
Chapter 23
Single–Band and Multiband Angular Filtering
Using Two–Dimensional Photonic Crystals
and One–Layer Gratings

Andriy E. Serebryannikov and Ekmel Ozbay

23.1 Introduction

Filtering as a process is commonly known for electrical engineers and physicists. In
wide sense, it means an electrical or electronic circuit or an optical structure trans-
mits or not electrical signals or electromagnetic waves in some ranges of variation
of a selected physical parameter, but not to others. Frequency-domain filters are
best known and most widely used. Their common function is to transmit or reflect
in a designer-defined frequency range. The main types include bandpass, low-pass,
bandstop, and high-pass filters, which function depending on which parts of the
frequency spectrum should be transmitted or reflected. Sharp boundaries between
pass and stop bands, total transmission in pass bands, and total reflection in stop
bands are the general criteria that determine the quality of performance of any filter.

Similarly, filtering can be realized in other domains, i.e., at variations of another
physical parameter while frequency is fixed. In spatial filtering, directions of
incidence are assumed to be variable, whereas angular filtering represents its
simplified version, in which incidence angle is varied in plane only. The spatial
(angular) filters are demanded for different applications that include but are not
restricted to the analysis and modification of spatial (angular) spectrum, radar data
processing, aerial imaging, distinguishing the incoming waves depending on source
location, detection of extrasolar planets, and biomedical applications. The known
theoretical and experimental performances of spatial and angular filters include
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interference patterns [1], anisotropic media [2], grating-based resonant systems
[3, 4], multilayer stacks combined with a prism [5], metallic grids backed by a
ground plane [6], axisymmetric photonic microstructures [7], and various photonic
crystals (PhCs) [8–12] including their microwave [13] and sonic [14] analogs that
represent two-dimensional arrays of the rods. To time, both transmission-mode
and reflection-mode angular filters have been proposed. The coexistence of spatial
(angular) and frequency-domain filtering is an important theoretical and practical
extension [4, 11]. Another aspect is related to angle-tolerant frequency-domain
filtering [15, 16]. While the principal possibility of rather strong sensitivity of
transmission and reflection to incidence angle variations is quite evident, the main
problem is how to fulfill the general requirements regarding sharpness of the band
boundaries and constant efficiency within a band, e.g., see Refs. [8, 11, 15, 16].
Indeed, any structure or medium with dispersion properties different from the host
medium (usually air) is sensitive to variations in incident angle, so transmission
and/or reflection is modulated. It is more difficult to entirely suppress transmission
or reflection in a wide range of the angle variation. And even more difficult is to
keep the constant efficiency within a band.

In this chapter, we demonstrate how all the main types of angular filtering can be
achieved in transmission mode in wide bands with the aid of the structures based on
two-dimensional PhCs. Transmission mode utilizes specific dispersion properties of
Floquet–Bloch modes and, hence, behavior of equifrequency dispersion contours
(EFCs) in the entire wavevector space. Moreover, for finite-thickness slabs of
PhC, obtainable dispersion can yield unusual Fabry–Perot transmission, which
is particularly appropriate for wideband angular filtering. From this perspective,
PhCs represent simple and very suitable platform for angular filtering, because of
suggesting a rich variety of dispersion types usable for angular filtering. Similarly to
our earlier studies [8, 11, 17], the structures considered here are assumed to be made
of conventional isotropic, passive dielectric materials and, thus, are easily realizable.
For the sake of completeness, we also consider reflection-mode angular filtering in
reflector-backed single-layer gratings, which is inspired by reflection mode of PhC
gratings.

The chapter is organized as follows:

1. In Sect. 23.2, angular selectivity achievable in a classical Fabry–Perot etalon is
considered.

2. Section 23.3 presents an overview of advanced Fabry–Perot regimes in slabs of
PhC that are applicable to angular filtering.

3. In Sect. 23.4, the basic types of wideband angular filtering achievable in trans-
mission mode with the aid of PhCs are considered.

4. Section 23.5 is dedicated to reflection-mode wideband angular filtering in single-
layer gratings.

5. Section 23.6 briefly explains connection of angular filtering to other well-known
phenomena and operation regimes.

6. Finally, concluding remarks are given in Sect. 23.7.
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All the electromagnetic waves considered are assumed to be plane and
monochromatic; "r and �r stand for relative permittivity and relative permeability,
respectively.

23.2 Fabry–Perot Etalon and Angular Filtering

First, we consider the basic features of transmission in case of Fabry–Perot etalon
that is probably the simplest example of a transmission-mode angular filter. The
structure considered here represents a homogeneous dielectric slab with non-
corrugated interfaces; see Fig. 23.1, inset. A well-known formula allows one to
express transmittance, T , via characteristics of the slab and its interfaces [18]:

T D .1 � OR/2=Œ.1 � OR/2 C 4 ORsin2.nkDcos� 0/�; (23.1)

where k D k0 D !=c is free-space wave number, � 0 is angle of refraction at the
air-dielectric interface, D is the slab thickness, and n is index of refraction of the
slab material. Reflectance of an air-dielectric interface, OR, is given by

OR D Œ.cos� � ncos� 0/=.cos� C ncos� 0/�2; (23.2)

where ncos� 0 D
p

n2 � sin2� and � is angle of incidence. Transmittance is maximal
when sin.nkDcos� 0/ D 0. It is assumed that the slab is made of a conventional non-
dispersive, isotropic, lossless dielectric with "r > 1 and �r D 1, i.e., n D p

"r.
Figure 23.1 presents three examples of behavior of T in .kD; �/-plane. Calcula-

tions are carried out by using Eq. (23.1). The basic effects caused by variations in � ,
kD, and "r are clearly seen. They include enhancement of the effect of � on location
of the maxima and minima of T at larger values of � and kD, disappearance of
overlapping of the neighboring Fabry–Perot resonances and weakening sensitivity
to variations in � at increasing "r, and upshift of the resonance frequencies at
increasing � that leads to the positive slope of the mountains of T D 1 [i.e.,
d�=d.kD/ > 0 at the mountain top] and valleys of minT between them. It is
worth noting that avoiding resonance overlapping and, thus, good separation of
the neighboring mountains of T D 1 invoke high-permittivity dielectric materials,
which are available not for all parts of the electromagnetic spectrum and may show
high losses.

Let us consider the features observed in Fig. 23.1 from the angular filtering
perspective. The fundamental difference between the frequency-domain and angle-
domain behavior of T , which may, in principle, be realized in Fabry–Perot etalon, is
that there is an infinite number of the maxima of T D 1 in the frequency domain at
fixed � , whereas the number of the maxima in the angle domain at fixed kD can vary
from zero [e.g., at kD D 16:8 and "r D 60 in Fig. 23.1c] to several ones [e.g., eight
maxima at kD D 58:7 and "r D 2:1 in Fig. 23.1a], when 0 < � < 80ı. For low-pass
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Fig. 23.1 Transmittance in .kD; �/-plane for Fabry–Perot etalon at (a) "r D 2:1, (b) "r D 5:8,
(c) "r D 60; black and white colors correspond to T D 0 and T D 1, respectively; different ranges
of kD-variation are used in (a, b) and (c) to show details important for angular filtering; (a, b) only
one maximum of T occurs in � -domain at kD-values on the left side from dashed line; (a) dotted
line – example of several (here – eight) maxima of T at kD D const; inset – general geometry

angular filtering, which is the simplest regime, it is difficult to obtain a single pass
band that is well separated from the bands corresponding to the neighboring maxima
of T and simultaneously has a sharp boundary between high-T and low-T regimes
at given � D �c, while using low-permittivity dielectric materials, see Fig. 23.1a.
These materials typically do not enable a single band in the angle domain, at least in
the range of high sensitivity to variations in � , where the slope may be appropriately
small.



23 Single–Band and Multiband Angular Filtering Using Two–Dimensional. . . 609

The use of high-permittivity materials allows one to obtain a single band and
good separation, but the band boundaries remain blurred, because of a large
slope of the mountains of T D 1. Indeed, low-pass filtering can be possible for
high-permittivity dielectric materials owing to good separation of the neighboring
mountains, provided that the slope is sufficiently small for obtaining sharp bound-
aries but not so small that there might be additional bands at the same kD-value. As
shown in Fig. 23.1, a larger number of non-overlapping mountains can be obtained
at a fixed kD while increasing "r. However, the realizable slope and distance between
the mountains are not appropriate to fulfill the requirements of sharpness and
single maximum simultaneously. When we separate the mountains with the aid of
increasing "r, we simultaneously increase the slope. Thus, in case of Fabry–Perot
etalon, the basic requirements to an angular filter can contradict with each other. For
bandpass and high-pass filtering, the problem of blurred boundaries remains. Some
aspects of angular selectivity in Fabry–Perot etalon have been studied in Ref. [19].
For further evidence, Fig. 23.2 presents the examples of dependencies of T on �

Fig. 23.2 Transmittance vs � at fixed kD for Fabry–Perot etalon with (a) kD D 2 and "r D 2:1

(solid line), "r D 5:8 (dashed line), "r D 11:9 (dotted line); (b) kD D 27 and "r D 16:3 (dashed
line), "r D 35:4 (solid line), "r D 43 (dotted line); (c) kD D 51 and "r D 16:3 (dashed line),
"r D 35:4 (solid line), "r D 43 (dotted line)
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at kD D const. The problem of the blurred boundaries is clearly seen. Fabry–Perot
etalon based on a low-permittivity dielectric material does not yield efficient angular
filtering, see Fig. 23.2a.

If requirements to band separation and sharpness of the band boundaries are
not very strict, a bell-type bandpass filter can be obtained with the aid of Fabry–
Perot etalon even at "r D 16:3, as shown in Fig. 23.2b. Typically, obtaining
well-pronounced angle-domain bands requires materials that have high values of
"r. Clearly, there is no tolerance regarding choice of operation frequency in this
case, because small variations in frequency can lead to unwanted deviations from
the mountain top. That is why more complex approaches and structures may be
required in order to obtain efficient angular filtering.

23.3 Advanced Fabry–Perot Regimes Using Photonic
Crystals

As has been shown above, Fabry–Perot transmission regimes promise realization of
different types of angular selectivity. In fact, the ability of homogeneous dielectric
slabs to show strong selectivity in � -domain, which is suitable for angular filtering,
is connected with formation of the stop bands at large values of "r that occurs owing
to the impedance mismatch. On the other hand, stop bands with sharp boundaries can
be obtained with the aid of the dispersion-related mechanism in photonic crystals
(PhCs). In this case, high-permittivity dielectric materials are not required. A rich
variety of Fabry–Perot transmission regimes can be realized in finite-thickness
structures based on PhCs with infinitely long rods, i.e., slabs of two-dimensional
PhCs [19, 20]. It can also be achieved in PhC slabs that represent 3D structures, in
which height of the rods or holes is comparable with lattice constant [21]. They may
appear owing to Floquet–Bloch modes in the entirely periodic structures [19, 20],
defect modes arising due to structural defects [12], and pure supercell modes, e.g.,
in non-uniform PhCs with parameters that are gradually varying from one unit cell
to another [22]. All these structures and modes have potential in angular filtering.
Moreover, in contrast with the Fabry–Perot etalon, many regimes can be realized
by using PhCs made of conventional dielectric materials. Although transmission
behavior of the classical Fabry–Perot etalon cannot be fully replicated in PhCs, they
allow to obtain other features (e.g., sharp boundaries of the transmission bands due
to the band gaps), which are highly demanded in angular filters. In fact, richness of
the achievable transmission regimes is determined by richness of dispersion types
in PhCs.

In the context of comparison of homogeneous dielectric slabs and finite-thickness
PhCs, one should not forget that the effective boundaries of rod-type PhCs are
ambiguous. This might complicate comparison of transmission in these two types
of the structures. It is known that taking into account termination and matching
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with the host medium is important for transmission properties of the resulting finite-
thickness PhCs. In Ref. [19], multiple narrow pass bands are demonstrated for the
slabs of PhCs made of conventional dielectric materials, with the aid of which, the
same performance of the angular filter cannot be obtained in a homogeneous layer.
It has been shown that this narrowband regime may correspond to different types of
dispersion of the Floquet–Bloch modes and can be especially efficient at their band
edges. Thus, narrowband angular filtering can be obtained relatively easily. This is
a reason why it is worth focusing on wideband angular filtering.

Let us consider an example that demonstrates Fabry–Perot transmission regimes
in the slabs of a square-lattice PhC (a is lattice constant) composed of the Si rods
with relative permittivity "PhC

r D 11:9 and diameter d, see Fig. 23.3. Here and
further, it is assumed that the slab is illuminated by s-polarized wave (electric field
vector is parallel to the rod axes), at the angle � � 0, while the slab interfaces are
along �-X direction. Two maps are presented in Figs. 23.3a and b that illustrate
behavior of transmittance related to the second, third, and fourth lowest Floquet–
Bloch modes (regions of T > 0 indicated by the numbers 2, 3, and 4, respectively).
The features observed here are very general and can be obtained for various sets of
PhC parameters [8, 11].

From the Fabry–Perot transmission perspective, there are three scenarios, which
are distinguished in terms of sensitivity to the variations in ka and � . Only one of
them is realized in Fabry–Perot etalon. In this scenario, the mountains of T D 1

show the positive slope, i.e., d�=d.ka/ > 0 at the mountain top. On the contrary, the
scenario with the negative slope, d�=d.ka/ < 0, has not been observed in Fig. 23.1.
In fact, this difference indicates positive phase velocity in the first scenario and
negative phase velocity (NPV) in the second one, so S � kPhC > 0 and S � kPhC < 0,
respectively (S is the time-averaged Poynting vector, and kPhC is the wavevector
of the Floquet–Bloch mode). Finally, in the third scenario, denoted by v, there are
nearly vertical mountains of T D 1, i.e., jd�=d.ka/j tends to infinity. The regions
of T > 0 in .ka; �/-plane in Figs. 23.3a, b have sharp boundaries. Even though
the neighboring mountains are not well separated from each other, the achievable
Fabry–Perot transmission regimes show significant advantages compared to those
in Fabry–Perot etalon. This is possible because different scenarios of transmission
are realized due to Floquet–Bloch modes having different dispersion properties.

Comparing Figs. 23.3a and b, one can see that the regions of T > 0 in the .ka; �/-
plane have the same location, and the only significant difference is the density
of the mountains of T D 1. This feature is exactly the same as that we would
observe in two Fabry–Perot etalons that are made of the same dielectric material
but have different thicknesses. Hence, the Fabry–Perot resonance nature of the
mountains in Figs. 23.3a and b is evident. Thus, dependencies of T on ka obtained
at � D const while N is increased would show the same densening of the minima
as that obtained for Fabry–Perot etalon while D is increased. Four examples of T vs
� are presented in Fig. 23.3c that demonstrate the principal possibility of obtaining
sharp boundaries of the bands of T > 0 in the .ka; �/-plane. In particular, the
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Fig. 23.3 Transmittance for slabs of PhC with "PhC
r D 11:9, d=a D 0:45 (a, b) in .ka; �/-plane

at (a) N D 6 and (b) N D 10; and (c) as a function of � at ka D 3:269 (solid line) and ka D 2:751

(dashed line), N D 6, and at ka D 2:675 (dash-dotted line) and ka D 2:751 (dotted line), N D 10;
in (a, b), black and white colors correspond to T D 0 and T D 1, respectively, numbers 2,
3, 4 indicate the regions in which transmission appears due to the corresponding Floquet–Bloch
mode, p, n, and v indicate the regions with positive and negative slope of mountains and vertical
mountains, respectively; inset shows general geometry

possibility of low-pass (solid line), imperfect narrow bandpass (dash-dotted line),
and bandstop (dashed and dotted lines) filtering is demonstrated here. The case
of low-pass filtering is realized for the fourth lowest Floquet–Bloch mode, while
three other cases are realized for the second lowest Floquet–Bloch mode, at the
lower-frequency edge of the region of T > 0 in .ka; �/-plane. Clearly, fulfillment of
possible requirements regarding T-values at the pass bands (e.g., T D const) may
need other sets of parameters than in Fig. 23.3c, including ones not corresponding
to the near-edge regimes. The strategy of utilizing the above discussed transmission
features, which can be obtained with the aid of PhC-based structures, for different
types of angular filters is considered in the next sections.
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23.4 Wideband Angular Filtering in Transmission Mode

23.4.1 Basic Principles from Dispersion in k-Space

The distribution of the Floquet–Bloch modes in the entire wavevector space
(k-space) determines the type(s) of angular filtering, which can be realized for a cho-
sen set of structural parameters and frequency [11]. It is known that electromagnetic
waves follow in PhC Bloch’s theorem as electrons in a crystal, so the distribution
of the modes in k-space or its two-dimensional analog, i.e., the (kx,ky)-plane, can be
reconstructed from the distribution of the modes in the first Brillouin Zone (BZ).
To do this, one should use a repeated zone scheme by following the symmetry
of the PhC lattice similarly to the electronic case. Strictly speaking, this approach
allows one to clarify whether coupling is, in principle, possible or impossible for a
certain range of � variation. An extensive analysis of anomalous refraction scenarios
achievable in PhCs, which takes into account the mode distribution in the entire k-
space, has first been carried out in Ref. [23]. For the purposes of angular filtering,
the earlier studies of PhCs are important, because they give an idea about possible
types of behavior of EFCs for PhC in k-space.

To obtain wideband angular filtering, the following requirements have to be
fulfilled:

• coupling of the incident electromagnetic wave to a Floquet–Bloch wave is
realized only for the desired ranges of � -variation and forbidden otherwise;

• switching between angular pass and stop bands (the ranges of T > 0 and T D 0)
must be sharp, in the ideal case – stepwise;

• constant transmission efficiency must be preserved within the entire range of
T > 0 (in the ideal case – T D 1).

Let us briefly explain the meaning of these requirements in terms of properties
of Floquet–Bloch modes in k-space. The first requirement means that EFCs of PhC
must exist only within a part of the entire range of 0 < kx < k0 and not exist within
the remaining part, in order to enable transmission for the former and block it for
the latter. The second requirement is expected to be fulfilled when EFCs tend to
quickly disappear while approaching the boundary of the region of existence of a
Floquet–Bloch mode in k-space; thickness of the slab of PhC is large enough to
obtain strong energy confinement and, thus, avoid blurring of the band boundaries,
and there are no surface waves or edge modes related to the finite thickness of the
structure. The third requirement means, in fact, that ky D const must be obtained
for EFCs in the kx-ranges where coupling is required. It cannot be obtained in
the case of circular EFCs, which correspond to the isotropic media and some of
Floquet–Bloch waves in PhCs. Instead, flat EFCs are required. Generally speaking,
the first requirement represents the necessary condition of dispersion-driven angular
filtering in transmission mode, whereas the second and third ones determine quality
of performance of an angular filter.
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Fig. 23.4 Examples of combination of EFCs for the regular infinite PhC (solid lines) and air host
(dash-dotted lines – circles) in .kx; ky/-plane at fixed frequency (repeated zone diagram); kx and
ky vary from �2�=a to 2�=a; triangles show boundaries of the first BZ; vertical dashed and
dotted lines – construction lines corresponding to the cases when coupling is and is not possible,
respectively; rectangles at plot top schematically show location of kx ranges, in which coupling
is possible; (a) one nearly monotonous band solution yielding a nearly circular EFC around �-
point, (b) one nonmonotonous band solution yielding nearly square EFC around M-point, (c) two
nonmonotonous band solutions yielding nearly square EFCs around �-point and M-point, (d) one
nonmonotonous band solution yielding oval-shaped EFC around X-point

Figure 23.4 presents the schematics that illustrate the coupling scenarios for
some of typical shapes of EFCs for two-dimensional PhCs in (kx,ky)-plane at a
fixed frequency. In the band regimes with monotonous (isotropic-type) dispersion,
which corresponds to circular EFCs, one Floquet–Bloch wave may be coupled to
the incident and outgoing waves, leading to one transmission band in � -domain.
However, if there are two band solutions, two Floquet–Bloch modes may be
coupled simultaneously, resulting in two transmission bands. One band with a
nonmonotonous (anisotropic) dispersion can yield either one or two transmission
bands in � -domain. More details regarding connection between behavior of EFC in
k-space and achievable angular filtering regimes can be found in Ref. [11].

The richness of dispersion types in PhCs allows us to expect that the different
types of angular filtering can be obtained even at the neighboring frequency ranges.
Here, it is assumed that more than two Floquet–Bloch modes may not coexist at
a fixed frequency. However, in the general case, the number of the simultaneous
modes can be arbitrary.

The principal difference of the EFC-based coupling analysis carried out in k-
space for frequency and angular filtering is that only one pair of EFCs (one EFC for
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air and one for PhC) is needed in the latter case, whereas such multiple pairs are
required in the former case. Thus, the coupling analysis in case of angular filtering
is quite simple. Its main component, i.e., conservation of the tangential wavevector
(in our case – kx) at the slab interfaces, is common in both frequency-domain and
angle-domain analysis. EFCs in air and PhC must coexist to realize coupling at
given k D k0 D !=c and kx and, thus, at given � (sin� D kx=k0).

In Fig. 23.4a, the coupling scenario is schematically shown, in which a Floquet–
Bloch mode has isotropic-type dispersion, so the EFC is nearly circular. However, it
is narrower than in air, i.e., maxjkPhC;�

x j < k0 (superscript � indicates EFC location
around �-point), that corresponds to the index of refraction 0 < jnj < 1. Thus,
coupling is allowed by the dispersion only at � < �c, �c D arcsin.maxjkPhC;�

x j=k0/.
This results in the appearance of low-pass angular filtering at a fixed frequency.
However, in Fig. 23.4a, ky ¤ const at kx < maxjkPhC;�

x j and, hence, T D const is
not expected to be realizable within the entire pass band. To obtain T D const, one
should have square-shaped EFCs instead of the circular ones in k-space. Such EFCs
can be obtained in two-dimensional PhCs [31, 32].

In Fig. 23.4b, an example is presented, which corresponds to high-pass and
bandpass filtering. If minjkPhC;M

x j < k0 < maxjkPhC;M
x j (superscript M indicates

EFC location around M-point), a coupling scenario is possible that is required for
the case of high-pass filtering (shown). If maxjkPhC;M

x j < k0 < maxkPhC;�
x C2�=a,

bandpass filtering is formally allowed (not shown). The PhC’s EFC shape in
Fig. 23.4b enables ky�const in a wide but not complete range of � -variation. Thus,
it is possible to obtain T � const, according to the third requirement.

Next, the scenario in Fig. 23.4c can be appropriate for dual bandpass and
bandstop angular filtering. The second (i.e., higher-� ) band is formally either
bounded or not bounded at large � , depending on whether maxjkPhC;M

x j < k0 <

max < jkPhC;�
x j C 2�=a (not shown) or minjkPhC;M

x j < k0 < maxjkPhC;M
x j

(shown). In the former case, it is bounded, whereas in the latter case, it is not.
Clearly, maxjkPhC;�

x j < minjkPhC;M
x j is the necessary condition for these two types

of filtering. The EFC shape in this example is suitable for obtaining T � const. For
bandstop filtering, condition ky D const is not necessary, so the requirements to the
shape of PhC’s EFC can be mitigated. At the same time, EFC location remains very
important. An example is presented in Fig. 23.4d. The stop band may appear at � -
values corresponding to maxjkPhC;�

x j < kx < minjkPhC;X
x j (superscript X indicates

EFC location around X-point).
It is important that the different Floquet–Bloch modes show different types

of dispersion in the same PhC [11]. This means that the different types of
angular filtering may be realized in different frequency bands in one device that
indicates new perspective routes to multiband/multifrequency operation. In fact, the
abovementioned can be observed in Fig. 23.3. In this case, several types of filtering
can be obtained in one structure, while only three Floquet–Bloch modes contribute
to the transmission in the ka-range, for which fmax=fmin � 1:4.
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23.4.2 Low-Pass Filtering

Low-pass filtering is considered to be the simplest type of angular filtering. In
contrast to the other types of filtering, it can be obtained even if using a slab
of a natural or artificial material with the index of refraction 0 < n < 1. The
examples include plasmas in the vicinity of plasma frequency [24], epsilon-near-
zero metamaterials [25, 26], artificial ultralow-index materials [27], and natural
materials showing transition from metal to dielectric state [28].

The maximal angle, at which transmission is possible, is given by

� D �c D arcsin.n/: (23.3)

In fact, low-pass filtering is based in this case on the well-known total internal
reflection phenomenon, which occurs when electromagnetic wave is incident from
an optically more dense medium on the interface of an optically less dense medium,
e.g., see Refs. [27, 29]. However, the problem appears when T D const and, in
particular, when T � 1 is required within a wide range of � -variation together with
sharp switching between T � 1 and T D 0. Circular EFCs do not allow to obtain
this regime. Clearly, the same is true for the mountains of T in case of Fabry–Perot
etalon, which can be realized with the aid of the impedance mismatch mechanism
at least if "r of the slab is rather high, see Fig. 23.1c.

While location of EFCs around �-point remains the necessary condition for the
dispersion-based mechanism of low-pass filtering, the EFC shape is a subject of
optimization. Moreover, strength of coupling is important, but it cannot be predicted
based only on the dispersion results.

Figure 23.5 presents two examples of behavior of T in .ka; �/-plane and
dependence of T on � at the selected parameter sets. Figure 23.5a corresponds to
the case of nearly circular EFCs, which are expanded while ka is increased. This
regime is appropriate when a narrow � -domain passband is required. The width of
the passband can be varied nearly from 2ı to 7:5ı (n � 0:13) by varying ka from
3:51 to 3:56. In this case, dependence of T on � shows only one maximum. Thus,
transmission through a slab of ultralow-index material can be mimicked in this case.

Figure 23.5b corresponds to the case when EFCs for the second lowest Floquet–
Bloch mode are located around �-point but have nearly square shape. Moreover,
this mode has here such properties that high transmittance is possible within a very
large region in .ka; �/-plane. After the wide ranges of T D 1 in � -domain, this is the
second important feature that enables efficient angular filtering with the aid of PhCs.
It is not unique but needs careful parameter adjustment to be realized. In particular,
large values of d=a and "PhC

r can be required. Note that it is important not only
and mainly even not for low-pass angular filtering. In Sect. 23.4.4, its importance
for dual bandpass filtering is demonstrated. In Fig. 23.5b, one has some freedom
in choice of �c, depending on ka. However, it might be difficult to obtain a wider
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Fig. 23.5 Transmittance for slab of PhC (a, b) in .ka; �/-plane at (a) d=a D 0:4 and (b) d=a D
0:57, and (c) as a function of � at ka D 2:349, d=a D 0:57 (solid line) and ka D 3:621, d=a D 0:4

(dashed line); N D 6, "PhC
r D 11:9; LP indicates the possibility of obtaining low-pass filtering (a)

on the left to dashed line and (b) between dashed lines; in (a, b), black and white colors correspond
to T D 0 and T D 1, respectively; numbers 2, 3, and 4 indicate the regions, in which transmission
appears due to the corresponding Floquet–Bloch modes

ka-range suitable for low-pass filtering, since square-shaped EFCs located around
�-point often coexist with EFCs for other Floquet–Bloch modes (or with EFCs
arising due to the same mode), which contribute to transmission in unwanted ranges
of � -variation. In this case, low-pass filtering cannot be realized.

In Fig. 23.5c, T vs � is shown in two selected cases from Figs. 23.5a and b. For the
first of them (shown by solid line), we obtain �c � 39ı and jnj D 0:63 at ka D 2:34.
For the second one (shown by dashed line), �c < 10ı, so it is mimicking a material
with 0 < n < 0:17. Some unwanted features may appear in the � -dependencies of
T due to the edge modes (near � D 40ı). In spite of this, T � 1 in a wide � -range,
as desired.
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23.4.3 Bandpass and High-Pass Filtering

Indefinite media [2] and hyperbolic metamaterials [30] formally fulfill the minimal
requirements to a high-pass filter regarding EFC location. However, they typically
do not allow one obtaining T D const in a wide � -range, because ky D const
cannot be achieved in a wide range of kx variation. It is even more difficult to obtain
bandpass filtering with a sharp upper boundary of the band at large values of � .
Similarly to the case of low-pass filtering, we need square-shaped EFCs that should
now be located only around M-point in k-space. For "PhC

r D 11:9, they can be
obtained at smaller values of d=a than in Figs. 23.3 and 23.5.

Figure 23.6 presents the examples of behavior of T in .ka; �/-plane and
dependence of T on � in the selected cases. In Fig. 23.6a, one can see that bandpass
filtering can be obtained in a large region of the .ka; �/-plane, where Fabry–
Perot transmission with the alternating mountains and valleys of T is observed.
Several mountains can be used simultaneously, i.e., efficient bandpass filtering can
be obtained at several frequencies which are quite close to each other. Since the
mountains are not sharp so there is some flexibility for fine adjustment of the ka-
value, some problems may appear at the band edges, e.g., due to dependence of
the mountain locations on ka at the lower boundary of the transmission region. It
is noteworthy that this boundary is fully determined by the properties of the third
lowest Floquet–Bloch mode. On the contrary, the upper (here – blurred) boundary
appears due to the effect of diffraction order m D �1. Thus, it can be approximated
at given � by the equation

kua D 2�=.1 C sin�/; (23.4)

which is obtained from the condition of propagation of this order [33]. In turn, for
given ka, sin�u D 2�=.ka/ � 1.

Fig. 23.6 Zero-order transmittance for slab of PhC (a) in .ka; �/-plane and (b) as a function of
� at ka D 3:463 (solid line), ka D 3:53 (dashed line), and ka D 3:412 (dotted line); N D 6,
d=a D 0:36, "PhC

r D 11:9; in (a), BP indicates the possibility of obtaining bandpass filtering in the
entire ka-range considered; black and white colors correspond to T D 0 and T D 1, respectively;
number 3 indicates that transmission appears due to the third lowest Floquet–Bloch mode
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In fact, bandpass filtering is realized here owing to the common effect of
dispersion and diffraction. Zero-order transmission above the upper boundary in
Fig. 23.6a becomes weaker due to the order m D �1. It is worth noting that the
transmission regimes realized due to the order m D �1 usually do not show high
efficiency, so that they are of limited interest for angular filtering and, thus, are not
considered here. In Fig. 23.6b, one can see the pass bands obtained at ka D const.
In spite of the expected difficulties at the edges, these pass bands do not strongly
suffer from them. Moreover, choosing a suitable value of ka, one may vary width
and location of the band. The condition of T � 1 is fulfilled in a wide � -range,
as required. For instance, �� � 15ı for the range of T � 1 at ka D 3:53 and
�� � 20ı for that at ka D 3:624.

In the considered range of parameter variation, we have minjkPhC;Mj < k0 <

maxjkPhC;Mj, so the contribution of the propagating order m D �1 is necessary
to obtain bandpass filtering. Would this condition be satisfied while no one higher
order is propagating, one should obtain rather high-pass filtering, for which coupling
efficiency and transmission can be reduced at the grazing angles. The approach to
obtaining the upper boundary that is realized here has been suggested in Ref. [8].
Usually, the second Floquet–Bloch mode in such a scenario, if involved, is parasitic
and might not affect the principal possibility of the single bandpass filtering regime
only if it is uncoupled (e.g., because of specific modal properties) to the incident
wave and/or its kx-range is entirely embedded into that of the operation mode. It
is worth noting that the dispersion features required for bandpass and high-pass
filtering are very general for PhCs. Many examples can be found in the literature
[11, 31, 32].

23.4.4 Bandstop and Dual Bandpass Filtering

Next, we consider two types of angular filtering, which are closely related to each
other: bandstop and dual bandpass filtering. Indeed, if we have two separated pass
bands, there should be a stop band between them. The difference, however, is that
for operation in bandpass regime, the condition of T D 1 is required, whereas for
bandstop operation the requirements to transmittance in the neighboring pass bands
can be mitigated. Following the line of reasoning from Sect. 23.4.1, it is not difficult
to predict which EFCs are required: the square-shaped EFC located at �-point that
is responsible for the low-� pass band and the square-shaped EFC located at M-
point that is responsible for the high-� pass band. Then, the gap between the EFCs
must exist that enables a stop band.

Dual bandpass filtering can be obtained when minjkPhC;Mj < k0 < maxjkPhC;Mj
and maxjkPhC;� j < minjkPhC;Mj. The first of these conditions can be modified by
taking into account that the boundary of the second band in the � -domain can be
created due to the effect of a higher diffraction order.
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Fig. 23.7 Transmittance for slab of PhC in .ka; �/-plane at (a) d=a D 0:45, (b) 0:5, and (c) 0:57

and as a function of � at (d) d=a D 0:45, ka D 2:869 and (e) d=a D 0:5, ka D 2:689; N D 6,
"PhC

r D 11:9. In (a–c), DBP and BS indicate the possibility of obtaining dual bandpass and
bandstop filtering at selected values of ka and in most part of the considered ka-range, respectively,
black and white colors correspond to T D 0 and T D 1, respectively; numbers 2 and 3 indicate the
regions, in which transmission appears due to the corresponding Floquet–Bloch mode

Figure 23.7 presents a few examples. T in the .ka; �/-plane is shown in
Figs. 23.7a–c. The difference between the three considered structures is only in the
value of d=a. One can see that the basic features are very general, i.e., they occur in a
wide range of d=a-variation that provides big freedom for filter design. Transmission
is obtained here due to the simultaneous contribution of the second lowest (at
smaller � ) and the third lowest Floquet–Bloch mode (at larger � ). Accordingly, a
stop band region size depends on how well the regions of existence of these modes
in .ka; �/-plane are separated from each other. Both types of the above discussed
unusual Fabry–Perot transmission, i.e., nearly vertical mountains and wide ranges
of T � 1 are presented here. For the second lowest mode, T is weakly sensitive to
variations of ka and � in a large region of the .ka; �/-plane. Moreover, T � 1 can
be preserved at least for a larger part of this region, while the case of d=a D 0:5 is
preferable. The mountains of T � 1 can be obtained for the third lowest mode that
are either totally vertical or show a very large slope. The coexistence of these two
types of the unusual behavior is very important for dual bandpass filtering. Indeed, if
both modes would create the alternating mountains and valleys of T in .ka; �/-plane,
an additional problem should be solved, i.e., how to match location of the mountains
for two Floquet–Bloch modes. In the general case, this would be a quite challenging
task. It could be even more complicated if angular filtering is required at two or more
different and not close values of ka, so that the matching should simultaneously
be achieved at all of these values. This cannot be done without careful parameter
adjustment. Nevertheless, the principal possibility of such a matching, at least for
one ka-value, has been demonstrated for the parameter set, which is similar to those
used in Fig. 23.7 [8].
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An alternative and more universal way of matching would need the transmission
properties of the third lowest Floquet–Bloch mode that are similar to the second one.
However, to time, such parameter sets are not known, and the principal possibility
of realization of this case remains a subject of discussions. It is noteworthy that
for the third lowest mode, most of the mountains of T show a large positive slope
rather than are exactly vertical. The most appropriate of them are located closer
to the left edge of the region of T > 0 that corresponds to this mode. Together
with the possibility of matching regimes of T � 1 that are connected with different
Floquet–Bloch modes, sharp (non-blurred) boundaries of the transmission bands,
which are realizable due to localization of the Floquet–Bloch modes in k-space,
represent the fundamental property enabling high performance of dual bandpass
angular filters. Thus, although deviation of the mountains from the vertical position
can lead to imperfectness of the transmission response in the � -domain, it does not
significantly affect the advantages of the used approach, which are connected with
the specific properties of the Floquet–Bloch modes. Clearly, several regimes of dual
bandpass filtering can coexist in one structure due to the same mode, but correspond
to different values of ka.

Comparing Figs. 23.7a–c and 23.6a, one can see the difference in behavior of T at
large values of � . Indeed, larger values of d=a than in Fig. 23.6 are required to obtain
T � 1 in wide ranges of variation in ka and � . However, this leads to the downshift
of the ka-range, in which the second and third lowest Floquet–Bloch modes coexist,
while larger values of ka are required for propagation of the order m D �1. Hence,
an additional parameter adjustment is required in order to simultaneously obtain
two Floquet–Bloch modes and the propagating order m D �1. It is noticeable that
variations in d=a may lead to strong modification of some of Floquet–Bloch modes,
whereas the other ones are not so strongly affected.

Two examples of behavior of T as a function of � are presented in Figs. 23.7d and
e. In spite of some imperfectnesses that manifest themselves in a slight deviation
from the regime of T D 1 and possible effects of edge modes, the pass and stop
bands are quite well pronounced. Different combinations of the widths of the � -
domain pass bands arising due to different Floquet–Bloch modes can be realized.
However, the left edge of the region of T > 0 in .ka; �/-plane, which is connected
with the third lowest mode, remains preferable for operation because an almost
vertical mountain of T D 1 can be obtained in this case.

23.5 Wideband Angular Filtering in Reflection Mode

In fact, any transmission-mode angular filter can be considered at � ¤ 0 as a
three-port system, in which the input and output are associated with the incident
and transmitted wave, respectively, while one of the ports (reflection) is blocked
in the ideal case. In the general case, the output should not necessarily be
connected with a transmitted wave. For reflection-mode operation, the output must
be associated with one of the higher diffraction orders in reflection, into which the
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incident-wave energy is entirely converted. Thus, similarity to the above considered
transmission-mode filtering is only partial. Indeed, the angle at which transmitted
wave propagates in the exit half-space is always given by �out D � , while higher
diffraction orders remain evanescent. In reflection mode, there is no other chance
to achieve angular filtering than by means of extreme redistribution of the incident-
wave energy in favor of a propagating higher order (jmj > 0). In the ideal case,
zero-order reflectance r0 D 1 at 0 < � < �c, where �c is the angle at which
switching between the two orders takes place. In turn, higher-order reflectance
rm D 1 at �c < � < �u, �u < �=2, jmj > 0. In this case, the grating theory
gives [33]

�out D arcsinŒsin� C 2�m=.kL/�; (23.5)

where L is grating period. In Ref. [34], it has been shown that efficient bandpass
filtering with a sharp switching between the orders m D 0 and m D �1 can
be obtained in reflection mode in rod-type PhC gratings created by introducing
corrugations on a non-corrugated slab of PhC, like that in Fig. 23.3, inset, and
relevant single-layer rod gratings backed with a metallic reflector. For reflector
performance, it does not matter how (nearly) perfect reflections are achieved.

The main advantage of the single-layer gratings is that they suggest compact
performances, which can be several times thinner than the PhC-based transmission-
mode filters. In this case, the ability of keeping r�1 � 1 in a wide range of � -
variation may be connected rather with the specific phase and impedance conditions.
However, a disadvantage of reflection mode is that the vicinity of � D j�outj should
be excluded from the operation � -range to avoid unwanted backward reflections.
Let us assume that the incident-wave energy is perfectly converted into the order
m D �1, i.e., r�1 D 1. Then, according to Eq. (23.5),

sin�out D sin� � 2�=.kL/: (23.6)

Hence, the angle between two beams is ı D 2� at 0 < � < �c and ı D j� C �outj
at �c < � < �=2 (note that �out < 0 in this case). One can see that ı is a linear
function of � in the first case and a nonlinear function of � in the second case. To
compare, we have always considered ı D 2� for transmission mode in Sects. 23.2,
23.3, and 23.4.

Similarly to Ref. [34], nearly perfect switching between the orders m D 0

and m D �1 can be obtained in single-layer gratings in Fig. 23.8. Geometry of
the problem is shown in Figs. 23.8a and b. In contrast with Ref. [34], the rods
are assumed now to be square-shaped and located on a low-permittivity substrate.
Figure 23.8c shows how �out is changed depending on whether the order m D 0 is
only one propagating order or the order m D �1 also may propagate and, moreover,
all energy is transferred into this order.

Figure 23.9 presents an example of reflection-mode angular filtering, which is
realized with the aid of the structure that comprises the components having relative



23 Single–Band and Multiband Angular Filtering Using Two–Dimensional. . . 623

Fig. 23.8 Schematics of reflector-backed single-layer grating with (a) zero-order and (b) first-
order outgoing beam; two periods over x are shown; (c) �out vs kL at � D 20ı (solid line), � D 40ı

(dashed line), and � D 60ı (dash-dotted line) in case of ideal switching between orders m D 0

and m D �1

permittivity "g
r D 5:8 and "s

r D 2:1, and is backed by a metallic reflector. The rods of
square cross section have been used in order to obtain a more feasible performance.
In Fig. 23.9b, one can see that there is a very large region of r�1 � 1 in (kL,� )-plane.
Hence, a bandpass filter can be realized. In turn, in Fig. 23.9a, low-pass angular
filtering with r0 � 1 is observed. The pass bandwidth is determined in both cases by
the condition of propagation of the order m D �1. In case of zero-order operation,
one may introduce the equivalent index of refraction as neq D 2�=.kL/ � 1, for
given kL and, thus, for given �c. It is important that similar behavior of r0 and r�1

in (kL,� )-plane can be obtained for a very large class of the structures that include
various PhC gratings and single-layer gratings.

Figure 23.9c presents dependencies of r�1 on � at the selected values of kL.
One can see that the lower-� boundary is sharp, while r�1 � 1 is kept in a wide
� -range that extends over 40ı. The total thickness of the substrate and grating is
.h C D/=	 � 0:2 (	 is free-space wavelength) at kL D 4:626. In addition to the
subwavelength thickness, freedom in choice of kL and, thus, operation frequency is
a big advantage compared to the structures that may show a desired angular behavior
only in a narrow kL-range and/or a bell-shaped pass band in � -domain.
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Fig. 23.9 (a) Zero-order and first-order reflectance (b) in the .kL; �/-plane and (c) as a function
of � at kL D 4:626 (solid line), kL D 4:796 (dashed line) and kL D 4:965 (dotted line), for the
structure shown in Fig. 23.8a, b at h=L D 1:57�10�1, d=L D 1:96�10�1 and D=L D 1:08�10�1;
"s

r D 2:1, "g
r D 5:8; in (a), black and white colors correspond to r0 D 0 and r0 D 1, respectively;

in (b), black and white colors correspond to r�1 D 0 and r�1 D 1, respectively

23.6 Connection to Other Phenomena and Operation
Regimes

One of the reasons of strong interest to PhCs at the beginning of 2000s has been
connected with their ability to obtain NPV, as well as negative refraction with or
without NPV [32, 35]. For the purposes of angular filtering, shape and location
of EFCs in k-space rather than sign of phase velocity and sign of refraction are
important. Nevertheless, since the latter have often been obtained for Floquet–Bloch
modes with square-shaped EFCs, efficient angular filtering can be realized in the
same structures as and simultaneously with these phenomena.

On the other hand, angular filtering realized with the aid of square-shaped
EFCs is connected with collimation inside the PhC [36]. However, angular filtering
is associated rather with the selected-angle collimation, since desired angular
selectivity could not be obtained in the all-angle collimation regime. In fact, this
corresponds to the requirement regarding PhC’s EFC that must coexist with EFC
for air only in kx ranges, where coupling is required for a particular type of angular
filtering.
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In this chapter, plane-wave approximation has been utilized. In case of narrow
Gaussian beams, angular spectrum is wide so that some spectral components are
suppressed while passing through a filter. Generally, wide spectrum leads to the
blurring of the boundaries of pass and stop bands in � -domain, e.g., see Ref. [17].
For wide pass bands and relatively narrow angular spectra, effects of blurring can
be mitigated. Adjusting the widths of the pass and stop bands, one can obtain strong
modulation and even splitting of the incident beam, if it has a wide angular spectrum.

Radiation from a source embedded into a slab of PhC is one more aspect of
angular filtering. Indeed, what may happen when a source, i.e., a dipole or a line
source is placed inside the slab? If coupling to the outgoing waves is possible only
within a limited range of kx values, in line with the necessary condition of angular
filtering, radiation from such a slab is allowed only in the directions corresponding
to the � -domain pass bands. In particular, off-axis radiation can be obtained, while
the total number of the radiated (on- and off-axis) beams (waves) is determined by
location of EFCs in k-space; compare to Ref. [13].

From this perspective, multifunctionality realizable in transmission mode should
be understood not only in sense of coexistence of different types of angular filtering
in different frequency ranges but also as possible coexistence of angular filtering
with other operation regimes in one structure. Due to large regions of nearly perfect
transmission in .ka; �/-plane, the studied structures and mechanism of angular
filtering therein are particularly appropriate for spatial-frequency filtering.

The above mentioned partially remains true regarding reflection mode. In this
case, total conversion of the incident-wave energy into the reflected order m D �1

is needed, whatever the used structure is. Clearly, redistribution of the incident-wave
energy in favor of one of the higher orders is nothing else than blazing, a diffraction
grating regime that has been well known for a long time [37–39]. The difference
from the conventional blazed gratings is that we require r�1 D 1 in a wide range
of � -variation. In turn, the known performances of the blazed gratings are expected
to be usable at least as narrowband angular filters. However, the � -domain behavior
has usually been not considered in the studies of the blazed gratings. Therefore,
estimation of the ability of the earlier proposed diffraction gratings to function as
efficient angular filters can be complicated without additional studies. It is worth
noting that also for reflection mode, nearly perfect efficiency can be kept in a large
region in .kL; �/-plane, so that strong selectivity with respect to � is expected to
occur also for relatively narrow incident beams, although the boundaries of the
bands can be stronger blurred in this case. When a nonsymmetric PhC grating
is used in reflection mode, different regimes of diffraction inspired asymmetric
transmission may appear in the neighboring frequency ranges [31, 40].

23.7 Concluding Remarks

To summarize, the main types of filtering, i.e., low-pass, bandpass, high-pass, and
bandstop ones, can be realized in transmission mode in the incidence angle domain
with the aid of the relatively simple structures which represent slabs of rod-type
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PhCs. Either rod-type PhCs or single-layer rod gratings backed with a reflector
can be used for reflection-mode operation. The utilized transmission mechanism
combines the effects of dispersion of Floquet–Bloch modes and unusual Fabry–
Perot resonances that cannot be obtained in Fabry–Perot etalon. At the same time,
matching and mismatching to the host medium, which is the basis of angular
filtering by using Fabry–Perot etalon, remains an important part of the resulting
filtering mechanism in case of rod-type PhCs. In contrast with Fabry–Perot etalon,
PhCs for angular filtering can be made of conventional dielectric materials and,
nevertheless, enable better performance of some types of angular filters. Moreover,
not all of the main types can be obtained without structuring like that in PhCs, at
least if passive isotropic materials are utilized. On the other hand, structuring allows
one avoiding the use of anisotropic materials.

What is probably most important is that the slabs of PhC can preserve the same
(nearly unity) transmittance in a wide range of variation of the incidence angle,
while frequency is fixed. This feature cannot be obtained by using homogeneous
slabs of isotropic or anisotropic materials. In fact, (nearly) square shapes of
EFCs in the wavevector space are needed to obtain the constant transmittance,
whereas localization of Floquet–Bloch modes in this space together with some other
properties may enable sharp boundaries of the pass and stop bands in transmission.
Multiband (multifrequency) angular filtering, in which all the bands belong to the
same type of filtering, can be obtained when several mountains of T D 1 of the
same mode are used simultaneously. It is evident that the considered approach is
very promising also for spatial-frequency filtering, so its potential should be studied
deeper.

All the basic transmission and dispersion features responsible for the observed
effects are very general and obtainable in PhCs for a very wide range of parameter
variation. Moreover, since no diffractions are needed in transmission mode, one may
expect that one-dimensional PhCs can be used at least in cases when requirements
to the particular design are not very strict. Thus, various multilayer structures, which
were earlier designed to operate as frequency filters, may show strong angular
selectivity. However, the problem of constant transmission is not expected to be fully
solvable in these structures. In reflection mode, one-dimensional periodic structures
are sufficient for obtaining bandpass filtering within a wide range of the incidence
angle. A deeper understanding of the physics underlying sharp switching and wide-
range preserving of (nearly) unitary reflectance with the aid of a dispersion-free
mechanism is desirable, since it can indicate a route to new transmission mode
angular filters realizable in thinner structures than the slabs of PhCs, which have
been considered here. Estimation of the potential of metasurfaces in transmission-
mode angular filtering is a subject of future studies. In particular, metasurfaces
controlled with the aid of magnetostatic field are very promising areas of research
[41]. To date, it is not clear whether all the main types of angular filtering can be
obtained in compact structures that are based on metasurfaces, whereas the potential
of PhCs is well investigated. For reflection mode, single-layer gratings suggest
compact filter performances, although possible use of metasurfaces might improve
them, e.g., by allowing the use of narrower incident beams.
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