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Abstract. The algebra of generalized linear quantum canonical transformations is examined in the
perspective of Schwinger’s unitary-canonical operator basis. Formulation of the quantum phase
problem within the theory of quantum canonical transformations and in particular with the
generalized quantum action-angle phase space formalism is established and it is shown that the
conceptual foundation of the quantum phase problem lies within the algebraic properties of the
canonical transformations in the quantum phase space. The representations of the Wigner function
in the generalized action-angle unitary operator pair for certain Hamiltonian systems with
dynamical symmetry is examined. This generalized canonical formalism is applied to the quantum
harmonic oscillator to examine the properties of the unitary quantum phase operator as well as the
action-angle Wigner function.

1. Introduction and review

The quantum mechanical operator realization of the classical phase observable, well known
as the historical quantum phase problem, is one of the oldest problems in quantum mechanics.
In the quest for a correspondence between the classical action-angle (AA) variables and their
guantum counterparts, Born et al investigated [1] the problem in the earliest days of quantum
mechanics from the general perspective of building a theory of quantum canonical
transformations and their unitary representations. The search for a quantum phase operator
within this canonical perspective was specifically begun in one of Dirac’s early works [2] in
1927 where the principal motivation was to extend the principle of correspondence to that
between classical AA variables and their quantum counterparts. The quantum phase problem
was then followed by the works of Heitler [3] and Louisell [4] where it was examined in terms
of the quantization of the electromagnetic field. The introduction of trigonometric Hermitian
phase operators by Susskind and Glogower [5] created a trigonometric approach to the phase
problem. At this point, a landmark was reached with the introduction of a coherent state
formalism by Glauber [6] and, with the development of laser physics in the 1960s, the
theoretical and experimental investigation of the properties of the quantum phase became
mainstreaminquantumoptics. Ontheotherhand, contemporarytoGlauber’swork, Carruthers
and Nieto in their seminal paper [7], wisely entitled as Phase and angle variables in quantum
mechanics, revived interest in the canonical approach advocated in the early days of quantum
mechanics. Since our interest in this paper is within the canonical perspective, we refer the
interested reader to, for instance, some recent reviews on the quantum phase as seen from the
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perspective of quantum optics [8,9]. In the search for the quantum counterpart of the classical
AA pair, the canonical perspective in the quantum phase problem was furthered mainly by
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the works of Rocca and Siruge [10], Boyer and Wolf [11], Moshinsky and Seligman [12], as
well as Luis and Sanchez-Soto [13] and more recently by Lewis et al [14]. In an earlier paper
[15], we introduced a different canonical-algebraic approach to the quantum phase
problemfromthosein[11-14]bystartingfromthegeneralizeddiscreteunitary-cyclicfinite(D)
dimensional representations of the quantum phase space (QPS) distribution functions in terms
ofSchwinger’soperatorbasis[16,17]. Therearetwocrucialpropertiesoftheserepresentations
from the quantum phase operator point of view. The first one is that Schwinger’s operator
basis supports discrete cyclic finite D-dimensional subalgebraic representations with non-
negative normsintheD-dimensionalHilbertspaceHp.
Thesecyclicandadmissiblerepresentationsare
knowntobecrucialfortheexistenceofthephaseoperatorinanarbitrarybutfinite-dimensional
algebra. On the other hand, the second crucial property is connected with the fact that the
complete set of elements of the discrete finite-dimensional cyclic Schwinger operator basis
are the generalized dual representations of the standard Wigner—Kirkwood (WK) [18] ones
of the QPS [15-17]. Moreover, these elements are the generators of the discrete area
preserving diffeomorphism on the two-dimensional toroidal lattice Zp xZp which are known
to respect the Fairlie—Fletcher—Zachos (FFZ) sine algebra [19]. As the dimension D is
extended to infinity, a limit to continuum can be realized where the connection with Arnold’s
infinitesimal area preserving diffeomorphism [20] on the continuous two-torus is established.
Hence, the representations of the QPS in terms of Schwinger’s unitary-canonical operator
basis paves a direct route to the algebraic formulation of the quantum phase operator in
connection with the linear quantum canonical transformations (LCT). By this argument we
imply that the algebraic formulation of the quantum phase problem is connected, through the
Wigner—-Weyl- Moyal (WWM) correspondence, with the existence of a canonical formalism
of the quantum AA operators in the QPS. This correspondence, although it will be shown to
be manifest for arbitrary but finite dimensions leading to the finite-dimensional algebraic
realizations of the AA Wigner function, yields the desired correspondence between the
quantum and the classical AA formalisms only in the transition to the continuum limit.

The main purpose of this paper is to extend the canonical-algebraic approach to the
quantum phase problem in [15] by formulating this correspondence explicitly in terms of the
generators of the LCT. The quantum AA operators will be found in terms of the generators of
the LCT and it will be shown that the angle operator unitary-canonical to the quantum action
will be identified as the unitary quantum phase operator.

Here we review some relevant parts of [15] for completeness. Some additional material

is also included in the appendix. The duality relations between the discrete generalized WK

phase space operator basis 1(n)E and the Schwinger operator basis S"me can be expressed as
N 1 .. 1 o
A(ﬁ) — efl}m(m'xnjksv’_JI S,;T, — elyg(mxn]A(ﬁ)
D7 L o>

[15] D32 & 1)

where mE = (m1,my), nE = (ny,ny) are vectors in Zp x Zp; mE x En = (min; — moNy), Yo =

2n/D,withD describingthedimensionofthecyclicrepresentations. HeretheSchwinger operator
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basis S"me is defined in terms of a finite-dimensional unitary cyclic operator pair (U",V") such

that

~ ~ X ~ ~ S a—ivomymaf237myyym
mV" mz= iyomimzV" meU"m: Si = e o gy, (2)

The D-dimensional cyclic eigenspace {|vik}osks(n-1) and {|uik}osks(n-1) OF the operators U",V"
satisfy
U"|vik = Eiyioyko|kVik [Vik+D = |Vik
Vi0uik=e-  |uik |uik+D = uik (3)
Ufuik = |uik+1 V'|vik
= |Vik+1
and define a unitary Fourier duality as

(ﬁ)k.k’ = 7e_i}’0kk' j_;,'. ﬁ'—l
{lvi} = F*{jui}  where VD & where the

picture implies a Fourier automorphism on U” and V" in a sequence of transformations as

U\ # (V' £ (U F (VN £ (U
- — ~ e - — N — ~
% U-! Y-l U V). (5)
It can be shown that this Fourier operator duality between U and V" implies
T F 4 _
F SaF " = Skypui F* =1 and Fxp2=1 (6)
where R, : mE = (—mjp,m;) corresponds to a n/2 rotation of the vector mE in the discrete

phase space.

Equations (2) and (3) imply for the properties of theS basis

S"mfE=S"-mE

TrS"me {SS™"mmEc} =€DdiyomEm,Ex EmOE 0/2S " mE+mEo (MNe=
(S'mS8™me 7 77 ST 7 )8 me= S"m(S mo S ma) (associativity)

Sg =1

(unit  element)

S"me S"-mg = | (inverse).
The generalized discrete Wigner function W(n)E in the physical state |yi € Hp is defined by
[15,17]

W(n)E =hy|1(" n)E |yi (8)
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where equation (8) complies with all fundamental conditions that a generalized QPS

distribution should satisfy. The normalization of equation (8) is based on an appropriate
summation of the WK operator basis in equation (1) over the discrete phase space vector nE.
It is possible to use different normalizations when both (or one of the) labels are (is)
continuous on the two-dimensional torus. In these particular cases the phase space
representations are based on R x R or Z x R respectively. Different normalizations are
necessary for different choices of the phase space variables in order to obtain the appropriate
continuum limit for the Wigner function. For instance, the symmetric normalization is
necessary when the discrete phase space labels approach to the continuous ones
simultaneously (i.e. Zp X Zp — R x R)
suchasinthecaseofcanonicalpairofcoordinateandmomentumx,p leadingtothecontinuous phase
space distribution W(x,p). The limit to continuous AA Wigner function W(J,0) is recovered
[15] when one of the phase space labels is real and the other remains to be an integer in the
limit D — oo0; hence Zb x Zp — Z x R. In section 2 we base our formulation on the symmetric
normalization as given in equation (1) whereas, in section 4, the AA Wigner function is
examined using the appropriate asymmetric normalization with ZxR without any loss of
generality.

In section 2 we start the formulation of the LCT. Section 2.1 is devoted to the discrete
scenario where the elements of LCT are in SL(2,Zp). Their action on Schwinger’s discrete
cyclic operator basis is defined. The conditions of existence of a unitary-canonical partner to
the generators of LCT are found for an arbitrary Hilbert space dimension and, provided such
conditions are met, the existence of the unitary-canonical partner for each irreducible
representation is demonstrated in the strong operator sense.

In section 2.2 the continuous scenario is examined. The elements of the continuous LCT
are examined within the context of the irreducible representations of SL(2,R). The operators
corresponding to the unitary canonical partners of continuous LCT within each one parameter
subgroup of SL(2,R) as well as the entire group are derived by the matrix elements of the
diagonal representations of the corresponding group elements. Section 3 is devoted to the
Hamiltonian system with its dynamical symmetry group corresponding to that of LCT. The
unitary canonical partners to the generators of LCT are identified as the unitary phase
operators and their equations of motion are derived separately for Hamiltonians with a
continuous as well as discrete spectrum. The connections between the quantum AA formalism
and the dynamical symmetry is established at the operator level. Section 4 is devoted to the
construction of the AA Wigner function. The continuous scenario is treated in section 4.1 and
the AA Wigner function of the generalized oscillator with a discrete cyclic spectrum is
presented in 4.2. The limit to the quantum harmonic oscillator (QHO) AA formalism is also
established.

2. Generators of the linear canonical transformations

1 On the discrete toroidal lattice

2 ZD %X 7D

The unitary Fourier automorphism in equation (5) implies the simplest discrete canonical
transformation mE — Ry» : mE on the phase space labels as given by equation (6). It was



Linear canonical transformations and quantum phase 4115
shown in [15] that equations (5) are a special case of a more general automorphic sequence

produced by a unitary canonical transformation generator G~ with G*" = G*"*where
GTUG =S GTV'G =S
U" ——6"S"sE ——6"S sisE+s2tE —— ¢ 9)

V" ——6"S™E ——6 S tusE+HAE ——> 6"

Such a unitary generator satisfies

G'8:G = Sk where R :mE = mE®= (ssmy + tymgz,s2my + tomy) (10)

with detR =5 x 7 = 1 wheres = (s1.52) and 7 = (11, f2)are two arbitrary labelling vectors

characterizing the LCT in Zp xZp. Hence R € SL(2,Zp). Equations (5) and (6) correspond to

a special realization of equation (10) when sk = (0,1) and tE= (-1,0). The application of G
leaves equation (7) covariant.
Using equation (10) in equation (1) it can be shown that G* generates discrete canonical

transformations in the WK basis as

1(nE%) = G*'1(n)E G" = I(R™L: n)E (11)

where R™: nE = nE® = (tz2ng — ting,—s2N1 + S1ny).

The explicit form of G™ and its irreducible representations have been studied in detail for
the specific case of D being a prime of the type D = 4k + 1 where k € Z, in connection with
the Schwinger operator basis by regarding G* as the generator of the time evolution
(Hamiltonian) of the SL(2,Zp) oscillator [21]. Specifically, G* has cyclic generators which can

be chosen as

1 1 go O a —b a2
¥, — Iy — - 7, — “4+ b =
g1 (O 1) 22 (O go_l) 23 :(b a).a b 1 (mod D)

(12)

with periods D, D —
D-1

— D) 1 and 4k, respectively. Here gois a primitive

element of Zp where go 1 mod
For such D, the explicit form of G" satisfying equations (9), or more compactly equation

(10), is given by [21]
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J(I)J(B) Z eiyg[.'l mfﬂrg —51 )nrlnig—s'yn%}/zﬁ {n“ }n’)} if 86=0
D = e
5 A 0‘(72”) iyom? /2t .
G=G(R) = e my (sy — 1)/t my} if
vD ; o(—2s,)

e mi[2s {my, 0} §=1=0 s5,#0
— if VD 2
m 6=0 t,6=0 (13)

where it is defined that 6 =2 — s; — toand {ms,m;} = S"me . Here o(m) is the Gauss sum

1 D—1
= eiyg mn>

VD = o(m) . (14)

It can be seen by direct inspection that G‘(R*l) = G“*l(R) = G*(R), namely G" is unitary.
Our main purpose in this section is to search for the condition of existence of a unitary
canonical partner 0" to G such that

G0 ==0G  |=|=1 [6=1=[0"=]=0. =

If equation (15) is satisfied for some pure phase factor = and a unitary 0", then we consider
equation (15) as a generalized canonical commutation relation for the pair G*,0". The equation
(15) then implies that 0" rotates the eigenspectrum of G™ in a cyclic order and vice versa. It is
beyond the scope of this paper to examine the characterization of the irreducible

representations of the most general group defined byC;‘ O, Qin equation (15) above. Here, we
confine our attention to those relatively simpler cases leading to the unique irreducible

~

representations of the group in which the operator O _becomes the unitary-canonical partner
of the generalized canonical transformation generator G. For this purpose, let us start with the
simplest case such that for some non-zero integers a,b,c we have

Ga=z QP = ec=1. (16)

ThenwecallthegroupdefinedbytheelementsG™* 02 = 3,where’y,"»,s areintegersdefined (mod
a), (mod b), (mod c) respectively, as a discrete Heisenberg—Weyl group 0(a,b,c). An explicit
calculation yields that the group elements are uniquely defined only when c divides both a
and b (i.e. a = ca®bb = chc *where a%b° € Z). Furthermore, from equations (16) and (15) we
also have = = « = « =1 which implies that a,b,c must have a greatest common divisor d.
These results imply that a = dc®a® b = dc®bP,c = dc®where ¢ e Z. Without loss of generality
we will assume that ¢® = 1. The group defined by the Schwinger operatorm: me ms basis Sme in
equations (2) and (3) with general elements as U" V" ©® where m1,m2,ms3are integers (mod D)
is then a specific example of 0(a,b,c) with a = b = ¢ = D. The number of irreducible

representations of 0(a,b,c) with a = da®,b = db®c = d depends on the numbers a%,b°. For a°=
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b®= 1 there is only one irreducible representation which is d-dimensional and is given by the

Weyl matrices [22],

0 0 0 1
1 0 0 0

¢ — diag(1, Q. %, ..., Q" O—= 10 1 0 0 (17)
: 0
0 0 1 0

where a unitarythe number of such irreducible representations is given by the productO”
satisfying equation (15) exists as given in equation (17). Foraobo and they are alla®,b°6= 1,
d-dimensional. Up to a unitary equivalence, each irreducible representation is isomorphic to
that in equation (17). The connection of direct product representation of 0(d,d,d) and its
connection with the Chinese remainder theorem for the unique prime factorization of d was
studied recently in [23]. Each prime factor represents an independent physical degree of
freedom allowing the extension of the phase space formalism presented here to more than one
degrees of freedom [16, 17]. A similar decomposition can also be performed for the more
general group 0(a,b,d) with a,b,d as defined above. The correspondence between the discrete
QPS AA formalism with one degree of freedom and the classical one can be extended to more
than one degree of freedom at an algebraic level. Within the purpose of this paper we will
establish this correspondence only for the case with one degree of freedom and examine the
larger degrees of freedom in a separate paper.

There is already an extensive literature on the representations of the discrete canonical

transformations induced by G* = SL(2,Zp). One particularly important limit in the discrete
scenario is when G is represented only by the rotational generatoryx gz in equation (12)ax
corresponding to the discrete fractional Fourier operator F* = G" such that G* = I. This limit
has been examined in detail both from the formal quantum mechanical [24] and more applied,
non-algebraic perspectives [25, 26]. For an arbitrary Hilbert space dimension the
multiplicities of the four distinct eigenvalues of the fractional Fourier operator F*Y<are not
identical [25] and neither F~ nor F~ has an exact unitary-canonical partner in the sense of 0"

satisfying equation (15).

2.2. Generators of the infinitesimal canonical transformations in R x R

The modular group SL(2,Zp) does not have a proper continuous limit into SL(2,R); hence, we
cannot take the formal limit D — oo in equation (10) to examine the continuous scenario. We
will base the continuous representation of linear canonical transformations in SL(2,R) in the

formal sense on

G ' S"0eG %= S g0 (18)
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where oE = (a1,02) € R x R is a continuous phase space vector, Sz are elements of the

continuous Schwinger operator basis [16] and oE°= R : aE with R € SL(2,R) indicate the
transformation matrix with real elements. From here on we will be confined to the continuous
scenario in which we can drop the subscript oo from the canonical transformation generators
Goo. The three one-parameter subgroups g;, (j = 1,2,3) of SL(2,R), as conventionally

represented by the three 2 x 2 matrices, correspond to

_ (coshy/2  sinh /2
() = (sinh ¥/2  cosh 1,:’1/2)

e’ 0
)= ( 0 e"a/z) (19) where

®€ g, o<y<ow,-n<fO<rmand —n 6 ¢ 6 7. A generic group element

_{ cosB/2 sinB/2
Q3(6)_(si1‘|9/§2 0059/2)

g € SL(2,R) can be parametrized as

a f
8= s
v where detg=1 (20)
with a,f,y,0 € R being functions of v,0,6.
The three Hermitian operators K%, (j = 1,2,3) corresponding to the infinitesimal

generators of the transformation in each subgroup respect the commutation relations

[K'LK2] =iKs  [K2K3=iK:  [KuK3]=iK (21)

We are particularly interested in the continuous irreducible representation of K%, (j = 1,2,3)
in the canonical phase space parametrized by oE in equation (18). This particular

representation of the generators can be given by
K"1==i(0110a + 0200)/2
K"2 = —i(0100— 0200:)/2 (22)
K"3= —i(011001 — 02002)/2

where each irreducible representation acts on the Hilbert space of homogeneous polynomials
of degree 27, and a definite parity where 2° € Z withe = “describing the odd(-) and even(+)
parity. Hence we characterize those irreducible representations using the standard notation by
T,(0;) where x = (*,) and the sector of the Hilbert space they belong to by H,. Also, in the
family T,(g;) we are particularly interested in the diagonal representations of each generator
in equation (22).
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2.2.1. Diagonal representations of the jth subgroup g;. We now describe the eigenvectors

lej“(vj)i in the diagonal representations T,(g;) characterized by a particular j where j = (1,2,3)

ale” (v
with their corresponding projections on the canonical phase space(|¢; ()} =

ej (@, y;), Considering the simplest case of =0 first,(&|ef(7’f))are given by
o) JFO(:) i
Ty () s ef (@, y) = C,

+' - ¥2
Ty () : €] (@, y2) = C (al :a_)

o 13
T (23) :ef (@, y3) = C; (—)

(23)
where y; € R and C;are constants based on an appropriate normalization by the inner product
{ef (v)lej (v)) = 3y — v, Equations (23) imply that

Klef (v)) = yilef (), (24)
Within each subgroup g;, (j = 1,2,3) we now define the unitary subgroup elements Q,i €8
such that

g;'=e"/ (25)
where 0; € R, (j = 1,2,3). The representations of equations (25) in terms of 2 x2 matrices in
the phase space‘_’.f = (ED are given by the =;jin equation (19), namely, the action of the each
group element G"jin equation (18) is given by

(QP)+ sagﬂlj =S, = Sﬁj:&. (26)
Within each subgroup gjthere exists, in the Schwinger sense [15], a special canonical partner
denoted by©; of G; such that

ALl —iTe; AL AT
g; Of = HOYG 27)
Equation (27) implies that
Qj-’lef (yj)) = e_’r”’f\e}((}’j)) Oj-’lé'f()’j)) ~ If:‘j-‘(l/j ) (28)

where the ~ sign indicates that the equality holds up to an indeterminable phase factor which
we consider to be irrelevant. Then equation (28) provides a representation for the operator C"?,.-
in the diagonal representation oféj. To complete the picture we consider, for each subgroup
g;, the diagonal representation of theéj operator such that

OF | fF(ny)) = | £ ()

. ni€ R. (29)

From equations (27) the action ofgfrj on this basis can be found as

GINfF ) ~ 1 fE(; +T ) (30)
The ~ again indicates that there is an overall indeterminable phase which we ignore without
any loss of generality. Then equatlons (27)—(30) completely determine, in the weak sense, the
properties of the operator palr(g O) within the Hilbert space of each subgroup gj as three
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different realizations of the Schwinger operator basis. The connection between the eigenbasis

le (vp)) and | £ (1)) i given by the Fourier transformation
[fix(mi)i = Z dyj e-ivimilej(vi)i les(vi)i = Z dnj €inpi [fiz(ni)i (31)

where in short notation |/} (7)) = Flej () with (F),, , = (] (nj)le] (i))describing
the matrix elements parametrized by (n;,y;) of the unitary Fourier operator F*. Via equation
(31) a Fourier automorphism is implied between the two eigenspaces for each j as

lei(yi)i —F— [ fix(mi)i —F— | ep(—yi)i =F— | fix(-mi)i —r— | ei(yi)i.  (32)

2.2.2. Diagonal representations of the entire group g. We now shift our attention from the
parametrization of the diagonal representations of g;jto those of the entire group g of which
the three-parameter group element will be denoted by G". For convenience of the calculations

we adopt the unitary canonical form for G" as [27]
G'3= e-BEKE’ 3E = (31,32,33) K = (K. K. Ks) (33)

where 3E is defined on the SL(2,R) invariant group manifold characterized by the invariant
2= A7 + A7 —A3, Adopting the particular parametrization Ar = Asinacoshh
32 = 3sin a sinh b, and 33 = 3cosa, equation (33) can be obtained, for example, from G3'in
equation (25) by the unitary transformation

GN = (T G where 125" =G5"GL, (34)
Since G™in equation (33) is an element of SL(2,R), the irreducible representations also act on
the homogeneous polynomials of degree 2" and parity€ = £ in Hy,

(i) Continuous diagonal representations.
Similar to equations (24) and to the first set in equations (28) for the subgroups, we now seek

the eigenvectors |h*(y)i € H, of G3such that
G 3lhy(y)i = eialhy(y)i A€ER (35)

where A and |h%(y)i are to be found from the eigenproblem in equation (35). Equation (34)
suggests that

I (9)) = (15" ") lef () (36)
where A = -3 in equation (35). Hence |hX(y)i spans the eigenspace of the unitary operatory in
equation (33) with3,y € R. The orthonormality of the eigenbasis|h (y)i is guaranteed by the

unitary transformation in equation (36) and the orthonormality of the eigenbasis lex (7). A
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phase space representation for |h*(y)i similar to equations (23) can be found by projecting it

on the phase space vector oE as

@h*(y)) = h* @, y) = @5 “"tel (y)) YA (Zl) = Q3(b) (a) (“‘)

2 o>

(37)
where «3(a) and =3(b) are implied by equation (19). The unitary-canonical partner of G can

be found similarly as it was done for the subgroups. Defining 0" such that
G307 ¢=e-i3t0"¢G"3 (38)

we find

GMRX () = e R () OF IRK(y)) ~ W (y + 0))

OF kX () = kX () GAKE () ~ KX (n + A)) (39)
where we will again neglect the overall phases in the second column of the relations above.
The basis vectors in equation (39) are connected by the Fourier transformation

ke)' = Z dy e )i i) = Z dn ek (40)

and a similar automorphism to equation (32) between |h*(y)i and |k¥(m)i as well as to equation
(5) at the operator level between G™ and 0" can be written.

(ii) Discrete diagonal representations.
In examining the discrete representations of the entire group we start with the diagonal ones

le3 (m)} of K> and associate with them the eigenfunctions

. +iatr \"

~ - 0, 2 2 o] 2

(@lef (m)) = ef @;m) = Ny(a} +a3) (—)
o) — 102

(41)
where N2)is a normalization based on an inner product{€z (@: m)le3 (@ m")) = 8u.m_ For
the state in equation (41) we have

K> leX (m)) = m|ef (m))

Kilek (m)) = —(& —m)lef (m + 1))

K_lef (m)) = (€+m)le} m — 1)) (42)
where K+ = (K, £ iK3) and the Casimir elementK> = 1/2(K-K_ + K_K.) — K3 has
eigenvalue “(C + 1). In terms of the * 6= O representation in equations (41) and (42), the
continuous representations that we used in equation (23) correspond to the ~ = 0 case. A
general eigenvector for a group element in equation (33) can be found similarly as in the
continuous case by redefining 3E = (31,32,33) as, for instance, 3; = 3sinh a’sin b°, 3, = 3cosh

a% 33= 3sinh a°cosbPand the transformation

SA A BN AN A B ~ @B Aa Al
G =T, ) GT, where T2 7 =616, (43)
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The eigenvectors |h(m)i of a general group element G**are then associated with the functions

in H,

@I Om)) = W@ m) = @IFE D) ek my) T ("”) - szz(—b’mma')(“l)
- - - o2 o
(44)
where =,(—b) and =1(a) are implied by equations (19). To establish the representation of the

unitary canonical pair (G",07) in the discrete case we consider

G"30"r= e-i3r0"rG"3 (45)

corresponding to a change { — r € Z in equation (38). For the system of eigenvectors we
find

GM [h*(m)) = e M hE(m)) O (m)) ~ |h¥ (m + )

O"k* () = " |k* (. m)) GMEX () ~ kX (n + A)) (46)
where 3,1 € R. The eigenspaces are connected by the (discrete and continuous) Fourier

transformation as

kX (@ n) = Ze—inmh)((a; m) h* (& m) = [dr.' eimn;kx(&: 7). (47

m

The equations (46) and (47) conclude our brief treatment of the unitary continuous phase
space representations of the canonical G*,0" pair in the weak matrix element sense.

3. Implications for the Hamiltonian systems with dynamical symmetry group and
generalized AA operators

Recently, an algebraic approach was studied by Wang and Chu [28] in the solution of the
onedimensional inverse problem for the Hamiltonian systems with dynamical group
symmetry. In the simplest case of one dimension, the inverse problem reduces to that of
finding an operator regarding the dynamical symmetry group of the system such that it will
be invariant under either a certain subgroup or the entire group of canonical transformations.
The group of canonical transformations then naturally reflects the properties of the dynamical
symmetry of the system. For one-dimensional autonomous systems, the invariant operator
under canonical transformations corresponds to the generalized action operator, by which the
Hamiltonian of the entire system can be fully described. In the following, we will examine
the quantum canonical transformation group as the dynamical symmetry group for an
Hamiltonian system and derive the equations of motion describing the time evolution of the
generalized quantum AA operators.

LetusassumethattheHamiltonianH"  describingthedynamicsofasystemwithonedegree of

freedom is represented by

H" = H(K"1,K"2,K"3) (48)
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where K; are the Hermitian generators of the sl(2,R) canonical transformation algebra in
equation (33). The simplest but a sufficiently general example of an Hamiltonian with a
dynamical group symmetry can then be obtained if the Hamiltonian is a real function of the

linear superposition of K as,

ﬂ:H(PI%1+Q[?3+RI%3) P,O,ReR, (49)
Here, we do not make any assumptions aside from the one that H is a real valued and a well
behaved function. Our focus will be on those unitary elements of the dynamical symmetry
group that can be described by

g“r _ e—il'(m%ﬁgﬁﬁmh) (50)

where the Hamiltonian in equation (49) becomes

N a ~
H=H(|i— ]G"
(BF) r-o. (51)

The time-dependent eigenvectors |y,X(t)i of H* and the eigenenergies in the continuous

representation are given by

@y @) =" @, y) E, =H(y) (52)
where h*(a,y)E is given by equation (37). Here, the unitary canonical partner O t(; G plays the
role of the unitary angle operator and is defined by equation (38). The time evolution of

0"is givenbyd

(WY O, ) = (W I OF N1y} = =Wy [OF [y, MH(y +0) — H(y)} (53)
_ .dt
If we symbolically associate an Hermitian phase operator at { = 0 with
¢ i 0 d
e feg oL 4 (54)
equation (53) becomes, in ¢ terms of
L d . _ 9B .
(12‘(1] Yy—¢ a‘ﬂ Uy )= *Wgﬂ)(kb’y—cwfy)‘
" e

which is the quantum analogue of the classical equation of motion for the canonical angle
variable. Hence the unitary operator should be considered as the quantum angle operator
which is the unitary canonical partner of the action operator G™.

The properties of the dynamical group symmetry can also be examined by using the
discrete representation. In this case, equation (51) is still valid whereas (52) becomes

@i (0) = e h* @ m)  En=H(m) (56)
where (@[ (1)) is the time-dependent eigenvector, h*(aE;m) is given by equation (44) and

m = H(m) is the discrete eigenenergy spectrum depending on the discrete eigenstate index,

m. The appropriate angle operator O in the discrete case has been studied in equations (45)
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and (46). The nature of the operator 0" becomes more transparent if we examine the derivative

of equation (45) with respect to 3 at 3 = 0. This can be readily evaluated as

d @s)| =1[i-K,01=—-r0
_ — A=0 equation  (57) d3
whichisthegeneralizedSusskind-Glogower—Carruthers-Nietocommutationrelation[5,7,15]

for the generalized radial number operatorsi - K and the generalized unitary phase operator
0". The time evolution of 0™"is then

d

x r x x r x X r X

i __hymo|0” Jymi = hymo [[H",0" Jjwmi = —hymo|0” [ymi{H(m + r) — H(m)} (58) dt
which is the equation of motion for the unitary canonical angle operator of the generalized
oscillator with a discrete spectrum En, = H(m). Here, two results are in order. The first is that
we have found a correspondence between the classical and quantum AA formalisms for
Hamiltonian systems with a dynamical group symmetry of the type given by equations (49)
and (50). The second result is the equivalence of the quantum action operator to the generators
of canonical transformations as well as that of the unitary-canonical angle operator to the
unitary-canonical phase operator.

Although the continuous and discrete representations of the AA operators are similar,
depending on the continuous/discrete nature of the eigenenergy spectrum, one or the other is

more convenient in the formulation of a physical problem. This will be more transparent in
the next section when we discuss the AA formalism of a generalized oscillator.

3.1. Implications for the generalized oscillator Hamiltonian and the quantum phase
operator

Inthisandthefollowingsectionswerefertotheappendixwhichincludessomerelevantpartsof [15].
There, it is shown that the QHO algebra is recovered in the infinite-dimensional limit (i.e. D
— oo hence q — 1) of the admissible g-oscillator algebraic realization in equations (A.4).

The importance of the naturally emerging admissible g-oscillator realizations is that they
admit an algebraic formulation of the quantum phase problem and also provide a natural basis
to examine the harmonic oscillator phase in the infinite-dimensional limit of the algebra in
equations (A.4). Respecting the historical development, we will nevertheless start with a brief
outline of the phase problem using the dynamical continuous symmetry group of the QHO.
The generatorsf'h (i = 1,2, 3)of the dynamical sl(2,R) symmetry of the QHO in the x,” p
representation are given by

Ri=1G-p) Ky = 1@+ pY) Ky = 1(@p+p3) [x pl=i (59)
where the generators respect equations (21). Our first attempt will be to find the unitary
canonical partner to K"3in equations (59). With p~ — —io/0x, the eigenproblem forK3s yields

K™3)wa(y3)i = y3lw3(y3)i y3 € R hx|y3(y3)i = N3X(@iyp-1/2) (60) where Nz is a

. . Ay _ i3k
normalization based on an inner product. Hence, fords’ =e
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Gy Y3 (1)) = €77 Y (1)), (61)
The unitary canonical partner03 to Ga such that equation (27) is satisfied for i = 3, can be

found following the steps leading to equations (28)—(30). Theosoperator for an arbitrary and
real { is given by

o5 =f dys 19 (ys + Y (W ()]

—00

or equivalently by

@‘: :fw d N3 .7, T
3 N n3 €Y (3)) (Y (n3) (62)

where

() = f dys 7 |y (1)

00

namely, the existence of 63 is manifested by the presence of a complete spectrum of K"3 on
the real axis and, in return, 0”3 and G"3are connected by a Fourier automorphism. A similar
procedure can also be applied to K1 in equation (59) since the eigenspectrum of this operator
also spans the symmetric positive and negative values on the entire real axis. However, there
is a problem with the K"2 operator. Because of the fact that K> in equations (59) is a
nonnegative operator, its eigenspectrum spans only the positive real axis. Hence, the Fourier
automorphism is not applicable to K*2and, in return, the unitary canonical partner toG» cannot
be found. This problem was attacked from a completely different perspective a long time ago
in the elegant work of Boyer and Wolf [11] where they made use of the unitary isomorphism
between the radial representation of the dynamical SL(2,R) symmetry group of the
multidimensional QHO with an added centrifugal term of arbitrary strength and the
representation of the same group on the unit circle. Through this unitary mapping the space
of square integrable functions on the unit circle is an inner product space endowed with a
translationally invariant non-local measure. However, the drawback of this elegant method is
that, the unitary irreducible representations are not single-valued under full rotations on the
unit circle and this applies particularly to the standard one-dimensional QHO.

The phase problem in the QHO being the central theme of this paper, we suggest here
and in the following sections an alternative and, perhaps, a formally simpler way of looking
into the problem. We start with the admissible g-oscillator realization in equation (A.4) with
the operators A,” A""and Q" and approach the QHO algebra by extending D to infinity. We
formally express the generalized oscillator Hamiltonian as (in analogy with equation (51))

H =H(N)" = H(9d/0q)Q a1 (63)
where the limit g — 1 is achieved simultaneously with+ D — oo. The deformed algebra defined
by the elements A,” A~ and Q" is an admissible version of the well known (deformed) g-
oscillator algebra naturally admitting real and non-negative norms in the finite-dimensional

cyclic Hilbert spacePHp. Since the deformation parameter’ q = e omE*Emojs 3 pure phase with
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the property that g = 1, the operators A,” A~ ,Q" act on in the finite-D-dimensional cyclic Fock

space spanned by the cyclic orthonormal vectors {|ni} = {|niosns(p-1y;|ni = |n + Di}
ith (n'ln) = 8y n
i Aln) = /@) — 1) -
Afln) = f(n+ Din+1) (64)

an) = q” f’l) q= C*i}’uﬂ—ixn-r'

with 0 6 f(n) and f(n) = f(n + D) where

n+(D-1)/2 _ ,—n—(D-1)/2

_4 4 +C C=——71#0
f(n) a—q lg — g~ * . (65)

The algebra in equation (A.4) and the relations (64) admit a unitary canonical partner to Q”,
i.e. the unitary quantum phase operators

D—1
Ep = —1 .
p=2 =Nl

n=0 [ (66)
such that
(67)
. Aéﬂb areﬂ{l‘?)}’\? {d’)USJ'Q(D—l): |¢}r'l) = |¢)r} € HD with ,.J((]'J‘qﬁ)r = 6,,1.,.
"¢, =q""&; 0" rreR

The eigenvectors  of
where
2z

1 D—1 )
5 or ) = —= ) _e""In) I
Eplg)r = ™), vD ; ! "D (68)

The dynamical time evolution of E" for the generalized Hamiltonian in equation (63) is given

by equation (58) as
[ ‘ ¢ ¢‘ —q |(,‘—>I d

i__hn®E" |ni = —hn%|E" ni{H(q &/dq)(q) }d
= —hno|E¢'[ni{H(n + r) — H(n)} (69)

and a close inspection of equation (69) with (58) indicates that the pair (Q.é(,)) is the
corresponding unitary AA pair for the Hamiltonian in equation (63). As mentioned before,
the ¢ — 1 and the D — o limits are to be taken simultaneously on both sides of equation (69).

In this limit the phase operatoréah is the unitary version of the Hermitian Pegg—Barnett phase
operator [29]. Making use of the fact that ¢ = q", equation (67) yields the Susskind—

Glogower—Carruthers—Nieto commutation relations [5, 7, 15] for the operator pair (V. &),
Note that, the QHO described by H = wn yields the equation of motion for the phase operator
in equation (69) which is formally identical to the equation of motion of the canonical angle
variable for the classical harmonic oscillator. When we examine the quantum AA formalism
of the generalized quantum oscillator in section 4.2, the harmonic oscillator will be realized
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in the specific limit when the dimension of the discrete phase space representations of the
generalized oscillator is extended to infinity.

4. An equivalent realization of the Wigner function by (G*,0)

4.1. A generalized approach to the AA Wigner function using continuous phase space
representations

It was shown that the generalized canonical phase space representation of a quantum system
can be given based on the duality between the discrete WK and the unitary cyclic Schwinger
operator bases [15,16] in equation (1). An alternative to this approach is to formulate the same
problem using the canonical transformation G" and its unitary canonical partner 0",

The properties of(G. O) studied in sections 2 and 3 manifest a full analogy to those of

@, V)in equations (3)—(5). Among the four equivalent choices in (5), we define this analogy
by the correspondence

()= (@)
1% G/ (70)
It is now suggestive to define a Schwinger operator basis labelled by tE = (11,72) € RXR

and defined as

6" 1= e-in220" G 2 = einre/2 G 20 1. (71)
E
Before we study the algebraic properties of 6" &, we look into some of the tracial properties

of G* and 0" operators. Since we consider the continuum limit, it is more appropriate to
examine, G~ and O" in their continuous representation. Starting with equation (39) we choose

the |h (y)i basis for their representation as

o" = f dy P (y + ) (¥ ()| G% = f dy ¢ [ ()} (X ()] -

from which we obtain

(0=} = f dy” (WX (p"Y{O™ G7}|h* (y")) = 278(11)8(12) = 278(T).
Tr — (73)

Using equation (73) the properties of 6" <& can be found in manifest analogy with those of
S"mE in equation (7) as

6" ‘ETE =6"E

6Tr E{66" ‘EE‘L’EO} ~= eZiTETES(XETO/T)EZGA tE+tEo (74)

(6’\ E6” rEo)6A tEe= 6" TE(6A B0 6" rEoo) (aSSOCiatiVity)
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6" 0e=1 (unit element) 6

E6" —E = | (inverse).
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Hence, the canonical transformation generator G* and its unitary canonical partner O form a
continuous realization of Schwinger’s operator basis.

Using equation (1) and the analogy manifested by equation (70) we construct a dual form
for the WK operator basis using the realization of the Schwinger basis defined in equations
(71) and (74) as

~ - dr - - - " d'[? e .
Arr (V) = —JTXVE‘ T — 1r)<VA Vv
cr(V) f*zne 7 i /*2718 cr(V) (75)

where the integrals are to be considered in RxR. Using the properties ofzit can be shown

that equations (75) provide an operator basis for the Wigner function as

Acr(V) = Al (V)

f—Ac.v(V)—]I

Te{Acr (V)) =1 (76)
Tr{1” ct(V)E 1" cT (VE®)} = §(VE — VEO).

The properties (76) are necessary and sufficient conditions in order to define a correspondence
between an arbitrary operator F* and its WWM symbol f(V)E

F*=ZdV f(EV)E 1" cT (V)E f(V)E = Tr{F"1" cT(V)E } (77)
with the condition thats kF"k = R dVE [f(V)E |?< «. A few simple examples can be given:s

(@) forF"=G".

Using the same relations as in (a), the WWM symbol of G* is

B(V)E=Tr{G31"cT(V)E } =e™V1 (78)
and similarly
(b) for F~ =07

o (VE=Tr{0" 1" cT(V)E } =2, (79)

(c) A particularly interesting case arises when the arbitrary operator F~ is invariant under a

specific unitary transformation by 6" uE such that
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S iFT;=F. (80) Such an operator has a translationally invariant WWM symbol
f(V)E = f(VE + p)E (81)
’_l),u = ﬁ/lﬁ\
where, since 3 is arbitrary, it is implied that f(\V)E is independent of VE - En,

where is the unit vector in the puE direction.

For G" describing the elements of the dynamical symmetry group, 1ct (V)E corresponds
to thequantumAAoperatorrepresentationoftheWKbasis. Basedontheanalogyinequation(70)
and the generalized Wigner function defined in equation (8) we now define a generalized AA
Wigner function of an arbitrary quantum state |yi as

W, (V)E = hy|lcr (V)E |yi (82)

which can be expressed in the continuous action eigenbasis as
- o0 drl o
Wy (V) = —e MV (Y |h (V) — 1 /2)) (W (V) +1,/2
(7 = [ T (V= ) Vi /1) )
and in the continuous angle eigenbasis as

- ©dr, .
Wy (V) = f_ 2—;'-3‘”1 U (Va = 12/ 2) (K (V2 + 12/2)[§) (84)

Thus, equations (8) and (82) are two equivalent phase space representations of the same
guantum system. The former is defined in a generic canonical basis (U",V"), whereas the latter
is expressed in terms of the elements of the dynamical symmetry group of the same system.
In equations (83) and (84) Viand V;are, by the WWM correspondence in equations (78) and
(79), the generalized classical AA variables.

4.2. AA Wigner function for the generalized oscillator with the discrete phase space
representations

In the previous sections we examined the generalized theory of quantum AA formalism using
the continuous representations of the generalized AA operators. Here, we particularize this
formalism to that of the representations of a generalized oscillator with a discrete spectrum in
the finite D-dimensional Hilbert space Hp by constructing the unitary canonical pair (G*,0%)

as
§)-()
o Ep (85)
whereéy = ¢ with Nas defined in equations (A.3), (A.4) and (64). The unitary operator

Ep corresponding to the unitary angle operator 0" above will be represented by the unitary
quantum phase operator defined in equations (66)—(68). To facilitate the correspondence with
the classical case, we switch from the generalized notation VE = (V1,V>) of the AA variables
in section 4.1 to the more standard one (J,0). The realization of the AA WK basis in the unitary

number-phase basis én, f«p)has been derived in [15] for the generalized oscillator with
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discrete, cyclic and finite D-dimensional Hilbert space representations as

ACT(-L 0) = ﬁ ei(ynm|J—mg{))e—iynmun;/i’é;\f;.g‘;ig
e mE € Zp x Zp. (86)

In the discrete case, the set of completeness relations analogous to the continuous ones in
equation (76)—by direct use of equation (86)—are
Acr(J,0) = Arp(J,0)

fdf]ﬁe&mﬁamzn

TF{ACT(J,Q)] - %T{ (87)

TAcr (1. O)Acr(J', 0"} = Ln8(J — 1)8(0 — ).
Acr
The AA Wigner function of p(J,0) in a physical state |yi is then given by [15]
—1

A 1 .
WJ.0) = WlAcr(L.OW) = - 3 e (W1 —k/2(/ +k/20Y)  keZ  (gg)
k 0

where the states |J + k/2i are vectors in continuously shifted Fock spaces [15]. Here {|J £ k/2i;k
=odd} € F*¥2and {|J + k/2i;k = even} € F@with a satisfying the conditions [15] that 2(J —
o) € Zandg)o € R[0,1). The definition of an arbitrary vector in the continuously shifted Fock

space F has been given in [15] by

D—1

n+p) = % Do) BER0D)  Intp)=IntD+p)eFP
£=0

(89)
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Now, let us take D — o in equation (86) and, using equation (89) examine equation (88) for
the type|wi being: (a) a pure Fock state, i.e.jyim= (|ni + [n — 1i)/\2_ |yn ifixed.p = |ni, n fixed

and (b) a typical mixed Fock state of

(a) For |yip, and after a short calculation, equation (88) can be evaluated in the limit

D—> was

1
W(J,0)|, = Eé(n—.]). (90)

The marginal probability distributions for the J or 6 variables in the pure Fock state can then
be found by integrating over the other variable 6 or J, respectively, as

mnbsjﬁemmLmzsm—J)

- 1
PO, = fdf Wy (J.0) = —— (1)

which correctly describe the expected results for the pure Fock state.
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(b) The state [yim is the so-called split state. For this state, using equation (89), we obtain

W(J.0)|w=—1{8(n—J)+28(n—J —1/2)cos@+8n—J —1)}).  (92)

1
47
The marginal probability distributions yield for yim

P()|w={n—J0)+é(n—J—1)}/2
P(@)|m = (1+cosb)/2m (93)
which are the correct action and angle probability distributions for the split state.
Equation (88) also provides the correct time dependence for the AA Wigner function in

the QHOIimit. Inordertoobservethiswewillstartwiththegeneralizedoscillatorinequation(63).
The time dependence of the AA Wigner function is given by the standard expression

d
id__t Wy,(J,0) = hy|[H",1" cT (J,0)]li (94)

or, equivalently, in terms of the WWM symbol h(J,0) of H" as [30]

Wy (J,8) ={h(J,0)x W, (J.0) — Wy, (J,0)xh(J,0)}

d

o i a0 9 0
*=exp —

dt 2 aJa0 a0aJ(" E E#)  (95)

where (h *+ W, — W, * h) = {h,W,}ms is the Moyal (sine) bracket [30]. The calculation of
equation (95) requires the knowledge of h(J,0). This can be obtained by using the
completeness equations in (87) and the Hamiltonian operator H" in (63) as

H*=Z dJ Z d0 h(J,0)1" cT (J,0) where  h(J,0) = Tr{H lc7 (J,0)}. (96)

The trace operation can be conveniently carried in the discrete finite-dimensional cyclic
eigenspace {|ni} = {|niosne(p-1;|n + Di = |ni} of the Hamiltonian H". Since for the diagonal
matrix elements hn|1" cT (J,0)|ni = W(J,0)|p are Wigner functions of the pure Fock states, we
can also directly use the expression (90) in the calculation of the trace. We find that

h(J,0) = HQJ). (97)
Using equation (97) in equation (95)

d P By R |
—W,(1,0) =i { ( E@)_ ( _55)} Y(3.,0). (98)
dt
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Equation (98) is the equation of motion of the AA Wigner function for an arbitrary generalized

cyclic oscillator in equation (63). Now, we apply equation (98) to the QHO case where the
Hamiltonian in equation (63) is a linear operator of N* , let us say H(N)" = oN" with ®
describing the oscillator frequency. Then, by equations (96) and (97), h(J,0) = wJ. For the
QHO equation (98) then yields,

{i—wi Wy (J,0) =0
T H= 0=0(t) = ot (99)

namely, the time evolution of the QHO AA Wigner function in the phase space takes place
on the classical manifold (J = constant,0 = wt) as expected. By equation (90), The AA Wigner
function for the pure Fock state is static. The full time dependent solution of the AA Wigner
function, for instance, for the split state and the corresponding marginal probability
distributions can be completely determined by inserting the solution of 6(t) in equation (99)
into equations (92) and (93).

5. Conclusions

The canonical-algebraic connection between the quantum phase problem and the QPS has
already been noticed recently by some other workers. In particular, using the generators of
the angular momentum su(2) algebra and its dual in terms of the Hermitian canonical phase
operators Vourdas studied [31] an equivalent canonical pair to (G*,0") as defined in this paper.
Our specific aim in this paper was to further the canonical algebraic approach introduced in
[15] to unify the formulation of quantum phase with that of the algebraic theory of quantum
canonicaltransformations.  Inthiscontext,weinvestigatedthegeneratorsofquantumcanonical
transformations, their unitary canonical partners in the Schwinger sense, as well as their action
on the functions of canonical variables of the QPS, in particular the Wigner function. Through
this connection, the quantum phase is formally established as the unitary canonical partner of
the quantum action operator which is also demonstrated for the one-dimensional generalized
oscillator.
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Appendix A.

In [15] we examined two subalgebraic realizations of the discrete-cyclic Schwinger operator
basisSi. In the following we will have a brief summary of them. Based on a fixed pair of

vectors m,E mE®the sine algebra generated bygﬁa supports two subalgebraic realizations [15].
4129 The standard ugsl(2) subalgebraic realization is obtained by constructing the generators
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J_ = d&,ﬁ + 61"5';1'1'
j+ = d*‘g',,ﬁ + dt*s\‘ffﬁ'
L=Siw=q"" (A1)

where ddo« = d+ do= —(qu2— q-1/2)-2and g = e-iyomEx Emo SO that

PO L—L! -~ D
"L = [‘L,Jv]:—m:— S+ —=

gL E ) . (A.2)
¥
This particular subalgebraic realization is sometimes referred as the magnetic translation
group [32].
On the other hand, more importantly for the purpose of this work, a second class of

subalgebraic realizations exist in the form of an admissible g-oscillator algebra which can be
obtained by defining

A" =dS"me + d°S"meo

AT=d* S mg+ d% S™_mgo (A.3)

N

Q =g N -m-1r2=Qq12S" (9

dd”* = —d*d' = _(q _ q—l)fl andq — efiyufﬁx:ﬁ’
R whereso that
ATA =C+[N] AQ =q1QA" AQ =q
QA
(A.4)
such that
AAT—gATA=(1-q)C+Q
where [N*]1=(Q" *-Q)/(q"— q ™) and C = (jsin(yomE x Em?)[)™%. Equations (A.4) imply that
the g-oscillator spectrum is non-negative (i.e. 0 6 kA"*A"k where the spectrum is given by the
eigenvalues of the operator A~ A= C + [N" ]) which, further implies that the Hilbert space
is spanned by vectors with admissible (non-negative) norm. It was shown in [15] that the
admissible g-oscillator algebra in equations (A.3) and (A.4) is crucial in establishing a
canonical-algebraic approach to the quantum phase problem. Interested readers can find more
detailed discussions of the admissible g-oscillator realizations therein.
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