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Trapped interacting Bose gas in nonextensive statistical mechanics

B. Tanatar
Department of Physics, Bilkent University, Bilkent, 06533 Ankara, Turkey

~Received 8 November 2001; published 18 March 2002!

We study the Bose-Einstein condensation~BEC! phenomenon in an interacting trapped Bose gas using the
semiclassical two-fluid model and nonextensive statistical mechanics. The effects of nonextensivity character-
ized by a parameter are explored by calculating the temperature dependent thermodynamic properties, fraction
of condensed particles, and density distributions of condensed and thermal components of the system. It is
found that nonextensivity in the underlying statistical mechanics may have large effects on the BEC transition
temperature.
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I. INTRODUCTION

The nonextensive statistical mechanics introduced
Tsallis @1# is a field of great interest with many application
In this formulation of statistical mechanics the nonextens
entropy is defined asSq5(kB /q21)(12( i pi

q) in terms of
the probabilitiespi for the ensemble to be in the statei andq
is the so-called nonextensivity parameter (kB is the Boltz-
mann constant!. The basic property of entropySq is its non-
additivity from which a host of interesting thermodynam
and statistical mechanical results follow. The standard res
in Boltzmann-Gibbs statistics are recovered in the limit
q→1. The Tsallis approach to statistical mechanics h
found various applications ranging from Le´vy-like anoma-
lous diffusion@2# to relaxation through electron-phonon in
teraction@3#. The generalized distribution functions pertine
to classical and quantum systems in this context were stu
by a number of authors@4–8#.

The successful observation of Bose-Einstein condensa
~BEC! in externally confined atomic vapors@9# has also
stirred a great deal of interest in the study of interact
boson systems. The ground-state static and dynamic pro
ties and thermodynamics of condensates are extensivel
vestigated and the essential results are compiled in a num
of review articles@10#. Experimental results of the temper
ture dependence of the fraction of atoms in the condens
the density distribution of condensed and noncondensed
oms provide a testing ground for many-body calculations
these quantum systems.

Recently, Salasnich@11# considered the BEC phenomeno
in trapped noninteracting systems within the nonextens
statistical mechanics. He employed an approximate form
the nonextensive BE distribution function to calculate t
BEC transition temperature and other thermodynamic qu
tities. Fa and Lenzi@12# reexamined the same problem wit
out resorting to approximations to the nonextensive BE d
tribution function and found considerable differences. T
aforementioned works studied noninteracting system
trapped bosons. However, for the current atomic vapors
interest, although being in the dilute gas regime, the inte
tion effects are very important. Most thermodynamic prop
ties are understood by introducing an effective interact
coupling expressed in term of thes-wave scattering length
and within a mean-field approach. An attempt to underst
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interacting Bose gas at zero temperature within the Tsa
statistics has been made by Faet al. @13#.

The purpose of the present paper is to study the effect
nonextensivity on an interacting system of trapped boso
To this end we use the two-fluid model of interacting boso
at finite temperature developed by Minguzziet al. @14#. Here
the Bose system is considered to be composed of a con
sate and a thermal component below the BEC temperat
The noncondensed particles making up the thermal com
nent are assumed to be noninteracting except that they
an effective interaction through the external potential and
presence of the condensate. The atoms in the conden
interact through a two-body contact potential modeled
terms of thes-wave scattering length. Thus, the approach
take includes interaction effects and we seek to explore
interplay between the nonextensivity and interactions. Si
lar two-fluid approaches@15,16# are gaining attention be
cause of their simple and intuitive content. Other applic
tions @17,18# employing the two-fluid model have
successfully described the two-dimensional systems. Tr
ing the nonextensivity parameterq as an adjustable param
eter, we calculate the thermodynamic properties of the s
tem as a function of temperature. We find that there
significant differences in the chemical potential, internal e
ergy, and fraction of atoms in the condensate compare
the standard results brought about by nonextensive statis

The rest of the paper is organized as follows. In Sec. II
outline the two-fluid model and approximations to calcula
the thermodynamic quantities in an interacting, trapped s
tem of bosons. The effects of nonextensive statistics are
corporated through the nonextensive BE distribution fu
tion. In Sec. III we present our results to highlight the effe
of nonextensivity in an interacting system. We conclude w
a brief summary.

II. MODEL AND THEORY

The ground-state properties of a condensed system o
teracting bosons at zero temperature are described by
Gross-Pitaevskii~GP! equation@19#. At finite temperature
the interaction of condensed particles with those that are
also have to be taken into account. Within the mean-fi
theory the condensate is described by the Gross-Pitae
equation supplemented by the presence of thermal partic
©2002 The American Physical Society05-1
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2
\2

2m
¹2c~r !1Vext~r !c~r !1gc3~r !12gnT~r !c~r !

5mc~r !. ~1!

In the aboveg54p\2a/m is the coupling constant witha
the s-wave scattering length,Vext(r )5mv2r 2/2 is the har-
monic confining potential for isotropic traps, andnT(r ) is the
density of the thermal particles.a.0 signifies short-range
repulsive interactions between the atoms.m is the chemical
potential to be determined from the knowledge of the to
number of particles

N5N01E der~e!^n~e!&, ~2!

where N05*d3rc2(r ) is the number of condensed atom
r(e) is the density of states, and^n(e)& is the distribution
function for bosons. We treat the noncondensed particle
noninteracting bosons in an effective potential@20# Veff(r )
5Vext(r )12gnT(r )12gc2(r ), and calculate the semiclass
cal density of states using

r~e!5
~2m!3/2

4p2\3 EVeff(r ),e
d3rAe2Veff~r !. ~3!

BecauseVeff(r ) depends onc2(r ) andnT(r ) and they in turn
depend onVeff(r ), the above set of equations have to
solved self-consistently. Rather than going through a fu
numerical solution of the above set of equations we m
some simplifying assumptions to treat the interactions per
batively. Such an approximate scheme@14# works remark-
ably well to reproduce the fully self-consistent results, th
we are motivated to employ the simpler approach.

We now introduce the simplifications and approximatio
to enable us to calculate various thermodynamic proper
and density distribution of the condensed and thermal p
ticles in the system perturbatively. First, the Thomas-Fe
~TF! approximation gives

c2~r !5
1

g
@m2Vext~r !22gnT#u~m2Vext22gnT!, ~4!

whereu(x) is the unit step function. The TF approximatio
neglects the kinetic energy term in Eq.~1! compared to the
interactions and is known to be reliable except forT close to
the BEC transition temperature@21#. Next, we consider the
situation to zero order ingnT that yields

N05S 2m

\v D 5/2aHO

15a
, ~5!

for the number of condensed particles. The density of st
within the same approximation is obtained to be@14#
04610
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r~e!5
1

p~\v!3 F2Am~e2m!3/21e2 tan21Ae2m

m

1~2m2e!2 ln
Aue22mu

Am1Ae2m
G ~6!

for m.0, and

r~e!5
e2

2~\v!3 ~7!

for m,0. Note that the density of states expressions we
include m that originates fromVeff(r ) @c.f. Eq. ~3!#. m em-
bodies the interaction effects. More simplified forms ofr(e)
were used by Salasnich@11# and Fa and Lenzi@12# in their
treatment of a noninteracting system.

If we use the standard Bose-Einstein distribution funct
at temperatureT, ^n(e)&5@expb(e2m)21#21, with b
51/kBT, we recover results obtained by Minguzziet al. @14#.
In the nonextensive statistical mechanics of Tsallis, the
distribution function is given by@1,4#

^n~e!&q5
1

@11b~q21!~e2m!#1/(q21)21
, ~8!

whereq is a parameter signifying the nonextensivity of th
system. Asq→1, ^n(e)&q goes over to the standard Bos
Einstein distribution function. Forq close to unity, i.e., the
nonextensivity is weak, a Taylor expansion in (q21) to first
order yields

^n~e!&q'
1

eb(e2m)21
1

1

2
~q21!

b2~e2m!2eb(e2m)

@eb(e2m)21#2
.

~9!

As we have noted, Salasnich@11# used the approximate form
of the BE distribution function in the nonextensive statist
and found a marked difference in the BEC transition te
perature compared to the ordinary case. Fa and Lenzi@12#
pointed out the importance of using the exact nonextens
BE distribution function by demonstrating deviations
uq21u becomes large. We, thus, use the full distributi
function given in Eq.~8! in our subsequent calculations fo
an interacting system of bosons.

III. RESULTS AND DISCUSSION

We have calculated the thermodynamic properties o
trapped interacting Bose gas in the two-fluid model, by tre
ing the parametergnT to zero order as set out in the previou
section. We take the various physical parameters to be u
in the numerical calculation from the experimental work
Ensheret al. @22# on a gas of87Rb atoms. We takea/aHO
50.0062 for thes-wave scattering length describing intera
tion effects, whereaHO5(\/mv)1/2 is the harmonic oscilla-
tor length. For simplicity we assume an isotropic harmo
oscillator well for the trapping potential. In the temperatu
dependent thermodynamic quantities we use the scale se
5-2
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the transition temperature of a noninteracting bosons i
harmonic trap,kBT05\v„N/z(3)…1/3, wherez(3)'1.202 is
the Riemann zeta function.

The chemical potentialm as calculated from Eq.~2! for a
system ofN5103 particles and various values of the none
tensivity parameterq is illustrated in Fig. 1. We find tha
there are significant differences between theq51 ~standard
BE distribution! and q5” 1 cases especially at higher tem
peraturesT;T0. At very low temperatures, the nonextensi
ity does not appear to be important. This is because
change in the form of the excited state populations due
nonextensive statistics@Eq. ~8! or ~9!# is negligible at low
temperatures. Forq,1, we have used an upper cutoffb(e
2m)<1/(12q) in the nonextensive distribution functio
^n(e)&q . The energy cutoff forq,1 naturally arises from
the constraints imposed on internal energy as discusse
Tsallis et al. @23#. It has been used in the previous calcu
tions @11,12# on BEC for noninteracting systems. In th
case, the chemical potential decreases more rapidly than
q51 case, therefore, the critical temperatureTc at whichm
becomes zero is lower thanT0.

Figure 2 shows the temperature dependence of the
densate fractionN0 /N for various values of the nonextensiv
ity parameterq. In Fig. 2~a! we concentrate on theq.1
case. As a consequence of the behavior of the chemica
tential the condensate fractionN0 /N decreases more rapidl
than the standard BE distribution result. We can clearly
the decreasing of critical temperatureTc as a result of non-
extensive statistics. Also plotted is the expression for
condensate fraction of a noninteracting Bose gas in a
monic trap,N0 /N512(T/T0)3. In Fig. 2~b! we show our
results forq,1. In this case, the condensate fraction sta
above the result using the standard BE distribution functi
Consequently, the BEC transition temperatureTc is larger
than that for standard BE distribution function.

FIG. 1. The chemical potential of the interacting, trapped Bo
gas as a function of temperature. The solid line indicatesm calcu-
lated using the standard BE distribution function. The dotted
long dashed lines below the solid line are for nonextensive statis
with q51.1 andq51.05, respectively. The short dashed and da
dotted lines above the solid line are also for nonextensive stati
with q50.9 andq50.95, respectively.
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The changes onN0 /N andTc due to nonextensive statis
tics follow directly from Eq.~8! or ~9!. Clearly, forq.1, the
population of an excited state~for a givenT andm) is higher
than for the extensive statistics (q51). Thus, the condensat
will vanish more rapidly leading to a loweredTc . Similarly,
for q,1, the population of an excited state is lower than
theq51 case, resulting in an increasedTc . Our calculations
provide quantitative information based on these obser
tions.

Having calculated the temperature dependence of
number of particles in the condensate, we now turn to
density profiles of the condensed and noncondensed
ticles. The density of condensed atoms is simply given
n0(r )5c(r )2. For the thermal~noncondensed! particles in

e

d
cs
-
cs

FIG. 2. ~a! The fraction of particles in the condensate as a fu
tion of temperature. The thin solid line is for a trapped nonintera
ing system. The thick solid line isN0 /N calculated using the stan
dard BE distribution function. The dotted and dashed lines are
nonextensive statistics withq51.1 andq51.05, respectively.~b!
The fraction of particles in the condensate as a function of temp
ture. The thin solid line is for a trapped noninteracting system. T
thick solid line isN0 /N calculated using the standard BE distrib
tion function. The short dashed and dash-dotted lines are for n
extensive statistics withq50.9 andq50.95, respectively.
5-3
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B. TANATAR PHYSICAL REVIEW E 65 046105
keeping with the noninteracting bosons in an effective pot
tial picture, we use

nT~r !5
1

~2p\!3E d3p

3
1

@11b~q21!~p2/2m2Veff~r !2m!#1/(q21)21
.

~10!

FIG. 3. ~a! The density distributions of the condensedn0(r )
~solid lines! and noncondensednT(r ) ~dashed lines! particles as a
function of the radial distance atT50.8T0. The thick lines corre-
spond to the calculation using the standard BE distribution funct
The thin lines are for nonextensive statistics. The smaller cond
sate and the corresponding thermal cloud is forq51.1, whereas the
larger condensate and corresponding thermal cloud is forq50.9.
~b! The density distributions of the condensedn0(r ) ~solid lines!
and noncondensednT(r ) ~dashed lines! particles as a function o
the radial distance atT50.95T0. The thick lines correspond to th
calculation using the standard BE distribution function. The t
lines are for nonextensive statistics withq50.9.
04610
-

Here we use the previously calculated values ofm and
Veff(r ) to obtainnT(r ). Our results for the density profiles o
condensed and noncondensed particles are depicted in F
In Fig. 3~a! we shown0(r ) and nT(r ) for q51.1, q51
~Boltzmann-Gibbs statistics!, and q50.9 at T50.8T0 in a
system ofN5103 particles. Forq51.1, the system is close
to the BEC transition temperature, therefore, the conden
is rather small. Consequently the thermal component is q
sizeable compared to the condensate. Forq50.9, the con-
densate is larger than that in the standard calculation w
ordinary BE distribution function. In all cases, the dens
distribution of thermal particlesnT(r ) makes a peak aroun
the region where the condensate vanishes, and it extend
to large distances. In Fig. 3~b! we show the density distribu
tions atT50.95T0. At this temperature condensate comp
nent forq51.1 has already disappeared. The system obey
the usual Boltzmann-Gibbs statistics (q51) is close to the
transition temperature. We plotn0(r ) and nT(r ) for q51
andq50.95 cases only. Whenq,1, we have used energy o
momentum cutoffs mentioned earlier in the calculation
density distributions. From the knowledge of configurati
space distributions we can calculate the momentum distr
tions by Fourier transformation. The examples we ha
shown indicate measurable differences in the density pro
of condensed and thermal components of the interac
Bose gas due to nonextensive statistics. These quantitie
amenable to experimental observations, thus, analysis
terms of nonextensivity should be possible.

We have also calculated the internal energy of the sys
using

E5E
0

`

de er~e!^n~e!&q ~11!

within the nonextensive statistics. From the knowledge
E(N,T) the specific heatcV and other thermodynamic prop

.
n-

FIG. 4. The average internal energy of a trapped Bose gas

particle as a function of temperature. The solid line indicatesĒ
calculated with the standard BE distribution function. The dash
and dash-dotted lines are for nonextensive statistics withq51.05
andq50.95, respectively.
5-4
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erties of the system can be calculated. Figure 4 displays
energy per particle as a function of temperature. We obse
that influence of nonextensive statistics becomes more
ible at higher temperatures.

We have reported our calculations of the effects of n
extensivity on the thermodynamics of an interacting trapp
system of bosons, treating the nonextensivity parameterq as
adjustable. There has been attempts at relatingq to the un-
derlying dynamics of the system@24#. It has been argued tha
the value ofq for a specific system is mainly controlled b
the range of interactions. From our calculations shown
Fig. 2, it appears thatq.1 emulates the behavior of inte
acting system of bosons in a trap potential. This is beca
experimental results indicate a lowering ofTc @22#. These
changes inTc have been fully accounted for by repulsiv
interactions and finite size effects. At the same time, in th
variational approach to solve the GP equation at zero t
perature within nonextensive statistics, Faet al. @13# have
usedq,1 for repulsive interactions. It would be desirable
explore the microscopic foundation of the value ofq param-
eter in the present context.

In summary, we have considered a mean field, semic
sical two-fluid description of an interacting trapped Bo
system obeying nonextensive statistics. The degree of n
t.

ev
.

an

e

v.
,

I.
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extensivity is characterized by a parameter in the Bo
Einstein distribution function. We have calculated the th
modynamic properties, condensate fraction, and den
distributions of condensed and thermal particles to comp
the differences between nonextensive statistics and the s
dard one. Our results indicate small deviations from ordin
BE statistics may result in large changes in the BEC tran
tion temperature for interacting systems. There may be s
eral possible directions for future calculations. The effects
nonextensivity may be further explored in systems of low
dimensionalities, as recent experiments are getting to be
formed in two and one-dimensional condensates. Our ca
lations may easily be extended to account for asymme
trapping potentials. Finally, the behavior of trapped Fer
gases may also be investigated within nonextensive sta
cal mechanics.
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