

reads

/ vﬁdl:/ﬁvda with v=[v]"g, , a € {l,2}, (A.9)
0T A

in which m is the unit outward normal to the boundary of the interface but tangential to the interface. The
interface divergence theorem is formally identical to the classic divergence theorem in the bulk since
we a priori assumed that the vector field ¥ is tangential to the interface. Nevertheless, it is possible to
establish another format of the interface divergence theorem for an arbitrary vector field ¥ not necessarily
tangential to the interface. In doing so, we firstly decompose the vector ¥ to its tangential and orthogonal

contributions according to
v=v-i+v-[m®n, (A.10)
and secondly, apply the interface divergence operator as

divy = div (v-1) + div (v- [m©0)) (A.11)

=div(v-i) +gradv: [M®n] +¥-gradmn -0+ divi ¥ - 1@,

in which the second and the third terms on the right-hand side vanish due to the property grad{e} -m =0

that holds by definition. Furthermore, div @ is minus twice the mean curvature and therefore,
divy =div(¥-1) — k¥ 7. (A.12)

Next, integrating the identity (A.12) over the interface furnishes

/Evda: /m(vi) da—/EV-ﬁda. (A.13)
A T T

3 There are various conventions to define the mean curvature in the literature. For instance, in [63] the term “mean

curvature” refers to the sum of the principal curvatures or the trace of the curvature tensor. Here, we adopt another more
intuitive definition of the mean curvature as the arithmetic mean of the principal curvatures and thus, k& denotes twice the

mean curvature.
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Since ¥ - 1 is tangential to the interface, we can apply the interface divergence theorem (A.9) on the first
integral on the right-hand side and that renders

/Evda:/ [V-ﬂ~fﬁdl—/%§~ﬁda. (A.14)
A o0z A

Note, without loss of generality, the relation [¥ -i] -1 = ¥ - 1 holds. Therefore, the interface divergence

theorem for an arbitrary vector field ¥ not necessarily tangential to the interface reads

/ vﬁdl:/@vdwr/%vﬁda with v=[v"g, , ac€{1,2,3}. (A.15)
0T s v

In a near identical fashion, the interface divergence theorem for an arbitrary second-order tensor field V not

necessarily tangential to the interface reads
V.fidi = /mma + / TV.-mda with V=[T]*g, 08 ., abec {123}, (Al
oz T I

From the format of Eq. , it is clear that the integral containing the curvature vanishes if the second-
order tensor field V is tangential to the interface only with respect to its second index. This particular
family of second-order tensors play an important role in this contribution and are frequently referred to as
superficial tensors according to [6]. For instance, if V is superficial, its projection onto the interface vanishes

from right but not necessarily from left, i.e. V-i =0 but i- WV # 0, in general.

Appendix B. Non-standard derivations on the interface

The derivation procedures of various relations on the interface repeatedly boils down to carry out the
derivation of On/OF which is elaborated in what follows. In order to derive On/OF, first we note that
0n/OF = 0n/OF. More precisely

omn om OF Om

—— Om ) = R
9F g oF ~gp lioTl= g with  [6®T] = (i T, (B.1)
or in index notation
on on OF on — on
—_— g _ R = —_— 3 rq I s . = e . B.2
o)., = (57, (o)., = (57, 0 D)= [ 5] ®:2)

Considering an infinitesimal volume element and the definition of Jacobian, we have dv = JdV and the
celebrated Nanson formula da = J F~*-dA or da = CofF - dA on the interface. Noting that dA = dAN

and da = dam are the material and spatial area elements on the interface, respectively, we have

-t . N

an = . N = n = -'77:: N or n=——. .

d JF*'. [dAN JF* NdA JFt N N B.3
da J |F-t - N|

Recalling that J = da/dA denotes the interface Jacobian. We proceed using the identities

0 U 1 7. wu U ou Olu|  uw Ou R
F ( ) [ — | } “9F , 9F ul "OF Vu : arbitrary vector, (B.4)
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and therefore
on 0 F* N B 1 . _ . OF'.N
o) T iEewt e T

OF ~ OF

using the definition of the interface identity in the spatial configuration 2 = 4 — @ @ ® together with the

identities OF/OF = —F* @ F! or 9FJOF = —F' @ F* with [F"* @ F), ;5 = [F s [F]%,

1 - — — - _ - _ —_
=————1 [F'QF"'-N]|=—i- [F'@n]=-[i - F'|®n=-F"'@n,
Ft N ——
IRy -
in which the relation F~* = ¢ - F-* follows as the transpose of F-! = F-! . 4. Therefore
on on J— on . 3 S—
gF-oF  "OF = [M]-k:‘wﬁthk:—[nb [F] i (B:5)
ij

An important consequence of this relation is the derivative of the spatial interface identity with respect to
the deformation gradient as

or 0t 9(i-men) omemn)

% = 5F = — i = RenF'-F'e men, (B.6)
or in index notation
G [0 Ll [FY), - [F, (B.7)
OF ijkl - |oF ikl a PR it R -

Appendix C. Derivation of linearized isotropic constitutive tensor

Here, we detail on the derivations of the interface linearized isotropic constitutive tensor € from its energy

o = 1)(Iy,I2) with I; and I being the invariants C. To do so, recall that

L1 =C:1I = — =7 and I,=DetC = —==1,C". (C.1)
oC oC
Therefore,
, _ _ _ _
T-1-2Y | _4 a(awafwaa? | :45(81#”81/’120-1)’
oCaClt  9C \ 91, aC 91y O 1 9C \ 9, oI, I
— 9 (9 LD (a) oy - 9C
=4I QR — | — +4C7Q — | =1 +4 = I,—
ac( ! ‘I oI, ‘1 oI, > oC ‘z
— 0I, 0% oI, 0%y oI, 0 o
=4 ®771% + é 71{ ’ C-1® 1<w12>’
oC 6[1 I 0C 01,011 '1 oC 01, 014
—y 01y, O [ O - oY
+4Cl®<1> —4 | ™
aC o, \ I, ° ‘I oI, 1 (C.2)
S SO - - 0% SO - 0| 30
4TI — 8T T ——— T-—| +4I®T—| —4—| ™
® o7  F8Ie 3118[2‘I+ ® 721+ ® 32’1 T 1
277, 277, 277, WA A
_o 429 L5 2V ’ e TN [2%‘ }Hsym
oI, '1 oI, 0I5 1 oI, 1 oly 1 olyl1

oo Heoge

eff

= o 1! + 271 TV™ with ol .= F[T®I] and =1 Iel+1Ix1].
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