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Abstract
Conditions in favour of a realistic multilevelled description of a decohering
quantum system are examined. In this regard the first crucial observation is that
the thermal effects, contrary to the conventional belief, play a minor role at low
temperatures in the decoherence properties. The system–environment coupling
and the environmental energy spectrum dominantly affect the decoherence. In
particular, zero temperature quantum fluctuations or non-equilibrium sources
can be present and influential on the decoherence rates in a wide energy range
allowed by the spectrum of the environment. A crucial observation against the
validity of the two-level approximation is that the decoherence rates are found
to be dominated not by the long time resonant but the short time off-resonant
processes. This observation is demonstrated in two stages. Firstly, our zero
temperature numerical results reveal that the calculated short time decoherence
rates are Gaussian-like (the time dependence of the density matrix is led by the
second time derivative at t = 0). Exact analytical results are also permitted
in the short time limit, which, consistent with our numerical results, reveal
that this specific Gaussian-like behaviour is a property of the non-Markovian
correlations in the environment. These Gaussian-like rates have no dependence
on any spectral parameter (position and the width of the spectrum) except, in
totality, the spectral area itself. The dependence on the spectral area is a power
law. Furthermore, the Gaussian-like character at short times is independent of
the number of levels (N), but the numerical value of the decoherence rates is
a monotonic function of N . In this context, we demonstrate that leakage, as a
characteristic multilevel effect, is dominated by the non-resonant processes.

The long time behaviour of decoherence is also examined. Since our
spectral model allows Markovian environmental correlations at long times, the
decoherence rates in this regime become exponential independently from the
number of levels. The latter and the coupling strengths play the major role in
the quantitative values of the rates and the rates are independent of the other
spectral parameters.

The validity of the presented results is restricted only by their reliance on the
Born–Oppenheimer approximation. This approximation is strongly dependent
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on the external observational time and its reliability depends on an additional
timescale. In the rest of the work, the crossover between the short and the long
time behaviour of the density matrix of the multilevelled system is examined
using an intuitive argument. It is shown that the Born approximation weakens
as the resonant couplings become more effective at long times. This implies
that, in calculations made with this approximation in the long time regime, a
need for a justification arises for the reliability of the results. This justification
is made for the present work.

1. Introduction

Two-level models are almost routinely used in recent applications concerning the decoherence
and dephasing properties of open quantum systems. The well studied spin-boson [1, 2] or
central spin [3] models are such examples. The general assumption is that for sufficiently low
temperatures T � �E , a multilevelled quantum system (MLS) is well approximated by its
first two levels [1] (where �E is a characteristic energy scale separating the first two levels
from the higher excited states of the quantum system). On the other hand, the nature of the
environmental coupling and the properties of the environmental spectrum are also essential
factors in the determination of the decoherence properties in an MLS. For a realistic MLS
under weak environmental perturbation, it is sufficient to consider a Caldeira–Leggett-type
linear coupling [4, 5] of a system coordinate to an environmental coordinate. The spectral
range of the environment usually extends to energies well beyond the energy scales of the
MLS. The decoherence properties of the MLS are expected to be affected at short times
by the entire range of the environmental spectrum. This basic short time property of the
system–environment coupling has been largely ignored in the works on decoherence until
recently, due to the fact that the environmental correlations have been usually considered in
the Markovian regime. A few theoretical approaches now exist on the effect of multilevels
in the long time decoherence properties [6, 7], largely ignoring the short time behaviour.
This long time resonant transition based approach has now become a tradition and the usual
practice is to use the Fermi golden rule. The calculated decoherence rates, overall, reveal the
Markovian sub-character yielding exponential time behaviour for the reduced density matrix
(RDM). The latter is usually solved by analytical methods such as Bloch–Redfield [8] or
Lindblad [9] operator formalisms, which in turn has the advantage of transforming the master
equation into linearly coupled first-order ordinary differential equations. As the result of
the Markov approximation, the corresponding Bloch–Redfield coefficients or the Lindblad
operators become independent of time yielding the exponential decoherence rates influenced
from the resonant sector in the system–environment coupling. These analytical techniques
have the ease of being applicable to systems with arbitrarily large numbers of levels. On
the other hand, approximations emphasizing the Markovian subnature and assuming weak
interactions with the environment have been questioned by some authors to be restricted by
the resonant transitions only [11]. From another point of view, the Markov approximation, and
in turn the Bloch–Redfield formalism, is also expected to break down at observational times
shorter than the environmental correlation times. Such is the case when the excitations of the
decohering system into the higher levels become non-negligible at short times. Here the short
time implies times shorter than the typical environmental correlation time below which the
system environment coupling is allowed to remember the history of the non-Markovian time
evolution. In this regard, our previous work is close to considering the full non-Markovian
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scheme requiring the exact solution of the master equation of the multilevelled reduced density
matrix [6]. There, we numerically solved the non-Markovian RDM including the retardation
effects in which the short time and the long time mechanisms of decoherence are seen to be
governed by qualitatively distinct behaviour.

In this work we expand our previous work and propose concrete counter-arguments against
the validity of the resonant based approaches on decoherence: in particular, the two-level
approximation (2LA). A comparison between the 2LA and the full multilevelled description
is allowed by solving the master equation for an interacting multilevelled system.

In section 2 we revisit the two-level approximation and recall its basic assumptions for
later reference. In section 3, we introduce the multilevel system–environment interacting
model and derive the fundamental master equation governing the decoherence dynamics. In
section 4, the short time decoherence is investigated, the parameters affecting it are identified
and the existence of the Gaussian-like timescales is proven. In section 5, we focus our attention
on the long time decoherence. For our investigation in this paper to be correct at long times,
the Born–Oppenheimer approximation, as being the only approximation made in our scheme,
must be valid in all decoherence timescales examined. Section 6 is devoted to examining this
question.

2. The two-level approximation revisited

The 2LA has, in its essence, three assumptions:

(a) that the incoherent transitions caused by the environment in the system are generated by
the resonant processes: implicit in the 2LA is the belief that the spectrum must have
non-negligible couplings at the right transition frequencies at which the system makes
transitions to higher levels;

(b) at zero or sufficiently low temperatures there are no available environmental states to
couple with the system. This assumption and the notion of the right transition frequency
is basically tempting one to neglect all parts of the spectrum�E � ω because of the long
standing belief that at sufficiently low temperatures the interacting part of the spectrum is
in the low energies ω � T � �E of which coupling is believed to be suppressed by the
low temperature;

(c) negligible leakage of the wavefunction to higher levels: in fact this assumption has not been
seriously questioned until recently. Counter-arguments against neglecting the leakage
effects in the long time dynamics can be found for instance in the recent publications [7, 10].

A number of experiments have also been performed emphasizing the multilevelled nature of
those systems particularly used in the context of quantum computation. For instance, current-
biased Josephson junctions or rf-SQUIDs have been thoroughly investigated in the second half
of [12]. Examples from solid state devices have been examined in section 7 of this paper,
where references are provided.

Thsi paper presents concrete arguments against these three fundamental assumptions of the
2LA by considering an MLS interacting with a bosonic environmental bath at zero temperature
through a Caldeira–Leggett-type linear and non-diagonal coupling. By considering a generic
spectral noise the range of which is allowed to extend well beyond the thermal and the system’s
energy scales, and also adopting a model MLS, we demonstrate at zero temperature that the
three basic assumptions above are neither necessary nor sufficient for the validity of the 2LA.

The method that we employ is the direct numerical solution of the non-Markovian master
equation for the MLS’s reduced density matrix in the Born–Oppenheimer approximation
(BOA) including a large range of timescales. Since the BOA is exact at short times, our
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calculations are exact in this regime and highly reliable in the intermediate times. Therefore,
in the solution of the RDM, the short time and the long time behaviour are separately examined
by their characteristic Gaussian-like and exponential signatures respectively. It is shown
that the decoherence which exists at all timescales at different strengths is dominated by
the short time dynamics induced by the off-resonant processes. The calculated Gaussian-like
decoherence rates can be of the order or an order of magnitude higher than the exponential
ones. The off-resonant processes are stimulated by the low temperature quantum fluctuations
or by non-thermal processes and the corresponding short time decoherence rates are finite at
zero temperature. This observation basically invalidates the assumptions (a) and (b) above.
The rates thus found are shown to have no direct dependence on any other parameter than the
spectral area, which is shown to be a square-root type, independently from the number of levels
in the MLS. Similar off-resonant signatures have also been recently suggested analytically by
other workers for exactly two-level systems [10]. Furthermore, we observe that in an MLS,
off-resonant processes cause strong wavefunction leakage from the two-level subspace to the
system’s higher levels. Our numerically calculated leakage (L) rates are of the same order
of magnitude as the relaxation (R) and dephasing (D) rates. Therefore the leakage, being a
characteristic MLS effect, renders itself to be non-negligible at short times. The observation of
strong leakage at short times invalidates assumption (c) above in that the effect of multilevels
in decoherence cannot be considered, as believed, a mere renormalization of the effective
two-level system parameters.

Similar zero temperature decoherence mechanisms have been recently verified for the
mesoscopic persistent current rings experimentally [13] and studied theoretically [14]. In
particular, the saturation observed in the electron dephasing rates in disordered conductors [15]
has been argued in favour of the zero temperature non-resonant quantum fluctuations [16].

3. A multilevel system–environment model

We use a system–environment model where the system is represented by a spectrum with an
evenly spaced large number of levels. The regularity of the energy spacing is of no importance
in the short time regime where the off-resonant transitions dominate. An energetically two-
level-like system and the system with regular spacing have identical decoherence properties
in the shortest timescales3. Physically, this model can represent for instance an rf-SQUID
ring under a single well flux potential [6, 17] but our general results and conclusions are not
restricted by any physical model. The total Hamiltonian, in the eigenbasis of the system, can
be written as [6]

H =
N∑

n=1

En|n〉〈n| +
∫

dωω(a†
ωaω + aωa†

ω)

+
N∑

n,r=1

ϕnr |n〉〈r |
∫

dωηω(aω + a†
ω) +

∑

n,r

ϕ2
nr |n〉〈r |

∫
dωη2

ω. (1)

Here En = n − 0.5 for 1 < n are fixed system harmonic-like eigenenergies in some absolute
(and irrelevant) energy scale and |r〉 indicates the r th system eigenstate. The environmental

3 It may seem contradictory to challenge the two-level approximation using an energetically equally spaced model as
in equation (1). In section 5 we demonstrate that the decoherence is a phenomenon which becomes effective at the short
times and the short time decoherence is dominated by the off-resonant processes. These transitions basically ignore the
information about the details of the distribution of the energy levels. Differences in the decoherence properties between
different energy distributions start developing at intermediate and long timescales where the resonant transitions start
dominating the decoherence. See sections 6 and 8 for details.
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mode at frequency ω is annihilated (created) by the operator aω (a†
ω). The last term usually

arises in the linear coupling models which compensates for the renormalization of the system’s
energy levels. The correction brought by this term to the transitional amplitudes is in the second
order of the dipole couplings unlike the leakage effects we are interested in (which are second
order in dipole couplings). The effect of this correction term will be analysed in the next
section.

An important remark in defending our point is that the positions of the Ens qualitatively
have no effect on the short and intermediate time decoherence rates until the resonant transitions
become gradually effective at longer timescales. Therefore our choice of an equally spaced
system should pose to threat against challenging the two-level approximation at short and
intermediate times (also see remark (see footnote 3)).

We consider the system’s dipole matrix elements ϕnr to be real, symmetric and purely
off-diagonal given by

ϕnr =
{

0.1e−|n−r |/R if n + r = odd

0 if n + r = even
(2)

where the exponential coupling range is considered to be R = 10 number of levels. This
coupling is stimulated by the parity selection rules of an even system potential and it can
be generated by an rf-SQUID under a symmetric double well flux potential. In this system
the range of the dipole coupling depends on the operational point of the system parameters.
The frequency dependent system–environment coupling is given by ηω. All other energy
(time) scales—including the spectral parameters—are dimensionless in the same absolute
energy (time) scale. For instance SQUID based systems are very popular devices used for
the decoherence measurements for which typical experimental system parameters [17] yield
approximately 1–10 meV or 10−2–10−1 ps. Solid state based devices also yield similar energy
scales as studied in section 7 below. The environment is characterized by a thermal spectral
function I (ω) = η2

ω(2nω+1)where nω is the bosonic distribution. Since our results are confined
to zero temperature and the environment is in thermal equilibrium,the bare distribution nω = 0,
and therefore I (ω) = η2

ω for which we use a Lorentzian spectral model below. For obtaining
results in regard of the pure two-level system, we set the couplings to the higher levels in (1)
equal to zero (i.e. ϕ1n = ϕ2n = ϕnn′ = 0 for 2 < n, n′).

3.1. The master equation for the reduced system

The quantum system is assumed to be initially prepared as |ψ(0)〉 = a|1〉 + b|2〉 where
a = √

0.1, b = eiπ/2
√

0.9. The system and the environmental degrees of freedom are
initially assumed to be decoupled. We solve the master equation for the MLS interacting
with a zero temperature environment in the Born–Oppenheimer approximation (BOA) [18]
in which the entire density matrix is assumed to be well approximated by the product form
ˆ̃ρ(t) = ˆ̃ρ(S)(t) ⊗ ˆ̃ρe(0). Here ˜ denotes the interaction picture, ρ̃(S)(t) denotes the reduced
density matrix (RDM) of the system at time t and ρe is the density matrix of the pure
environment. In the short time regime BOA is nearly manifest. For the approximation to hold
at long times, the equilibration time of the environment should be longer than the exponential
decoherence rates. A thorough study of the validity of the BOA in this regime is provided in
the section 8. The full density matrix satisfies, in the interaction picture,

d

dt
ρ̃(t) = i[H̃int(t) + H̃c(t), ρ̃(t)] (3)

where H̃int(t) is the system–noise interaction (the second term) in equation (1). The effect of
the compensating term H̃c(t) (the last term in the same equation) is to shift the system basis
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by a unitary transformation

Ût = T exp

(
−i

∫ t

0
dt ′ H̃c(t

′)
)

(4)

by which the full density matrix ρ̃(t) is transformed into ρ̃(t) → ρ̃(t)U as ρ̃(t)U = Û †
t ρ̃(t)Ût .

Here T stands for the time ordering. The reduced transformed density matrix (RDM) is found
as usual by tracing over the environmental degrees of freedom of which the matrix elements
in the original system basis are found. After some algebra we find that

d

dt
(ρ̃
(S)
U )nm(t) = −

∫ t

0
dt ′ ∑

r,s

K nm
rs (t, t ′)(ρ̃(S)U )rs(t

′) (5)

where

K nm
rs (t, t ′) = {F(t − t ′)[(ϕ̃U (t)ϕ̃U (t

′))nrδs,m − (ϕ̃U (t
′))nr (ϕ̃U (t))sm]

+F∗(t − t ′)[(ϕ̃U (t
′)ϕ̃U (t))smδr,n − (ϕ̃U (t))nr (ϕ̃U t ′)sm]} (6)

is the non-Markovian system–noise kernel. In an MLS the time translational symmetry is lost
by the presence of a variety of possible transitions. Here (ϕ̃U (t))nr = (ϕ̃U (0))nr e−i(En−Er )t .
The net effect of (4) on the interacting system is therefore to transform the original system
dipole matrix ϕ̃(t)) into

ϕ̃U (t) = Ût ϕ̃(t)Û
†
t . (7)

We will refer to (7) to examine the effect of the compensating term in section 4.

3.2. The environmental correlator and the spectrum

Next, we introduce the environmental auto-correlation function, i.e. the noise correlator, as

F(τ ) = 
(τ)

∫ ∞

−∞
dω eiωτ I (ω) (8)

where
 is the Heaviside step function and, I (ω) is the environmental spectrum for which we
adopt a Lorentzian form

I (ω) = A

π

ε

(ω − ω0)2 + ε2
. (9)

The physical parameters of the Lorentizan spectrum are then the central frequency ω0 and the
spectral width ε of which the effects on the decoherence timescales can be independently
examined. The spectral area is denoted by A = ∫ ∞

−∞ dωI (ω) which is nothing but a
multiplicative factor in the system environment coupling in equation (6). The special choice
of the Lorentzian is made so that the three parameters, the area A, the central frequencyω0 and
the width ε, can all be studied independently from each other in compliance with the purpose
of this work. The model spectrum in (9) is unrealistic as a physical noise unlike the power
exponential or the power Gaussian [6], which are more conventionally used for modelling the
physical spectra. We could have used these more common spectral models had we given up
the advantage of separating the independent parameters of the spectrum, namely the width
(ε), the centre (ω0) and the strength (A). The conclusion obtained from the spectrum (9) will,
however, be general and applicable to the different physical models of environmental noise
(with a most probable exception of 1/ω f type noise spectrum with 1 � f due to the divergence
of the spectral area.)

Initially, the wavefunction is considered to be in the first two levels (the supposed qubit).
We calculate the dephasing rate between these levels (D), the relaxation rates of the second
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level (R) and the leakage rate (L) from the qubit. These are respectively found by |ρ(S)12 (t)|,
ρ
(S)
22 (t) and TrQ{ρ̃(S)(t)} where TrQ{··} indicates the trace over the entire RDM excluding the

qubit. We first calculate in the next section the Gaussian RDL rates at short times. This is
followed by the long time behaviour of the RDL rates which are read from the characteristic
exponential tail of the reduced density matrix.

We use a time-iterative algorithm in these calculations. The computational time is a
steep function of the product (number of levels × observational time)2. For obtaining the
Gaussian rates, a short time iteration t � 1/(Emax − E1) is sufficient (here Emax is the
highest resonant transition energy allowed in the system). For the exponential tail, the iteration
should be continued until typical times of the resonant transitions of which the longest one is
t 
 1/�Emin. Due to the excessive computational time in this regime we limit our current
long time calculations to N � 5.

4. The effect of the compensating term Hc

We have shown in the previous section that the compensating term Hc changes the original
system basis by transforming the original dipole matrix elements as given by the relation (7).
Therefore it must be ensured that the multilevel effects observed in the solution of (5) are to
be interpreted correctly as the genuine property of the multistate dynamics and not merely as
a consequence of the renormalized basis. In this section we examine the matrix elements of
ϕ̃U (t) in the original system basis already defined in equation (1). These are

ϕ̃U (t)nm =
∑

r,s

Ûnr (t)ϕ̃(t)rsÛ †
sm(t). (10)

For perturbative dipole interaction and at short times the first few terms in the expansion of (10)
are important. At the second order

ϕ̃U (t) 
 ϕ̃(t)− i
∫ t

0
dt ′[H̃c(t

′), ϕ̃(t)] − 1

2!
T

∫ t

0
dt1

∫ t1

0
dt2 [H̃c(t1), [H̃c(t2), ϕ̃(t)]] + · · · .

(11)

It is trivially seen that the renormalization of the initial dipole matrix elements in (2) are
contributed by the terms in the expansion (11) with odd number of time integrals. The dipole
elements not present in the original system, such as the even transitions ϕ̃U (t)n,n±2m , are
created by the terms with even number of integrals. For three- and four-level systems it can
be seen that the corrections to all dipole matrix elements start with those terms with at least
two time integrals. In the calculation of the short time decoherence rates the effect of the
two small parameters, i.e. time and the dipole couplings, are multiplicative. This proves that
the compensation term does not create an appreciable renormalization of the system basis in
the short time limit. For a system with a small number of levels the smallness of this effect
should persist even at longer times. A complete proof of the negligible contribution of the
renormalization of ϕ̃(t) is provided in appendix B.

There are arguments that at long times the effect of the compensating term is also negligible.
See for instance [7] for details where the multistate dynamics has been examined within the
Bloch–Redfield approach. An alternative proof valid at sufficiently long times is provided in
appendix B.

The overall result is that it is possible to ignore the renormalizing effect of the compensating
term in our calculations, which we do in the rest of the paper.
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5. The short time decoherence

The density matrix usually starts with a Gaussian-like time variation unless the system–noise
kernel is abruptly changing at short times, i.e. t → t ′. It should be remarked that those
processes in the solution of (5) with a finite first derivative surviving in the limit t → 0 are
necessarily Markovian with delta-function-like correlations, i.e. F(t − t ′) ∝ δ(t − t ′). On the
other hand, most physical noise sources display non-Markovian correlations at short times and
the usual practice is to represent them by a power-Gaussian [6, 19] or power-exponential [1, 3].
For instance, the characteristic zero temperature environment for superconducting systems is
provided by the fluctuations in the external voltage sources which is an ohmic spectrum at
low frequencies with an exponential tail [27]. These non-Markovian type of correlations are
usually characterized by a finite environmental equilibration timescale �−1

B . For such non-
Markovian processes the time integral in equation (5) vanishes in the limit to → t ′. Therefore,
the leading term in the short time limit is the second time derivative given by

d2

dt2
ρ̃(S)nm (t = 0) = −

∑

r,s

K nm
rs (0, 0)ρ̃(S)rs (t = 0) (12)

provided at least one of the terms in the summation on the right-hand side is non-zero. It can
also be checked by direct calculation that only the even derivatives of the RDM are non-zero
at t = 0. Note that equation (12) is correct only at t = 0 and should not be interpreted as a
differential equation at vanishingly short times. The decohering density matrix therefore starts
with a time evolution which is Gaussian-like as

ρ̃(S)nm (t) 

∑

rs

[
δnrδsm − t2

2
K nm

rs (0, 0)

]
ρ̃(S)rs (0) (13)

where the Gaussian decoherence rate�(G)
RDL enters as a sum over the square roots of the positive

eigenvalues of a characteristic operator K̂ (0, 0) representing the system–noise kernel. In
appendix A the positive definiteness of K̂ (0, 0) and its relation to K nm

rs (0, 0) are demonstrated.
This demonstrates the existence of a Gaussian-like decoherence at short times. K nm

rs (0, 0) in
the right-hand side of (13) is, by equation (6), proportional to the squared dipole coupling
constants and F(0). The latter is, by (8), the total area under the spectral function. Hence,
the short time decoherence rate is expected to have contributions not only from the resonant
terms but from the entire spectrum as a whole. We thus expect that for all components of
the RDM, �(G)

RDL ∝ (spectral area)1/2. The Gaussian-like decoherence rates corresponding
to the relaxation, dephasing and leakage contributions differ only in their dependence on the
sum over the allowed dipole couplings (ϕ)nr . Additionally, there is only a dependence on the
spectral area with the other spectral parameters, i.e. spectral centre ω0 and the width ε, being
ineffective at short times (see figures 1–3).

The Gaussian decoherence rates are easily calculated numerically within a short time
interval which corresponds in this work to 0 � t � 0.1 (in units of the inverse absolute energy
scale defined in (2)). The numerically found RDL rates are shown for the model system
in equation (2) in figure 1(a) for their dependence on the position, and figure 1(b) for their
dependence on the shape of the spectrum for three- and five-level systems. Figures 1(a), (b)
provide identical decay rates independently of the central frequency ω0 and the width ε for
fixed spectral area. These results are already conclusive in the dominance of the off-resonant
processes at short times. Before examining the dependence on the spectral area, we examine
the effect of the higher levels in the system as shown in figure 2. All levels are coupled by the
dipole matrix in equation (2) since we have R = 10. Increasing the number of levels increases
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(a) (b)

Figure 1. Gaussian RDL rates with respect to (a) central frequency ω0 (with A = 1 and ε = 0.1),
and (b) spectral width ε (with A = 1 and ω0 = 2.4). Note that the results depicted in this figure
are independent of the shape of the spectrum.

Figure 2. Gaussian RD rates as a function of the number of system levels N . The coupling range
is taken to be R = 10. The stepwise behaviour in the rates for the first few levels is due to the
forbidden (allowed) transitions by the matrix elements in equation (2). Spectral parameters are
A = 1, ω0 = 1.0 and ε = 0.1.

the decoherence times for N � R followed by a saturation for R < N , which is due to the
negligible contribution of the couplings out of the range.

The spectral area A strongly affects the short time decoherence. Finally, in figure 3 we
observe that all RDL rates have power law dependence on the spectral area (a log–log plot
indicates that �(G)

RDL ∼ √
A), verifying once more the dominating role of the off-resonant

transitions between the levels.
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(a) (b) (c)

Figure 3. Dependence of the short time Gaussian rates for (a) R, (b) D, (c) L on the spectral area.
On a log–log scale, as shown in the insets, the dependence is ∼√

A.

From figures 1–3, it is necessary to conclude that the short time decoherence rates are
unconventionally non-exponential, characterized by the short time non-Markovian correlations
in the spectrum. However, the reader can always object to this conclusion and say that the
decohering two-level-like system may also quickly leave the ‘Gaussian-like’ regime and rapidly
move towards to the region where the two-level approximation is manifested. In answering
such a question, all timescales, including a characteristic crossover time between the Gaussian-
like and the exponential like regimes, should be compared. An answer to this crucial point
will be provided in section 8.

6. The long time decoherence

We now examine the decoherence rates of an MLS in the exponential regime. For non-
Markovian systems the exponential behaviour can be reached after a significant decoherence
has already taken place at short and intermediate times. Here we should also remark that
although a Lorentzian (or Drude) type noise spectrum has Markovian correlations in sufficiently
long observational times, there are also physical spectra without a Markovian limit. For
instance, the widely used Rubin model which represents a bosonic environment with Einstein
phonons has power law dependence of the noise correlations at long times [20]. This indicates
that the long time decoherence, in contrast to the short time decoherence, depends on the type
of physical processes generating the spectrum.

First, we depict the dependence of the exponential rates on the spectral centre ω0 in
figure 4. The marked contrast to figure 1 is clearly seen. The decoherence rates in this
regime are identified by the dominance of the resonant transitions. These rates tend to
increase significantly at the resonance frequencies, i.e. the system experiences strong long
time decoherence only near the resonant frequencies. Therefore there is no surprise in this
regime, which the majority of the literature on decoherence considers either by the Fermi
golden rule, or equivalently, by directly looking at the Markovian limit (Bloch–Redfield and
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(a) (b) (c)

Figure 4. Long time exponential rates for (a) R, (b) D, (c) L mechanisms as a function of the
spectrum centre ω0. The legends in (b) are applied to all figures. Note that for 2LS ω(2LS)

0 = 1,

ω
(3LS)
0 = 1, 2 and ω(5LS)

0 = 1, 2, 3, 4. The ω0 = 2 and the ω0 = 4 peaks are unobservable due to
the transition selection rules in equation (2). The other parameters in these results are A = 1 and
ε = 0.1. As ω0 gets closer to an allowed resonant transition the rates rapidly increase. In the close
vicinity of a resonance we observe numerical instabilities. These unstable artefacts are avoided in
the figures.

Lindblad formalisms) of the density matrix. The results obtained here confirm that the major
contribution to long time decoherence originates from the resonant transitions induced by the
environment. In an MLS the exponential decoherence rates are contributed by all resonant
frequencies available in the environmental spectrum. For a 5LS, for instance, the frequencies
ω0 = 2 and 4 are not observable as odd–odd and even–even parity transitions are forbidden.
But the effect of the second resonant frequency ω0 = 3 is significant, as shown in figure 4.
Dephasing and leakage rates are also similar, which are also depicted in figures 4(b) and (c).

7. Leakage effects

The leakage is a characteristic multilevel effect which can be deduced by looking at the
deviations in the response of the system from a two-level one under a controllable coupling to
an external field. Here we report three recent experiments where anomalies have been reported
in the Rabi oscillation dynamics indicating a clear breakdown of the two-level approximation
and strong short time leakage effects. In the first experiment by Zrenner et al [21], single
self-assembled excitonic q-dots are used to create excitons by a strong Rabi field which are
then tunnelled out and transformed into a photocurrent. The anomaly appears in the damping
of the Rabi induced oscillations in the pulse averaged photocurrent as the area under the Rabi
pulse is increased. This effect within the fixed time of the short 1 ps pulse (dephasing and
relaxation times are reported to be approximately 500 ps) could not be observed in a purely
two-level system as it would violate the fundamental principle of unitarity. The pulse width
is shorter than the decoherence time scale by three orders of magnitude and it is clear that
the observed damping does not originate from decoherence. The short timescale of the effect
indicates the influence of the higher excitonic states. In a simple approach it has been shown
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that the damping of the oscillations as the intensity of the short pulse is increased is due to the
off-resonant leakage into biexcitonic levels [22]. Taking [22] as the basis of a physical model
for this experiment, we show that the results are the manifestation of short time non-resonant
processes.

To model the experiment, a Rabi coupling term is added to equation (1) as

HR =
N∑

nr=1

ϕnr |n〉〈r |(α(t)e−i�R t + h.c.) (14)

where α(t) and �R are the complex pulse amplitude and the frequency of the coherent Rabi
field respectively. We use rectangular and real pulse

α(t) = α

{
1 for t � tP
0 for tP < t ,

0 � t . (15)

To compare with the experimental results we consider tP = 1 in units of the fundamental energy
scale in (1) which physically corresponds to Zrenner et al’s experimental range tP 
 1 ps when
E2 − E1 
 1 meV. The master equation for the RDM including this coupling with the Rabi
field acquires the additional term, yielding

d

dt
ρ̃(S)nm (t) = i〈n|[H̃R(t), ρ̃

(S)(t)]|m〉 −
∫ t

0
dt ′ ∑

r,s

K nm
rs (t, t ′)ρ̃(S)rs (t

′). (16)

This is solved below numerically for N = 3 considering the model multilevel coupling (2).
Since for a few ps pulse the decoherence effects can be eliminated due to the much longer
decoherence times, we totally neglect the environment in (16) for the response of the MLS
within a single pulse width. Then the time dependence becomes a function of the total pulse
area αt . The result is then averaged over the pulse as in the experiment. In figure 5 the
pulse-averaged occupation of this non-resonantly coupled third level (i.e. 〈ρ33(t)〉pulse =
1/tP

∫ tP
0 dt ρ33(t)) is shown as a function of the pulse area when the Rabi field is resonant

with the first two levels for three different third-level energies. In the figure, all three curves
indicate pulse-averaged third-level occupation, i.e. 〈ρ33(t)〉pulse, for the third-level energies
E3 = 2, 7.5, 10. In the first one, E3 is degenerate with E2 = 2, and, for the last one, E3 = 10
is supposedly close to an ideal two-level system (E2 − E1) � (E3 − E2). The occupation of
the third level is clearly observed to be largely unaffected by the large range of the energies
for the third level. Another point is that the peak position occurs at tP � 1/α. Using (2),
this implies tP � ϕ12TR/(2π), where TR is the Rabi oscillation period; therefore tP 
 0.1TR,
concluding that the third level is already occupied maximally before the completion of a single
Rabi period. This short time effect is counterintuitive from the traditional way of thinking in
terms of the long time resonant transitions. It must be remarked that this is an exact result.
It appears that a multilevelled system decides to act like so at very short times in comparison
with typical resonant timescales. Thus figure 5, in confirmation of the earlier theoretical
calculations [22], manifests the effect of the strong influence of the non-resonant processes
on leakage. A second experiment supporting strong non-resonant leakage at short times has
been recently made on semiconductor NMR devices by Yusa et al [23] where off-resonant
multiple quantum coherence effects between levels separated by more than one quantum of
nuclear spin quantum number were observed. This experiment is the four-level version of the
quantum dot experiment by Zrenner et al done with stable nuclei with total spin 3/2 in which
the short time multilevel dynamics can be probed. For the spin 3/2 system, As75,Ga69 or Ga71

were used, which are all four-fold degenerate spin systems conforming to the nuclear shell
model but additionally split by an electric-quadrupolar crystal field as well as a much larger
external Zeeman coupling by a controllable DC magnetic field at 5 T. A weak RF-magnetic
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Figure 5. The time average over the Rabi pulse of the third-level occupancy is shown as a function
of αtP. Three curves refer to three different third-level resonant energy E3 = 10, 7.5, 2 with
E2 = 2 and E1 = 1. The Rabi field is in resonance with the first two levels. In the inset the four
level occupancies are shown for equally spaced levels with a Rabi field resonantly coupling the
neighbouring levels.

field of strength 10−4 T with a tunable frequency and pulse width 0.1–1 ms are also applied
perpendicular to the DC field. We used the model Rabi pulse in equation (14) to regenerate
the multilevel dynamics for N = 4. The pulse-averaged occupation of each of the four levels
is shown in the inset of figure 5. The wavefunction is initially confined at the ground level.
The first two levels are already nearly fully occupied for tP 
 0.2/α when the third level is
10% full and the fourth level is empty. Within another short time, i.e. at tP 
 0.5/α, the third
and the fourth levels are already saturated at about 20%.

The third experiment we report is by Claudon et al [24], done on the DC-SQUID system
in which they found strong deviation from the strict linear law between the Rabi frequency
and the field strength. This deviation is explained by the increasing number of multilevels
participating in the dynamics by the increasing field strength at fixed microwave frequency.

In this section, we have examined two experiments in which the effect of the multistate
dynamics is clearly manifested. The results indicate that leakage is a short time effect mainly
induced by non-resonant couplings between the levels. A similar experiment for a decohering
MLS with a clear indication of the multilevel dynamics with short time effects so clearly
distinguished is much harder to accomplish. The results in this section are, however, in
support of the previous sections in that leakage cannot be ignored at short timescales.

8. The limitations of the Born–Oppenheimer approximation

The essence of the Born–Oppenheimer approximation is in neglecting the back influence of
the quantum system on the environment. At sufficiently short observational times, in contrast
with the typical environmental equilibration time, this approximation holds well and our results
within those observational times are reliable. The crucial question is whether the BOA also
holds at intermediate as well as exponential regimes, so that the results of section 4 can also
be claimed to be correct.
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For a rigorous check of the BOA one has to solve the equations without this approximation
and compare the two results with and without the approximation. This can be done
by using other techniques, for instance like the Nakajima–Zwanzig projection operator
method or time convolutionless projection operator (TCL) formalism [25] by calculating each
perturbation series independently. Another alternative is analytic real time renormalization
group calculations [26]. However, these analytic calculations are practically applicable only
to two-level systems.

There is, nevertheless, a very intuitively simple method for estimating the range of the
BOA. For a multilevelled system with a large number of resonant frequencies, the smallest
resonance energy defines the onset of the exponential behaviour. In our case, this energy scale
is �c 
 �E = 1 and for times 1 = 1/�c � t the exponential behaviour should be manifest.
The BOA continues to hold in the exponential regime if the Born–Oppenheimer time (a typical
reaction–equilibration timescale of the environment which is of the order of the inverse width
of the spectrum 1/ε) is much larger than the transition time 1/�c to the exponential regime.

An estimate for the critical region can be made by looking at the crossover between the
short and the long time behaviour. Assume that, after some crossover time tc, the Gaussian-like
amplitudes are of the same order of magnitude as the exponential ones. This amounts to

e−(�−1
c +tc)�(E) 
 e−(�(G))2t2

c (17)

Solving this equation for the exponents, one obtains for tc

tc = �(E)

2�(G)2

[
1 +

√
1 + 4�(G)2/(�(E)�c)

]
(18)

as an estimate for the crossover time between the intermediate and the exponential regions.
Crudely speaking, for t � tc the Gaussian-like and for tc � t the exponential behaviour are
manifest. However, for the BOA to be accurately valid in the exponential regime, an additional
constraint has to be satisfied: the Born equilibration time 1/ε has to be much longer than the
crossover time tc to the exponential behaviour. Thus

tc � 1

ε
. (19)

By defining a test parameter µ = tcε and using equation (19) we find that the Born
approximation holds well in the exponential regime if µ � 1 and it is unreliably poor for
1 � µ. Within the ranges of parameters investigated in this paper, we calculated the µ
parameter from the corresponding RDL rates. The results are tabulated in table 1 for 2LS,
3LS and 5LS. Thus the µ parameter is influenced by two independent timescales, that is the
short and the long interaction timescales. In the table, there are certain regions where the
BOA is threatened. For instance, close to a resonant frequencyµ increases towards unity and
for the opposite case of off-resonant frequencies, µ � 1. The basic mechanism is that the
contribution of the long time resonant coupling tends to increase the exponential rates. This
increases µ. In this regime a possibility arises in that the environmental back reaction takes
place before the onset of the exponential behaviour. On the other hand, and independently from
the decohering system, the contribution of the off-resonant parts of the spectrum is to increase
the Gaussian rates. This in turn decreases the µ parameter by the relations (18) and (19).

We also examined the BOA as a function of the number of levels. Considering the
behaviour of µ with respect to N , �(G) and�(E) are both monotonically increasing functions
with N for N � R. Therefore, using (18), and the fact that ε is independent of N , the overall
dependence is

µ ∼ 1/N. (20)
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Figure 6. µR for 3LS and 5LS as a function of spectrum centre ω0. The figure is an illustration of
the data in the table 1 and clearly shows the weakening of the Born approximation near the resonant
transitions.

Table 1. The µ parameter of the RDL processes for 2LS, 3LS and 5LS against varying ω0. The
other spectral parameters are ε = 0.1 and A = 1.

2LS 3LS 5LS

ω0 µR µD µR µD µL µR µD µL

0.2 0.027 0.006 0.028 0.010 0.080 0.015 0.008 0.012
0.4 0.046 0.009 0.047 0.016 0.177 0.025 0.014 0.024
0.6 0.092 0.018 0.100 0.032 0.470 0.049 0.026 0.063
0.7 0.147 0.027 0.172 0.050 0.837 0.072 0.039 0.109
1.3 0.154 0.029 0.177 0.051 0.909 0.086 0.042 0.123
1.4 0.099 0.021 0.127 0.034 0.514 0.054 0.028 0.070
1.6 0.052 0.011 0.052 0.018 0.203 0.029 0.015 0.030
2.0 0.021 0.005 0.021 0.008 0.055 0.016 0.009 0.018
2.4 0.012 0.003 0.013 0.004 0.023 0.021 0.011 0.036
2.8 0.008 0.003 0.008 0.003 0.013 0.109 0.053 0.316
3.2 0.006 0.002 0.006 0.002 0.008 0.097 0.052 0.301
3.6 0.005 0.001 0.004 0.002 0.006 0.022 0.012 0.046
4.0 0.004 0.001 0.004 0.001 0.005 0.010 0.006 0.020
4.4 0.003 0.001 0.003 0.001 0.004 0.007 0.004 0.012

Hence, as N increases the BOA becomes increasingly more reliable and least reliable results
are obtained for two-level systems. This behaviour is illustrated in figure 6 for N � 5 and can
be studied for larger N values provided sufficient computing power. An important corollary of
equation (20) is that the crossover time has a scaling with the inverse number of decoherence
channels (number of levels). Consider now a two-level system and a multilevelled system
interacting with the same environment. The fact that tc ∼ 1/N implies that the initial short
time decoherence is expected to take a longer time in the smaller system. Although one may
obtain a few exceptions to this result using uncommon environmental spectra, this result should
hold to be generally true.
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9. Conclusions

It is shown that for the most conventionally used system–environment couplings of linear
coordinate type, decoherence has different characteristic signatures in different time domains,
and a short time decoherence exists independently and it may even be more important than the
Markovian decoherence.

At short times, the entire interacting environmental spectrum affects the decoherence
rates, indicating the dominating role of the off-resonant transitions. The short time rates are
largely ignorant about the shape and the centre of the spectrum, whereas the total area under
the spectrum and the number of interacting levels play an important role.

It is confirmed that the long time behaviour shows a complementary picture to that at
short times. The initial decoherence started by the off-resonant transitions is gradually taken
over by the resonant ones. The suppression of the transitions corresponding to the resonant
frequencies forbidden by the selection rules may be seen as a confirmation of the use of the
Fermi golden rule if the coupling is sufficiently weak.

Motivated by recent experiments probing the Rabi dynamics of multilevelled systems, we
showed that the phenomenon of leakage is observable in the pulse-averaged Rabi oscillations.
We demonstrated that these effects are created by the off-resonant excitations.

We finally examined the Born–Oppenheimer approximation, which is widely used in the
master equation formalism. For the resonant parts of the spectrum, the BOA is shown to be
poor, whereas for the off-resonant contributions the approximation holds more accurately. In
the literature, the BOA is often used without justification in the long time regime and assuming
Markovian effects. Our work indicates that the reliability of this approximation is affected not
only by the long time but also the short time dynamics, which should also be examined.

Overall, we have shown by counter-examples that the two-level approximation is not
reliable in issues related to decoherence and the conditions assumed by it are not sufficiently
general. Our calculations comprise one of the few works where the two-level approximation
is explicitly checked by solving the master equation of a system with variable number of levels
interacting with an environment.
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Appendix A. Proof of the reality and the positivity of ΛG

Let us define a Hermitian dipole transition operator ˆ̃ϕt such that

( ˆ̃ϕt ) jk = 〈 j | ˆ̃ϕt |k〉 = ei(E j −Ek )t〈 j | ˆ̃ϕ0|k〉. (21)

By using (21) it is trivially checked that the system–noise kernel can be written at t = t ′ = 0
as a non-negative real operator

K̂ (0, 0) = F(0)| ˆ̃ϕ0 ⊗ I − I ⊗ ˆ̃ϕT
0|2 (22)

whereF(0) = A is the spectral area, which is real by definition and T denotes transpose. Hence
equation (22) describes a real non-negative operator in the two-folded Hilbert space {|n〉×|m〉
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where n,m = 1, N . By using equation (22), it can be shown easily that the system–noise
kernel in equation (6) is equivalently written as

K nm
rs (0, 0) = 〈n| × 〈m|K̂ (0, 0)|r〉 × |s〉. (23)

Defining a vector |V 〉 such that

ˆ̃ρ(S)nm(0) = 〈n| × 〈m|V 〉 (24)

we can write (12) in the implicit operator form as

¨|V 〉 = −K̂ (0, 0)|V 〉 (25)

where the left-hand side clearly implies the second derivative of the density matrix at t = 0.
Since K̂ (0, 0) is real and non-negative, its eigenvalues are real and non-negative; hence a real
Gaussian-like short decoherence timescale exists.

Another analytic exact result is that the Gaussian-like short decoherence timescales are
proportional to the square root of the spectral area. This follows from the fact that the matrix
elements of K̂ (0, 0) have, in common, a term proportional toF(0)which is just the spectral area
by equation (8). The solution of equation (25) then indicates that the short time decoherence
rates scale with the square root of the spectral are (see figure 3 for the numerical manifestation
of this result).

Appendix B. Summing up the effects of the compensating term

It is possible to sum up the infinite series generated in equation (11) to all orders. The general
term in the series is given at the operator level by

ϕ̃U (t) = ϕ̃(t) + T
∞∑

n=1

(−iA)n

n!

∫ t

0
dt1 . . .

∫ t

0
dtn[ϕ̃2(tn), . . . , [ϕ̃2(t1), ϕ̃(t)] . . .] (26)

where we used H̃c(t) = Aϕ̃2(t) explicitly. The last term includes an n-fold commutator and
T is the time ordering operator. Since we are interested in the short time part of the proof, we
consider the observation time t in the limit t → 0. Consider now one of the n! possibilities of
the order of the internal times t1, . . . , tn � t such as tn � tn−1 � · · · t2 � t1 � t . It is clear
that ∫ t

0
dt1 . . .

∫ t

0
dtn1 
 tn

n!
. (27)

Hence for sufficiently short times,

(ϕ̃U (t)) = e−iAtϕ̃2(0)ϕ(t)eiAtϕ̃2(0) (28)

which proves that all corrections to the system dipole transitions occur in powers of the
square of the transition matrix elements. It can be seen easily that equation (28) becomes
an appreciable renormalization only when a sufficiently large number of levels are involved
in the non-resonant transitions. For instance, using equation (2) it can be shown that, for a
system with N � 3, equation (28) yields no renormalization of the dipole matrix. Hence the
effect of the compensating term vanishes for N � 3 and in the short time limit.

To examine the effect of the compensation at long times, we consider the limit t → ∞
in (11) as

ϕ̃U (t) 
 ϕ̃(t)− i
∫ ∞

0
dt ′[H̃c(t

′), ϕ̃(t)] − 1

2!
T

∫ ∞

0
dt1

∫ t1

0
dt2 [H̃c(t1), [H̃c(t2), ϕ̃(t)]] + · · · .

(29)
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The first term does not include a time ordering and therefore can be easily calculated:

First term in(29) ∝ −iA
∑

s

[δ(En − Es)ϕ̃
2(0)nsϕ̃(t)s,m − δ(Es − Em)ϕ̃(t)n,s ϕ̃

2(0)s,m].

(30)

In the limit t → ∞, ϕ̃(t)n,s is a sharply peaked function for n = s, otherwise highly rapidly
oscillating. We approximate this term by δn,s at t → ∞ and with this approximation it vanishes.
Likewise, the next term includes a time ordering which can also be calculated exactly. In this
term, the non-zero contributions are restricted to even more energetic conditions and the second
term also vanishes in the limit t → ∞. Moreover, all the terms have, in common, different
matrix elements of ϕ̃(t). In the t → ∞ limit these contributions average out anything slower
to zero, making it possible to ignore them all.

The overall result is that it is possible to ignore the renormalizing effect of the compensating
term in our calculations.
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